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Abstract

Should workers or retirees bear the risk of economic growth? We show
that efficient risk-sharing depends on how incentive provision – through con-
sumption dispersion – affects the marginal value of resources, and how retire-
ment promises back-load incentive provision. We use statistics for these two
forces to show that perfect risk-sharing is optimal when the utility from con-
sumption is logarithmic orwhen aggregate productivity growth is i.i.d. When
neither condition holds, deviations from perfect risk sharing increase welfare.
These deviations are, however, small due to the failure of a consumption-based
stochastic discount factor (SDF) to price consumption growth. An augmented
model that matches asset price behavior yields quantitatively relevant devia-
tions from perfect risk-sharing. Keywords: Social Security; Inter-generational
risk sharing; Heterogeneous workers. JEL Codes: D13; H21; H31.
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Social security systems generate entitlements that future generationsmustmeet.
The set of rules that govern these entitlements entails a variety of risk-sharing

arrangements between workers and retirees. While adjustments to pensions and
contributions are often made ’ex-post’ through political bargaining, this is sub-
optimal. As suggested by Barr and Diamond (2009), "[...] with social insurance
(partial or total) tax finance, the institutional structure should be designed explic-
itly to spread risk, rather than being an afterthought for poor outcomes."

But how ought risk be optimally shared between workers and retirees? To an-
swer this question, we need a framework that considers the labor market conse-
quences of different social security systems, namely, how taxes, necessary to fund
the system, may discourage workers from exerting effort, and workers’ and re-
tirees’ capacity to carry risks. This paper provides such a framework.1

Wewrite the simplest possible model in which workers and retirees must share
economic growth risk. Specifically, aggregate shocks are added to an overlapping
generations version of Mirrlees’s (1971) economy.2 Workers must be incentivized
to exert effort; such incentives can be provided either by current compensation or
future retirement payments. The combination of information frictions and intra-
generational distributive motives defines the incentive problem faced by the pol-
icymaker. A mechanism design approach allows us to address risk-sharing ar-
rangements and the distortions needed to finance them without imposing ad hoc
restrictions on the institutional setting in which choices are made.

Our first main result provides sufficient conditions for constrained efficient al-
location to exhibit perfect risk sharing— that is, for workers and retirees to receive
a constant fraction of total output.3 We characterize an exogenous backloading
function of the current state that, in the first-best, analytically maps to the price
of a theoretical asset that pays the consumption growth of the economy. When
this pricing function is state-invariant, we show that perfect risk-sharing is optimal

1Weare not, of course, the first to address inter-generational risk sharing – see Enders and Lapan
(1982); Gordon and Varian (1988); Ball and Mankiw (2007); Barr and Diamond (2009); Krueger
and Kubler (2006). We innovate by placing incentives and the interaction with government dis-
tributive motives at the forefront under a mechanism design approach.

2See Ordover and Phelps (1979); Golosov et al. (2003); Grochulski and Kocherlakota (2010);
Farhi and Werning (2013)

3Our notion of perfect risk sharing arises from the properties that characterize the first best.
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even in a second-best world. Two cases of interest produce this state-invariance:
log preferences over consumption and TFP growth of the economy following an
i.i.d. process.

There are two determinants of optimal risk-sharing between workers and re-
tirees: 1) how incentive provision – through consumption dispersion – affects the
marginal value of resources; 2) howmuch retirement promises back-load incentive
provision. Workers and retirees differ because workers need to be incentivized,
while retirees do not. Incentive provision requires consumption to vary across
workers: those who produce more must be rewarded. This consumption disper-
sion affects themarginal value of resources. If incentive provision is harder in some
states of the world than in others, then the value of resources assigned to workers
will vary, which is in contrast with retirees, whom one need not incentivize. This
is not the end of the story. Workers will eventually retire. Second-best principles
suggest that the government should optimally spread the reward required to in-
centivize them in two parts: current earnings and promises of future benefits. The
optimal backloading of incentives must, therefore, be added to the analysis.

The first-best pricing function determines the value of backloading when we
impose perfect risk sharing, whereas a moment condition relates the dispersion
of workers’ consumption to the value of resources for this group.4 If the price is
invariant to the state of the world, the value of retirement consumption and in-
centive provision is equally easy (or hard) across states, thus making workers’
consumption dispersion, hence the moment condition, invariant to the state of the
world. Perfect risk sharing is then optimal. Suppose, however, the price function is
not state-invariant, so that workers value retirement compensations more in some
states of the economy than others. In that case, providing incentives will be eas-
ier in some states than others. When the value of future consumption is lower in
a state, incentive provision is harder, and workers’ cross-sectional consumption
dispersion is higher. Since incentive provision requires the planner to spread con-
sumption in a second-order stochastic dominance sense, and since retirees do not
need to be incentivized, i.e., their moment condition is state-invariant, the mo-
ment condition for workers specifies how resources are divided between workers

4The impact on the value of resources in the hands of workers is captured by the σth moment of
the distribution of consumption shares, where σ is the agents’ coefficient of relative risk aversion.
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and retirees across different states.
Away fromperfect risk-sharing, the backloading function is endogenously state-

contingent, so we rely on numerical simulations to argue that workers bear more
risk than retirees along the stationary distribution. Let us pause for a moment
and think about what is going on. Assume, as indeed occurs, that the true sta-
tionary backloading function – which depends on the endogenous consumption
growth rate – behaves similarly to the exogenous parametric one we would have
under perfect risk-sharing. If the shock follows a stationary AR(1) process, the
parametric backloading term increases (resp. decreases) in good times if the co-
efficient of relative risk aversion is greater (resp. less) than one. This leads to
lower (resp. higher) consumption dispersion forworkers in good times and higher
(resp. lower) dispersion in bad times. Because the moment condition increases
(resp. decreases) with dispersion, it is always lower in good times. Using the first
of our two expressions, we conclude that workers obtain a higher fraction of con-
sumption in good times and a lower one in bad times, thus bearing more risk.

Changes in incentive provision are also reflected in labor wedges. In states for
which it is harder to provide incentives – less backloading – both the dispersion
of consumption and the labor wedges are greater; with separable, iso-elastic pref-
erences, higher dispersion in cross-sectional consumption is optimally associated
with higher wedges. State-invariant wedges, therefore, can only be optimal if con-
strained efficient allocations display perfect risk-sharing.

When we parametrize the economy with similar values to those typically used
in the literature, the constrained efficient allocation exhibits (near) perfect risk-
sharing. We relate these small quantitative impacts to the failure of a consumption-
based stochastic discount factor (SDF) to price economic growth. These quantita-
tive findings are reminiscent of the equity premium puzzle. We make this explicit
by augmenting our model with taste shocks that generate an SDF that can account
for the empirical equity premium.5 In this case, the deviations from perfect risk
sharing are far from trivial.

