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Resumo

O debate acerca da d́ıvida governamental cresceu nos últimos anos por diversas razões. Páıses

desenvolvidos debatem acerca da sustentabilidade da d́ıvida já que, durante décadas, suas ta-

xas de juros foram menores que a taxa de crescimento do produto. Por outro lado, páıses em

desenvolvimento veem aumentar cada vez mais sua d́ıvida em termos do produto, algo que foi

prejudicado ainda mais pelo crise da COVID-19. É nesse contexto que esse estudo se insere.

Mais especificamente, visamos medir a sustentabilidade da d́ıvida pública brasileira. Para isso,

implementamos dois exerćıcios: (i) estimamos funções de reação fiscal para o peŕıodo entre

novembro de 2002 até novembro de 2023, bem como para sub peŕıodos da amostra e (ii) es-

timamos a equação de apreçamento da d́ıvida por meio de um fator estocástico de desconto

consistente, proposto por Araujo e Issler (2022). Em ambos exerćıcios encontramos evidências

de não sustentabilidade.

Palavras-chave: Dı́vida, Sustentabilidade, Fator Estocástico de Desconto.



Abstract

The discussion around government debt has become more prominent in recent years due to

various reasons. Developed countries are discussing the sustainability of their debt because

interest rates have been lower than the growth rate of their economies for decades. On the other

hand, developing countries are seeing their debt increase more and more in terms of output,

something that the COVID-19 crisis has further damaged. This is the context in which this

study is inserted. More specifically, we sought to measure the sustainability of Brazil’s public

debt. To do this, we implemented two exercises: (i) we estimated fiscal reaction functions for

the period between November 2002 and November 2023, as well as for sub-periods and (ii) we

estimated the debt pricing equation using a consistent stochastic discount factor, proposed by

Araujo e Issler (2022). In both exercises, we found evidence of non-sustainability.

Keywords: Debt, Sustainability, Stochastic Discount Factor.
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1 Introduction

In recent years, the discourse surrounding public debt and its sustainability has garnered in-

creased attention from both academic circles and governmental bodies, spanning across devel-

oped and developing nations. However, the motivations driving this discourse vary significantly.

Within the group of developed nations, the focal point revolves around the fundamental

question of debt sustainability, particularly given that in many of these countries, the rate of

economic growth surpasses the prevailing safe interest rate (r < g).1 Following the classical per-

spective on the government’s intertemporal budget constraint, fiscal surpluses are not deemed

necessary for debt maintenance in this scenario. With r < g, the debt-to-GDP ratio is pro-

jected to decrease over time, entailing minimal fiscal costs. This principle has been underscored

prominently by Blanchard (2019). Also, Kocherlakota (2023) provides a framework in which it

is possible to have an infinite debt rollover when both r and g are stochastic.

On the other, for developing countries, the focus is on formulating fiscal policies capable

of sustaining elevated levels of debt, especially in contexts where r < g does not serve as the

prevailing norm.2

Concerns about high levels of public debt have become increasingly prominent, especially

after the COVID-19 pandemic. In the initial stages of the crisis, many nations focused on

implementing expansive public spending policies to support recovery efforts. However, as the

pandemic’s immediate effects have subsided, governments worldwide are now facing the reality

of even higher public debt levels. This has been highlighted in the IMF’s Fiscal Monitor, released

in April 2023. The trajectory of gross debt from advanced and emerging/developing countries

is presented in figure (1) (IMF’s World Economic Outlook, October 2023).

1See Reis (2021), Reis (2022), Van Wijnbergen et al. (2020), Willems and Zettelmeyer (2022), among others.
2For example, in the case of Brazil, Velasco and Muci (2021) illustrate that between 2007 and 2020, only one

year exhibited r − g < 0.
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Figure 1: Gross debt as shares of GDP

With this in mind, this study seeks to delve into the intricacies of Brazil’s debt landscape,

with a primary focus on analyzing the sustainability of its public debt. Our investigation unfolds

along two distinct paths: first, through a classical examination of debt sustainability, and second,

through the lens of asset pricing theory. The rationale behind this dual approach lies in our

objective to assess whether different methodologies, based on different assumptions and models,

converge to similar results. It’s worth emphasizing that our aim here is not to advocate a

particular methodology, but rather to determine whether different analytical frameworks produce

consistent results.

In the classical analysis of debt sustainability, we draw inspiration from the seminal work

of Bohn (1998), which provides a methodology often used in the Brazilian context. This ap-

proach involves estimating how changes in the debt-to-GDP ratio affect the surplus-to-GDP

ratio. Following Bohn’s argument, if one observes a positive relation between surplus and debt,

controlled by economic cycles, it can be inferred that the debt is sustainable because it indicates

proactive government measures to offset fluctuations in debt levels. We also take a closer look

at sub-periods of the sample3.

3We thank Eduardo Campos for the suggestions regarding this exercise.
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Regarding the second case, prior research has typically operated within an economic frame-

work devoid of risk, where the present value of future surpluses (PVS) is evaluated using the

safe interest rate. To enhance the realism of such analyses, we adopt a different approach by

examining PVS through the lens of the stochastic discount factor (SDF) or the pricing kernel.

One of the first studies to venture into this domain was conducted by Bohn (1995), where

the author introduces a model that accounts for uncertainty and the risk aversion of individuals,

rendering it more aligned with real-world dynamics. Within this framework, individuals appraise

government debt based on their marginal rate of substitution of consumption between the present

and the future in all possible states of nature. Consequently, the discount rate utilized for this

valuation is contingent on the state of the economy. As highlighted by Willems and Zettelmeyer

(2022), government debt assumes the role of corporate equity in this context, positioning primary

surpluses as akin to residual claims of bonds, analogous to what dividends are to stocks. Why

this way of measuring debt sustainability is preferred to the previous ones? When we evaluate

future surpluses using the pricing kernel, we are considering the overall risk to the economy.

Debt is typically issued in states of the world where marginal utility is high, so it’s expected

that agents would discount more in those states. Bohn (1995), relying on the Consumption

Capital Asset Pricing Model (CCAPM), assesses the importance of the covariance term between

surplus and the intertemporal marginal rate of substitution present in the debt equation. As

mentioned earlier and as outlined in the paper, this term constrains the fiscal capacity of the

government whenever the fiscal policy is procyclical (since the covariance term appears with a

negative sign). Hence, if we do not price debt correctly, we may estimate a greater fiscal capacity

than the government has.

