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Abstract 

The present article initiates a systematic study of the behavior of a strictly increasing, 

C2
, utility function u(a), seen as a function of agents' types, a, when the set of types, A, 

is a compact, convex subset of iRm
. When A is a m-dimensional rectangle it shows that 

there is a diffeomorphism of A such that the function U = u o H is strictly increasing, 

C2
, and strictly convexo Moreover, when A is a strictly convex leveI set of a nowhere 

singular function, there exists a change of coordinates H such that B = H-1(A) is a 

strictly convex set and U = u o H : B ~ iR is a strictly convex function, as long as 

a characteristic number of u is smaller than a characteristic number of A. Therefore, a 

utility function can be assumed convex in agents' types without loss of generality in a 

wide variety of economic environments. 
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1 Introd uction 

A fundamental postulate of the homo reconomicus paradigm is that rational agents maximize 

their well-being, given the limitations imposed by the scarcity of resources and information. 

In mathematical terms, this translates into solving constrained optimization problems. Since 

concave/convex functions greatly simplify the solution to such problems by ensuring sufficiency 

of the first order approach, convexity plays an important role in economic theory. In consumer 

choice, for example, this is studied under the label of "concavifiability", 1 a theory that char­

acterizes convex preferences that can be represented by means of continuous concave utility 

functions. This article is concerned with the role of convexity in mechanism design, in the 

sense described below. 

Bayesian mechanism design studies economic environments in which agents are charac­

terized by type parameters, usually defined on a subset A of IRm, m ;::: 1. An agent's type 

describes all her relevant characteristics: tastes, endowments, information etc. and is usually 

that agent's private information, Le., an individual does not know another individual's type. 

In auction theory, for example, an agent 's type maybe his private valuation of the good which 

is auctioned; in insurance theory, an agent's type may be a probability 7r which measures 

her propensity to have an accident; in bargaining theory, an agent's type may be his private 

discount factor ó, etc. As in the classical examples descríbed above, the early theory dealt 

basically with unidimensional types, Le. A ç IR, but it soon became evident that this was 

an oversimplification; for example, when an agent is participating in an auction, her prefer­

ences may depend not only on whether she gets the object or not, but also on who, besides 

lSee, for example Kannai, 1977, and Garratt and Qin, 1994. 
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her, gets it.2 Nevertheless, moving towards multidimensional models has been difficult: the 

mathematics of the problem are more demanding and the conclusions appear very sensitive to 

the specific modeling. Consequently, there have been few really general results. In particular, 

the academic community has not yet reached an agreement on whether there is an essential 

difference between the two approaches. Jehiel, Moldovanu and Stacchetti (1996, p.6), McAfee 

and McMillan (1988, p.241) and Wilson (1993, p.403), for example, suggest that similar results 

are obtained using both frameworks, whereas Armstrong (1996, p.56), Waehrer (1996, p.1), 

and Salanié (1997, p.73), for example, suggest that important differences do existo 

Armstrong's paper, in particular, presents a rather general result (Proposition 1) in the 

context of monopolistic nonlinear pricing. It shows that while in the unidimensional case it is 

always possible to find conditions under which all agents consume, if agents have multidimen­

sional characteristics (m 2: 2) it is always optimal for the monopolist to set a nonlinear price 

schedule that excludes some low-type consumers. Armstrong's hypotheses, however, are rather 

strong: the consumer's utility function u(a), aEA is assumed to be homogeneous of degree 1 

and convex on the compact, convex set of types, A. Although the homogeneity assumption is 

not necessary if u is C2 , there is no economic argument to justify the assumption of convexity 

of u, which plays a crucial role in the proof of the proposition. In order to see in a concrete 

example why a utility may not be convex in types, suppose Armstrong's monopolist wants 

to seU a bottle of a good -but not exceUent- wine and consumers' appreciation of the wine, 

depends on their own wine education. It seems natural that individuaIs with low information 

about wine quality may consider the product similar to any other alcoholic beverage, say a 

beer, and that more educated consumers appreciate the wine better. One may even believe 

2See Jehiel, Moldovanu and Stacchetti, 1996b. 
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that this increase in utility is convex for low leveIs of education. However, as the leveI of wine 

information increases, consumers will be able to compare that product with better wines, and 

the rate of increase in appreciation will most probably decrease, so that the convexity of utility 

in types is lost. 