Finally, we present two simple mechanisms that can implement the optimal
allocation: 1) a pay-as-you-go system with compulsory contributions to the Social

5Taste shocks are also used in Pavlova and Rigobon (2008); Gabaix and Maggiori (2015). They
can be interpreted as an external habit, as in Campbell and Cochrane (1999).
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Security System, and 2) a Capitalization Systemwhere agents choose howmuch to
save when they are young and receive retirement payments proportional to their
savings. Under the Capitalization System, the return on investment (net of taxes)
depends on the overall state of the economy, suggesting that pension funds should
invest in stocks. Interestingly, in many countries, pension funds are required to
invest in safe assets. If we take safe assets to mean risk-free assets, then taxes on
their return must be state-contingent; otherwise, efficiency will not be attained.

The rest of the paper is organized as follows. After a brief literature review, Sec-
tion 2 describes the environment, the planner’s objective, and the main definitions
used in the paper. In Section 3, the main theoretical findings are displayed. We
perform a numeric illustration in Section 4 and discuss implementation in Section
5. Section 6 concludes the paper. Proofs are collected in the appendix.

Closely related Literature

Mirrlees’s (1971) mechanism design and Diamond’s (1965) overlapping genera-
tions frameworkswere first combined in Ordover and Phelps’ (1979) analysis. The
Mirrlees’s approach frees the analysis from ad hoc restrictions on policy instru-
ments. Ordover and Phelps considered a deterministic setting, meaning no risk-
sharing discussion was possible. Phelan (1994); Werning (2007); Scheuer (2013);
da Costa and Farinha Luz (2018); Veracierto (2021) added aggregate shocks to dy-
namic agency setting. Both Phelan and Scheuer considered dynamicmoral hazard,
whereas Werning, da Costa and Farinha Luz and Veracierto, dynamic selection.

Phelan’s (1994) pioneering work differs from ours in important dimensions.
First, it studies a dynamicmoral hazard problem, whereas ours addresses a screen-
ing problem within the context of an intra-generational redistribution problem.
Second, while using an overlapping generation model, the space of actions - effort
- is the same in every period since Phelan’s is a perpetual youth model in which
agents never retire. Third, the effort is chosen before the aggregate shock is re-
vealed, while in our model, it is chosen after. This timing difference has a crucial
impact on the properties of optimal allocations. In his model, the effort can only
be conditioned on the expected value of the current shock, not the shock itself.
Unless there is persistence in aggregate shock, the incentive provision will be, by
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construction, state-independent.
Closest to our work is Scheuer (2013), which also adopts a dynamic moral haz-

ard model with aggregate shocks. The aggregate shock is mean-preserving and
only affects the ability distribution. The timing, similar to Phelan’s (1994), creates
a very different interaction between incentives and group risk sharing from ours
– see Demange (2008). Scheuer shows that, when asset trades must be taxed, the
marginal tax will be positive for securities that pay in states where the ability dis-
tribution is “riskier”. In our paper, we show how tax movements affect and are
affected by consumption dispersion, an essential channel to understanding aggre-
gate risk-sharing.

Werning (2007) introduces aggregate shocks to a dynamic Mirrlees’ model.
Agents live infinitely. Hence, there is no scope for discussing inter-generational
risk-sharing. da Costa and Farinha Luz (2018) generalized Werning’s permanent
type assumption, considering all possible intertemporal correlations of agents’ pro-
ductivities. They have shown that, for any structure of idiosyncratic shocks, log
preferences are sufficient, in an endowment economy, to generate allocations that
do not depend on past realizations of aggregate shocks. For any other iso-elastic
preference, state and history-dependent labor wedges characterize the optimum.
They focus on a single generation, which precludes a discussion of inter-generational
risk-sharing. In ourmain specification, agents have a singleworking period, mean-
ing they face no intertemporal idiosyncratic uncertainty, as in Werning (2007).
However, every period a new generation is born, meaning that incentives must
be provided as if there were idiosyncratic i.i.d. shocks, as in Veracierto (2021).

Veracierto (2021) uses a perpetual youth dynamic Mirrlees’s (1971) model en-
richedwith aggregate shocks and capital stock to understand how incentive provi-
sion affects the optimal distribution of consumption between types and over time.
When restricted to log-log preferences, Veracierto proves an irrelevance result that
allows one to treat the idiosyncratic incentive provision problem and the aggregate
allocation problem separately. For more general preferences, he also finds devia-
tions from optimal risk-sharing to be very small from a numeric perspective. By
connecting the strength of backloading with a consumption-based SDF, we pro-
vide a plausible rationale for his quantitative findings.
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In a static framework, Demange (2008) explains how moral hazard affects risk
sharing between groups. She shows that it is how relative (among groups) con-
sumption dispersion varies across states of nature that determines risk-sharing
rules. She also emphasizes the role of the timing of effort relative to the realization
of aggregate uncertainty that we have mentioned in the context of Phelan’s (1994)
and Scheuer’s (2013) contributions. Her static model precludes the discussion of
incentive backloading, which is at the heart of our story.

Regarding the policy question and the environment, Enders and Lapan (1982)
is closest to our setup. It considers a Diamond (1965) OLG economy: with two-
period-lived cohorts. Agents work in the first period and consume in the second.
Social security contributions may distort labor supply decisions, which we also
consider by imposing incentive constraints on workers. Enders and Lapan’s econ-
omy has homogeneous agents where ad hoc tax instruments are used to finance
social security benefits. Our approach separates the tasks of deriving optimal al-
locations from implementation – see Section 5. In Enders and Lapan (1982), the
question of welfare improvement is instrument-dependent.

The ex-ante welfare perspective taken in this paper is also used to study inter-
generational risk sharing by Gottardi and Kubler (2011). They assume that co-
horts are comprised of homogeneous agents and do not consider incentive provi-
sion, focusing instead on the general equilibriumeffects of different risk-sharing ar-
rangements. Ball andMankiw (2007) addresses the inter-generational risk-sharing
problem, but from a partial equilibrium perspective.

Finally, in a recent contribution to the literature, Lancia et al. (2024) charac-
terizes optimal risk sharing between generations under participation constraints.
They consider a two-period overlapping generations environment for which per-
fect risk sharing is optimal: there is no heterogeneity norwork incentive-provision.
We add these important real-world aspects and ask whether perfect risk sharing is
desirable. Participation incentives lead to history-dependent allocations whenever
full insurance is not feasible.
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2 The Environment

The economy is composed of overlapping generations of finitely-lived agents with
heterogeneous productivity. Specifically, agents’ preferences are separable across
periods, states of nature, and between consumption and effort. They are heteroge-
neous in their labor productivity, or equivalently, in the disutility they suffer from
exerting effort.

