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Abstract

Mean-field games, introduced in a differential perspective by Lions and Lasry
[3],model situations dealing with a great number of agents considered as a
continuum. The study of the regularity of functions is to observe properties
of integrability and differentiability. This dissertation starts with an intro-
duction of the necessary ingredients from the partial differential equations
theory, it goes on with the analysis of some estimates of the solutions of
these equations, and concludes with results on regularity for the mean field
games solutions.
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1 Introduction

The mean-field games (MFG) theory was introduced by Lions and Lasry in
their seminal article in 2007, “Mean Field Games” [3] with a partial dif-
ferential equation (PDE) approach, and by Huang, Malhame, and Caines
in their paper “Large Population Stochastic Dynamic Games: Closed-Loop
McKean–Vlasov Systems and the Nash Certainty Equivalence Principle” in
2006. It is relevant on the field of both partial differential equations and game
theory because it shows a new approach for games with a large quantity of
agents.
For this dissertation, we follow the books “Partial Differential Equations” of
Evans [1] and “Regularity Theory for Mean-Field Games Systems” of Gomes,
Pimentel, and Voskanyan [2]. We use the first one for the introduction of
partial differential equations and from the second one we get the estimates
and the result of regularity. The objective of this work is to study regularity
of the mean field games partial differential equations. Studying regularity of
PDEs is to analyze the integrability or smoothness of its solutions.
Hilbert’s nineteen problem stated a problem of regularity asking if any solu-
tion of a particular PDE retains the regularity properties of its coefficients,
that was one of the first formalizations of the regularity problem. It was
solved by J. Nash on his paper “Parabolic Equations” in 1957 [4].
In the first section of this thesis, we study the properties of two classical
PDEs: the transport and Laplace’s equations. We point out some results
of regularity, but our focus is to introduce the equations to the reader. We
also introduce the probabilistic case for the transport equation, known as the
Fokker-Planck PDE, and what is the behavior of the mass function of the
agents.
In the second section, we analyze the nonlinear PDEs,describe some ways to
analyze them and introduce the Hamilton PDEs.
In the third section, we introduce the Hamilton-Jacobi-Bellman equations
and get some properties of their solutions.
For the last two sections, we conclude with some estimates for the Fokker-
Planck Equation and finalize with regularity result of mean-field games. More
specifically, we show that the solution of the Fokker=Planck in a MFG prob-
lem has regularity of integrability.
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2 Linear PDEs

Along this dissertation we work through various types of PDEs. We decided
to start with the simplest ones, called linear PDEs. More specifically, we
study the transport equation which models the transport of a scalar field
inside an incompressible flow, and the Laplace equation that models the
temperature in a space at thermal equilibrium. Such equations are called
linear because the terms involving the solution and its derivatives can be
written as a linear combination, where the coefficients are independent of
the solution.

2.1 Transport equation

One of the simplest partial differential equation, that exists is the transport
equation. This equation contains only the first derivatives of time and space.
That is a particular case of the Fokker-Planck equation that is part of the
MFGs problem.

ut(x, t) + b ·Du(x, t) = f(x, t), (x, t) ∈ Rn × (0,∞),

where b = (b1, b2, ..., bn) ∈ Rn. We will solve the following initial-value ho-
mogeneous problem (f ≡ 0):

�
ut + b ·Du = 0, (x, t) ∈ Rn × (0,∞),
u(x, 0) = g(x), x ∈ Rn.

The derivative of u vanishes in the direction (b, 1). Indeed, studying the
value of the function u in this line:

z(s) := u(x+ sb, t+ s), s ∈ [−t,∞),

and using the chain rule, we can calculate the derivative of z:

z�(s) = (Du(x+ sb, t+ s), ut(x+ sb, t+ s)) ·
�
d(x+ sb)

ds
,
d(t+ s)

ds

�

= (Du(x+ sb, t+ s), ut(x+ sb, t+ s)) · (b, 1)
= b ·Du(x+ sb, t+ s) + ut(x+ sb, t+ s) = 0.
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Since z�(s) = 0, we get for each (x, t) in Rn×(0,∞) that z(s) = u(x+sb, t+s)
is constant. For s = 0 and s = −t we get:

u(x, t) = u(x+ 0b, t+ 0) = u(x− tb, t− t) = u(x− tb, 0) = g(x− tb)

⇒ u(x, t) = g(x− tb). (2.1)

If g is C1, the expression (2.1) is a solution for the problem. However, if g
is not C1, since we cannot take the derivative, we cannot say it will be the
solution, but it is a reasonable candidate.

Now we solve the non-homogeneous problem:
�

ut + b ·Du = f, (x, t) ∈ Rn × (0,∞),
u(x, 0) = g(x), x ∈ Rn.

(2.2)

Analogously the homogeneous problem we study what happens in the direc-
tion (b, 1):

z(s) := u(x+ sb, t+ s), s ∈ [−t,∞).

Let us evaluate the derivative of z.

z�(s) = (Du(x+ sb, t+ s), ut(x+ sb, t+ s)) ·
�
d(x+ sb)

ds
,
d(t+ s)

ds

�

= (Du(x+ sb, t+ s), ut(x+ sb, t+ s)).(b, 1)

= b ·Du(x+ sb, t+ s) + ut(x+ sb, t+ s) = f(x+ sb, t+ s).

Thus, we conclude z�(s) = f(x+ sb, t+ s). Integrating z�(s) from −t to 0 we
obtain the solution of the problem:

� 0

−t

z�(s)ds =

� 0

−t

f(x+ sb, t+ s)ds

=⇒ z(0)− z(−t) =

� t

0

f(x+ (s− t)b, s)ds

=⇒ u(x, t)− u(x− tb, 0) =

� t

0

f(x+ (s− t)b, s)ds

=⇒ u(x, t) = g(x− tb) +

� t

0

f(x+ (s− t)b, s)ds.

Notice that the solution for this function have two parts: a solution of an
homogeneous problem with boundary condition g, denoted by v, and a solu-
tion to the non-homogeneous problem with boundary condition 0, denoted
by w.
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



vt + b ·Dv = 0, (x, t) ∈ Rn × (0,∞),

v(x, 0) = g(x), x ∈ Rn,





wt + b ·Dw = f, (x, t) ∈ Rn × (0,∞)

w(x, 0) = 0, x ∈ Rn.

Then,
u = v + w.

Notice that the regularity of u retains the same regularity of g. Thus we con-
clude that the transport equation has no smoothing effect on the boundary
condition. Analyzing the non-homogeneous part of the equation, we get an
integral of f , thus the solution u is more regular than f , since it depends on�
f .

As we have seen before, the candidate for solution is not always C1, so we
have to define a new type of solution to make sense in these cases.

Definition 2.1. We call u a solution of (2.2) in the sense of distributions
if:

−
� T

0

�

Rn

u(x, t)(φt(x, t) +∇ · (φ(x, t)b))dxdt =
�

Rn

u(x, 0)φ(x, 0)dx+

� T

0

�

Rn

f(x, t)φ(x, t)dxdt

and

u(x, 0) = g(x), x ∈ Rn

for any function φ ∈ C∞
c (Rn × [0, T )).

The idea behind this definition is to remove the derivatives of u and shift
them to a test function that is differentiable using integration by parts. When
we do this we expand the set of solutions for not only C1 functions but to
functions that may not be differentiable.
Notice that if we have a solution in the sense of distributions and we change
an enumerable number of points, it is still a solution. Thus it may be worth to
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work with functions that are defined almost everywhere instead of pointwise.
We use the transport equations in the probabilistic case for the mean-field
games equations. Let us pose the problem and find the partial differential
equation for the probability mass function.
Let b : Rn× [0, T ] → Rn be a Lipschitz vector field. Consider a population of
n agents and denote their state variable at time t by x(t) = (x1(t), ..., xn(t)).
We assume the state variable follows the dynamics given by

�
ẋ(t) = b(x(t), t) t > 0,

x(0) = x.
(2.3)

The previous equation induces a flow, Φt = x(t), in Rn that maps the initial
condition x ∈ Rn at t = 0 to the solution of (2.3) at time t > 0.

Definition 2.2. We call P(Rn) the space of density functions on Rn.

Definition 2.3. Fix a probability measure, m0 ∈ P(Rn). For 0 ≤ t ≤ T , we
call m(·, t) the push-forward by Φt of m0 if it satisfies:

�

Rn

φ(x)m(x, t)dx =

�

Rn

φ(Φt(x))m0(x)dx, for φ measurable and bounded.

(2.4)

Let’s derive a partial differential equation for the push-forward by Φt of
m0.

Proposition 2.1. Let m be the push-forward by Φt of m0 for some probability
measure m0 ∈ P(Rn). Assume that b(x, t) is Lipschitz continuous in x. Let
Φt be the flow corresponding to (2.3). Then, m solves

�
mt(x, t) +∇ · (b(x, t)m(x, t)) = 0, (x, t) ∈ Rd × [0, T ],

m(x, 0) = m0(x), x ∈ Rd,
(2.5)

in the distributional sense.

Proof. We recall that ρ solves (2.5) in the distributional sense if

−
� T

0

�

Rn

(φt(x, t) + b(x, t)φx(x, t))ρ(x, t)dxdt =

�

Rn

φ(x, 0)ρ0(x)dx, (2.6)
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for every φ ∈ C∞
c (Rn × [0, T )).

First, take φ as in 2.6 and study the left-hand side of the equation using
m instead of ρ and only with the integral in the space variable. Using the
definition of m in (2.4) twice, we get:

�

Rn

(φt(x, t) + b(x, t)φx(x, t))m(x, t)dx =

=

�

Rn

φt(Φ
t(x), t)m0(x) + b(Φt(x), t)φx(Φ

t(x), t)m0(x)dx

=

�

Rn

(φt(Φ
t(x), t) + b(Φt(x), t)φx(Φ

t(x), t))m0(x)dx.

Now notice that (φt(Φ
t(x), t)+b(Φt(x), t)φx(Φ

t(x), t)) = ∂
∂t
(φ(Φt(x), t)). Then,

integrating on the time

� T

0

�

Rn

(φt(x, t) + b(x, t)φx(x, t))m(x, t)dxdt =
�

Rn

(φ(ΦT (x), T ))m0(x)dx−
�

Rn

(φ(Φ0(x), 0))m0(x)dx

Since φ has compact support on Rn×[0, T ), φ(x, T ) = 0. Finally we conclude
that:

� T

0

�

Rn

(φt(x, t) + b(x, t)φx(x, t))m(x, t)dxdt = −
�

Rn

φ(Φ0(x), 0)m0(x)dx,

= −
�

Rn

φ(x, 0)m0(x)dx.

Hence m solves (2.5) in the distributional sense.

2.2 Laplace equation

One of the most important PDEs is the Laplace’s equation since it models
numerous physical phenomenas:

Δu(x) = 0, x ∈ Rn. (2.7)

Definition 2.4. We call a function that solves (2.7) harmonic.
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In order to search for solutions for (2.7), it may be interesting to find
properties about the Laplace equation, and these properties may help us
find candidates for the solution. First we prove that the Laplace equation is
invariant under rotation:

Proposition 2.2. If u is harmonic and v(x) = u(Ox), then v is harmonic
for every O orthogonal matrix.

Proof.

vxi
=

∂u(Ox)

∂xi

=
n�

j=1

∂u

∂xj

(Ox)oji.