The first methodology employed involves a classical examination of the fiscal reaction func-

tion. Using a Vector Error-Correction Model, we estimate the responsiveness of surplus to

variations in debt. This approach, as elucidated by Bohn (1998), provides a robust framework

for evaluating the adherence to the Intertemporal Government Budget Constraint (IGBC). Our

analysis spans the entire dataset, encompassing both aggregate data and sub-samples delineating

structural shifts in fiscal policy trajectories. Our findings indicate that the Brazilian government

is contending with an unsustainable public debt.

Regarding the asset price methodology, we undertake the following exercise. Initially, we

assume that from November 2023 onwards, the government satisfies the intertemporal budget

constraint, using the debt levels from this period as a proxy for the PVS from that period
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onward. Next, we select a reference date to assess the validity of the IGBC. Specifically, we

employ estimates of the SDF to discount surpluses between the reference date and the debt level

at the end date. Summing these discounted values, we compare the resultant value (ePV S) with

the debt levels at the reference date (D0). If D0 ≤ ePV S, it means that the debt is backed by

future surpluses, which we interpret as indicating sustainability. Conversely, if D0 > ePV S, it

suggests that the debt lacks backing from future surpluses, which we treat as an unsustainable

debt path. Our results consistently point towards the unsustainability of Brazilian debt, even

across different measures of debt utilized in the analysis.

Our findings do not align with the diagnostic by Jiang et al. (2023) for developing countries.

According to their work, the debt valuation puzzle, characterized by the difference between

the estimated present value of surpluses and debt, is specific to the United States and can not

happen in developing countries. However, when adopting an asset price perspective, similar

to their approach, our results mirror what they discovered for the US. One possible reason for

this divergence is that our analysis employs the book value of government debt, instead of the

market value. That is, we assume that the current book value of debt is identical to its market

value and ask whether the book value at the beginning of the period we study corresponds to

the price of the surplus flows and the current value all discounted by Araujo and Issler’s (2022)

SDF.

The market value of debt reflects agents’ expectations and beliefs about future fiscal policy

paths. Therefore, pricing the current debt using the same discounting would be ideal, if we knew

the surpluses and discount factors in all possible states. While forecasting could be used, we

instead assume that today’s debt is correctly priced and ask if the price at the beginning of the

period is compatible with such assumption.

In Brazil, the available data reflects the book value rather than the market value. While one

could, in principle, use secondary markets to try to construct this data, many of these markets

are too thin for the measurement to be reliable.

We use a consistent estimator for the pricing kernel, proposed by Araujo and Issler (2022).

Yet, because the use of this SDF is novel in the context, it can be part of the story. Note that

we do not believe that the SDF estimates are leading to a mispricing. Instead, we recognize

that different methodologies may be driving contrasting finding, thus inviting us for future

explorations.

The rest of this work is organized as follows. In Section 1.1 we show how this paper is
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related to the existing literature. In Section 2 we present the methodology for both approaches.

In Section 3 we discuss the data used in the paper and Section 4 show the results. Finally,

Section 5 concludes.

1.1 Related Literature

This section is intended to contextualize our work within the broader landscape of existing

literature.

First and foremost, our work aligns with a body of literature that endeavors to evaluate the

fiscal sustainability of nations through the lens of the intertemporal government budget con-

straint and its implications. This line of inquiry traces its origins back to seminal contributions

such as the work of Hamilton and Flavin (1986), which laid foundational groundwork, followed

by subsequent influential studies including Wilcox (1989), Trehan and Walsh (1991), and Hakkio

and Rush (1991), among others.

Central to these studies is the classical interpretation of the IGBC. Implicitly, they operate

under the assumption that investors within their analytical framework exhibit risk neutrality

rather than risk aversion. At the core of their analysis lies the formulation of the IGBC, incor-

porating the transversality condition of debt, expressed as

bt =

∞∑
i=1

r̃t,t+jst+j ,

where r̃t,t+j represents the discount factor over the time horizon j in period t, calculated as the

product of the 1+rt
1+gt

over the relevant periods. Additionally, gt and rt denote the GDP growth

rate and the safe interest rate in period t, respectively, while bt and st denote debt and surplus,

respectively, both measured as a share of the national income.

In Hamilton and Flavin (1986), the authors advocate for testing the presence of a unit

root in their adjusted series of U.S. real debt spanning from 1960 to 1984. Their rationale

is straightforward: the existence of a unit root in the debt process, as per their formulation,

would signify a failure of the transversality condition. Consequently, within their framework

of sustainability, the presence of a unit root would indicate that the debt is not sustainable.4

Following these tests, the authors concluded that the U.S. debt was indeed sustainable.

4The concept of debt sustainability is subject to substantial debate, with varying interpretations across the
literature often contingent upon the author’s perspective. For a comprehensive discussion on this topic, refer to
Willems and Zettelmeyer (2022) and Reis (2022)



6

Wilcox (1989) used the dataset generated by Hamilton and Flavin (1986) but adopted a

different approach. He discounted the debt back to the base period and conducted a unit root

test on this series of discounted debt. According to his argument, if the transversality condition

holds, it indicates debt sustainability. However, the results presented a divergence: between

1960 and 1974, no evidence of violation was found, whereas post-1974, a violation was detected.

He attributed this discrepancy to a shift in policy during the latter period.

Trehan and Walsh (1991) extends the literature by exploring the logical implications of some

assumptions made in the literature. If the expected real rate interest rate is constant, then the

cointegration between debt and primary deficit is a necessary and sufficient condition for the

IGBC to hold. Similarly, if the expected real interest rate is not constant, but is positive, the

stationarity of the inclusive-of-interest deficit is sufficient to conclude debt sustainability, and

this is the test that the authors perform. The authors conclude that debt was sustainable in the

period of analysis.

Finally, Hakkio and Rush (1991) demonstrates that debt is sustainable if government taxes

and spending (including debt services) are cointegrated. The authors perform cointegration

tests in the data and do not find evidence of cointegration, therefore, they conclude that debt

is not sustainable in the U.S. in the period that they analyze.

Similar to the studies above, Bohn (1998) estimates the relationship between primary surplus

and debt through a simple regression of the first in the latter, after controlling for business cycle

and temporary spending. The difference between this work and the previous ones is that these

ones consisted of imposing certain properties in the time series data in a way that the IGBC

holds. Basically, “if time series x and y presents properties p and p′ then the IGBC holds”.