These preferences over effort, e, consumption at youth, cy, and lotteries for con-
sumption at old age, co, are of the form

U (cy, co, e) = u(cy)− θh(e) + βE[u(co)],

where
u(c) =

c1−σ

1 − σ
and h(e) =

eγ

γ
, for σ > 0, σ ̸= 1, γ > 1,

u(c) = ln c for σ = 1.6

At birth, each agent independently draws θ from a distribution F(θ), with den-
sity function f (θ). An agent of type θ ∈ Θ = [θ, θ] that exerts effort e incurs in
a utility cost θh(e). We rely on the law of large numbers so that f (θ) is also the
measure of agents with type θ for every cohort.

The baseline is an economy without capital and with simple technology, Yt =

ztNt, where Nt is the aggregate effort exerted by all young agents in period t and
zt is the current-period productivity.

The aggregate uncertainty is driven by an exogenous Markov state ωt ∈ Ω,
where Ω is a separable metric space, with associated Feller transition kernel π, so
that π(B|ω) = P [ωt+1 ∈ B|ωt = ω], for all ω ∈ Ω and B a Borel subset of Ω. 7 We
let ωt = (ω1, ..., ωt) denote the history of shocks up to period t. Given an initial
level z0 > 0, productivity zt+1 = z(ωt+1) evolves recursively according to

zt+1 = ea(ωt+1)zt = e∑t
s=0 a(ωs+1)z0,

6Some of our results extend to other C2 functions u : R+ → R and h : R+ → R+ such that
u′(·) > 0 > u′′(·) and h′(·) > 0 > −h′′(·). Most of our statements and all of our analytical
characterizations do, however, rely on the iso-elastic specification.

7π is Feller if for every continuous, bounded function f : Ω → R, then the function ω →´
Ω f (ω′)π(dω′|ω) is also bounded and continuous.
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where a : Ω → R is a continuous function. Note that more than one ω can be
mapped into a single a – a(ω) = a(ω′) for ω ̸= ω′ – which is used to capture two
states with the same productivity growth but different expected continuations.

We defer the additional restrictions that the productivity process must satisfy
for the problem to be well-posed until after we introduce the planner’s problem.
We highlight, however, that the class of processes includes the following examples.

Example 1 (normal i.i.d. distribution). Let Ω = R and a(ωt) = ωt ∼ N(µ, σ2),
i.i.d. across time.

Example 2 (finite Markov matrix). Ω is finite, and the transition kernel can be repre-
sented as a matrix π = (πij), where πij = P[ω′ = ωi|ω = ωj].

An allocation
(
cy

t (θ), et(θ), co
t+1(θ)

)
θ∈Θ,t,ωt+1 is ameasurablemapping from ag-

gregate history to an assignment of young age consumption, effort and old age
consumption for all types of each cohort.8 An allocation is feasible if for every
period, t, and every ωt,

ˆ
Θ

{
cy

t (θ) + co
t (θ)

}
f (θ)dθ ≤ zt

ˆ
Θ

et(θ) f (θ)dθ. (1)

Let (cy
t (θ), et(θ), co

t+1(θ))θ∈Θ denote the allocation for cohort t if the economy
experiences a history ωt. The utility attained by a θ-agent who belongs to this
cohort is:

vt(θ) = u(cy
t (θ))− θh(et(θ)) + βE

[
u(co

t+1(θ))|ωt] .

The first generation is born with initial productivity z0, and we assume that it
inherits a debt, x0, the legacy debt from those that are already retired in t = 0. The
first period resource constraint is, therefore,

ˆ
Θ

cy
0(θ) f (θ)dθ + x0 ≤ z0

ˆ
Θ

e0(θ) f (θ)dθ. (2)

8A subscript t therefore implies that the variable may depend on all the aggregate information
up to period t. This includes not only ωt, but also the value of the legacy debt, x0, and the initial
productivity level z0.
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2.1 First Best

To define a notion of perfect risk sharing, we ask: how is aggregate risk optimally
shared among all agents in the economy?. We answer this question by solving a
first-best problem for which we attach to each type, θ, a Pareto weight, χ(θ).9 That
is, we generalize the ex-ante Utilitarian objective to

E

[
∑

t
δtWχ(ω

t)|ω0

]
, (3)

where Wχ(ωt) is the welfare value that the planner assigns to the generation born
into history ωt,

Wχ(ω
t) :=

ˆ
Θ

χ(θ)vt(θ)dθ.

We add the Paretoweights, χ(θ), to characterize optimal aggregate risk sharing
while still allowing for idiosyncratic differences in entitlements. When we bring
the informational structure back into the problem, the informational rents define
a notion of entitlements to which we can relate the second-best allocations.

At this point, it is essential to clarify the precise notions of welfare and risk
sharing that we employ. When agents are called to make decisions regarding the
allocation of risk, only those of their cohort are alive. Since preferences are state-
independent, there is little meaning to the risk-sharing question if welfare is not
defined from an ex-ante perspective, as in Ball and Mankiw (2007); Gottardi and
Kubler (2011). Ball and Mankiw, for example, consider the allocation that would
result from complete Arrow-Debreu security markets if agents could trade at the
beginning of time, only knowing when they would be born, which leads the plan-
ner to inherit the agents’ risk aversion.

Because we have aggregate risk, the condition δ < 1 is not enough to guarantee
that economic growth is not high enough that the economy grows unbounded. To
ensure the problem is well-posed, let g : Ω → R+ be defined as

g(ω) = E
[

m(ω′)
∣∣ω
]

, (4)
9One can, in fact, consider a more general specification in which Pareto weights may depend on

the history of aggregate shocks up to that point, ωt−1, χ(θ, ωt−1) > 0,
´

Θ χ(θ, ωt−1)dθ = 1.
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where
m(ω′) = exp

{
γ(1 − σ)

σ + γ − 1
a(ω′)

}
. (5)

Assumption 2.1. g(ω) is bounded, continuous and there exists T ∈ N such that

sup
ω0

δTE
[
ΠT

t=1g(ωt)|ω0

]
< 1.

Wehighlight for later that g(ω)will be a crucial function in our characterization
of the constrained efficient allocations. After we solve the first-best allocation, we
discuss two economic interpretations for g(ω).

Under this assumption, the first-best is a well-posed, concave problem, which
allows characterization using standard methods. The first best allocation is of the
form10

cy
t (θ) = kγ−1χ(θ)

1
σ ηt, co

t+1(θ) = kγ−1χ(θ)
1
σ

(
β

δ

) 1
σ

ηt+1,

and, et(θ) = k−σ [θχ(θ)]
1

1−γ η
1−σ

γ

t , ∀t ≥ 1

with
ηt = z

γ
σ+γ−1
t , (6)

and

k =

{
δ

1
σ

δ
1
σ + β

1
σ

´
[θχ(θ)]

1
1−γ f (θ)dθ´

χ(θ)
1
σ f (θ)dθ

} 1
γ+σ−1

.