Then

vxixi
=

∂

∂xi

n�

j=1

∂u

∂xj

(Ox)oji =
n�

j=1

∂

∂xi

�
∂u

∂xj

(Ox)oji

�

=
n�

j=1

n�

k=1

�
∂2u

∂xk∂xj

(Ox)ojioki

�
,

which implies

Δv =
n�

i=1

vxixi
=

n�

i=1

n�

j=1

n�

k=1

�
∂2u

∂xk∂xj

(Ox)ojioki

�

=
n�

j=1

n�

k=1

�
∂2u

∂xk∂xj

(Ox)
n�

i=1

ojioki

�
.

Since O is orthogonal, we have

n�

i=1

ojioki =

�
1, if j = k,
0, if j �= k.

Hence,

Δv =
n�

k=1

�
∂2u

∂xk∂xk

(Ox)

�
= Δu(Ox) = 0.
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That is a motivation to search for radial solutions of the Laplace equation:
u(x) = v(r), where r =

�
x2
1 + ...+ x2

n. Note

∂r(x)

∂xi

=

�
x2
1 + ...+ x2

n

∂xi

=
xi�

x2
1 + ...+ x2

n

=
xi

r
.

Then

uxi
=

∂v(r)

∂xi

= v�(r)
xi

r
,

uxixi
=

∂

∂x1

�
v�(r)

xi

r

�
= v��(r)

x2
i

r2
+ v�(r)

�
1

r
− x2

i

r3

�
.

Thus

Δu =
n�

i=1

�
v��(r)

x2
i

r2
+ v�(r)

�
1

r
− x2

i

r3

��

=⇒ Δu = v��(r)
n�

i=1

x2
i

r2
+ v�(r)

n�

i=1

�
1

r
− x2

i

r3

�

=⇒ Δu = v��
r2

r2
+ v�(r)

�
n

r
− r2

r3

�
= v��(r) + v�(r)

n− 1

r
.

We find:

Δu(x) = v��(r) + v�(r)
n− 1

r
.

To get Δu = 0, then we have to solve:

v��(r) + v�(r)
n− 1

r
= 0.

Notice:

log(v�)� =
v��

v�
=

1− n

r
=⇒ log(v�) = (1− n) log(r) + a, a ∈ R

=⇒ v� =
ea

rn−1
.

Thus, we conclude:

v(r) =




b log(r) + c if n = 2,

b

rn−2
+ c, if n > 2,

for some constants b and c in R.

12



Definition 2.5. The function:

Φ(x) :=





−1
2π

log(|x|), if n = 2,

1

n(n− 2)α(n)

1

|x|n−2
, if n > 2.

is the fundamental solution for Laplace’s equation, where |x| �= 0 and α(n)
is the volume of the unit ball in Rn.

The non-homogeneous problem related to Laplace’s equation is called
Poisson’s equation.

−Δu = f.

We proved that Laplace’s equation is invariant under rotations and this moti-
vates to search solutions that are radial. We can see that Laplace’s equation
is also invariant under translation, that’s a motivation to study properties of
the convolution.

Definition 2.6. We call a function C2 with compact support, f ∈ C∞
c (Rn),

if f : Rn → R is C2 and there is a compact set K such that f |Rn\K ≡ 0.

Theorem 2.1. Let u(x) =
�
Rn Φ(x − y)f(y)dy, for any f ∈ C2

c (Rn), where
Φ is given in Definition 2.5. Then:

(i) u ∈ C2(Rn),

(ii) −Δu = f in Rn.

Proof. First, we notice:

u(x) =

�

Rn

Φ(x− y)f(y)dy =

�

Rn

Φ(y)f(x− y)dy.

Hence,

u(x+ hei)− u(x)

h
=

�

Rn

Φ(y)

�
f(x+ hei − y)− f(x− y)

h

�
dy,

where h �= 0 and ei = (0, ..., 1, ..., 0), the 1 in the ith-slot.

Let us show that
f(x+ hei − y)− f(x− y)

h
converges uniformly in Rn to

∂f

∂xi

(x− y). We will analyze

����
f(x+ hei − y)− f(x− y)

h
− ∂f

∂xi

(x− y)

���� . (2.8)
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Using the Mean Value Theorem we get that:

f(x+ hei − y)− f(x− y)

h
=

∂f

∂xi

(x− y + θhei), for some θh ∈ (0, h). (2.9)

Substituting (2.9) in (2.8), we get that:
����
f(x+ hei − y)− f(x− y)

h
− ∂f

∂xi

(x− y)

���� =

=

����
∂f

∂xi

(x− y + θhei)−
∂f

∂xi

(x− y)

����

≤ sup
θ∈(0,h)

����
∂f

∂xi

(x− y + θei)−
∂f

∂xi

(x− y)

����

≤ sup
y∈Rn

sup
θ∈(0,h)

����
∂f

∂xi

(x− y + θei)−
∂f

∂xi

(x− y)

���� .

Due to continuity and compact support of
∂f

∂xi

(x), we can conclude:

sup
y∈Rn

sup
θ∈(0,h)

����
∂f

∂xi

(x− y + θei)−
∂f

∂xi

(x− y)

���� =

= max
(y,θ)∈Rn×[0,h]

����
∂f

∂xi

(x− y + θei)−
∂f

∂xi

(x− y)

���� =: g(h).

Moreover, using the mean value theorem again, limh→0 g(h) = 0, proving

that f(x+hei−y)−f(x−y)
h

converges uniformly to
∂f

∂xi

(x − y). We can use the

same argument to prove that
∂f
∂xi

(x+hej−y)− ∂f
∂xi

(x−y)

h
converges uniformly to

∂2f
∂xi∂xj

(x− y). Then:

∂

∂xi

�

Rn

Φ(y)f(x− y)dy = lim
h→0

�

Rn

Φ(y)

�
f(x+ hei − y)− f(x− y)

h

�
dy.

We want to show that:

∂

∂xi

�

Rn

Φ(y)f(x− y)dy =

�

Rn

Φ(y)
∂f

∂xi

(x− y)dy, (2.10)

∂2

∂xixj

�

Rn

Φ(y)f(x− y)dy =

�

Rn

Φ(y)
∂2f

∂xixj

(x− y)dy. (2.11)
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Notice����
�

Rn

Φ(y)
∂f

∂xi

(x− y)dy −
�

Rn

Φ(y)

�
f(x+ hei − y)− f(x− y)

h

�
dy

����

=

����
�

Rn

Φ(y)

�
∂f

∂xi

(x− y)−
�
f(x+ hei − y)− f(x− y)

h

��
dy

����

≤
�

Rn

|Φ(y)|
����
�
∂f

∂xi

(x− y)−
�
f(x+ hei − y)− f(x− y)

h

������ dy

≤
�

Rn

|Φ(y)| sup
y∈Rn

����
�
∂f

∂xi

(x− y)−
�
f(x+ hei − y)− f(x− y)

h

������ dy

=C sup
y∈Rn

����
�
∂f

∂xi

(x− y)−
�
f(x+ hei − y)− f(x− y)

h

������ , (2.12)

with C > 0. However, we saw that (2.12) goes to zero when h → 0, because
of the uniform convergence, thus proving (2.10). An analagous argument can
be used to prove (2.11). Hence:

Δ

�

Rn

Φ(y)f(x− y)dy =

�

Rn

Φ(y)Δf(x− y)dy.

Let separate the integral above in two integrals:

Δ

�

Rn

Φ(y)f(x− y)dy =

=

�

Bε(0)

Φ(y)Δf(x− y)dy +

�

Rn\Bε(0)

Φ(y)Δf(x− y)dy

=: Kε + Lε.

Notice

|Kε| =
����
�

Bε(0)

Φ(y)Δf(x− y)dy

���� ≤ sup
z∈Rn

|Δf(z)|
����
�

Bε(0)

Φ(y)dy

���� . (2.13)

Since Φ is radial, we use polar coordinates to calculate the integral in (2.13):

|Kε| ≤ sup
z∈Rn

|Δf(z)|
����
� ε

0

Φ(r)α�(n)rn−1dr

���� =

=





C2

����
� ε

0

log(r)rdr

���� , n = 2,

Cn

����
� ε

0

1

rn−2
rn−1dr

���� , n > 2,
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with Cn ∈ R.
Then

|Kε| ≤




C |log(ε)| ε2, n = 2,

Cε2, n > 2,
(2.14)

for some constant C > 0. Now, let us evaluate Lε

Lε =

�

Rn\Bε(0)

Φ(y)Δf(x− y)dy = lim
r→∞

�

Br(0)\Bε(0)

Φ(y)Δf(x− y)dy

= lim
r→∞

�

Br(0)\Bε(0)

Φ(y)
n�

i=1

∂2f

∂x2
i

(x− y)dy

= lim
r→∞

n�

i=1

�

Br(0)\Bε(0)

Φ(y)
∂2f

∂x2
i

(x− y)dy. (2.15)

Using integration by parts in (2.15), we get:

Lε = lim
r→∞

n�

i=1

�
−
�

Br(0)\Bε(0)

∂Φ

∂xi

(y)
∂f

∂xi

(x− y)dy +

+

�

∂(Br(0)\Bε(0))

Φ(y)
∂f

∂xi

(x− y)νidS(y)

�

= lim
r→∞

�
−
�

Br(0)\Bε(0)

n�

i=1

∂Φ

∂xi

(y)
∂f

∂xi

(x− y)dy +

+

�

∂(Br(0)\Bε(0))

n�

i=1

Φ(y)
∂f

∂xi

(x− y)νidS(y)

�

= lim
r→∞

�
−
�

Br(0)\Bε(0)

DΦ(y) ·Dyf(x− y)dy+

+

�

∂(Br(0)\Bε(0))

Φ(y)
∂f

∂ν
(x− y) dS(y)

�

= − lim
r→∞

�

Br(0)\Bε(0))

DΦ(y) ·Dyf(x− y)dy+

+ lim
r→∞

�

∂(Br(0)\Bε(0))

Φ(y)
∂f

∂ν
(x− y) dS(y)

Lε = Mε +Nε,
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where ν is the outwards vector and dS is the surface integral.
Now let’s use integration by parts again to calculate Mε:

Mε = lim
r→∞

�

Br(0)\Bε(0)

ΔΦ(y)f(x− y)dy+

− lim
r→∞

�

∂(Br(0)\Bε(0))

DΦ(y) · (f(x− y)ν)dS(y)

= − lim
r→∞

�

∂(Br(0)\Bε(0))

∂Φ

∂ν
(y)f(x− y)dS(y). (2.16)

Remember in (2.16) that notice that ∂(Br(0)\Bε(0)) = ∂Br(0) ∪ ∂Bε(0).
Then:

Mε = −
�
lim
r→∞

�

∂Br(0)

∂Φ

∂ν
(y)f(x− y)dS(y)+ (2.17)

− lim
r→∞

�

∂Bε(0)

∂Φ

∂ν
(y)f(x− y)dS(y)

�
.

For r sufficiently large, we get that y ∈ ∂Br(0) ⇒ f(x − y) = 0. So our
equation becomes:

Mε =

�

∂Bε(0)

∂Φ

∂ν
(y)f(x− y)dS(y).