The objective ofthis study is to generalize Armstrong's result by showing that the convexity 

hypothesis can be made without loss of generality if the pair (u, A) is "well behaved". The 

argument is developed as follows. Section 2 assumes that A is an m-dimensional rectangle, 

i.e. a cartesian product, and shows that convexity of u can be assumed without any loss of 

generality. More precisely, there exists a change of coordinate function H : A -+ A such that 

the function U = u o H has the same properties as u and in addition is strictly convexo Next 

section 3 considers a more generic class of convex, compact type-sets A, and finds conditions 

ensuring that convexity may be assumed, that is, conditions under which a homeomorphic 

change of variables H : B -+ A can be found, such that B is a convex set and U = u o H 

is a strictly convex function defined on B. Section 4 interprets those conditions as requiring 

u not to be "to o concave" and A not to be "too flat" in a sense to be made precise, and 

analyses a specific example. Section 5 poses a more general problem suggested by the analysis 

of convexity of type-dependent utilities and compares this paper's approach with two related 

issues. Finally, section 6 summarizes this article's findings. 
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2 An m-dimensional rectangle 

Let u : A -+ IR be a strictly increasing, C2 function3 defined on an m-dimensional rectangle 

A = rrr,;dai, bi] C IRm. Then, by applying an appropriate afline transformation, A can be 

viewed as a subset of [O, 1]m.4 In the speciaI case where A is exactIy the m-dimensional cube, 

the following theorem hoIds. 

Theorem 1 Let u : [O, l]m -+ IR, be a strictly increasing, C2 real function. Then there exists 

a diffeomorphism H of [O, l]m, such that U = u o H is C2 , strictly increasing and strictly 

convexo 

1 1 
ProoE: For k > ° define hk : [0,1] -+ [0,1] by hk(z) = k In 1 _ (1 _ e-k)z' Then hk(O) = 

0, hk(l) = 1, and hk is a strictIy increasing, strictIy convex, coe, diffeomorphism with h%(z) = 

Let x = (Xl,X2,'" ,xm ) be a generic element of [O, l]m and define a Coe diffeomorphism 

composition Uk = u o Hk' By construction, Uk is C2
, strictIy increasing and the following 

equalities hoId: 

8
8 Uk(X) = ui(Hdx))h~(Xi); 
Xi 
82 

8Xi8xj Uk(X) = uij(Hk(X))h~(Xi)h~(xj), i:j:. j; 

8
8

2

2 Uk(X) = Uii(Hdx))(h~(Xi))2 + ui(Hk(X))h%(Xi). 
xi 

3The monotonicity of u is important in Armstrong's proof and the extra assumption that u is strictly 

monotone plays an important role in the proof of Theorem 1 below. 

4Take for example t : X H X - a where a = (aI, ... ,am) and c = max;{bi - ai}; since t is increasing and 
c 

C2 , U o t- l has the same properties as u and is defined on an m-rectangle included in [O, l)m. 
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Here Ui denotes the derivative of U with respect to its i th variable and Uij denotes the second 

derivative of U with respect to its i th and lh variables. 

Let yT = (Yl,Y2, ... ,Ym) E lRm\{O} and fix x E [O,l]m. Then, 

yT D2Uk(X)Y = L,i,j Uij (Hk (x))hk(Xi)hk(xj)YiYj + L,i ui(Hk(x))h% (Xi)Y; 

= L,i,j Uij (Hk (x)) (Yihk (Xi) )(yjhk (Xj)) + k L,i ui(Hk (x) )(Yihk (Xi))2. 