Definition 1. An allocation displays perfect risk-sharing within cohorts if, for all
t ≥ 1, ωt, θ, θ̂,

cy
t (θ)

cy
t (θ̂)

,
co

t (θ)

co
t (θ̂)

, and,
et(θ)

et(θ̂)
(7)

are independent of ωt.
10Since we start the economy after the state ω0 is realized, there is no analogous characterization

in t = 0.
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For our second relevant notion of perfect risk sharing let

Cy
t =

ˆ
Θ

cy
t (θ) f (θ)dθ and, Co

t =

ˆ
Θ

co
t (θ) f (θ)dθ.

Then, define the consumption ratio between retirees and workers as a function of
ωt, Co

t
/

Cy
t . In the first best, the share of total consumption that goes to each group

is the same in all states of the world.

Definition 2. An allocation displays perfect risk-sharing between cohorts if Co
t
/

Cy
t

is invariant to ωt.

Although the definition precludes the ratio Co
t
/

Cy
t to differ between (ωt−1, ω)

and (ωt−1, ω′) for all ω, ω′, we may still allow dependence with respect to ωt−1.
This notion of perfect risk sharing is the one that underliesmany policy discussions
regarding the fiscal aspects of social security. For our purposes, both are important,
which motivates our principal definition of perfect risk sharing.

Definition 3. An allocation displays perfect risk-sharing if it is characterized by
both perfect risk-sharing within cohorts and between cohorts.

Another feature of first-best allocations will play a role in the discussions that
follow; for all θ, ωt, ωt+1 ≻ ωt, t ≥ 1,

co
t+1(θ)

cy
t (θ)

=
Co

t+1

Cy
t

. (8)

In words, in all periods and for all states of the world, the replacement ratio,
co

t+1(θ)/cy
t (θ), is the same across types. This allows us to write the utility vt(θ) as

vt(θ) = u(cy
t (θ))Φt − θh(et(θ)), (9)

where

Φt = 1 + βEt

(Co
t+1

Cy
t

)1−σ
 . (10)

Although the term Co
t+1
/

Cy
t in (10) is defined in terms of the endogenous quan-
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tities Co
t+1 and Cy

t , it has a closed form, in the first best,

Φt = 1 + β

(
β

δ

) 1−σ
σ

g(ωt), (11)

where g(ω) is given by (4). We can interpret g(ω) in two ways. First, from (5)
and (6), we have that η1−σ

t+1 = m(ωt+1)η
1−σ
t , so that

g(ωt) = E

[
η1−σ

t+1

η1−σ
t

∣∣∣∣∣ωt

]
, (12)

which relates g(ω) to the first-best expected growth rate of utility due to the ag-
gregate shock. Second, we can interpret g(ωt) as a linear transformation of the
first-best price of an asset that pays tomorrow the economy’s replacement ratio
Rt+1|t = Co

t+1/Cy
t , that is,

β

(
β

δ

) 1−σ
σ

g(ωt) = E

[
Qt+1|t

Co
t+1

Cy
t

∣∣∣∣∣ωt

]
,

where Qt+1|t = β
(
Co

t+1/Cy
t
)−σ.

To see the role of Assumption 2.1 in ensuring that the planner’s welfare is finite,
note that the present value of consumptionwhen young, for a productivity θ-agent
of the cohort born at time T is

χ(θ)E
[
δTu(cy

T(θ))|ω0

]
=

kγ−1χ(θ)1+ 1
σ

1 − σ
η1−σ

0 δTE
[
ΠT

t=1g(ωt)|ω0

]
,

which, from Assumption 2.1, is finite and converges to zero as T → ∞.
To summarize, first-best allocations satisfy Borch’s rule. With iso-elastic pref-

erences, constant marginal utility ratios imply constant consumption ratios. So,
using the first best solution to define perfect risk sharing, it is present within co-
horts if and only if there exist functions si

t−1 (θ), measurable with respect to the
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information up to period t − 1, such that11

ci
t(θ)

Ci
t

= si
t−1 (θ) ∀θ ∈ Θ, i ∈ {y, o}, (13)

and, between cohorts if Co
t /Cy

t is independent of ωt.

3 Constrained Efficiency

We rely on the revelation principle to characterize constrained efficient allocations
using a direct mechanism. Let vt(θ̂|θ) be the utility of an agent θ that, at a given
history ωt, announces to be of type θ̂,

vt(θ̂|θ) = u(cy
t (θ̂))− θh(et(θ̂)) + βEt

[
u(co

t+1(θ̂))
]

.

An allocation
(
cy

t (θ), et(θ), co
t+1(θ)

)
θ∈Θ,t,ωt is incentive compatible if vt(θ) ≥

vt(θ̂|θ), for all θ, θ̂, t, ωt. A standard result whose proof we omit for brevity is that
an allocation is incentive-compatible if and only if for all θ, t, and ωt,

v̇t(θ) = −h(et(θ)) and, et(θ) is non-increasing. (14)

Definition 4. A constrained efficient allocation maximizes the welfare function (3)
over the space of all feasible and incentive compatible allocations.

Feasibility is given by (1) and (2), and incentive compatibility by (14). In what
follows, we ignore the monotonicity constraint and focus on a relaxed program,
for which only the envelope condition in (14) is imposed.

3.1 Preliminary Findings

The utility of a type θ can be decomposed into her lifetime consumption utility,

U(ct) = u(cy
t (θ)) + βEt[u(co

t+1(θ))] (15)
11In the first best problem with Pareto weights that are the same in all periods, these functions

do not depend on time for t ≥ 1. We keep the subscript t − 1 to highlight that the result remains
valid if we allow for history-dependence of weights as described in footnote 9.
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for ct ≡
(
cy

t , (co
t+1)ωt+1

)
and her disutility of effort −θh(et(θ)). Every agent is in-

different between all consumption allocations, c =
(
cy

t , co
t+1
)
, delivering the same

U(c). Therefore, conditional on delivering U(c), the planner will choose these
consumption allocations, taking only efficiency into account. Importantly, U(c),
the utility that an agent attains with a given c, is independent of her type. Note
also that themultiplicative nature of disutility shocks implies that variations in the
cost of effort, h(et), that are identical across agents are incentive compatible. These
properties of our model lead to the following, straightforward but important re-
sult.

Proposition 1. Constrained efficient allocations satisfy

zt´
Θ θχ(θ)dθ

ˆ
Θ

f (θ)
h′(et(θ))

dθ =

ˆ
Θ

f (θ)
u′(cy

t (θ))
dθ =

δ

β

ˆ
Θ

f (θ)
u′(co

t (θ))
dθ, and (16)

u′(co
t+1(θ̂))

u′(cy
t (θ̂))

=
u′(co

t+1(θ))

u′(cy
t (θ))

, ∀θ, θ̂, ωt, ωt+1 ≻ ωt. (17)

The first part of Proposition 1 states that the marginal value of resources to
retirees andworkers is equalized at anyperiod and any state of nature, and both are
equalized to themarginal change in resources from an equal-cost increase in effort.
These marginal values take into account incentive provision and the (potential)
differences in the discount rate for individuals and the planner. The second part
of Proposition 1 states that the growth of the marginal utility of consumption from
working years to retirement for all agents is the same in all periods and states.