First we notice
∂Φ

∂xi

(y) =
−1

nα(n)

yi
|y|n and ν =

y

ε
on ∂Bε(0), which implies

that
∂Φ

∂ν
(y) =

n�

i=1

1

nα(n)

yi
|ε|n

yi
ε
=

1

nα(n)ε(n−1)
on ∂Bε(0). Thus:

Mε =

�

∂Bε(0)

−1

nα(n)ε(n−1)
f(x− y)dS(y)

= −
�

∂Bε(0)

−f(x− y)dS(y) → −f(x) as ε → 0. (2.18)

Now let’s calculate Nε:

Nε = lim
r→∞

�

∂(Br(0)\Bε(0))

Φ(y)
∂f

∂ν
(x− y) dS(y).
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Since f ∈ C2
c (Rn), ∂f

∂ν
(x−y) will be 0 on ∂Br(0) for r sufficiently large. Then

Nε =

�

∂Bε(0))

Φ(y)
∂f

∂ν
(x− y) dS(y)

=⇒ |Nε| ≤ ||Df ||L∞(Rn)

�

∂Bε(0))

|Φ(y)|dS(y)

=⇒ |Nε| ≤





||Df ||L∞(Rn)

�

∂Bε(0))

1

2π
| log(ε)|dS(y), n = 2,

||Df ||L∞(Rn)

�

∂Bε(0))

1

n(n− 2)α(n)εn−2
dS(y), n ≥ 3.

=⇒ |Nε| ≤





||Df ||L∞(Rn)
1

2π
| log(ε)|2πε, n = 2,

||Df ||L∞(Rn)
1

n(n− 2)α(n)εn−2
nα(n)εn−1, n > 2.

=⇒ |Nε| ≤
�
C| log(ε)|ε, n = 2,

Cε, n > 2
(2.19)

With (2.14), (2.18) and (2.19), we conclude that, as ε → 0,

Δu(x) = −f(x),

finishing the proof.

In the following steps, our objectives is to prove the mean-value formula
and the strong maximum principle to Laplace’s equation.

Theorem 2.2. (Mean-value formulas to Laplace’s equation). If u ∈ C2(Rn)
is harmonic, then

u(x) = −
�

∂Bx(r)

udS = −
�

Bx(r)

udy (2.20)

for each ball Bx(r) ⊆ U .

Proof. Let’s define:

φ(r) := −
�

∂Bx(r)

u(y)dS(y) = −
�

∂B0(1)

u(x+ zr)dS(z).

18



Then,

φ�(r) = −
�

∂B0(1)

Du(x+ zr) · zdS(z)

= −
�

∂B0(1)

n�

i=1

∂u

∂xi

(x+ zr)zidS(z).

Using Green’s formulas, we get:

φ�(r) =
1

nα(n)

�

∂B0(1)

n�

i=1

∂u

∂xi

(x+ zr)zidS(z)

=
1

nα(n)

�

B0(1)

n�

i=1

∂2u

∂x2
i

(x+ zr)dz

=
1

nα(n)

�

B0(1)

Δu(x+ zr)dz = 0.

Thus, φ is constant and:

φ(r) = −
�

∂Bx(r)

u(y)dS(y) = lim
r→0

−
�

∂Bx(r)

u(y)dS(y) = u(x).

Using polar coordinates notice:

�

Bx(r)

udy =

� r

0

�

∂Bx(s)

udSds =

� r

0

unα(n)sn−1ds = α(n)rnu,

which implies

−
�

Bx(r)

udy = u.

Theorem 2.3. (Strong maximum principle). Suppose u ∈ C2(U) ∩ C(U) is
harmonic within u.

(i) Then
max
U

u = max
∂U

u.
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(ii) Furthermore, if U is connected and there exists a point x0 such that

u(x0) = max
U

u,

then u is constant within U .

Proof. Suppose there exists a maximum in U :

x0 ∈ U, u(x0) = M ≥ u(x), ∀x ∈ U.

So it is true for Bx0(r) ⊆ U . Using the mean-value formula of Laplace’s
equation, we get:

M = u(x0) = −
�

Bx0 (r)

u(y)dy ≤ M , since M is maximum of u.

Thus we conclude that u ≡ M in Bx0(r) and that the set {x ∈ U, u(x) = M}
is open and relatively closed, since u is continuous. If the set U is connected
we get that {x ∈ U, u(x) = M} = U .
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3 First-Order Non-Linear PDEs

The basic nonlinear first-order PDE can be stated as

F (Du, u, x) = 0 in U (3.1)

subject to the boundary condition

u = g on Γ (3.2)

where Γ ⊆ ∂U and g : Γ → R are given. Suppose that F, g are smooth
functions. The next method we will study solves PDEs of first-order by
converting into a system of ODEs. From each x in U , we want to find a
curve that connects that x to a x0 in Γ and resolve the equation to that
curve that will be simpler than resolving the PDE. To find the curve let’s do
some calculations.

Suppose u is a C2 solution of (3.1) and define the curve z(·) to respect to
a curve x(·) in U :

z(s) := u(x(s)) (3.3)

Since we are working with a first-order PDE, it may also be interesting to
define the derivative of that curve:

p(s) := Du(x(s)) i.e. (3.4)

p(s) = (p1(s), p2(s), ..., pn(s)) and

pi(s) = uxi
(x(s)) (i = 1, ..., n). (3.5)

First, let’s differentiate (3.5):

dpi

ds
(s) =

n�

j=1

uxixj
(x(s))

dxj

ds
(s). (3.6)

The expression (3.6) does not seem too promising because it contains the
second derivatives of u. However, if we differentiate (3.1) with respect to xi

we get:

n�

j=1

∂F

∂pj
(Du, u, x)uxjxi

+
∂F

∂z
(Du, u, x)uxi

+
∂F

∂xi

= 0. (3.7)
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Remember that we want to find a suitable curve x to calculate the value of
z = u(x). To make that second derivatives disappear it is convenient to set:

dxj

ds
=

∂F

pj
(p(s), z(s), x(s)) (j = 1, ..., n) (3.8)

Substituting x by x(s) in (3.8) and using equalities (3.4) and (3.5), we get:

n�

j=1

∂F

∂pj
(p(s), z(s), x(s)) +

∂F

∂z
(p(s), z(s), x(s))pi(s)+

+
∂F

∂xi

(p(s), z(s), x(s)) = 0.

Substitute this expression and (3.8) into (3.5):

dpi

ds
= −∂F

∂z
(p(s), z(s), x(s))pi(s)− ∂F

∂xi

(p(s), z(s), x(s)). (3.9)

If we differentiate equality (3.3):

dz

ds
=

n�

j=1

∂u

∂xj

(x(s))
dxj

ds
(s) =

n�

j=1

pj(s)
∂F

∂pj
(p(s), z(s), x(s)). (3.10)

We will rewrite in vector notation the expressions (3.8)-(3.10):





dp

ds
(s) = −DxF (p(s), z(s), x(s))−DzF (p(s), z(s), x(s))p(s), (3.11)

dz

ds
(s) = DpF (p(s), z(s), x(s)) · p(s), (3.12)

dx

ds
(s) = DpF (p(s), z(s), x(s)), (3.13)

We proved:

Theorem 3.1. (Structure of characteristic ODE). Let u ∈ C2(U) solve the
first-order partial differential equation (3.1) in U. Assume x solves the ODE
(3.13), where p(·) = Du(x(·)), z(·) = u(x(·)). Then p solves the ODE (3.11)
and z solves the ODE (3.12) for those s such that x(s) ∈ U .
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Now we apply the characteristics into the general time-dependent Hamilton-
Jacobi PDE:

G(Du, ut, u, x, t) = ut +H(Du, x) = 0, (3.14)

where Du = Dxu = (ux1 , ..., uxn). Then writing q = (p, pn+1), y = (x, t), we
define:

G(q, z, y) = pn+1 +H(p, x)

and so:

DqG = (DpH(p, x), 1),

DyG = (DxH(p, x), 0).

Thus equation (3.13) becomes:




dxi

ds
(s) = Hpi(p(s), x(s)) (i = 1, ..., n),

dxi+1

ds
(s) = 1,

and equation (3.11) becomes:
�

dpi
ds
(s) = −Hxi

(p(s), x(s)) (i = 1, ..., n),
dpi+1

ds
= 0.

Finally, equation (3.12) becomes:

dz

ds
(s) = (DHp(p(s), x(s)), 1) · (p(s), pn+1(s))

= DHp(p(s), x(s)) · p(s) + pn+1(s)

= DHp(p(s), x(s)) · p(s)−H(p(s), x(s)).

Summarizing, we got the following characteristic equations for Hamilton-
Jacobi equation:





dp

ds
(s) = −DHx(p(s), x(s)), (3.15)

dz

ds
(s) = DHp(p(s), x(s)) · p(s)−H(p(s), x(s)), (3.16)

dx

ds
(s) = DHp(p(s), x(s)). (3.17)

Equations (3.15) and (3.17) are called Hamilton’s equations. Notice that
these two equations are sufficient to solve the system of ODEs, and with
them we can deduce the value of (3.15).
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3.1 Calculus of variations approach

Assume that L : Rn × Rn → R is a given smooth function, called the La-
grangian.

L(v, x) = L(v1, ..., vn, x1, ..., xn) (vi, xj ∈ R)

and

DvL = (Lv1 , ..., Lvn),

DxL = (Lx1 , ..., Lxn).

Now, fix two points x, y ∈ Rn and a time t > 0. We introduce then the
action functional

I[w] :=

� t

0

L

�
dw

ds
(s),w(s)

�
ds, (3.18)

defined for functions w = (w1(·), w2(·), ..., wn(·)) belonging to the admissible
class:

A := {w ∈ C2([0, t];Rn)|w(0) = y,w(t) = x}.
The interpretation of 3.18 is to calculate the cost of an action depending on
both of the path and velocity, meaning the trajectory and its first derivative.
So it is interesting to know what is the path with the lowest cost.
A fundamental problem in the calculus of variations is to find a curve x ∈ A,
satisfying:

I[x] = min
w∈A

I[w]. (3.19)

Let’s study some of the properties of x assuming its existence.

Theorem 3.2. (Euler-Lagrange equations). The curve x solves the system
of Euler-Lagrange equations

− d

ds

�
DvL

�
dx

ds
(s),x(s)

��
+DxL

�
dx

ds
(s),x(s)

�
= 0 (0 ≤ s ≤ t).

(3.20)

Proof. Choose a smooth function y : [0, t] → Rn,y(·) = (y1(·), ..., yn(·)),
satisfying:

y(0) = y(t) = 0 (3.21)
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and define for τ ∈ R

w := x+ τy. (3.22)

Then, by definition of x
I[x] ≤ I[w].

Thus, the function:
i(τ) = I[x+ τy]

has a minimum at τ = 0, which implies

di

dτ
(0) = 0. (3.23)

Let us calculate the derivative (3.23):

i(τ) =

� t

0

L

�
dx

ds
(s) + τ

y

ds
(s),x(s) + τy(s)

�
ds,

di

dτ
(τ) =

� t

0

�
n�

i=0

Lvi

�
dx

ds
+ τ

dy

ds
,x+ τy

�
dyi
ds

+

+ Lxi

�
dx

ds
+ τ

dy

ds
,x+ τy

�
yi

�
ds.

Set τ = 0 and we will get:

0 =
di

dτ
(0) =

� t

0

�
n�

i=0

Lvi

�
dx

ds
,x

�
dyi
ds

+ Lxi

�
dx

ds
,x

�
yi

�
ds

Now integrate by parts the first term remembering (3.21):

0 =
n�

i=0

� t

0

�
− d

ds

�
Lvi

�
dx

ds
,x

��
+ Lxi

�
dx

ds
,x

��
yi(s)ds.