Bohn (2007) showed that the IGBC does not give a robust econometric ground to treat debt as

unsustainable based on unit root or cointegration tests. This new methodology of investigating

the sustainability of public debt, according to Willems and Zettelmeyer (2022), is more robust

than the previous ones since it remains a valid test for the stochastic and linear economy. After

performing such regression, the author finds evidence of positive feedback of debt in surplus,

which indicates sustainability. After this work, this branch of literature heavily relied on this

new approach.

Within the Brazilian context, the papers that use the time-series approach more explicitly

are Rocha (1997) and Issler and Lima (2000). The former replicates the tests made in Trehan

and Walsh (1991) and Hakkio and Rush (1991) for the Brazilian case. The latter is based in
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Hamilton and Flavin (1986) and performs cointegration tests. Both of them find evidence that

the debt is sustainable, however, they put a lot of weight on the seigniorage revenues as being

extremely important for the result.

Giambiagi and Ronci (2004) uses the procedure suggested by Wilcox (1989) to test the sus-

tainability of public debt between 1995-2002. The authors do not find evidence of sustainability.

De Mello (2008) estimates fiscal reaction functions, as proposed by Bohn, to see if the

primary surplus responds positively to debt, which would indicate that debt is sustainable. Using

data ranging from 1995 to 2004, the author finds that, in all levels of public administration,

the primary surplus responds positively to debt. Mendonça et al. (2009) suggests a slightly

different approach. They use a fiscal reaction function with endogenous breaks in the regime,

the denominated Markov-Switching models. Using data between 1995-2007, the authors find

that primary surpluses react positively to the debt. Moreover, they argue that their findings

suggest that there were different regimes before and after 2000, with the pre-2000 period having

a high reaction and the post-2000 with a low reaction of the primary surplus.

Simonassi et al. (2014) also calculates the fiscal reaction function with endogenous breaks,

with an approach different from Mendonça et al. (2009) but finds similar results. Luporini (2015)

also analyzes public debt sustainability through fiscal reaction functions. The work differs from

the others by using a rolling window of 12 months and for controlling the response with cyclical

variations of output and the floating rate indexed debt. The result suggests in general that

debt is sustainable, but that the response is decreasing in recent years. Chicoli (2015) estimates

fiscal reaction functions with endogenous breaks using different debt definitions and a series of

“corrected” primary surpluses. Evidence of non-sustainability is found. Campos and Cysne

(2019) uses different techniques to estimate a time-varying fiscal reaction function. They find

that debt has become unsustainable, while Oliveira et al. (2022), using different methods to

estimate the fiscal reaction function, reaches similar conclusions.

Finally, the present work also relates to the recent literature that studies debt sustainability

from an asset pricing perspective. Among them, we can include Jiang et al. (2019), Reis (2021),

Van Wijnbergen et al. (2020) and others. Jiang et al. (2023) reviews the literature of public

debt analysis using an asset pricing perspective.
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2 Methodology

In this section, we provide the theoretical framework behind the two exercises run in this

dissertation.

The first approach is based on classical studies of public debt sustainability and takes a

backward-looking perspective. The government debt evolves according to

Bt+1 = (1 + rt)Bt − St+1, (1)

where Bt is debt at time t, rt is the borrowing rate and St+1 is the primary balance.

As discussed in Willems and Zettelmeyer (2022), Bt can be interpreted in two different ways.

The initial interpretation posits that all debt matures within a single period, with rt representing

the government’s borrowing cost for one-period debt. The second interpretation regards Bt as

the market value of outstanding debt. In this perspective, rt encompasses not only the cost of

borrowing but also includes any capital gains or losses associated with holding the debt.

It is important to note that the latter interpretation is considered more relevant for our

analysis using the asset princing perspective. This is because the market value of government

debt assesses the government’s financial situation and market expectations at each period. In

contrast, the face value perspective focuses exclusively on the government’s financial situation

during the period of debt issuance. As our analysis involves estimating the actual discount factor

that agents use to price assets, taking into account their expectations, employing the market

value of debt would be more suitable.

The Brazilian Treasury measures debt using the face value perspective.5 Consequently, we

will use the data based on the face value perspective for our analysis.

Let Yt denote the GDP at time t and Yt+1/Yt = (1 + gt). Then

Bt+1

Yt+1
=

Yt
Yt+1

(1 + rt)Bt

Yt
− St+1

Yt+1

or

bt+1 =
1 + rt
1 + gt

bt − st+1 (2)

5In practice what they do is to aggregate across all types of bonds in the hands of the market according to
the rate that was offered at the time of issuance. Hence, a bond will have a different rate depending on the date
it was issued, its maturity, and the index (IPCA, dollar, etc.) used to update its value.



9

where the lowercase letter represents shares of GDP.

Iterating equation (2) forward we get

bt = qt,t+nbt+n +

n∑
j=1

qt,t+jst+j ,

where

qt,t+n =

t+j−1∏
h=t

1 + gh
1 + rh

is the discount factor between periods t and t+ j. If we let n → ∞

bt = lim
n→∞

qt,t+nbt+n + lim
n→∞

n∑
j=1

qt,t+jst+j (3)

The analysis within this framework hinges on the disparity between the interest rate and

the growth rate of the economy (r − g). As highlighted by Willems and Zettelmeyer (2022),

classical papers often implicitly assume that this difference is, on average, positive, which im-

plies limn→∞ qt,t+n = 0. Within this context, debt sustainability would entail that the debt is

underpinned by future surpluses, discounted by the growth-adjusted rate

bt =

∞∑
j=1

qt,t+jst+j (4)

By excluding the possibility of bubbles in government debt, we steer clear of potential pitfalls

in the analysis which we shall, however, return to in our discussions. Early investigations into

sustainability often relied on equation (4) to construct time series tests for analyzing unit roots

and/or cointegration. However, Bohn (2007) challenges the relevance of these tests, arguing

in favor of a different approach. Bohn contends in his research that the intertemporal budget

constraint doesn’t restrict revenue, spending, or debt processes. Supporting this claim with

evidence of the intertemporal budget constraint holding across processes of varying complexity,

Bohn suggests utilizing error correction models for estimating fiscal reaction functions instead.