Recall that the replacement ratio for a type θ in aggregate state ωt+1 is the ratio
between θ’s consumption as a retiree in state ωt+1 ≻ ωt, co

t+1(θ), and her consump-
tion as a worker, cy

t (θ). The following Corollary is immediate given the iso-elastic
preferences. Note also that, from the perspective of the period t, the replacement
ratio is a random variable.

Corollary 1.1. At the constrained optimum, for all ωt+1, the replacement ratio is inde-
pendent of θ,

co
t+1(θ)

cy
t (θ)

=
Co

t+1

Cy
t

, ∀θ, t, ωt+1 ≻ ωt.
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Equivalently,

st(θ) =
cy

t (θ)

Cy
t

=
co

t+1(θ)

Co
t+1

, ∀θ, t, ωt+1 ≻ ωt. (18)

In other words, the first best property (8) also characterizes the second best.
Efficiency requires the shares of an agent’s cohort’s consumption to be the same
when the agent is a worker and when he or she retires.12 This defines for all ωt+1

a unique economy’s replacement ratio: Rt+1 := Co
t+1
/

Cy
t . As in the first-best, the

utility vt(θ) attained by a θ-agent born into state ωt is given by (9). Note that (18)
also implies that there is perfect risk sharing among retirees. Workers are provided
incentives by both higher current consumption and higher future expected utility.
They are indifferent about how the expected utility is delivered tomorrow, so the
planner does it at the lowest possible cost, which means by sharing aggregate risk
optimally among retirees.

3.2 A Recursive Formulation

We rewrite the constrained efficient problem recursively. This allows us to derive
our first major result: a sufficient condition under which the constrained efficient
allocation displays perfect risk sharing, so that both retirees and workers equally
share the risk of economic growth.

Towards a recursive characterization, recall that, given an initial legacy debt
x0 promised to the current retirees, and initial aggregate state (z0, ω0), the con-
strained efficient program maximizes the planners’ objective (3) subject to the in-
centive compatibility constraints (14) and the resource constraints (1). We can use
the current legacy x and aggregate state (z, ω) to rewrite the planner’s program re-
cursively.

Definition 5. The value function V(x, z, ω) solves the Program PV , defined by

V(x, z, ω) = max
v,w,x′,e,co

ˆ
Θ

v(θ)χ(θ)dθ + δE
[
V(x′(ω′), z′, ω′)|ω

]
,

12Although we use the term share to refer to st(θ), note that st(θ) is not a number in (0, 1). A
more accurate statement is: for any interval of types A ⊂ [θ, θ̄] the share of cohort consumption to
which agents in this interval are entitled is

´
A st(θ) f (θ)dθ.
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where z′ = ea(ω′)z, subject to the resource constraint,
ˆ

Θ
[φ (v(θ) + θh(e(θ))− βw(θ))] f (θ)dθ + x ≤ z

ˆ
Θ

e(θ) f (θ)dθ,

where φ(u(c)) = c for all c > 0, the promise-keeping constraints

E
[
u(co(θ, ω′))|ω

]
≥ w(θ), ∀θ and x′(ω′) ≥

ˆ
Θ

co(θ, ω′) f (θ)dθ,

and the incentive compatibility constraint,

v̇(θ) = −h(e(θ)), ∀θ.

Note that Program PV is concave, and standard techniques apply.
A convenient change of variables will reveal a key object g, given in (4), that

provides a sufficient condition for the allocation to display perfect risk-sharing.
This change of variable is inspired by the relationship of first-best variables with
η(z) = zγ/(σ+γ−1). For variables in consumption units, y ∈ {x, cy, co}, we denote
ỹ = y/η. Recall that 1 unit of effort converts to z units of consumption, so we
naturally define ẽ = ez/η. For variables in utility units, y ∈ {v, w}, we denote
ỹ = y/η1−σ. In particular, using the definition of η, note that h(e) = h(ẽ)η1−σ and
from (5), we have that η(z′)1−σ = m(ω′)η(z)1−σ, for z′ = ea(ω′)z. Finally, denote
also G(x̃, z, ω) ≡ V(x̃η(z), z, ω)/η(z)1−σ so that

G(x̃, z, ω) = max
ṽ,w̃,x̃′,ẽ,c̃o

ˆ
Θ

ṽ(θ)χ(θ)dθ + δE
[
m(ω′)G(x̃′(ω′), z′, ω′)

∣∣∣ω] ,

where z′ = ea(ω′)z, subject to the normalized resource constraints,
ˆ

Θ
[φ (ṽ(θ) + θh(ẽ(θ))− βw̃(θ))] f (θ)dθ + x̃ ≤

ˆ
Θ

ẽ(θ) f (θ)dθ, ∀ω,

the normalized promise-keeping constraint,

E
[
m(ω′)u(c̃o(θ, ω′))

∣∣∣ω] ≥ w̃(θ), ∀θ and x̃′(ω′) ≥
ˆ

Θ
c̃o(θ, ω′) f (θ)dθ,
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and the normalized incentive compatibility constraint,

˙̃v(θ) = −h(ẽ(θ)), ∀θ.

Since z appears neither in the flow utility nor any constraints of the normalized
maximization problem, it immediately follows that G(x̃, z, ω) is invariant to z and
therefore, so are the (normalized) policy rules; we suppress z from their domains
from now on.

Next, we do a change of measure that normalizes the transition kernel π by the
expected aggregate utility growth rate. Specifically, given a Borel set B of Ω, we
define the normalized kernel π̃ by

π̃(B|ω) =
1

g(ω)

ˆ
B

m(ω′)π(dω′, ω),

where g(ω) is given by (4) and m(ω) is given by (5).
We denote by Ẽ the expectation operator taken with respect to the normalized

kernel π̃. Then, for any integrable function X : Ω → R, one has that

E
[
m(ω′)X(ω′) | ω

]
= g(ω)Ẽ

[
X(ω′) | ω

]
.

We can then rewrite the above recursive problem as

Definition 6. The value function G(x̃, ω) solves the Program PG, defined by

G(x̃, ω) = max
ṽ,w̃,x̃′,ẽ,c̃o

ˆ
Θ

ṽ(θ)χ(θ)dθ + δg(ω)Ẽ
[
G(x̃′(ω′), ω′)|ω

]
(19)

subject to the normalized resource constraint
ˆ

Θ
[φ (ṽ(θ) + θh(ẽ(θ))− βw̃(θ))] f (θ)dθ + x̃ ≤

ˆ
Θ

ẽ(θ) f (θ)dθ, (20)

The normalized promise-keeping constraint

g(ω)Ẽ
[
u(c̃o(θ, ω′))|ω

]
≥ w̃(θ), ∀θ and x̃′(ω′) ≥

ˆ
Θ

c̃o(θ, ω′) f (θ)dθ, (21)
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and the normalized incentive compatibility constraint,

˙̃v(θ) = −h(ẽ(θ)), ∀θ. (22)

From Assumption 2.1, Theorem 2.1 in Stachurski and Zhang (2021) applies —
an extension of the dynamic programming argument in Stokey et al. (1989) for
problems with stochastic time discounting — and program PG is well defined.