Notice that this identity holds for any function y. Thus:

− d

ds

�
Lvi

�
dx

ds
,x

��
+ Lxi

�
dx

ds
,x

�
= 0 (i = 1, ..., n)(0 ≤ s ≤ t).
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3.2 Hamilton’s equations

First set:

p(s) := DvL(ẋ(s),x(s)). (3.24)

and we assume:

for all x, p ∈ Rn the equation p = DvL(v, x) can be uniquely solved for v

as a smooth function of p and x, v = v(p, x).
(3.25)

Definition 3.1. The Hamiltonian H associated with the Lagrangian L is

H(p, x) := p · v(p, x)− L(v(p, x), x), p, x ∈ Rn,

where the function v is the same as defined above.

Theorem 3.3 (Derivation of Hamilton’s ODE). The functions x and p sat-
isfy Hamilton’s equations:

�
x�(s) = DpH(p(s),x(s)) (3.26)

p�(s) = −DxH(p(s),x(s)) (3.27)

for 0 ≤ s ≤ t. Furthermore, the mapping s → H(p(s),x(s)) is constant.

Proof. Notice by (3.24) and uniqueness of (3.25) that x�(s) = v(p(s),x(s)).
Let us denote v = (v1(·), ..., vn(·)) and compute, for i = 1, ..., n,

Hxi
(p, x) =

n�

k=1

�
pkv

k
xi
(p, x)− Lvk(v(p, x), x)v

k
xi
(p, x)

�
− Lxi

(v(p, x), x)

= p · vxi
(p, x)−DvL(v(p, x), x) · vxi

(p, x)− Lxi
(v(p, x), x).

By (3.25) we can affirm that DvL(v(p, x), x) = p, thus:

Hxi
(p, x) = −Lxi

(v(p, x), x).

Also we can compute:

Hpi(p, x) = vi(p, x) + p · vpi(p, x)−DvL(v(p, x), x) · vpi(p, x)
= vi(p, x), by (3.25).
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Computing Hpi at (p(s).x(s)), as we saw in the beginning of the proof

Hpi(p(s),x(s)) = vi(p(s),x(s)) = xi�(s),

and

Hxi
(p(s),x(s)) = −Lxi

(v(p(s),x(s)),x(s)) = −Lxi
(x�(s),x(s))

= − d

ds
(Lvi(x

�(s),x(s))) according to (3.20)

= −pi(s).

Finally:

d

ds
H(p(s),x(s)) =

n�

i=1

Hpi(p(s),x(s))p
i�(s) +Hxi

(p(s),x(s))xi�(s)

= Hpi(p(s),x(s))(−Hxi
(p(s),x(s))) +Hxi

(p(s),x(s))Hpi(p(s),x(s)) = 0.
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4 Estimates for the Hamilton-Jacobi equa-

tion

This section focuses on estimates for the Hamilton-Jacobi equation. Our
objective is to use such estimates to prove results of regularity.
From this section onward we search for solutions of the equations in the
domain of the torus. So we reserve some time to define it and state one
property that we are going to use frequently.

Definition 4.1. The d-dimensional torus, or Td, is the quotient space be-
tween Rd and Zd.

The choice of the torus as our space have some consequences that facili-
tates the proof of some results. First of all the torus is a compact set, then
classical solutions of the PDEs will have a maximum and minimum that we
will use to get upper and lower bounds. Also, as we see in the following
proposition, the torus has a nice property together with the integration by
parts, whose the terms of boundary will be null.
For some applications it is easier to consider the torus as a quotient space
and a surface immersed in a space of higher dimension, like the the usual
torus immersed in R3. We are going to use this idea to prove the following
proposition.

Proposition 4.1. Suppose u : Td → R and V : Td → Rd are smooth
functions. Then

�

Td

u(x)(∇ · V (x))dx = −
�

Td

∇u(x) · V (x)dx

Proof. To prove the above statement we are going to integrate by parts but
instead of considering a function of Td, we are going to integrate in the
unitary hyper cube centered at origin, [−1

2
, 1
2
]d. Integration by parts gives us

�

Td

u(x)(∇ · V (x))dx =

�

[− 1
2
, 1
2
]d
u(x)(∇ · V (x))dx =

�

∂[− 1
2
, 1
2
]d
u(x)V (x) · ndy −

�

[− 1
2
, 1
2
]d
∇u(x) · V (x)dx.

Notice, since we are working with the torus, when we take a point at the
boundary it will have the form: (x1, x2, ...,±1

2
, ..., xd) and uV (x1, x2, ...,

1
2
, ..., xd) =
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uV (x1, x2, ...,−1
2
, ..., xd). To conclude the proof, we just need to notice that

the normal vector unit at the boundary at each of these points are opposite,
making the term

�
∂[− 1

2
, 1
2
]d
uV · ndy = 0.

4.1 Comparison Principle

In the context optimal control, the comparison principle is used to get lower
bounds for solution.

Proposition 4.2 (Comparison Principle). Let u : Td × [0, T ] → R solve

−ut +H(x,Du)− �Δu ≥ 0 in Td × [0, T ), (4.1)

and let v : Td × [0, T ] → R solve

−vt +H(x,Dv)− �Δv ≤ 0 in Td × [0, T ), (4.2)

suppose that u ≥ v at t = T . Then, u ≥ v in Td × [0, T ).

Proof. Let uδ = u+ δ
t
, δ ∈ R+. We have that:

uδ
t = ut −

δ

t2
,

∂uδ

∂xi

=
∂

∂xi

�
u+

δ

t

�
=

∂u

∂xi

=⇒ Duδ = Du,

Δuδ = Δu.

Therefore, we conclude:

− uδ
t +H(x,Duδ)− �Δuδ = −ut +

δ

t2
+H(x,Du)− �Δu > 0,

− uδ
t +H(x,Duδ)− �Δuδ > 0 in Td × [0, T ). (4.3)

Subtracting (4.2) from (4.3):

−(uδ − v)t +H(x,Duδ)−H(x,Dv)− �Δ(uδ − v) > 0 in Td × [0, T ).
(4.4)

Consider the function uδ − v and let (xδ, tδ) be a point of minimum of uδ − v
on Td × (0, T ]. Since uδ goes to infinity when t goes to zero, we guarantee a
minimum on Td × (0, T ]. We claim that tδ = T . Suppose tδ ≤ T , then:

uδ
t = vt, Duδ = Dv, Δuδ −Δv ≥ 0, at (xδ, tδ).

However putting the equations above on (4.4) we get a contradiction. We
conclude the proof letting δ → 0.
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4.2 Optimal Control theory

In this section, we consider the C1 solutions, u : Rd × [0, T ] → R, of the
Hamilton-Jacobi equation:

−ut +
|Du|2
2

+ V (x) = 0, (4.5)

with the terminal condition,

u(x, T ) = uT (x), uT bounded, (4.6)

and we investigate the corresponding deterministic optimal control problem
in the sense explained below. We suppose that V is of class C2 and globally
bounded. We show that a solution of (4.5) is the value of the control problem

u(x, t) = inf
x

� T

t

|ẋ(s)|2
2

− V (x(s))ds+ uT (x(T )), (4.7)

where the infimum is taken over all trajectories, x ∈ W1,2([t, T ]), with x(t) =
x; see Appendix 8.3 for the definition of W1,2([t, T ]).

4.2.1 Optimal trajectories

We begin our study of (4.7) by examining the existence of minimizing tra-
jectories. It may be possible that a trajectory exists but it is not smooth,
so we extend the domain of solutions. The space of smooth functions is not
large enough to have solution for some problems in PDEs, so it is necessary
to define a new set, known as Sobolev spaces. In particular, we work with
W1,2([t, T ]) as seen in Definition 8.3. this space is suitable for this problem
due two main reasons: we need to define the derivative in some weak sense
to allow more functions to solve the problem, making it more probable to
have a solution; and having its derivative on L2 makes it part of a Hilbert
space that allows us to use important results. Then we show the existence
of a minimizer in W1,2([t, T ]).

Proposition 4.3. Let V be a bounded continuous function.Then, there exists
a minimizer x ∈ W1,2([t, T ]) of (4.7).

Proof. Let xn be a minimizing sequence for (4.7), a sequence xn ∈ W1,2([t, T ]),
xn(t) = x and such that:

u(x, t) = lim
n→∞

� T

t

|ẋn(s)|2
2

− V (xn(s))ds+ uT (xn(T )). (4.8)
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We first claim that supn ||ẋn||L2([t,T ]) ≤ C. To verify that, we analyze each
term of right side of (4.8). We know that V and uT are bounded. Thus:

� T

t

|ẋn(s)|2
2

− V (xn(s))ds+ uT (xn(T )) ≤ C

=⇒
� T

t

|ẋn(s)|2
2

ds ≤ C +

� T

t

V (xn(s))ds− uT (xn(T )),

=⇒
����
||ẋn||L2([t,T ])

2

���� ≤ C + (T − t)M +N,

where |V | ≤ M and |uT | ≤ N . So we can conclude that supn ||ẋn||L2([t,T ]) ≤
C. By Theorem 8.1 with p = 2 there is a function x̃n ∈ C[t, T ] such that

x̃n(y)− x̃n(z) =

� y

z

ẋn(w)dw

=⇒ x̃n(y) =

� y

z

ẋn(w)dw + x̃n(z).

Taking the norm and setting z = t and squaring both sides,

|x̃n(y)|2 ≤
�� y

t

|ẋn(w)|dw
�2

+ |x̃n(t)|2 + 2|x̃n(t)|
� y

t

|ẋn(w)|dw.

Using the Young’s inequality on the third term on the right-hand side we
get:

|x̃n(y)|2 ≤ 2

�� y

t

|ẋn(w)|dw
�2

+ 2|x̃n(t)|2.

Using Cauchy-Schwarz inequality for the integral yields

|x̃n(y)|2 ≤ 2(T − t)

� y

t

|ẋn(w)|2dw + 2|x̃n(t)|2.

Notice that

|x̃n(y)|2 ≤ 2(T − t)C + 2D,

for some C,D > 0, concluding

� T

t

|xn(y)|2dy =

� T

t

|x̃n(y)|2dy ≤ (T − t)2C + 2(T − t)D
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For each n: ||xn||L2 + ||ẋn||L2 < E, for some E > 0, thus concluding:

sup
n

||xn||W 1,2([t,T ]) < ∞. (4.9)

Next, by Morrey’s inequality, Theorem 8.2, the sequence (xn)n∈N is equicon-
tinuous and bounded.
Indeed, applying the theorem for λ = 1

2
and d = 1 in the case above, we

have:

||xn||C0, 12 ([t,T ])
≤ C||xn||W 1,2([t,T ]) ≤ C sup

n
||xn||W 1,2([t,T ]) < ∞.

Since the sequence is uniformly bounded and since xn is 1
2
-Hölder continuous

with same constant for all n ∈ N, we conclude (xn)n∈N is equicontinuous.
Finally we can use the Arzelà-Ascoli Theorem to conclude there exists a
uniformly convergent subsequence. We can also further extract another sub-
sequence that converges weakly in W 1,2 to a function x using Theorem 8.3.
Our objective now is to prove the weakly lower semicontinuity; that is:

lim inf
n→∞

� T

t

|ẋn(s)|2
2

−V (xn(s))ds+ uT (xn(T )) ≥

>

� T

t

|ẋ(s)|2
2

− V (x(s))ds+ uT (x(T )) (4.10)

for any sequence xn � x in W 1,2([t, T ]). Notice by the Young’s inequality
and the Cauchy-Schwartz inequality, we have:

|ẋ|2 + |ẋn|2
2

≥ |ẋ||ẋn| ≥ ẋẋn.