In a world without uncertainty, the return on all assets must be the same and we can simply

use the risk-free rate in (4). To take uncertainty into account, in the second exercise, we employ

the concept of a pricing kernel to evaluate debt sustainability. Building on the insights of

Bohn (2008), in an environment characterized by rational agents, infinite lifespans, complete

markets, and non-negative debt, one can derive the following transversality condition pertaining
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to government debt:

lim
n→∞

Et [Mt,t+nbt+n] ≤ 0

Here, Mt,t+h = Πh
k=0Mt+k, and Mt+k represents the pricing kernel in period t for period

t + k. Thus, Mt,t+n signifies the pricing kernel of the economy for contingent claims on period

t+n. The assumption of complete markets implies that investors utilize a shared pricing kernel

to assess all financial assets within the economy. Note, however, that this assumption is not

necessary for the exercise. Indeed, no arbitrage implies the existence of such a pricing kernel.

Consequently, a transversality condition is applied to government debt. This, coupled with

the assumption of non-negative debt, gives rise to the formulation of the aforementioned equa-

tion. Drawing a connection between this equation and the previously discussed debt dynamics

yields the following relationship:

bt =
∞∑
n=0

Et [Mt,nst+n] (5)

This represents the intertemporal budget constraint of the government as per optimal lender

behavior. Notably, this equation differs from (4) due to the distinction between discounting

with the pricing kernel and discounting with the debt interest rate. The pricing kernel takes

into account various states of the economy to appropriately discount the primary deficit. For

instance, governments often incur primary deficits during recessions. In states where marginal

utility is high, the payoff is low, resulting in the pricing kernel typically exceeding the debt

interest.

Bohn’s 2008 formulation relied on the assumption of complete markets, using a representative

agent Consumption Capital Asset Pricing Model (CCAPM). As we have already mentioned

there are alternative ways to connect the government budget constraint with the pricing kernel

without such strong assumptions. Jiang et al. (2019), for instance, relies solely on the absence

of arbitrage – the existence, rather than the uniqueness, of a stochastic discount factor – to

arrive at the same equation as above, restricted by the transversality condition. Without the

transversality condition, Jiang et al. (2019) states the following debt equation

bt = Et

[
T∑
i=1

Mt,t+jst+j

]
+ Et [Mt,t+TDt+T ] (6)

Considering the equations outlined above, we propose two exercises to assess public debt
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sustainability.

The ’Classical’ approach The first exercise, extensively implemented in debt literature and

recommended by both Bohn (1998) and Bohn (2007), involves estimating the following equation,

st = ρbt + µt. (7)

Here, µt represents other determinants as a share of GDP. According to Bohn (2008), if

ρ > 0, µt is bounded, and the present value of GDP is finite, then this fiscal policy satisfies

both the transversality condition and the intertemporal budget constraint (4). Additionally,

as highlighted by Willems and Zettelmeyer (2022), this fiscal reaction function also serves as a

means to test the deterministic version of the budget constraint. As discussed in Bohn (2007),

this condition is referred to as an error-correction term estimate, prompting numerous studies

to directly estimate a Vector Error Correction Model (VECM).

However, this may not always be the case. If both variables in equation (7) have unit roots,

then a VECM must be employed for estimation, as debt and the surplus may share a common

factor eliminable through a cointegration relation. Nevertheless, as argued in Bohn (2008),

this might not apply universally. In the paper, the author contends that debt and surplus are

stationary, eliminating the necessity to estimate a cointegration relationship.

The objective here is to scrutinize whether the government is augmenting its surplus in

response to a rise in debt. If this behavior, demonstrated in Bohn (1998), is evident, then debt

conforms to the dynamics of equation (5), establishing its sustainability. Regarding the term µt,

Bohn (1998) recommends incorporating estimates of the business cycle and sudden expenditure

episodes as controls. Surplus is inherently a cyclical variable, tending to rise during periods of

economic growth and decline in times of recession. Hence, it becomes imperative to integrate a

measure of the business cycle to effectively address and control for this inherent pattern within

the surplus process. To circumvent the issue of simultaneous causality, we follow the approach

in Campos and Cysne (2019) by estimating equation (7) with lagged debt.
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The Asset Pricing approach The second exercise uses equation (6) directly. Let t0 be a

base period. We can, in this case, write

bt0 = Et0

[
T∑
i=1

Mt0,t0+jst0+j

]
+ Et0 [Mt0,t0+TDt0+T ]

For a given t0 and T , the equation holds for some t0 and T . Consequently, with a specified

pair (t0,T ), we can estimate the right-hand side of the equation, denoted as b̂t0 , and compare it

with the actual debt bt0 . If the estimate equals or surpasses the actual debt (b̂t0 ≥ bt0), we affirm

that the debt is sustainable; otherwise, we label it as unsustainable. This assertion is strong,

as it presupposes the fulfillment of the budget constraint in the future. However, a rejection

provides compelling evidence, suggesting a failure even when considering future commitment.

This rejection could indicate two possibilities: (i) mispricing of debt by agents, wherein surpluses

are discounted inaccurately, or (ii) the government has not followed a sustainable fiscal policy.

Unfortunately, the analysis conducted here does not allow us to disentangle these cases.

To perform this exercise, an estimate of the pricing kernel of the economy is essential. For

this purpose, we employ an estimator proposed by Araujo and Issler (2022), which solely relies

on returns of the economy’s assets without necessitating the specification of a utility function.

The estimator is based on the absence of arbitrage opportunities and on the joint stationarity

and ergodicity of returns and the pricing kernel. The derived estimator in the paper is:

M̂t =
R̄G

t
1
T

∑T
j=1 R̄

G
j R̄

A
j

,

where

R̄G
t =

N∏
i=1

R
−1
N
i,t , R̄A

t =
1

N

N∑
i=1

Ri,t.

Here, T represents the total number of periods, and N denotes the total number of assets

utilized. Additionally, Ri,t denotes the gross return of the assets, calculated as Pi,t+1/Pi,t. The

authors establish the consistency and asymptotic normality of the estimator in the paper as both

N and T tend to infinity. Equipped with this estimator, we leverage it to discount surpluses

between periods t0 and T (final period) and aggregate the debt in period T (final period) to

derive our estimated value b̂t0 .
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3 Data

Two categories of data were utilized in this study: (i) fiscal data and (ii) returns from assets

in the Brazilian market. For the first category, fiscal data were sourced from the Central Bank.