We remark on two general features about the function G(x̃, ω). First, it is strictly
decreasing with respect to x̃. This follows because if an allocation (ṽ, w̃′, x̃′, ẽ, c̃o)

is feasible for (x, ω), it is also feasible with x′ < x, and and the planner can in-
crease the utility of all members of the current cohort by reducing effort to ẽ′ =

h−1 (h(e)− ϵ), which does not change incentives and is feasible for ϵ small enough.
Second, G(x̃, ω) is concave with respect to x̃. This follows immediately from The-
orem 2.2 in Stachurski and Zhang (2021), once we make a convenient change of
variables from ẽ to h(ẽ) to ensure the feasible set is convex. This discussion leads
to the following lemma.

Lemma 1. The value function G(x̃, ω) that solves Program PG is strictly decreasing and
concave with respect to x̃.

3.3 Perfect Risk Sharing in the Second Best

We now turn to a special case in which the allocation displays perfect risk sharing:
when the function g(ω) defined in (12) is invariant to ω. To see why, note that
the aggregate state ω only shows up in the Program PG through the expected
aggregate utility growth rate function g(ω). Thus, if g(ω) is constant for all ω,
the aggregate shock ω acts merely as a randomization device, which will never be
used since: i) the feasible set is convex, and; ii) the normalized planner’s value
function G(·, ω) is concave. In particular, this implies that the normalized policy
functions are constant with respect to (ω, ω′).

To see why this condition is also necessary, suppose that an optimal policy rule
is invariant to (ω, ω′). Since the value function is decreasing in the legacy debt,
the normalized promise-keeping constraint (21) must bind for every ω. It then
follows that the g(ω) must also be invariant to ω. We summarize this discussion
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in the following lemma; see the appendix for a detailed proof.

Lemma 2. The optimal policy rules (ṽ, w̃, ẽ) and (c̃o, x̃′) that solve program PG are a.s.
invariant to ω and (ω, ω′), respectively, if and only if g(ω) = g a.s. for some constant g.

It is easy to check using Lemma 2 that if g(ω) = g, then the constrained efficient
allocation displays perfect risk-sharing.

Proposition 2. If g(ω) = ḡ for some constant ḡ, then Φt is a deterministic function of
(x, z0, ω0) and the constrained efficient allocation displays perfect risk sharing.

The next result shows two special conditions on primitives under which g(ω)

is constant.

Proposition 3. If σ = 1 or a(ω) is an i.i.d. process, then g(ω) = g, for some g > 0.

Combined with Proposition 2, Proposition 3 provides conditions on primitives
that guarantee perfect risk sharing. The following corollariesmake this connection
explicit.

Corollary 3.1. If σ = 1, the constrained efficient allocation displays perfect risk-sharing.

Corollary 3.2. If a(ω) follows an i.i.d. process then the constrained efficient allocation
displays perfect risk-sharing.

Proposition 2 shows that, if g is constant, the constrained optimal allocation
displays perfect risk-sharing. We now consider the opposite direction. Assuming
that an allocation displays perfect risk sharing, what else can we establish? The
next Lemma shows that, roughly, conditional on t − 1, the consumption-effort co-
movement with ωt follows ηt − ηt/zt.

Lemma 3. If a constrained efficient allocation displays perfect risk-sharing, then for each
t ≥ 1, there exist function ϕi

t−1(θ), i ∈ y, o, e adapted to (x, z0, ωt−1), such that

cy
t (θ) = ϕ

y
t−1(θ)ηt

co
t (θ) = ϕo

t−1(θ)ηt

et(θ) = ϕe
t−1(θ)

ηt

zt
,

where ηt is given by (6).
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Lemma 3 is a direct consequence of the definition of perfect risk-sharing to-
gether with two features of any constrained optimal allocation, namely: i) that the
resource constraint binds and ii) it satisfies the Inverse Euler Equation (16).

We finish this section by using Lemma 3 to establish that a special subset of the
perfect risk-sharing allocations implies a constant g(ω).

Proposition 4. Assume that the constrained efficient allocation displays perfect risk shar-
ing. Then, if ϕo

t , defined in Lemma 3, is a deterministic function of time and (x0, z0, ω0),
it must be that g(ω) = ḡ for some constant ḡ.

Proposition 4 plays a crucial role in our numerical analysis of the equilibrium.
As we show in Section 4, under a standard calibration, the optimal allocation of
this model is such that ϕo

t approximately satisfies the assumptions on Proposition
4. This implies that g(ω) is approximately constant — even though the assump-
tions in Proposition 3 are not adopted — leading to empirical predictions that di-
verge significantly from observed patterns established in the data. To address this
discrepancy, Section 4.1 introduces an augmentation of the model that aligns its
predictions more closely with data. This modification results in an allocation that
does not display perfect risk-sharing, which motivates our next section, in which
we analyze the case where perfect risk-sharing is absent.

3.4 Efficient Risk Sharing: the General Case

We have seen that, whenever g(ωt) is invariant to ωt, the constrained efficient allo-
cation is characterized by perfect risk sharing: incentive provision does not affect
the way aggregate risk should be shared. In this section, we relax this assumption
to uncover the economic forces that determine efficient risk sharing in general, and
make perfect risk sharing optimal when invariance holds.

3.4.1 Incentive Provision and Risk Sharing

To induce an agent to produce more than another one must allow the former to
have more consumption than the latter. We will now relate this form of incentive
provision through consumption dispersion to risk sharing across groups.
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According to Proposition 1, the aggregatemarginal value betweenworkers and
retirees is equalized. Using the iso-elastic property on (16), we have

ˆ
Θ

cy
t (θ)

σ f (θ)dθ =
δ

β

ˆ
Θ

co
t (θ)

σ f (θ)dθ.

Using the definition st(θ) := cy
t (θ)/Cy

t , we can use (18) to write the above
equality as

(Cy
t )

σ

ˆ
Θ

st(θ)
σ f (θ)dθ =

δ

β
(Co

t )
σ

ˆ
Θ

st−1(θ)
σ f (θ)dθ,

and, finally,
Co

t

Cy
t
=

(
β

δ

)1/σ Mσ
t

Mσ
t−1

, (23)

where

Mσ
t =

[ˆ
Θ

st(θ)
σ f (θ)dθ

] 1
σ

.