Thus

|ẋn|2
2

≥ ẋẋn −
|ẋ|2
2

= ẋ

�
ẋn −

ẋ

2

�
. (4.11)

Using (4.11), we get:
� T

t

� |ẋn(s)|2
2

− V (xn(s))

�
ds+ uT (xn(T )) ≥ (4.12)

� T

t

�
V (x(s))− V (xn(s)) +

� |ẋ(s)|2
2

− V (x(s))

�
+ ẋ(s)(ẋn(s)− ẋ(s))

�
ds+

uT (xn(T )).
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Because ẋn converges weakly to x and x ∈ L2([t, T ]), we find:

� T

t

ẋ(s)(ẋn(s)− ẋ(s))ds → 0.

Moreover, from the uniform convergence of xn to x, we conclude that

� T

t

V (xn(s))− V (x(s))ds → 0

and that

uT (xn(T )) → uT (x(T )).

Thus by taking the lim inf in (4.12) we achieve (4.10). Proving in fact that
the function x is a minimizer.

With the existence of the minimizer now we can prove some properties
about it. Notice with x discovered we can fix the end point of the curve x.
With this we know that x is the solution for the action functional

I[x] = min
w(·)∈A

� T

t

|ẇ(s)|2
2

− V (w(s))ds

where A = {w ∈ W 1,2([t, T ]) → Rn|w(t) = x,w(T ) = x(T )} Notice that
this minimization problem is very similar to (3.18). So it is natural that it
has some of the same properties, one being the Euler-Lagrange equation.

Proposition 4.4 (Euler-Lagrange equation). Let V be a C1 function. Let
x : [t, T ] → Rd be a W 1,2([t, T ]) minimizer of (4.7). Then x ∈ C2[t, T ], and
satisfies the following equation:

ẍ+DxV (x) = 0. (4.13)

Proof. Let x : [t, T ] → Rd be a W 1,2([t, T ]) minimizer for (4.7). Fix [ϕ :
[0, T ] → Rd] of class C2 with compact support on (t, T ). Because x is a
minimizer, the function:

i(�) =

� T

t

|ẋ+ �ϕ̇|2
2

− V (x+ �ϕ)ds+ uT (x(T ))
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has a minimum at � = 0. Since i is differentiable, we have i�(0) = 0 and
therefore,

i�(0) = 0

=⇒ d

d�

�� T

t

|ẋ+ �ϕ̇|2
2

− V (x+ �ϕ)ds+ uT (x(T ))

�
(0) = 0

=⇒
� T

t

[ẋ · ϕ̇−DxV (x)ϕ]ds = 0. (4.14)

Next, we define:

p(t) = p0 −
� T

t

DxV (x)ds, (4.15)

with p0 ∈ Rd to be chosen later. For each ϕ ∈ C2
c ((t, T )) taking values in Rd,

we have
� T

t

d

ds
(p · ϕ)dt = p · ϕ

���
T

t
= 0.

Thus,
� T

t

DxV (x)ϕ+ p · ϕ̇ds = 0.

From (4.14),

� T

t

(p+ ẋ) · ϕ̇ds = 0

and then, p+ ẋ is constant. Thus, selecting p0 conveniently, we have:

p = −ẋ.

Since p is continuous, we find that x is continuous as well. Now we just need
to analyze (4.15) and confirm it is differentiable:

p(t) = p0 +

� T

t

−DxV (x)ds.

Notice that the derivative of p is DxV (x). Since V is a C1 function, we
conclude that x is C2. Because ṗ = DxV (x), we finally conclude that [ẍ =
−DxV (x)].
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Proposition 4.5 (Hamiltonian Dynamics). Let x and V as in Proposition

4.4. Set H(p, x) = |p|2
2
+V (x). Then, for p = −ẋ, we have that (x,p) solves

�
ṗ = DxH(p,x),

ẋ = −DpH(p,x).
(4.16)

Proof. Notice that this case is a little different from Theorem 3.27. First,
the domain of paths is the W 1,2 instead of C2, however we proved that the
function x is C2. So we can adapt the theorem for this case. By changing
the limits of integration, the H is very similar to the one in Definition 3.1:

I[x] = min
w∈A

� T

t

|ẇ(s)|2
2

− V (w(s))ds

= min
w∈A

� t

T

− |ẇ(s)|2
2

+ V (w(s))ds.

Denote L(v, x) = − |v|2
2

+ V (x) and Ha(p, x) the Hamiltonian of L, see Defi-
nition 3.1.

p = DvL(v, x) = −v, thus

H �(p, x) = p · v − L(v, x),

H �(p, x) = −|p|2 + |v|2
2

− V (x) = − |p|2
2

− V (x) = −H(p, x)

The Hamiltonian is exactly the opposite of H and p = DvL(ẋ,x) = −ẋ.
Thus, by Theorem 3.3, we have:

ẋ = DpH
�(p,x) = −DpH(p,x),

ṗ = −DxH
�(p,x) = DxH(p,x).

4.3 Dynamic Programming Principle

One recurrent property on optimal control theory is the dynamic program-
ming principle. In this section we will see that it also applies to the problem
(4.7).
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Proposition 4.6. Let V be a bounded continuous function and u be given
by (4.7). Then, for any t� with t < t� < T , we have:

u(x, t) = inf
x

� t�

t

|ẋ(s)|2
2

− V (x(s))ds+ u(x(t�), t�). (4.17)

Proof. Define

ũ(x, t) = inf
x

� t�

t

|ẋ(s)|2
2

− V (x(s))ds+ u(x(t�), t�). (4.18)

and u is given by (4.7). Take a optimal trajectory, x1 for u(x, t) and select
an optimal trajectory, x2, for u(x1(t�), t�). Consider the concatenation of x1

and x2 given by

x3 =

�
x1(s) t ≤ s ≤ t�

x2(s) t� < s ≤ T.

We have,

u(x, t) ≤
� T

t

|ẋ3(s)|2
2

− V (x3(s))ds+ uT (x
3(T ))

≤
� t�

t

|ẋ1(s)|2
2

− V (x1(s))ds+

� T

t�

|ẋ2(s)|2
2

− V (x2(s))ds+ uT (x
2(T ))

≤
� t�

t

|ẋ1(s)|2
2

− V (x1(s))ds+ u(x1(t�), t�) = ũ(x, t).

Conversely, let x be an optimal trajectory in (4.7). Then,

u(x(t�), t�) ≤
� T

t�

|ẋ(s)|2
2

− V (x(s))ds+ uT (x(T )).

Consequently,

ũ(x, t) ≤
� t�

t

|ẋ(s)|2
2

− V (x(s))ds+ u(x(t�), t�) ≤ u(x, t).

And we know by definition of u(x, t) that

u(x, t) ≤ ũ(x, t),

finishing the proof.
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4.4 Subdifferentials and Superdifferentials of the Value
Function

Working with derivatives is easier, however we cannot always guarantee their
existence. From the estimates we got in the previous sections, it may be easier
to prove estimates that might imply the existence of the derivative. Thus we
define a space of functions that may not be differentiable, but it almost is.
Consider a continuous function ψ : Rd → R. The superdifferential D+

x ψ(x)
of ψ at x is the set of vectors, p ∈ Rd, such that:

lim sup
|v|→0

ψ(x+ v)− ψ(x)− p · v
|v| ≤ 0.

Similarly, the subdifferential, D−
x ψ(x), of ψ at x is the set of vectors p, such

that

lim inf
|v|→0

ψ(x+ v)− ψ(x)− p · v
|v| ≥ 0.

Proposition 4.7. Let ψ : Rd → R be a continuous function and x ∈ Rd. If
both D−

x ψ(x) and D+
x ψ(x) are non-empty, then φ is differentiable at x and:

D−
x ψ(x) = D+

x ψ(x) = {Dxψ(x)}

The opposite is also true, if ψ is differentiable, then, D−
x ψ(x) and D+

x ψ(x)
are equal and only have one element that is Dxψ(x).

Proof. Take p− ∈ D−
x ψ(x) and p+ ∈ D+

x ψ(x). We have,

lim inf
|v|→0

ψ(x+ v)− ψ(x)− p− · v
|v| ≥ 0,

lim sup
|v|→0

ψ(x+ v)− ψ(x)− p+ · v
|v| ≤ 0.

Subtracting these two inequalities, we obtain

lim inf
|v|→0

(p+ − p−) · v
|v| ≥ 0.
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In particular, choose v = −� p+−p−

|p+−p−| , with � > 0. Then

lim inf
�→0

−(p+ − p−) · � p+−p−

|p+−p−|
|�| ≥ 0

=⇒ lim inf
�→0

− |p+ − p−|2
|p+ − p−| ≥ 0

=⇒ − |p+ − p−| ≥ 0

=⇒ |p+ − p−| = 0.

Thus p+ = p− ≡ p. Moreover,

lim inf
|v|→0

ψ(x+ v)− ψ(x)− p · v
|v| ≥ 0,

lim sup
|v|→0

ψ(x+ v)− ψ(x)− p · v
|v| ≤ 0,

which implies

lim
|v|→0

ψ(x+ v)− ψ(x)− p · v
|v| = 0.

Notice that is exactly the definition of the gradient of ψ on the point x. To
notice the converse statement, we know that, if ψ is differentiable, then:

lim
|v|→0

ψ(x+ v)− ψ(x)−Dxψ · v
|v| = 0,

which implies:

lim inf
|v|→0

ψ(x+ v)− ψ(x)−Dxψ · v
|v| = 0,

lim sup
|v|→0

ψ(x+ v)− ψ(x)−Dxψ · v
|v| = 0.

We conclude that Dxψ ∈ D+
x ψ(x) and Dxψ ∈ D−

x ψ(x).
To show that is unique, we go back to the beginning of the proof. Suppose
that we have two vectors on D+

x ψ, p
+
1 and p+2 . We saw that if we have D−

x ψ
non-empty, then p+ = p− for every p+ ∈ D+

x ψ(x) and p− ∈ D−
x ψ(x). Thus

we conclude p+1 = p− = p+2 .
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Proposition 4.8. Let

ψ : Rd → R

be a continuous function. Fix x0 ∈ Rd. If φ : Rd → R is a C1 function such
that

ψ(x)− φ(x)

has a local maximum at x0, then

Dxφ(x0) ∈ D+
x ψ(x0).

Proof. Suppose ψ(x) − φ(x) have a local maximum at x0. Thus in a neigh-
borhood of x0

ψ(x)− φ(x) ≤ ψ(x0)− φ(x0)

=⇒ ψ(x)− ψ(x0)− p · (x− x0) ≤ φ(x)− φ(x0)− p · (x− x0)

Setting p = Dxφ(x0) and using the limit in both sides, we have:

lim
x→x0

ψ(x)− ψ(x0)− p · (x− x0)

|x− x0|
≤ lim

x→x0

φ(x)− φ(x0)− p · (x− x0)

|x− x0|
= 0

We conclude that Dxφ(x0) ∈ D+
x ψ(x0).