We incorporated monthly figures for the primary surplus and its 12-month accumulated value,

as well as the net public debt (DLSP) and gross debt (DBGG). The DLSP encompasses the

entire public sector and DBGG refers only to debt owned by the central government, states, and

municipalities. When performing the analysis, we match the measure of the surplus with the

one of debt. These metrics underwent seasonal adjustment and were deflated using the IGP-DI,

a price index calculated by IBRE, with the base year set as December 2023. Furthermore, the

data is presented as proportions of GDP, providing a normalized perspective. The period for

this dataset ranges from November 2002 to November 2023. Figures (2) and (3) displays the

debt and surplus data, respectively.
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Figure 2: Debts as shares of GDP
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Figure 3: Surplus (consolidated public sector) as a share of GDP

In the second category, we gathered return data from various assets using Economatica. The

returns were adjusted for prices as of December 2023 and accounted for dividends and splits,

where applicable. This dataset encompasses returns from stocks, mutual funds, real estate funds,

and government bonds. The period for this data aligns with that of the fiscal data, covering the

period from November 2002 to November 2023.

The control variable in equation (7), the output gap is computed as (Yt − Y ∗
t )/Y

∗
t , where

Yt denotes monthly GDP, as reported by the Brazilian Central Bank, and Y ∗
t represents the

potential output derived using the HP-filter on the previously described series. A smoothing

parameter of λ = 129600 was employed, following the recommendation of Ravn and Uhlig (2002),

given the utilization of monthly data.

4 Results

We first present the results for the fiscal reaction function. Given our focus on time series

data, it is crucial to conduct unit root tests. Estimations involving non-stationary variables can

yield misleading results, potentially leading to spurious correlations.
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4.1 Fiscal Reaction Functions

In this section, we estimate equation (7), as recommended by Bohn (2008). This estimation,

which has been a staple in the literature for numerous years, involves determining the response

of the surplus to changes in public debt. A positive estimate for the parameter associated with

public debt indicates that surplus increases in response to a rise in debt. As demonstrated

by Bohn (2008), under specific conditions, this ensures the satisfaction of both the transver-

sality condition and the Intertemporal Government Budget Constraint (IGBC). Consequently,

if we find a positive coefficient on debt changes we will infer that the debt is sustainable or,

equivalently, that the fiscal policy path is sustainable.

With no evidence supporting the presence of unit roots in the debt and surplus series, we

might proceed with the Ordinary Least Squares (OLS) estimation of equation (7). However,

if unit roots are detected, the series are potentially cointegrated. In such cases, estimation

proceeds using an error correction model.

To understand the rationale, consider the definition of a co-integrated process, as articulated

by Engle and Granger (1987): a K-variables process yt is deemed cointegrated of order (d, b) if

all components of yt are I(d), and there exists β ̸= 0 such that zt := β′yt, and zt is I(d− b). In

this context, I(n) denotes that the time series is stationary if the nth difference is stationary.

In an error-correction model, changes in a variable are contingent on deviations from an

equilibrium relationship. Consider two series, y1t and y2t, with the equilibrium relation y1t =

β1y2t. Furthermore, the changes in y1t depend on deviations from this equilibrium, leading to

the following expression:

∆y1t = α1(y1,t−1 − β1y2,t−1) + u1t

A similar condition applies to y2t. This structure defines an error-correction model.

To see how both concepts fit together, note that one could write

αi(y1,t−1 − β1y2,t−1) = ∆yit − uit, i = 1, 2

for instance. Now, if both variables are I(1), then ∆yit is stationary, rendering all the right-hand

variables stationary. Therefore, it must be the case that αi(y1,t−1 − β1y2,t−1) is also stationary.

Hence, if any of αi ̸= 0, then y1,t − β1y2,t represents a cointegration relationship.

These concepts are more clearly addressed by the Granger Representation Theorem, which
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asserts that for any set of I(1) variables, error-correction models and cointegration are equivalent

representations (Enders (2015)). Consequently, if we find evidence of a unit root in the series,

we should subject them to cointegration tests. Should we discover indications of cointegration,

we would leverage the Granger Representation Theorem to estimate an error correction model.

Neglecting this step could result in overlooking vital information on how the processes ’correct

themselves’ when not in equilibrium, as represented by the cointegration relation.

With the motivation for investigating the presence of cointegration established, the following

table summarizes the unit root tests for the variables of interest.

Table 1: Unit Root tests

Variables ADF ADF-GLS KPSS NG-PERRON PP

Surplus (12 months) -2.986143 -2.731848* 1.351547*** -1.19238 -3.001125
Surplus (12 months, GG) -1.414548 -0.903771 1.328869*** -2.02247** -2.102380
DLSP -1.848727 -0.530316 0.476764*** -0.64102 -1.772330
DBGG -2.063947 -1.022316 0.410747*** -1.09493 -2.234641

Notes: t-statistics for the ADF (Augmented Dickey-Fuller), ADF-GLS (Generalized Dickey-
Fuller), KPSS (Kwiatkowski–Phillips–Schmidt–Shin), PP (Phillips-Perron) tests. Values
with (*) indicates significance at 10%, (**) at 5% and (***) at 1%. The KPSS has null of
stationarity. The results for surplus in KPSS and Ng-Perron only includes a constant.

We conducted five different tests to detect unit roots. The test statistics are presented in

the table. Except for the KPSS test, all the others assume a null hypothesis of a unit root. We

also implement a unit root test suggest by Perron (1989) which captures breaks in the series.

The results are presented in table

Table 2: Unit root breakpoint test

Variables p-value

Surplus (12 months) 0.0651
Surplus (12 months, GG) 0.0510
DLSP 0.1815
DBGG > 0.99

Notes: p-values of the breakpoint unit
root test suggested by Perron (1989).
The test was conducted assuming an
intercept and trend in the trend func-
tion, with a break in both.
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As observed, all the tests indicate that the variables have a unit root, suggesting potential

cointegration. To verify this, we will conduct the Johansen cointegration test (Johansen (1991)).

The test, based on the following error correction form,

∆yt = Πyt−1 +

p−1∑
j=1

Γj∆yt−j + ut,

relies on detecting the rank of the matrix Π. Since the test relies on the error correction form,

we need to choose a lag length for it. The lag of the VAR used in the test is determined through

a two-step procedure: initially, we utilize information criteria, such as AIC, BIC, SIC, and FPE;

subsequently, we estimate the VAR based on the lags suggested in the first step and examine if

there is any correlation between the residuals. If such a correlation is present, we increment the

number of lags until this autocorrelation disappears.