Let v = (y1hk(xd, ... , Ymhk(Xm)) and V = II~II' Then, 

yT D2
Uk(X)Y '" '" 2 

T = IIvl12 = ~ Uij (Hk (x))ViVj + k ~ ui(Hk(x))l!i 
1,3 , 

Since L,i ui(Hk(x))l!i2 > O, 'Vx E [O, l]m, 'Vy E lRm\{O}, 

- L,i j Uij (Hk (x)) Vi Vj 
T > O {::} k > L,'i ui(Hk(X))l!i2 

Let sm = {w E lRm : Ilwll = I} be the m-dimensional sphere. Since it is a compact set 

and U is C2
, there exists a finite "characteristic number" , c( u), defined by: 

- L,i j Uij (z )WiWj 
c( u) = max --=="''--..,.......,..--.",.-

zE[O,lJ"',wESm L,i Ui(Z)W; 

Thus, Uk is strictly convex for all k > c(u), which concludes the proof. 

Remarks If U is already strictly convex, then c(u) < O so that Uk is convex for alI k > O. 

Conversely, by considering the family of strictly concave functions {hk : k < O} it can similarly 

be shown that Uk = U o Hk is strictly concave for k sufficiently negative. 

If m = 1, then every nontrivial convex compact set is of the form [a, b], a < b, and thus, can 

be transformed into [0,1] by the strictly increasing affine transformation x f-t b:a' Therefore, 

in the unidimensional case, any sufficiently differentiable, strictly increasing utility function 

can be assumed to be convexo When m 2: 2, however, there are many convex compact sets 

that cannot be transformed into a cartesian product by an order-preserving continuous trans-

formation. This points to a distinguishing property of the one-dimensional case, and it may 
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be one of the reasons w hy there seems to be an essential distinction between unidimensional 

and multidimensional models.5 

There may be many different ways to choose a suitable change of variables H, and this 

study does not claim to have found the "optimal" one. The family {H k, k > O} has been 

chosen here for two main reasons. First, since Hk acts coordinatewise by means of strictly 

increasing functions, it is trivial to check that Uk preserves ordering. Second, arbitrarily 

large amounts of convexity can be introduced into the function h k simply by increasing the 

parameter k, which is necessary in order to compensate the -potentially high-Ievel of concavity 

of u. 6 Those two properties make the chosen class of functions extremely suitable for the 

proof of the theorem. However, even within the set of functions that have the properties 

above, the choice is not unique. For example, the class {hk(z) = [In k~lrlln k~z' k > I} 

is also satisfactory.7 Moreover, even within the same class of functions {hk, k E l}, for some 

parameter set l, the function H can take a different k for each one of its coordinates: H (x) = 

(hkl (xd, hk2(X2), ... , hk-m (xm )), which would yield a different characteristic number for u. 

Extension Theorem 1 extends trivially to any m-dimensional rectangle A strictly included 

in [O,l]m. In that case the inverse image of A by Hk, B = H;l(A), is different from A but 

it remains a rectangle included in [O, l]m, so that a similar result holds with Uk : B -+ A 

replacing Uk : A -+ A. 

5This insight is consistent with the assumption of strict convexity of A in Armstrong's Proposition 1, for 

example, an assumption that cannot be satisfied if A is a cartesian product. 

6See, for example, the expression for T. 

7This class of functions was suggested to this author by Wayne Shafer. 
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Example For the sake of illustration, consider the (strictly concave) function u : [0,1]2 1-7 IR 

defined by U(Xl' X2) = ln(l +Xl) +ln(l +X2). Figure 1 shows the graph of u. The characteristic 

number of U is c(u) = 1. Therefore, Uk is strictly convex for all k > 1. Figure 2 shows the 

graph of Uk when k = 2. 

3 A strictly convex domain 

Theorem 1 is valid for U defined on the m-dimensional square A = [O, l]m or, more generally, 

any m-dimensional rectangle. In many situations, however, other type-sets may be needed. 