Equation (23) connects risk-sharing between groups with the cross-sectional con-
sumption dispersion within groups.13 Recall that

(
β
/

δ
)1/σ is the first-best ratio of

total retirees’ and workers’ consumption while Mσ
t is a measure of dispersion for

the consumption shares for the cohort born into ωt.
The share of total retirees’ consumption to which a type θ retiree is entitled

in period t does not vary with ωt. In this sense, (23) connects the provision of
incentives in t − 1 with cohorts’ consumption shares in t.

Also important, the ratio in the right-hand side of (23) only depends on how
Mσ

t varies across states. Optimal risk sharing between the two groups requires
Mσ

t to be independent of ωt, that is, Co
t /Cy

t is invariant to ωt if and only if Mσ
t is

invariant to ωt. The connection between Mσ
t and the dispersion of st(θ) depends

on whether σ ⋚ 1.
To illustrate this dependence, approximate the function sσ around σ = 1 to ob-

tain Mσ
t ≈ 1 + 0.5σ(σ − 1)Var

(
st(θ)|ωt). Thus, locally, an increase in the disper-

13We say that an allocation s(ω) displaysmore dispersion than an alternative allocation ŝ(θ) if the
distribution whose Radon-Nikodym derivative with respect to Φ is s(ω) is second-order-stochastic
dominated by the distribution whose derivative is ŝ(θ).
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sion of consumption shares increases (resp. decreases) Mσ
t and the consumption

ratio between workers and retirees if and only if σ > 1 (resp. σ < 1). Note also
that if agents have log preferences, then σ = 1 and Mσ

t = Mσ
t−1 = 1: there is

perfect risk sharing between workers and retirees.
The independence of Co

t /Cy
t to the current aggregate shock ωt is what we have

defined as perfect risk sharing betweenworkers and retirees. It is a relevant notion
for policymakers to decide whether to index and to what index the social security
funds. Condition (23) tells us that it is directly related to optimal risk-sharing
within cohorts, as found by Demange (2008) in a moral-hazard context. With per-
fect risk sharing among workers, the share of workers’ consumption to which each
worker is entitled is invariant to the state of nature.

Remark 1. The constrained efficient allocation displays perfect risk-sharing if it displays
perfect risk-sharing among workers.

The relationship between incentive provision and risk-sharing across groups
was, to the best of our knowledge, first investigated by Demange (2008). She
compared two groups, one that was subject to moral hazard and another that
was not. To induce agents to exert effort, consumption is made dependent on the
agent’s output, thus creating consumption dispersion. Dispersion in consump-
tion affects the marginal value of resources in the hands of the planner, as any
resources handed to the planner must be returned to the agents in an incentive-
compatible manner.14 Now, optimal risk-sharing is all about making sure that the
marginal rate of substitution between resources at any two states of nature is equal-
ized among agents, or, in this case, groups of agents.

Under identical iso-elastic preferences, consumption shares of retirees are in-
variant to the state of nature. If the same is true for workers, then the amount of
dispersion only determines the relative share of the two groups, but perfect risk
sharing is optimal. However, to the extent that consumption dispersion, hence,
incentive provision, varies across states of nature, so does the marginal value of
resources for the group for which incentives must be provided when σ ̸= 1. In

14The precise way in which dispersion affects the marginal value of resources in the planner’s
hand is what Mσ measures.
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this case, the share each group would optimally obtain varies across states of na-
ture: perfect risk sharing ceases to be optimal.

3.4.2 Backloading and Incentive Provision

While the forces that Demange (2008) describes are clearly at play in the findings
of Section 3.4.1, applying her findings to the workers’/retirees’ risk-sharing prob-
lem is somewhat more involved. Although retirees need not be incentivized, their
expected consumption is an integral part of the incentive provision problem that
they were given in their working years.15

As we have discussed in Section 3.1, for an agent, it is immaterial whether
utility is delivered with current consumption or future expected utility, U(ct) =

u(cy
t (θ)) + βE

[
u(co

t+1(θ))
∣∣ωt]. It is more efficient, however, to spread consump-

tion across periods and states of the world due to the concavity of u(·). This leads
to an optimal allocation such that U(ct) can be written as

U(ct) = u(cy
t (θ))Φt, (24)

for Φt defined in (10). Due to its role in incentive provision we refer to Φt as a
backloading function, and re-express it as

Φt := 1 + E

[
Qt+1|t

Co
t+1

Cy
t

∣∣∣∣∣ωt

]
, (25)

where Qt+1|t = β
(
Co

t+1/Cy
t
)−σ. The backloading term Φt is equivalent to (1+)

the price of an asset that pays tomorrow the economy’s replacement ratio, Rt+1|t =

Co
t+1/Cy

t .
With regards to incentive provision, equation (24) allows one to re-interpret the

problem as that of an economy in which agents live only one period, but whose
preferences are now state-dependent and given by u(c)− θh(e)/Φ.

The consequence of these changes in preferences is easier to convey in the two-
types case. We omit ωt in the notation for simplicity. Suppose that Θ = {θ, θ}, θ >

15Bastani et al. (2018), for example, explores the use of pensions to implement history-dependent
taxation.
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θ and only the downward incentive constraints binds,16

u(cy(θ))− θ

Φ
h(e(θ)) = u(cy(θ))− θ

Φ
h(e(θ)). (26)

This incentive constraint ensures that the high-productivity agent does not envy
the allocation of the low-productivity agent. We can rearrange (26) to obtain

u(cy(θ))− u(cy(θ)) =
θ

Φ
[
h(e(θ))− h(e(θ))

]
.

In any optimal allocation, the more productive agent exerts more effort, hence,
e(θ) > e(θ). A higher Φ relaxes incentives and allows the planner to decrease the
dispersion in consumption required for the more productive agent not to envy the
less productive one; with a higher Φ, the planner can induce the same difference
in effort, hence in h(e(θ))− h(e(θ)), while decreasing u(cy(θ))− u(cy(θ)). Due to
the concavity of u(·), this increases average utility.

Perfect Risk Sharing in the Second Best We can now interpret the findings from
Section 3.3 with the understanding of incentive provision’s role in determining
who should carry more risk.

Efficient allocations display perfect risk sharingwhenever consumption disper-
sion is invariant to the state of nature. The only reason why we need consumption
dispersion is to provide incentives. Thus, to find the conditions under which per-
fect risk sharing is obtained, one needs only to understand what makes incentive
provision harder in some states than in others. The one-period example in Sec-
tion 3.4.2 has already hinted that it hinges on the behavior of Φt. Φt is, however, a
policy function, which precludes a direct assessment of conditions for perfect risk
sharing. As it turns out, when g(ωt), an exogenous variable, is invariant to ωt,
then, for any constrained efficient allocation Φt will optimally be a deterministic
function of (x0, ω0)— see Proposition 2. Moreover, in this case, whenever the nor-
malized legacy debt x̃ = x/η(ω) reaches its long-run value, Φt will be constant
thereafter.