Two distinct types of tests are employed: the trace test and the maximum eigenvalue test.

The key distinction lies in how they treat the alternative hypothesis. For the trace test, we

assess H0 = r0 versus H1 = r0 < rank(Π) ≤ K, where rank(Π) = K indicates full rank. For the

maximum eigenvalue test, the null hypothesis remains the same, while the alternative is defined

asH1 = r0+1. The following tables present the results for the cointegration relationship between

the primary surplus and both debt measures.

Table 3: Johansen cointegration test between surplus and DLSP

Tests Test Statistic p-value

Trace
None 0.0685

At most one 0.8198

Max Eigenvalue
None 0.0463

At most one 0.8198

Notes: cointegration test between accumu-

lated surplus and DLSP, both as shares of

GDP. No constants or trends were used. The

lag length used was 13.
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Table 4: Johansen cointegration test between surplus and DBGG

Tests Test Statistic p-value

Trace
None 0.0225

At most one 0.8106

Max Eigenvalue
None 0.0075

At most one 0.8106

Notes: cointegration test between accumu-

lated surplus from the general government

and DBGG, both as shares of GDP. Test

with constant in the cointegration vector.

The lag length used was 13.

As depicted in Table (3), the trace statistic suggests the absence of a cointegration relation

between surplus and DLSP. However, the maximum eigenvalue statistic implies the presence

of one. Despite these divergent results, the assumption is made that there is a cointegration

relation between the variables. On the other hand, Table (4) indicates that both tests point to

the existence of a cointegrating relationship between the variables. Equiped with these results,

we can proceed with the analysis and estimate the error-correction model.

In the tables below, we show the estimates of the error-correction model considering the

cointegration between surplus and DLSP and surplus and DBGG. In both of the estimations,

we used the output gap as a proxy to the business cycle of the economy, as suggested by Bohn

(2008).

The lag length selection criteria mentioned earlier suggest a lag of 14 in the levels of the VAR.

Consequently, given that a VAR(p) implies a VECM(p-1), the estimation proceeded with 13 lags

of the correction terms in the equation. For visual clarity, we have included estimates for the

cointegration equation, the short-term response of the equilibrium relationship, and the output

gap in Table (5). The complete estimation details are available in the Appendix. Notably, in

Table (5), the ρ is positive but not statistically significant, indicating an unsustainable fiscal path.

Remember that in equation (7) ρ must be positive, but as we are estimating an error-correction

model, this implies that the estimate of the debt parameter must be negative. The cointegrating

relation coefficient is significant for the debt equation, suggesting that debt decreases when it
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Table 5: VECM estimates - Surplus and DLSP

Cointegrating Eq: Estimates

st−1 1.000000

bt−1 -0.011308
(0.01596)
[-0.70848]

Error Correction: Dst Dbt−1

Coint. Equation -0.004282 -0.043622
(0.01021) (0.01902)
[-0.41943] [-2.29292]

output gap -0.013392 -0.009326
(0.00508) (0.00946)
[-2.63673] [-0.98534]

Adj. R-squared 0.527097 0.368255
F-statistic 10.78371 6.116719

Akaike information criterion -16.49754
Schwarz criterion -15.65136
Number of observations 238

Notes: Estimation done with 13 lags for the correction term,
omission for aesthetics. Standard errors in parentheses and
t-statistics in brackets.
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deviates from its equilibrium.

Table 6: VECM estimates - Surplus and DBGG

Cointegrating Eq: Estimates

st−1 1.000000

bt−2 0.160225
(0.02185)
[ 7.33303]

constant -0.122855
(0.01565)
[ -7.85249]

Error Correction: Dst Dbt−1

Coint. Equation -0.027529 -0.188594
(0.01902) (0.04785)
[-1.44761] [-3.94117]

output gap -0.015270 0.022372
(0.00522) (0.01314)
[-2.92336] [ 1.70205]

Adj. R-squared 0.483628 0.229398
F-statistic 9.221174 3.613030

Akaike information criterion -15.69679
Schwarz criterion -14.83602
Number of observations 238

Notes: Estimation done with 13 lags for the correction
term, omission for aesthetics. Standard errors in paren-
theses and t-statistics in brackets.

Table (6) displays the estimated results for the error-correction model between surplus and

DBGG. The autocorrelation and normality analysis suggests that the model should be estimated

with a constant in the cointegration relation and the VECM. Notably, the estimate of ρ in

this case is significant but negative, contrary to the expected result for one who believes that

government debt is sustainable. This result indicates that a 1p.p increase in debt reduces surplus

by 16p.p. A similar finding was reported by Chicoli (2015). Similar to the previous case, the

coefficient of the cointegration relationship in the debt equation is negative and significant,
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suggesting a debt reduction when it deviates from its stable path, specifically, a reduction of

17.89p.p per period.

How have these results changed over time? Was debt always unsustainable? To answer this

questions we provide a subsample analysis. As we saw before, the unit root tests that encompass

a possible break in the series indicate that there is a break. Hence, we perform the same analysis

as before and use as a break date January 2014, which is a date often found on literature as a

change of regime date. The results can be found in the Appendix.

We find that for both measures of debt and surplus, debt was sustainable until 2014, and

became unsustainable afterward. This result aligns with the Brazilian literature that analyzes

such regime changes. Although most of them find a ”weaker” response of the surplus, here we

can not infer such sustainability.

4.2 Asset Pricing Analysis

Moving beyond the initial and more conventional debt sustainability analysis, we now con-

duct the exercise proposed using the stochastic discount factor of the economy. Before delving

into the analysis, we present some descriptive statistics and a graph illustrating the estimates

of the pricing kernel derived in Araujo and Issler (2022). Although Araujo and Issler (2022)

explores a broader range of assets and examines a longer period compared to this study, we

obtained similar results regarding the mean estimates.
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Table 7: Summary Statistics - SDF

T 253

Min 0.8916916

1st Quartile 0.9629291

Median 0.9948206

Mean 0.9948429

3rd Quartile 1.018756

Max 1.206542

Std Deviation 0.04352118

Notes: Descriptive statistics
for the stochastic discount fac-
tor estimates from the pro-
posed estimator from Araujo
and Issler (2022).
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Figure 4: Stochastic Discount Factor estimator

Let us first explain the underlying idea of our exercise. We assume that debt is correctly
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priced at the end date and ask whether the properly discounted sequence of surpluses from the

initial date to the end of the period is compatible with the assessment made at the initial date.6

If the properly discounted flows are not compatible with the price of debt at the beginning

of the period, this could mean either a violation of the pricing equation at that moment or

the non-validity of the assumption that the debt is properly priced today. In either case, a

mispricing would have been detected.