For the sake of illustration, suppose that m = 2 and an agent is characterized by her writing 

and reading skills. Although there may be some individuaIs with no writing nor reading skills 

at all, any agent who writes reasonably well must aIs o have some reading skills, thereby the 

type set cannot be a cartesian product. More closely related to the motivation of this study, 

in order to prove his proposition 1, Armstrong (1996) had to assume that A was a strictly 

convex set, which, again, cannot be a cartesian product. 

The objective of this section is to extend the results of Theorem 1 to an environment in 

which A is strictly convex, i.e., find conditions assuring that there exists a change of coordinates 

H such that U = U o H is a strictly convex function defined on a convex set B = H-l(A), 

when A is strictly convexo It turns out that if the boundary of A,8A, is the leveI set of a 

nonsingular function, then such conditions can be found. The argument is presented in two 

steps. First subsection 3.1 develops some basic results on differentiable manifolds, which are 

then used in subsection 3.2 in order to prove the main theorems 2 and 3. 
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Figure 2: Uk = U o Hk with k = 2 
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3.1 Preliminary results 

Throughout this section A is a compact connected subset of IRm such that there exists a C2 

function f : [O,I]m -+ IR with A = âA = {p E A : f(p) = O} and f(P) nonsingular for each 

P E A. Then the boundary of A, A, is a compact (m - 1 )-surface oriented by the C2 vector 

field N(p) = II~~~~II' p E A. Note that A is a strictly convex set if and only if A is a strictly 

convex manifold.8 

Lemma 1 Let H: [O, l]m -+ [O,I]m be a diffeomorphism and B = H-1(A). The C2 function 

t : [O,I]m -+ IR defined by t = f o H satisfies E = âB = {q E B : t(q) = O} and t(q) is 

nonsingular for each q E E. In particular, E is a compact (m - 1) -surface oriented by the C2 

'Vt(q) 
vector field M(q) = lI'Vt(q) 11 ' q E E. 

PraaE: See Appendix. 

Lemma 2 A is strictly convex if and only if the second fundamental form of A at p, Sp, is 

definite for all p E A.9 

PraaE: See Thorpe (1979), chapter 13. 

Lemma 3 The second differential form of A at a point p, Sp, is definite if and only if D 2 f(P) 

is definite on Ap. Similarly, if B is as in Lemma 1 and Sq is the second fundamental form of 

8That is, A p nA = {p} for ali p E A, where A p is the tangent hyperplane of A at Pi see Spivak, 1979, 

chapter 2 or Thorpe, 1979, chapter 13. 

9Here definite means either positive definite or negative definitei note that, given the continuity of Sp with 

respect to p, it will be either positive definite for ali p or negative definite for ali p. See, for example, theorem 

5 of chapter 13 of Thorpe, 1979. 
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l3 at a point q, then Sq is definite if and only if D2 t(q) is definite on l3q.10 

ProoE: See Appendix. 

Note 1 For k > 1, let gk = hJ;l : [0,1] -+ [0,1] and G k = Hi: 1
.11 , where hk and Hk are the 

functions defined in Theorem 1. Given q E l3 = Gk(A), p = Hk(q), and w = (Wl, ... ,wm) E 

l3q , t satisfies W· '1t(q) = O. But for each i = 1, ... ,m, â~i t(q) = { â~i f(p) } h~(qi). Therefore, 

W· '1t(q) = ° <=> (wlh~(qd, .. · ,wmh~(qm))· '1f(p) = 0, that is, 

The above expression relates the tangent hyperpIane at a point q E G k (P) in l3 to the 

tangent hyperplane at p in A. 

3.2 The main theorems 

1 - e- kz 

Theorem 2 For k > 0, define gk : [0,1]-+ [0,1] by gk(Z) = 1 -k and define a diffeomor-
-e 

phism Gk : [O,I]m -+ [O,I]m by Gk(Xl, ... ,xm ) = (gk(Xl), ... ,gk(Xm )). Let A C [O,I]m be a 

strictly convex, compact set such that âA is a level set of a nowhere singular, C2 function f. 