The case for the minimum is similar and we have thatDxφ(x0) ∈ D−
x ψ(x0).

Proposition 4.9. Let u be given by (4.7) and let x be a corresponding opti-
mal trajectory. Suppose V of class C2. Then, p = −ẋ satisfies:

p(t�) ∈ D−
x u(u(x(t

�), t�) for t < t� ≤ T

p(t�) ∈ D+
x u(u(x(t

�), t�) for t ≤ t� < T

Concluding that u is differentiable through the minimum trajectory with
exception of the start and end points.

Proof. Let t < t� ≤ T . By the dynamic programming principle, we have

u(x, t) =

� t�

t

|ẋ|2
2

− V (x)ds+ u(x(t�), t�).
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Consider the trajectory z(s) = x(s)+y s−t
t�−t

and notice it depends on y. Since
z(t) = x(t) = x, we can say

u(x, t) ≤
� t�

t

|ż|2
2

− V (z)ds+ u(z(t�), t�). (4.19)

Define:

Φ(y) = u(x, t)−
� t�

t

|ż|2
2

− V (z)ds.

And let’s observe u(z(t�), t�)− Φ(y) has a minimum at y = 0. Manipulating
the inequality:

u(x, t) ≤
� t�

t

|ż|2
2

− V (z)ds+ u(z(t�), t�)

=⇒ u(z(t�), t�)−
�
u(x, t)−

� t�

t

|ż|2
2

− V (z)ds

�
≥ 0

=⇒ u(z(t�), t�)− Φ(y) ≥ 0

When y = 0, we have that u(z(t�), t�)− Φ(y) = 0, thus y = 0 is a minimum.
Then, by the previous proposition and since Φ is differentiable, DyΦ(0) ∈
D−

x u(x(t
�), t�).

DyΦ(0) = Dy

�
u(x, t)−

� t�

t

|ż|2
2

− V (z)ds

�
(0)

= −Dy

�� t�

t

|ẋ(s) + y
t�−t

|2
2

− V

�
x(s) + y

s− t

t� − t

�
ds

�
(0)

= −
�� t�

t

ẋ(s)

t� − t
−DxV (x(s))

s− t

t� − t
ds

�

Using integration by parts and (4.13), we conclude:

DyΦ(0) = −
�
ẋ
s− t

t� − t

���
t�

t
+

� t�

t

(−ẍ(s)−DxV (x(s))
s− t

t� − t
ds

�

= −ẋ(t�) = p(t�),
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concluding that p(t�) ∈ D−
x u(x(t

�), t�), t < t� ≤ T . Remains to prove the
the second part. For this, we use the following inequality that is valid for
t ≤ t� < T

u(x+ y, t�) ≤
� T

t�

|ẋ− y
T−t� |
2

− V

�
x+ y

T − s

T − t�

�
ds+ u(x(T ), T ).

Next let

Ψ(y) =

� T

t�

|ẋ− y
T−t� |
2

− V

�
x+ y

T − s

T − t�

�
ds+ u(x(T ), T ).

Then the function u(x + y, t�) − Ψ(y) has a maximum at y = 0. Thus
DyΨ(0) ∈ D+

x (x(t
�), t�). Let‘s evaluate DyΨ(0):

DyΨ(0) =

� T

t�

−ẋ(s)

T − t�
−DxV (x(s))

T − s

T − t�
ds

= −
� T

t�

ẋ(s)

T − t�
−DxV (x(s))

s− T

T − t�
ds.

Using the same argument as before we get:

DyΨ(0) = −ẋ(t�) = p(t�).

4.5 Regularity of the Value Function

A function, ψ : Rd → R, is semiconcave if there exists a constant, C, such
that ψ−C|x|2 is a concave function. In this section the objective is to prove
that the value function is bounded, Lipschitz and semiconcave.

Proposition 4.10. Let u(x, t) be given by (4.7). Suppose that �V �C2(Rd) ≤ C
and uT is Lipschitz. Then, there exists constants, C0, C1 and C2, depending
only on uT and T , such that:

|u| ≤ C0 for all x ∈ Rd, 0 ≤ t ≤ T ,

|u(x+ y, t)− u(x, t)| ≤ C1|y| for all x, y ∈ Rd, 0 ≤ t ≤ T ,

u(x+ y, t) + u(x− y, t)− 2u(x, t) ≤ C2

�
1 +

1

T − t

�
|y|2

for all x, y ∈ Rd, 0 ≤ t < T .

41



Proof. For the first claim we notice that the constant trajectory, x(s) = x
(making ẋ(s) = 0), creates a upper bound for the function u:

u(x, t) ≤ −
� T

t

V (x)ds+ uT (x(T )) ≤ (T − t)�V �∞+�uT�∞

To find a lower bound we will analyze that for any trajectory, x, with x(t) =
x, we have

� T

t

|ẋ(s)|2
2

− V (x(s))ds+ uT (x(T )) ≥ −((T − t)�V �∞+�uT�∞)

Considering the case of the optimal trajectory, we conclude that u is bounded
by (T − t)�V �∞+�uT�∞.
To prove the function is Lipschitz, we are going to consider the optimal
trajectory, x, for u(x, t). Therefore we can write:

u(x, t) =

� T

t

|ẋ(s)|2
2

− V (x(s))ds+ uT (x(T )).

Consider the trajectory x+ y starting at x+ y, then

u(x+ y, t) ≤
� T

t

|ẋ(s)|2
2

− V (x(s) + y)ds+ uT (x(T ) + y)

Subtracting u(x, t) from both of them, we get the following:

u(x+ y, t)− u(x, t) ≤

≤ −
� T

t

(V (x(s) + y)− V (x(s))ds+ uT (x(T ) + y)− uT (x(T ))

u(x+ y, t)− u(x, t) ≤
≤ (T − t)�V �C1 |y|+ L|y| ≤ (C(T − t) + C)|y|,

proving that u is Lipschitz. Remains to prove the semiconcavity: we take
x, y ∈ Rd with |y| ≤ 1, y(s) = y T−s

T−t
,

u(x± y, t) ≤
� T

t

|ẋ(s)± ẏ(s)|
2

− V (x(s)± y(s))ds+ uT (x(T )),
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Notice that |x+ y|2 + |x− y|2 − 2|x|2 = 2|y|2, thus

u(x+ y, t) + u(x− y, t)− 2u(x, t) ≤

≤
� T

t

|y|2
(T − t)2

− (V (x(s) + y(s)) + V (x(s)− y(s))− 2V (x(s))ds

≤ |y|2
T − t

+

� T

t

�V �C2 |y(s)|2ds

≤ |y|2
T − t

+

� T

t

�V �C2

����y
T − s

T − t

����
2

ds

≤ |y|2
T − t

+�V �C2 |y|2(T − t) ≤ C

�
1

T − t
+ (T − t)

�
.
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5 Estimates for the Transport and Fokker-

Planck Equations

In this chapter we turn our attention to the second equation in the MFG
system, the transport equation,

mt(x, t) + div(b(x, t)m(x, t)) = 0 in Td × [0, T ], (5.1)

or the Fokker-Planck equation,

mt(x, t) + div(b(x, t)m(x, t)) = Δm(x, t) in Td × [0, T ]. (5.2)

We consider both of equations above with initial conditions:

m(x, 0) = m0(x), (5.3)

with m0 ≥ 0 and
�
m0dx = 1.

It models the density function of the agents under the drift, that in the
equation it comes as the divergent between b and m, and random forces,
that comes as the Laplacian of m.

5.1 Mass Conservation and Positivity Solutions

It is important to notice that we want the solution of (5.1) and (5.2) to still
be a density function, thus we will examine two properties of these solutions,
namely positivity and mass conservation.

Proposition 5.1 (Conservation of Mass). Let m solve either (5.1) or (5.2)
with the initial condition (5.3). Then,

�

Td

m(x, t)dx = 1

for all t ≥ 0.

Proof. Let us prove that the integral of the mass is constant for the transport
equation

d

dt

�

Td

m(x, t)dx =

�

Td

mt(x, t)dx = −
�

Td

div(b(x, t)m(x, t))dx.
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Integration by parts now yields

−
�

Td

div(b(x, t)m(x, t))dx =

−
�

∂Td

1m(x, t)b(x, t) · n̂dx+

�

Td

grad(1) · b(x, t)m(x, t)dx = 0,

since boundary of Td is empty. Remains to prove the conservation of mass to
the Flokker-Planck equation, we just need to prove that

�
Td Δm(x, t)dx = 0.

Notice �

Td

Δm(x, t)dx =

�

Td

div(∇m(x, t))dx = 0,

from of an argument similar to the one for the transport equation.

Proposition 5.2. The transport equation and the Fokker-Planck equation
preserve positivity: if m0 ≥ 0 and m solves either one of the previous equa-
tions, then m(x, t) ≥ 0, for all (x, t) ∈ Td × [0, T ].

Proof. For this proof instead of analysing the original equation we evaluate
the adjoint equation. There we do not need to worry about differentiability
and we use the comparison principle to get a inequality.

�
vt(x, t) + b(x, t) ·Dv(x, t) = −Δv(x, t), for all (x, t) ∈ Td × [0, s],

v(x, s) = φ(x),

(5.4)

where φ ∈ C∞(Td),φ(x) > 0, ∀x ∈ Td.
First, notice by the comparison principle, Proposition 4.2, v(x, t) > 0, for all
(x, t) ∈ Td × [0, s]. Second, we multiply (5.2) by v and (5.4) by m, add both
of them and integrate the expression in Td.

�

Td

mtv + vtm+ div(bm)v + b ·Dvmdx =

�

Td

Δmv −Δvmdx

=⇒
�

Td

d

dt
mvdx = 0 =⇒ d

dt

�

Td

mvdx = 0.

Next integrating in [0, s], we find
�

Td

m(x, s)φ(x)dx =

�

Td

v(x, 0)m0(x)dx > 0

Since the previous identity holds for any positive φ, we conclude thatm(x, s) ≥
0.
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5.2 Regularizing effects of the Fokker-Planck Equation

In this section, we are observing results of the derivatives of m and get some
estimates that are used in the following propositions. We see the results of
regularization of some functions are applied to m.

Proposition 5.3. Let m be a smooth solution of (5.2) with m > 0 and
assume that φ ∈ C2(R).Then,

d

dt

�

Td

φ(m)dx+

�

Td

div(b)(mφ�(m)− φ(m))dx = −
�

Td

φ��(m)|Dm|2dx
(5.5)

or, equivalently,

d

dt

�

Td

φ(m)dx−
�

Td

mφ��(m)Dm · bdx = −
�

Td

φ��(m)|Dm|2dx. (5.6)

Proof. To get these two identities let’s multiply (5.2) by φ�(m) and integrate
by parts.

�

Td

(mt(x, t) + div(b(x, t)m(x, t)))φ�(m(x, t))dx =
�

Td

Δm(x, t)φ�(m(x, t))dx

=⇒
�

Td

d

dt
φ(m(x, t))−m(x, t)φ��(m(x, t))Dm(x, t) · b(x, t)dx =

−
�

Td

φ��(m(x, t))Dm(x, t) ·Dm(x, t)dx.

Or instead of solving by integrating by parts, we can apply the product rule
on the second term in the left side of the equation.