Tables (8) and (9) present the baseline values, discounted surplus, and discounted debt for

both debt measures. The distinction between them lies in the end-period debt. In 2020, the

COVID-19 pandemic spread globally, prompting governments to increase spending on population

well-being, particularly in health and social assistance. As more restrictive lockdown measures

were implemented, government debt witnessed a significant surge in almost all countries. This

increase could potentially influence our results, treating it as an outlier, indicating that this

surge was not a part of the fiscal policy. To mitigate this potential bias, Table (9) displays the

results of the analysis with the end-period debt set in February 2020.

Table 8: Comparison between discounted surpluses and initial period debt

Debt Base-values Discounted surplus Discounted end-period debt ePV S −D0

DLSP 3909438 637443.2 1385284 -1886710
DBGG 5052499 637443.2 1933761 -2481295

Note: The base-period is November 2002 and the end-period is November 2023. Surpluses
were discounted using Araujo and Issler (2022) estimator of the SDF. Fiscal data from
Brazilian Central Bank and return data collected from Economatica.

Table 9: Comparison between discounted surpluses and initial period debt

Debt Base-values Discounted surplus Discounted end-period debt ePV S −D0

DLSP 3909438 822134.4 1219368 -1867935
DBGG 5052499 822134.4 2019934 -2210431

Note: The base-period is November 2002 and the end-period is February 2020. Surpluses
were discounted using Araujo and Issler (2022) estimator of the SDF. Fiscal data from
Brazilian Central Bank and return data collected from Economatica.

As discerned from both tables, the findings put forth the notion that, for both debt measures,

the estimated initial period debt derived from the stochastic discount factor tends to be smaller

than the actual debt during the corresponding initial period. This observation could give rise to

some reasons: (i) in the first place, it might suggest a potential discrepancy in how agents are

6Note that the condition is trivially satisfied if we use the Government accounting rate. Hence, the need for a
proper discounting.
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pricing government surpluses, indicating a certain bias towards the stochastic discount factor,

which invalidates the assumption that debt is correctly priced today; (ii) it could signify that

the government deviated from a sustainable fiscal policy path; (iii) there are convenience yields

in holding government debt that are not being estimated, among other reasons. The concept

of convenience yields, also referred to as debt revenue, denotes the additional income that the

government accrues when its interest rate is lower than the prevailing market rate, the one

related to other private assets. To comprehensively understand this phenomenon, Reis (2022)

provides an insightful exploration of the underlying reasons. First, public debt serves as a

store of value, offering a secure means for the agents to preserve their wealth. Second, public

debt acts as a safe haven, attracting investors seeking stability and security amid economic

uncertainties. Third, public debt often serves as collateral in various financial arrangements,

enhancing its utility. Lastly, the availability of government bonds in liquid markets contributes

to their attractiveness. For a detailed exposition on each of these aspects, readers can refer to

Reis (2022).

Our findings present a contrasting perspective to the insights put forth by Jiang et al. (2023).

In their work, the authors undertake a comprehensive review of the literature on fiscal capacity

through the lens of asset pricing. Notably, they delve into the outcomes highlighted in Jiang et

al. (2019), which addresses a debt valuation puzzle specifically within the context of the United

States. In the text, the authors claim that this phenomenon is exclusively for the US. However,

our results deviate from this trajectory, suggesting the presence of a debt valuation puzzle of

Brazilian debt.

In the referenced paper, the authors employ a sophisticated model to gauge the pricing

of risks, aligning model moments with empirical data moments. Subsequently, they leverage

these estimates to appraise the valuation of the government’s tax and spending claims, drawing

comparisons with the market value of U.S. debt.

While our analytical exercise shares some resemblance with theirs, as we employ a stochas-

tic discount factor (SDF) to evaluate government surpluses, there are nuanced distinctions.

Specifically, our estimation of the SDF takes a more direct approach compared to theirs. We

adopt a pricing kernel proposed by Araujo and Issler (2022), leveraging solely the returns of

the economy’s assets. Importantly, both our and their estimates operate under the fundamental

assumption of no arbitrage in asset markets thus avoiding the drawbacks associated with Bohn’s

(1995) reliance on a consumption-based model. This delineates a notable point of convergence
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in our methodologies.

5 Conclusion

In recent years, the discourse surrounding public debt and its sustainability has gained

considerable traction among scholars and governments, spanning both developed and developing

nations. Factors such as low-interest rates in developed countries and the global impact of the

COVID-19 pandemic, which led to a surge in debt across nations, have thrust the issue of

debt into the forefront once again. Against this backdrop, this study aims to scrutinize the

sustainability of Brazilian debt, employing two distinctive approaches.

The first approach involves a classical analysis of the fiscal reaction function, as proposed by

Bohn in several seminal works (Bohn (1995), Bohn (1998), Bohn (2007), and Bohn (2008)). To

enhance the analytical depth of the study, we incorporated an examination of structural breaks

in the debt series. This additional step sought to identify shifts in the fiscal policy trajectory

throughout the analysis period. In both instances, our findings converge to the conclusion that

the current state of the debt is not sustainable.

The second approach employed to assess debt sustainability delves into the pricing kernel

of the economy. A significant number of works addressing debt sustainability either explicitly

or implicitly assume a risk-free economic environment concerning government debt. However,

such an assumption does not align with the complexities of the real economic landscape. To

address this, we advocate for estimating the intertemporal government budget constraint using

a consistent estimator for the pricing kernel of the economy, as proposed by Araujo and Issler

(2022). Unlike many existing methods, this estimator hinges on the existence, rather than the

uniqueness, of the discount factor of the economy.

Upon applying this estimator, we identify a breach in the Intertemporal Government Bud-

get Constraint (IGBC). This finding implies several possible scenarios: either the agents are

mispricing the debt, the government is not adhering to a sustainable fiscal policy, or there are

convenience yields not specified. Regrettably, the proposed approach cannot disentangle these

results. However, given the concurrent evidence of non-sustainability from the fiscal reaction

function approach, we interpret this outcome as indicative of the Brazilian government following

an unsustainable fiscal policy trajectory.