Then G k (A) is strictly convex for some k sufficiently small. 

ProoE: Since A is strictly convex, by Lemma 2 Sp is definite on A p for all p E A. Therefore, 

by Lemma 3, D 2 f(P) is definite on A p for all p E A. By continuity, D 2 f(p) is either positive 

definite on Ap for all p E A, or negative definite on A p for alI p E A. Assume, without loss of 

lOThroughout this section sp (respectively Sq) is considered with respect to the canonical orientation 
f(p) . t(q) 

IIV'f(p)11 of A (respectlvely IIV't(q)11 of B). 
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generality,12 that it is positive definite. 

The remainder of the proof is devoted to showing that D 2t(q) is positive definite on Bq for 

all q E B, if k is small enough. 

given by the matrix, 

Let P = Hk (q) and w E Bq \ {D}. Then, 

Wt D2t(q)W = L:i,j Iij(P)h~(qi)Wih~(qj)wj + L:i Ji(P)h~(qi)Wr 

Since h~(y) = kh~(y)2, 'Vy E [0,1], 

Define the numbers /31 = minpEA {minVEApnsm L:i,j Iij(p)ViV;} and, 

/32 = minpEA {minVEApnsm L:di(p)V?}. 

(1) 

Since D2 J(P) is positive definite for all p E A, /31 > O. Therefore, for k small enough, 

That is, D2t(q) is positive definite on Bq, for all q E B. Finally, by Lemmas 1, 3 and 2, 

B = Gk(A) is strictly convex, which concludes the proof. 

12The other case is analogous; see note after this proof. 

13 



Note 2 If D2 f(P) is negative definite on A p for all p E A, the corresponding coefficients are 

/31 = maxpEA {maxvEApns'" I:i,j fij(P)ViVj} < O and, 

/32 = maxpEA {maxvEApns'" I:i fi (P)V? }. And for k smalI enough, r ~ /31 + k/32 < O, so that 

D2t(q) is negative definite on Bq, for alI q in B. 

As a corollary to theorems 1 and 2, the following resuIt characterizes a class of pairs 

(u, A), u utility function, A domain of u, such that convexity of u may be assumed without 

Ioss of generality. 

Theorem 3 Let u be a strictly increasing, C2 function defined on a strictly convex, compact 

subset A of IRm , where 8A is a levei set of a nowhere singular, C2 function f and let Gk be 

the diffeomorphism defined in theorem 2. Suppose, without loss of generality, that D2 f(P) is 

positive definite on Ap, for all p E A, and consider the characteristic numbers c(u) and c(A) 

defined as follows, 

- I:i]· Uij(Z)WiWj 
c( u) = max --::::::?' '---...,....,..---,,--

zEA,wES'" I:i Ui(Z)wt 

c(A) = [- min L !ij(P)WiWj)· [ min L fi(p)w;r 1
• 

pEA,wES"'nAp . . pEA,wES"'nAp . 
'L,] 'l. 

lf c(u) < c(A) then there exists k > O such that GdA) is compact, strictly convex and 

Uk = U o Hk : Gk(A) -t IR is a strictly increasing, strictly convex, C2 function. 

PraaE: Since D2 f is positive definite on Ap for alI p E A, min L fij (p)WiWj > o. 
pEA,wES"'nAp .. 

Z,] 

Moreover, since A is compact, the Gauss map p f-t 1I~~~:11l is a bijection from A onto the unit 

m-sphere sm,13 so that min L fi (P)w; < O. Therefore c(A) > O. Since c(u) < c(A) 
pEA,wEs"'nAp . 