�

Td

div(b(x, t)m(x, t))φ�(m(x, t))dx =
�

Td

m(x, t)div(b(x, t))φ�(m(x, t)) + φ�(m(x, t))Dm(x, t) · b(x, t)dx =
�

Td

m(x, t)div(b(x, t))φ�(m(x, t)) +D(φ(m(x, t)) · b(x, t)dx =
�

Td

m(x, t)div(b(x, t))φ�(m(x, t))− φ(m(x, t))div(b(x, t))dx.
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Proposition 5.4. Let m be a smooth solution of (5.2) with m > 0. Then,
there exist C > 0 and c > 0, such that,

d

dt

�

Td

1

m
dx ≤ C

�

Td

|b|2
m

dx− c

�

Td

|Dm|2
m3

dx, (5.7)

d

dt

�

Td

lnmdx ≥ −C

�

Td

|b|2dx+ c

�

Td

|D lnm|2dx, (5.8)

and

d

dt

�

Td

m lnmdx ≤
�

Td

|b||Dm|dx−
�

Td

|Dm|2
m

dx (5.9)

Proof. For the first assertion, let’s use the equation (5.6) and take φ(z) = 1
z
:

d

dt

�

Td

1

m
dx−

�

Td

2m

m3
Dm · bdx = −

�

Td

2

m3
|Dm|2dx

=⇒ d

dt

�

Td

1

m
dx− 2

�

Td

1

m

Dm

m
· bdx = −2

�

Td

1

m3
|Dm|2dx

=⇒ d

dt

�

Td

1

m
dx = 2

�

Td

1

m

Dm

m
· bdx− 2

�

Td

|Dm|2
m3

dx.

Using the Cauchy-Schwarz inequality in the first term of the right side of the
equation we get:

d

dt

�

Td

1

m
dx ≤ 2

�

Td

1

m

|Dm|
m

· |b|dx− 2

�

Td

|Dm|2
m3

dx.

Next, we are going to use the Young inequality:

ab ≤ ap

p
+

bq

q
, such that

1

p
+

1

q
= 1,

with p = 2 and q = 2:

d

dt

�

Td

1

m
dx ≤ 2

�

Td

1

m

� |b|2
2

+
|Dm|2
2|m|2

�
dx− 2

�

Td

|Dm|2
m3

dx

≤
�

Td

|b|2
m

dx−
�

Td

|Dm|2
m3

dx.
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For the second one, we are going to take φ(z) = ln(z):

d

dt

�

Td

ln(m)dx+

�

Td

m

m2
Dm · bdx =

�

Td

1

m2
|Dm|2dx

=⇒ d

dt

�

Td

ln(m)dx = −
�

Td

Dm

m
· bdx+

�

Td

1

m2
|Dm|2dx.

Using Cauchy-Schwarz inequality and Young inequality, we get:

d

dt

�

Td

ln(m)dx ≥ −1

2

�

Td

|b|2dx+
1

2

�

Td

|Dm|2
m2

dx.

Finally for the third inequality, we use φ(z) = z ln(z) :.

d

dt

�

Td

m ln(m)dx−
�

Td

m

m
Dm · bdx = −

�

Td

1

m
|Dm|2dx

=⇒ d

dt

�

Td

m ln(m)dx =

�

Td

Dm · bdx−
�

Td

|Dm|2
m

dx.

With the Cauchy-Schwarz inequality, we conclude what we stated.

Corollary 5.1. Let m be a smooth solution of (5.2) with m > 0, m(x, 0) =
m0,

�
Td m0(x)dx = 1, and m0 > γ > 0. Then there exists constants, C,Cγ,

such that
� T

0

�

Td

|D lnm|2|dxdt ≤ C

� T

0

�

Td

|b|2dxdt+ Cγ.

Proof. Because m0 > γ > 0, we get:

lnm0 > ln γ,�

Td

lnm0dx > ln γ.

Using Jensen‘s inequality, we get:

− ln

��

Td

m(x, t)dx

�
≥

�

Td

− lnm(x, t)dx

=⇒
�

Td

lnm(x, t)dx ≤ 0.
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Integrating (5.8) and using the previous estimates we get

c

� T

0

�

Td

|D lnm|2dxdt ≤ C

� T

0

�

Td

|b|2dxdt+

+

�

Td

lnm(x, T )dx−
�

Td

lnm(x, 0)dx

=⇒
� T

0

�

Td

|D lnm|2dxdt ≤ C

c

� T

0

�

Td

|b|2dxdt− ln γ

c
.

Corollary 5.2. Let m be a smooth solution of (5.2) with m > 0, m(x, 0) =
m0,

�
TT d m0(x)dx = 1, m0 > 0.Then,

�

Td

m(x, T ) lnm(x, T )dx+

� T

0

�

Td

|Dm|2
2m

dxdt ≤

≤
� T

0

�

Td

|b|2
2

mdxdt+

�

Td

m(x, 0) lnm(x, 0)dx.

Proof. First, let us integrate (5.9) in [0, T ]:
�

Td

m(x, T ) lnm(x, T )dx−
�

Td

m(x, 0) lnm(x, 0)dx ≤

≤
� T

0

�

Td

|b|m |Dm|
m

dxdt−
� T

0

�

Td

|Dm|2
m

dxdt.

Using Young’s inequality, with p = q = 2, we may conclude�

Td

m(x, T ) lnm(x, T )dx−
�

Td

m(x, 0) lnm(x, 0)dx ≤

≤
� T

0

�

Td

|b|√m
|Dm|√

m
dxdt−

� T

0

�

Td

|Dm|2
m

dxdt,

≤
� T

0

�

Td

1

2
|b|2m+

|Dm|2
2m

dxdt−
� T

0

�

Td

|Dm|2
m

dxdt.

Then �

Td

m(x, T ) lnm(x, T )dx+
1

2

� T

0

�

Td

|Dm|2
m

dxdt

≤ 1

2

� T

0

�

Td

|b|2mdxdt+

�

Td

m(x, 0) lnm(x, 0)dx.

49



6 Estimates for Mean-Field Games

Finally we get the estimates of MFG and the results of regularity for the
solution of the problem. Our focus in this dissertation is to find results of
regularity of integration, finding in which Lp space the solutions are con-
tained.
In this section we are going to consider two MFG problems. One of the
problems is the periodic stationary MFG:

�
−�Δu+ |Du|2

2
+ V (x) = F (m) +H,

−�Δm− div(mDu) = 0,
(6.1)

where the unknowns are u : Td → R, m : Td → R, with m ≥ 0 and
�
m = 1,

and H ∈ R. The other problem is the time-dependent MFG:

�
−ut − �Δu+ |Du|2

2
+ V (x) = F (m),

mt − �Δm− div(mDu) = 0.
(6.2)

For some estimates, we will need the following property:

�

Td

F (m) ≤ Cβ +
1

β

�

Td

mF (m). (6.3)

for every β > 0. We are going to assume that V is smooth and F is bounded.
We might need other conditions for these functions that we add as we go.

6.1 Maximum Principle Bounds

Now, we study the constant H, in the periodic case, and the function u, in
the time-dependent case, and get estimates about them.

Proposition 6.1. Let u be a classical solution for (6.1). Suppose that F ≥ 0.
Then,

H ≤ sup
Td

V.

Proof. Since u continuous on a compact, because we supposed it was a classi-
cal solution, it achieves a minimum at a point x0. At this point, Du(x0) = 0
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and Δu ≥ 0. Consequently,

−�Δu(x0) +
|Du(x0)|2

2
+ V (x0) = F (m(x0)) +H ≤ V (x0)

=⇒ H ≤ F (m(x0)) +H ≤ V (x0),

concluding H ≤ supx∈Td V (x).

Proposition 6.2. Let u be a classical solution of (6.2) and F ≥ 0. Then, u
is bounded from below.

Proof. Since F ≥ 0, we have

−ut + �Δu+
|Du|2
2

≥ −V (x) ≥ −�V �L∞(Td×[0,T ]).

The idea to complete this proof is to find a subsolution and apply the com-
parison principle (Proposition 4.2). Notice that v(x, t) = −�uT�∞ − (T −
t)�V �L∞(Td×[0,T ]) is a subsolution, the border condition is less than u(x, T )
and using the inequality above we find

−ut + �Δu+
|Du|2
2

≥ −�V �L∞(Td×[0,T ]) = −vt + �Δv +
|Dv|2
2

Now we can apply the comparison principle and conclude:

u(x, t) ≥ −�uT�∞ − (T − t)�V �L∞(Td×[0,T ]).

6.2 First-Order Estimates

In this section, we will get estimates for
�
|Du|2dx and

�
mF (m)dx, that is

used in the last section to get the result of regularity.

Proposition 6.3. There exists a constant C such that, for any classical
solution (u,m,H) of (6.1), we have

�

Td

|Du|2
2

(1 +m) +
1

2
F (m)mdx ≤ C. (6.4)
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Proof. Multiply the first equation of (6.1) by (m− 1) and the second by −u.
Adding the results expressions and integrating

�
−�Δu+

|Du|2
2

+ V

�
(m− 1)+�uΔm+ udiv(mDu) =

= (F (m) +H)(m− 1)

�(uΔm−mΔu+Δu) +

� |Du|2
2

+ V

�
(m− 1) + udiv(mDu) =

=⇒ = (F (m) +H)(m− 1)
�

Td

�(uΔm−mΔu+Δu) +

� |Du|2
2

+ V

�
(m− 1) + udiv(mDu)dx =

=⇒ =

�

Td

(F (m) +H)(m− 1)dx.

Integrating by parts the first term we get:�

Td

uΔmdx =

�

Td

uΔ(m− 1)dx = −
�

Td

∇u ·∇(m− 1) =

�

Td

(m− 1)Δudx.

Since H is constant and
�
mdx = 1, we have

�
H(m− 1)dx = 0. Simplifying

we get:
�

Td

� |Du|2
2

+ V

�
(m− 1)−m|Du|2dx =

�

Td

F (m)(m− 1)dx

=⇒
�

Td

V (m− 1) + F (m)dx =

�

Td

|Du|2
2

(1 +m) +mF (m)dx.

Because of property (6.3) with α = 2, we get
�

Td

|Du|2
2

(1 +m) +mF (m)dx ≤
�

Td

V (m− 1) +
1

2
mF (m)dx+ C

=⇒
�

Td

|Du|2
2

(1 +m) +
1

2
mF (m)dx ≤ C +

�

Td

V (m− 1)dx.

Since we are assuming V is C∞, we can conclude that |V | is bounded defined
on the compact Td, making�

Td

V (m− 1)dx ≤
�

Td

�V �∞mdx−
�

Td

V dx,

≤�V �∞ −
�

Td

V dx,

concluding the proof.
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Next we are going to obtain a bound for H.

Corollary 6.1. Let (u,m,H) be classical solution of (6.1). Suppose that
F ≥ 0. Then, there exists a constant, C, not depending on the particular
solution, such that

|H| ≤ C.

Proof. In the previous proposition we proved that both |Du|2
2

and mF (m) are
L1 functions. If mF (m) is L1. F (m) will also be L1, because of the estimate
(6.3). Now, if we integrate the first equation of (6.1), we obtain

�

Td

�Δu+
|Du|2
2

+ V dx =

�

Td

F (m) +Hdx,

|H| ≤
����
�

Td

�Δu+
|Du|2
2

+ V − F (m)dx

���� .

Integrating by parts the first term inside of integral on right side of the
equation we get:

�

Td

�Δudx =

�

Td

�∇ ·∇udx =

�

Td

−∇(�) ·∇udx = 0.