Also, our results do not quite match up with Jiang’s (Jiang et al. (2023)) predicted. They
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argue that the difference between debt and the risk-adjusted present value of surpluses is a

unique problem for the US debt. But, as we’ve shown, our findings do not align with their

ideas. We will need to dig deeper to figure out why this difference exists, despite using similar

methods.
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A Appendix

A.0.1 Johansen Cointegration tests

Table 10: Johansen cointegration test between surplus and DLSP - until January 2014

Tests Test Statistic p-value

Trace
None 0.0069

At most one 0.0916

Max Eigenvalue
None 0.0200

At most one 0.0916

Notes: cointegration test between accumu-

lated surplus and DLSP, both as shares of

GDP. Test performed with constant. The

lag length used was 2.

Table 11: Johansen cointegration test between surplus and DLSP - from January 2014

Tests Test Statistic p-value

Trace
None 0.0407

At most one 0.1701

Max Eigenvalue
None 0.0781

At most one 0.1701

Notes: cointegration test between accumu-

lated surplus and DLSP, both as shares of

GDP. Test performed with constant. The

lag length used was 1.
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Table 12: Johansen cointegration test between surplus and DBGG - until January 2014

Tests Test Statistic p-value

Trace
None 0.0392

At most one 0.1808

Max Eigenvalue
None 0.0568

At most one 0.1808

Notes: cointegration test between accumu-

lated surplus from general government and

DBGG, both as shares of GDP. The lag

length used was 1.

Table 13: Johansen cointegration test between surplus and DBGG - from January 2014

Tests Test Statistic p-value

Trace
None 0.0021

At most one 0.1650

Max Eigenvalue
None 0.0032

At most one 0.1650

Notes: cointegration test between accumu-

lated surplus from general government and

DBGG, both as shares of GDP. The lag

length used was 2.
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A.0.2 VECM estimates - Break dates

Table 14: VECM estimates - Surplus and DLSP - until January 2014

Cointegrating Eq: Estimates

st−1 1.000000

bt−2 -0.022138
(0.03685)
[-0.60080]

constant -0.008758
(0.01601)
[-0.54702]

Error Correction: Dst Dbt−1

Coint. Equation -0.009163 -0.184953
(0.01466) (0.04407)
[-0.62489] [-4.19711]

Dst−1 0.097736 -0.504257
(0.08700) (0.26145)
[ 1.12339] [-1.92873]

Dbt−2 0.045991 0.059293
(0.02917) (0.08765)
[ 1.57680] [ 0.067646]

output gap 0.001142 0.003732
(0.01107) (0.03325)
[ 0.10318] [ 0.11222]

Adj. R-squared 0.016882 0.061039
F-statistic 1.749860 3.838623

Akaike information criterion -16.92942
Schwarz criterion -16.68919
Number of Observations 132

Notes: Estimation until January 2014. Standard errors in
parentheses and t-statistics in brackets.
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Table 15: VECM estimates - Surplus and DLSP - from 2014

Cointegrating Eq: Estimates

st−1 1.000000

bt−2 0.312481
(0.20357)
[ 1.53502]

constant -0.206010
(0.10082)
[-2.04326]

Error Correction: Dst Dbt−1

Coint. Equation -0.000554 -0.026745
(0.00491) (0.00749)
[-0.11292] [-3.57027]

Dst−1 0.579802 -0.584124
(0.08067) (0.12312)
[ 7.18727] [-4.74436]

Dbt−2 -0.025833 0.166375
(0.05692) (0.08688)
[-0.45381] [ 1.91506]

output gap -0.018247 -0.014756
(0.00696) (0.01062)
[-2.62177] [-1.38926]

Adj. R-squared 0.467245 0.288785
F-statistic 35.20436 16.83577

Akaike information criterion -15.68826
Schwarz criterion -15.42998
Number of Observations 118

Notes: Estimation from January 2014. Standard errors in
parentheses and t-statistics in brackets.
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Table 16: VECM estimates - Surplus and DBGG - until January 2014

Cointegrating Eq: Estimates

st−1 1.000000

bt−2 -0.034073
(0.00450)
[-7.56857]

Error Correction: Dst Dbt−1

Coint. Equation -0.036259 -0.163169
(0.01891) (0.07423)
[-1.91703] [-2.19815]

Dst−1 0.115151 -0.235377
(0.08789) (0.34492)
[ 1.31021] [-0.68240]

Dbt−2 -0.033385 -0.085165
(0.02295) (0.09006)
[-1.45485] [-0.94565]

output gap -0.000471 -0.003251
(0.01125) (0.04413)
[-0.04184] [-0.07366]

Adj. R-squared 0.026088 -0.010564
F-statistic 2.169709 0.543543

Akaike information criterion -16.42713
Schwarz criterion -16.20874
Number of Observations 132

Notes: Estimation until January 2014. Standard errors in
parentheses and t-statistics in brackets.
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Table 17: VECM estimates - Surplus and DBGG - from 2014

Cointegrating Eq: Estimates

st−1 1.000000

bt−2 0.180071
(0.04492)
[ 4.00847]

constant -0.138780
(0.03614)
[-3.84021]

Error Correction: Dst Dbt−1

Coint. Equation -0.035972 -0.143122
(0.01626) (0.03588)
[-2.21268] [-3.98931]

Dst−1 0.499600 -0.323665
(0.09135) (0.20158)
[ 5.46930] [-1.60564]

Dst−2 0.199509 -0.042952
(0.09415) (0.20777)
[ 2.11907] [-0.20673]

Dbt−2 -0.040135 -0.064678
(0.04139) (0.09134)
[-0.96965] [-0.70810]

Dbt−3 -0.050518 0.048319
(0.04186) (0.09238)
[-1.20685] [ 0.52307]

output gap -0.011700 0.017404
(0.00706) (0.01559)
[-1.65616] [ 1.11633]

Adj. R-squared 0.502508 0.198097
F-statistic 24.63595 6.780576

Akaike information criterion -15.02167
Schwarz criterion -14.66946
Number of Observations 118

Notes: Estimation from January 2014. Standard errors in
parentheses and t-statistics in brackets.
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