Z 

and c(A) > o, there exists k > o, k E (c(u), c(A)). Fix such a k. By the proof of theorem 1, 

Uk is strictly increasing, C2, and since k > c(u), the matrix D2Uk(b) is positive definite for all 

13See theorems 6 of chapter 12 and 5 of chapter 13 of Thorpe, 1979. 
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b E B = Gk(A). Moreover, by the proof of theorem 2, since k < c(A), the set B is strictly 

convexo Therefore, Uk = U o Hk : GdA) -t IR is strictly convex, which condudes the proof. 

4 Interpretation 

FIom expression 1 in the proof of theorem 2 it follows that: 

I 7 '" fij(P) V:V k '" fi(P) V 2 

7 = 11 "V' f(P)11 = ~ 11 "V' f(P)1I i j + ~ 11 "V' f(p) 11 i· 
'l.,] Z 

Since the Gauss map p f-7 1I~~f:~1I is a bijection from A onto sm,:Li 1I~1rJ)1I Vi2 ~ -1. Let 

Kp(V) be the normal curvature of A at p in the direction V. Then Kp(V) = - :Li,j II~}~~~II ViVj, 

so that: 

That is, A remains strictly convex after the change of variables G k if k is smaller than the 

smallest normal curvature of A (in absolute value). Thus, the more A curves, the more likely 

G k (A) remains strictly convexo 

Similarly, 'Y = - L Uij(Z)WiWj can be seen as a measure of the concavity of the graph of 
i,j 

U at z, in the direction w: if that graph is convex, then 'Y < O and, if it is flat, then 'Y = O. 

Therefore, the higher the maximum concavity of the graph of u, the higher the characteristic 

value c(u). 

The above consideration suggest the qualitative interpretation of Theorem 3 announced in 

the introduction: if U is not too concave (Le., c(u) is not too large) andjor A is not too flat 

(i.e., c(A) is not too dose to zero), then U may be assumed convex without 10ss of generality. 

In this case the pair (u, A) is said to be "convexifiable". 
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.. 
Figure 3: (a) : Ellipse A with center (1/2,1/2), axes a = 0.5, b = 0.4. 

(b) : B = Gk(A) with k = 2. 
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Example Let the utility u in the previous example be defined on an ellipse A with center 

(1/2,1/2), major axis a and minor axis b, b ::::; a < 1/2. Then A = 8A = {(Xl, X2) E IR2 : 

f( . ) - (xl- l / 2)2 + (x2- l / 2)2 - 1 - O} 
Xl ,X2 - a2 b2 -. 

In this case (31 2:: ~ and (32 2:: - b, so that the characteristic number c(A) is bounded 

below by 2(~)2. Moreover, by the previous example, c(u) ::; 1. Therefore, by Theorem 3, if 

1 < 2(~)2, then (u,A) is convexifiable. 

Notice that the bound ~ > ~ implies that A cannot be too flat (a too big with respect 

to b), as expected. Figure 3 (a), shows A for a = 0.5 and b = 0.4; in this case, taking 

k = 2, B = Gk(A) is a strictly convex set, as shown in Figure 3 (b), and Uk = u o Hk is a 

strictly convex function on B. 

16 
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5 Extension and related literature 

Theorem 3 presents a sim pIe sufficient condition for the convexifiability of a pair (u, A), using 

the family of change of variables {Hk, k > O} defined in section 1. It shows that convexity 

of the utility function u may be assumed in many situations in which the set of types is 

not restricted to be a rectangle. However, it does not give a complete characterization of 

concavifiability. Indeed, the pair (u, A) may still be concavifiable when c(u) ~ c(A), if another 

change of variables is used. This discussion suggests the following general question: what 

conditions must a pair (u, A) satisfy so that there exists a change of variables function H such 

that B = H- 1 (A) is a convex set and U = u o H is a convex function defined on B? 

This more fundamental question, posed here as a suggestion for future research, involves 

the analysis of some complex partial differential inequalities. At the present, this author does 

not know whether a nonconvexifiable pair (u, A) -u strictly increasing, C2 , A strictly convex­

exists or noto For instance, if u is the logarithmic function of the example in section 2 and A is 

any ellipse as in section 3's example, then it can be shown that the pair (u, A) is convexifiable, 

regardless of the relationship between the major axis a and the minor axis b. 