Thus

|H| ≤
����
�

Td

|Du|2
2

dx

����+
����
�

Td

V dx

����+
����
�

Td

F (m)dx

���� .

It still remains to argument why it does not depend on the solution. Notice

if F is positive, then
� |Du|2

2
dx will be less than a constant by (6.4), not

depending on the particular solution u. The same happens for
�
F (m)dx, but

we use the
�
F (m)mdx first, then using (6.3) we can notice that

�
F (m)dx

is less than a constant that does not depend on the solution m.

Now, we shift our attention to the time dependent problem and try to
prove bound similar to (6.4).

Proposition 6.4. There exists a constant C > 0 such that, for any classical
solution, (u,m), of (6.2), we have

�

Td

� T

0

(m+m0)
|Du|2
2

+mF (m)dtdx ≤ C. (6.5)
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Proof. Multiply the first equation in (6.2) by (m−m0) and the second equa-
tion by (uT − u). Adding the expressions and integrating in Td × [0, T ] gives

0 =

�

Td

� T

0

[(m−m0)(uT − u)t + (uT − u)(m−m0)t]dtdx

+

�

Td

� T

0

[(�(m−m0)Δ(uT − u)− �(uT − u)Δ(m−m0)]dtdx

+

�

Td

� T

0

[−�(m−m0)ΔuT − �(uT − u)Δm0]dtdx

+

�

Td

� T

0

�
(m−m0)

|Du|2
2

+ u∇ · (mDu)

�
dtdx

+

�

Td

� T

0

[−uT∇(mDu) + (m−m0)V ]dtdx

+

�

Td

� T

0

(m0 −m)F (m)dtdx.

Integrating the first and second terms by parts we have
�

Td

� T

0

[(m−m0)(uT − u)t + (uT − u)(m−m0)t]dtdx = 0

and �

Td

� T

0

[(�(m−m0)Δ(uT − u)− �(uT − u)Δ(m−m0)]dtdx = 0.

Now let’s evaluate�

Td

� T

0

[−�(m−m0)ΔuT − �uTΔm0]dtdx.

First notice that uT is C∞, so it has a maximum in Td and m and m0 are
probability measures, then

����
�

Td

� T

0

[−�(m−m0)ΔuT − �uTΔm0]dtdx
��� =

=

����
�

Td

� T

0

[−�(m−m0)ΔuT − �ΔuTm0]dtdx

���� ,

=

����
�

Td

� T

0

−�(m− 2m0)ΔuTdtdx

���� ,

≤ 3��ΔuT�∞ = C.
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In the first term it still remains to evaluate

�

Td

� T

0

�uΔm0dtdx =

�

Td

� T

0

−�Du ·Dm0dtdx

=⇒
����
�

Td

� T

0

�Du ·Dm0dtdx

���� =
����
�

Td

� T

0

√
δDu · �√

δ
Dm0dtdx

����

≤
����
�

Td

� T

0

2δ
|Du|2
2

+
�2

2δ

|Dm0|2
2

dtdx

����

≤
����
�

Td

� T

0

δ|Du|2dtdx
����+

+

����
�

Td

� T

0

�2

4δ
|Dm0|2dtdx

����

≤ δ

�

Td

� T

0

|Du|2dtdx+ C

For any δ positive, there is a positive constant C.
Using the same argument:

����
�

Td

� T

0

−uT∇(mDu)dtdx

���� =
����
�

Td

� T

0

mDuT ·Dudtdx

����

≤
����
�

Td

� T

0

mδ|Du|2dtdx
����+

+

����
�

Td

� T

0

m|DuT |2
1

4δ
dtdx

����

≤ δ

�

Td

� T

0

|Du|2mdtdx+ C.

Notice that δ does not need to necessarily be a constant, we are going to use
that fact for the second estimate. Because V is bounded and m and m0 are
probability measures, we find

����
�

Td

� T

0

(m−m0)V dtdx

���� ≤ C.
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Using the estimates obtained so far, we obtain

0 =

� T

0

�

Td

(m−m0)

�
−ut − �Δu+

|Du|2
2

+ V (x)− F (m)

�
+

+ (uT − u)(mt − �Δm−∇ · (mDu))dxdt

=

� T

0

�

Td

�(m−m0)ΔuT + �uTΔm0 − �uΔm0 + uT∇ · (mDu)− (m−m0)V+

−m|Du|2 +mF (m)−m0F (m)− u∇ · (mDu) + (m+m0)
|Du|2
2

dxdt.

Thus

� T

0

�

Td

(m+m0)
|Du|2
2

+mF (m)dxdt =

=

� T

0

�

Td

−�(m−m0)ΔuT − �uTΔm0 + �uΔm0 − uT∇ · (mDu)+

+ (m−m0)V +m|Du|2 +m0F (m) + u∇ · (mDu)dxdt

≤ C +

� T

0

�

Td

δ1|Du|2 + δ2|Du|2m+m0F (m)dxdt.

Putting −
� T

0

�
Td(m+m0)

|Du|2
4

dxdt to each side we obtain

� T

0

�

Td

(m+m0)
|Du|2
4

+mF (m)dxdt ≤

≤ C +

� T

0

�

Td

�
δ1 −

m0

4

�
|Du|2 +

�
δ2 −

1

4

�
|Du|2m+m0F (m)dxdt

Making δ1 = m0

4
and δ2 = 1

4
and remembering m0 is bounded, we get the

following estimate:

� T

0

�

Td

(m+m0)
|Du|2
4

+mF (m)dxdt ≤ C +

� T

0

�

Td

m0F (m)dxdt

≤ C +

� T

0

�

Td

�m0�∞F (m)dxdt.
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Finally using the property (6.3) with α = 2�m0�∞, we get

� T

0

�

Td

(m+m0)
|Du|2
4

+
mF (m)

2
+

mF (m)

2
dxdt ≥

≥
� T

0

�

Td

(m+m0)
|Du|2
4

+
mF (m)

2
+�m0�∞F (m)dxdt− Cα

=⇒
� T

0

�

Td

(m+m0)
|Du|2
2

+mF (m)dxdt ≤ C.

6.3 Estimates for Solutions of the Fokker-Plank Equa-
tion under MFG

Finally, in this last section of the dissertation conclude that D m
1
2 ∈ L2 and

apply this result with the fact that when F (m) = mα =⇒ mF (m) = mα+1

to prove that |Dm| ∈ Lq, q will be given as we get the results.
We need to use the property (6.3), thus it is needed to prove that F (m) = mα

satisfies such property.

Proposition 6.5. The function F (m) = mα satisfies property (6.3).

Proof. Let us study:

�

Td

�
1

β
mF (m)− F (m)

�
dx =

�

Td

�
1

β
m ·mα −mα

�
dx

=

�

Td

mα

�
1

β
m− 1

�
dx

Divide the domain of the integration into two parts, one where
�

1
β
m− 1

�
is

positive and the other where it is negative.

1

β
m− 1 ≥ 0 ⇔ m ≥ β,

1

β
m− 1 < 0 ⇔ m < β.
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Thus,
�

Td

�
1

β
mF (m)− F (m)

�
dx =

�

m≥β

mα

�
1

β
m− 1

�
dx+

�

m<β

mα

�
1

β
m− 1

�
dx

�

Td

�
1

β
mF (m)− F (m)

�
dx ≥

�

m<β

mα

�
1

β
m− 1

�
dx

�

Td

�
1

β
mF (m)− F (m)

�
dx ≥ −βα =⇒

�

Td

mαdx ≤ βα +
1

β

�

Td

mα+1dx,

for every every β greater than zero.

Proposition 6.6. Let (u,m) be a solution to (6.2). Then there exists a
positive constant, C, independent of the solution such that

� T

0

�

Td

|D ln(m)|2 + |Dm
1
2 |2dxdt ≤ C.

Proof. Using the estimate (5.1) and corollary (5.2)
� T

0

�

Td

|Dm
1
2 |2dxdt+

� T

0

�

Td

|D ln(m)|2dx ≤

≤ C1 + C2

� T

0

�

Td

|b|2m0dxdt+ C2

� T

0

�

Td

|b|2mdxdt.

Taking b = Du, supposing F : R+ → R+ and using (6.5):
� T

0

�

Td

|Dm
1
2 |2dxdt+

� T

0

�

Td

|D ln(m)|2dx ≤ C.

Corollary 6.2. Let (u,m) be a classical solution of (6.2). Suppose that
F (m) = mα for some α > 0. Then there exists a positive constant C inde-
pendent of the solution such that

� T

0

�

Td

|Dm|qdxdt ≤ C,

where q = 21+α
2+α

, i.e. Dm ∈ Lq.
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Proof. By Hölder’s inequality, for any s ≥ 0 and 1
r
+ 1

r� = 1,we have

� T

0

�

Td

|Dm|qdxdt ≤
�� T

0

�

Td

|Dm|qr
msr

dxdt

� 1
r
�� T

0

�

Td

msr�dxdt

� 1
r�

Setting qr = 2, sr = 1 and sr� = α + 1 and using the last estimates we
conclude the proof.
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7 Conclusion

In this dissertation we introduced two of the most important linear PDEs
and focused on the properties of their solutions. We also introduced non-
linear PDEs and ways to solve them and worked with the Hamilton-Jacobi
Equations.
Moreover we focused in getting estimates for the solutions of the MFG PDEs
and used them to get a final result of regularity, that the solution for the
density equation on the MFG problem has its derivative in Lq.
For the future, we may try to get similar results but for more general func-
tions like polynomials or analytic ones that satisfy property (6.3). We only
worked with first order estimates, the focus could be the estimates of second
order and what consequences they might have. And we did not analyze the
regularity of the solution of HJB within MFG in this dissertation, it may be
interesting to know what properties it might have and how it interacts with
regularity of m. Another point could be the regularity of derivatives instead
of regularity of integration.
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8 Appendix

Definition 8.1 (Weak Convergence). A sequence of points (xn) in a Hilbert
space H is said to converge weakly to a point x ∈ H if

�xn, y� → �x, y�

for every y ∈ H, where �·, ·� is the inner product of H.

Definition 8.2 (Weak Derivative). Let u be a L1([t, T ]) function, then we
say that v is weak derivative of u if

� T

t

u(x)φ(x)dx =

� T

t

v(x)φ�(x)dx,

for every φ ∈ C∞.

Definition 8.3. The space x ∈ W 1,p([t, T ]) is the space of functions such
that have one weak derivative and have its derivative have finite Lp norm.

Theorem 8.1 (Fundamental Theorem of Calculus for weak derivative). Let
u ∈ W 1,p(I) with 1 ≤ p ≤ ∞, and I bounded or unbounded interval; then
there exists a function ũ ∈ C(I) such that

u = ũ a.e. on I

and

ũ(x)− ũ(y) =

� x

y

u�(t)dt ∀x, y ∈ I.

Theorem 8.2 (Morrey’s inequality). Assume n < p ≤ ∞. Then there exists
a constant C,depending only on p and n, such that

||u||C0,γ(Rn) ≤ C||u||W 1,p(Rn)

for all u ∈ C1(Rn) ∩ Lp(Rn), where

γ = n− n

p
.

Theorem 8.3 (Weak Compactness). Let X be a reflexive Banach space and
suppose the sequence {uk} ⊂ X is bounded. Then there is a subsequence
{ukj} ⊂ {uk} and u ∈ X such that {ukj} converges weakly to u in X. .
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