The question analyzed here is related to the literature on concavifiability of convex pref­

erences,14 which looks for conditions for a preference to be representable by a concave utility 

function. The main distinction is that in the concavifiability literature the domain A is fixed 

and one looks for a suitable utility function, whereas here the utility function is given and 

the domain A can be transformed by a change of variables, in order to induce the convex-

14 See Kannai, 1977. 
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ity / concavity of the utility function. 

Another related literature is that of convexifiable sets,15 which finds conditions for a subset 

of IRm to be transformed into a convex set by a strictly increasing change of variables. The 

present paper differs from that literature in that here the starting point is already a convex set, 

and the issue is preserving convexity of the domain A while convexifying a (utility) function 

defined on it, rather than bringing convexity into a generic set. As a suggestion for further 

research, it is interesting to investigate how that theory could be used in order to first transform 

a generic type-set A into a strictly convex set and then apply the results of theorems 2 and 3, 

thereby further generalizing Armstrong's resulto 

6 Conel usion 

An agent's utility seen as a function of consumption goods has been widely studied in economic 

theory, and properties such as concavity, quasiconcavity etc. have been given clear economic 

interpretation and justification.16 In bayesian mechanism design, however, a utility function 

depends also on agents' types. The present article initiates a systematic study of the behavior 

of a strictly increasing, C2 , utility function u(a), seen as a function of agents' types, a, when 

the set of types, A, is a compact, convex subset of IRm. 

Section 2 shows that, when A is the m-dimensional square [O, l]m, there is a diffeomorphism 

H of A such that the function U = u o H is strictly increasing, C2 , and strictly convexo 

Therefore, a nonconvex utility can be transformed into a convex one by an innocuous change 

15See Kannai and Mantel, 1978. 

16See, for example, Simon and Blume, 1994. 
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of coordinates, a result that can be extended to any m-dimensional rectangle A. 

Section 3 shows that, when A is a strictly convex leveI set of a nowhere singular function, 

then there exists a change of coordinates H such that B = H-I (A) is a strictly convex set 

and U = u o H is a strictly convex function, as long as a certain characteristic number of u 

is smaller than a certain characteristic number of A. A possible interpretation of this result 

suggests that a suitable change of coordinates exists if u is not too concave and A is not too 

flat. 

An important application of this chapter's findings concerns Armstrong's result on the 

optimality of exclusion of low-type consumers in a model of monopoly. Indeed, theorem 3 

shows that Armstrong's proposition 1 remains valid in many environments in which the utility 

function of consumers is not necessarily convex on types. By extending Armstrong's result, 

this paper contributes to the debate on the differences between unidimensional and multidi­

mensional mechanism designo 

Appendix 

Proof of Lemma 1 

Let G be the inverse image of H. Since A is compact and G is continuous, B = G(A). 

Therefore, if q E B, there exists p E A such that q = G(p). Let H = G-I ; then p = H(q) and 

f(p) = (f o H)(q) = o. Define t : [O, l)m -+ IR by t = f o H; then t is C2 and t(q) = O. That 

is, B ç {q E B : t(q) = O}. 

Conversely, let q E [O,l)m and let p = H(q). Then, t(q) = O <=> f o H(q) = O <=> f(P) = o. 

Thus p E A, that is, q E G(A) = B. Therefore, B = {q E B : t(q) = O}, which concludes the 
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proof. 

Proof of Lemma 3 

It is sufficient to notice that if p E A and v E Ap , then, 

( 1 T2(P) 
Sp v) = -IIV' f(p)11 v D f v. 

Note that Sp is positive definite if and only if D 2 f(P) is negative definite on Ap and vice-

versa. AIso note that the argument is identical for Sq where q E B. 
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