16With a finite number of types, the upward constraints are slack in the Utilitarian program,
so we need not worry about violating them. The fact that the downward constraint binds at the
optimum explains the positive marginal tax rate faced by the low productivity agent.
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3.4.3 Labor wedges and incentives

Up to this point, we have not addressed the financing of social security and the
distribution system as a whole. Indeed, a key motivation of our approach was
to discuss optimal risk sharing when the instruments to finance the distribution
policy were not arbitrarily restricted. And while there is no unique way of de-
centralizing optimal policies, the inefficiencies are the same, for they ultimately
depend on the allocations and not the instruments that induced them to be cho-
sen. The wedges that arise in the constrained efficient allocation, which we now
characterize, indicate the distortions imposed by any efficient policy.

Spreading consumption is costly if the utility function is concave. We know
from optimal tax theory that, instead of making a very productive agent’s alloca-
tion more attractive by increasing her consumption, one can make low productiv-
ity agents’ allocations less appealing to her by distorting the leisure/consumption
margin. An agent who deviates by choosing the bundle of a less productive agent
will have a higher marginal propensity to work than the agent she mimics. By dis-
couragingwork, a positive labor wedge creates room for the government to reduce
consumption differences. These distortions take the form of labor wedges — the
difference between the marginal rate of substitution between effort and consump-
tion and the marginal rate of transformation between the two:

τt(θ) = 1 − θh′(et(θ))

z (ωt) u′(cy
t (θ))

. (27)

In a constrained efficient allocation, the labor wedges are 17

τt(θ)

1 − τt(θ)
=

[1 − F(θ)] F(θ)
f (θ)θ

{
E

[
st(r)σ

st(θ)σ

∣∣∣∣r ≤ θ

]
− E

[
st(r)σ

st(θ)σ

∣∣∣∣r > θ

]}
+

F(θ)
f (θ)θ

E

[
st(r)σ

st(θ)σ

] [
1 − E [χ̃(r)|r ≤ θ]

F(θ)

]
, (28)

where χ̃(θ) = χ(θ)/ f (θ) and the expectation operator E is with respect to the
worker-type r ∈ Θ.

The formula (28) above connects consumption dispersion and labor wedges,
17The derivation is in the Appendix B.
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equating the marginal costs of the two types of distortions. If for all θ, c̃y
t (θ) is

independent of ωt, then wedges are invariant to the aggregate state, since st(θ) =

c̃y
t (θ)η(ωt)/Cy

t .

State-dependent Wedges and Risk Sharing As we have seen, the conditions for
g(ωt) to be independent of ωt are rather restrictive, and perfect risk sharing should
not be taken as given. Whenever it is, however, shares are independent of ω; if
the right-hand side of (28) is independent of ω, so is τ; if g(ωt) = ḡ then, τt(θ)

is a deterministic function of (x0, ω0). Of course, this also means that the use of
deterministic wedges is consequential for perfect risk-sharing.

Remark 2. In a constrained efficient allocation, if wedges τt(θ) vary with ωt the allocation
does not display perfect risk sharing.

3.5 Φ(ω) and Risk sharing: a numeric example

To illustrate the connection between backloading, risk sharing, and labor wedges,
we perform a numerical analysis of a one-period economy following the insights
of Section 3.4.2. That is, we assume that preferences are

u(c)− θ

Φ
h(e).

The static program PS solves

max
c(θ),e(θ),v(θ)

ˆ
Θ

[
u(c(θ))− θ

Φ
h(e(θ))

]
f (θ)dθ, (29)

subject to the static resource constraint
ˆ

Θ
c(θ) f (θ) + x ≤ z

ˆ
Θ

e(θ) f (θ),

and the incentive compatibility constraint

v̇(θ) = −h(e(θ))
Φ

,
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where v(θ) := u(c(θ))− θh(e(θ))/Φ.
In this staticmodel, with nodirect intertemporal incentives, consumption shares

are invariant to (z, Φ) only if x = 0. Therefore, to examine how Φ affects consump-
tion dispersion and incentive provision, we focus on x > 0.

We make the following parametric assumptions: θ is uniformly distributed be-
tween 0.1 and 1; z = 1; γ = 3; we assume x = 1. We consider two values for σ,
namely, σ = 2 and σ = 0.5. We then evaluate how changing Φ from 1 to 10 affects:
1) the labor wedge; 2) the distribution of consumption shares.

The results of our numerical exercise are displayed in the three panels of Figure
1. Panels (a-c) correspond to the case σ > 1 and (d-f) are the analogs for the case
σ < 1. We first analyze the case σ > 1 and then the case σ < 1.

For the case σ > 1, in Panels (a,b), we compare the labor wedge and the
consumption shares in two economies: one with low backloading (Φ = 1) and
one with high backloading (Φ = 10). As expected from our discussion, the one
with higher Φ entails a lower labor wedge and a lower consumption dispersion –
lower share for high-productive types (low θ) and higher share for low-productive
types (high θ). In Panel (c), we show that these features hold for other levels
Φs as well. To do so, we plot the dispersion of consumption, as measured by

M(Φ) ≡
[ ´

Θ s(θ; Φ)σdθ
]1/σ

, for different levels of backloading, Φ.18 Since σ > 1,
a higher Φ induces less consumption dispersion and a lower M(Φ), as expected.
The case σ < 1 is analogous, except that now a higher Φ induces less consumption
dispersion and a higher M(Φ).

The purpose of the static model was to isolate the effect that the exogenous
backloading (Φ) has on incentive provision. Of course, in the dynamic model, the
amount of backloading Φt is a choice that trades off this relaxation in incentive
constraints with changes in utility for the next generation.

If backloading is optimally used, then, at the margin, its benefits equal its costs.
Finding the allocation under which this equality occurs would, in principle, allow
us to characterize the optimum. Unfortunately, finding such an allocation is far
from trivial; this is why, in our discussions, we have started from a perfect risk-
sharing at the optimum and shown how these allocations should be changed de-

18With some abuse we use s(θ; Φ) to denote the value of s for a type θ when the backloading
term takes the value Φ.
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pending on how the conditions in Proposition 3 are violated.

4 Numeric Results

In this section, we numerically implement our model. The purpose is twofold.
First, we substantiate the theoretical findings by showing how each prediction
arises in a parametrized version of our economy. Second, we rely on parameter
values typically used in the literature to assess the quantitative relevance of the
forces that are isolated in the theory section.

For the numeric illustration, we assume that θ ∼ U[0.1, 1], σ = 2, γ = 3 and
that the planner discounts future generations at the same rate that each person
discounts the future: δ = β = 0.9520 and χ(θ) = f (θ). Finally, we assume that the
log of aggregate shock zt ≡ z (ωt) follows an AR(1) process

ln zt = ρ ln zt−1 + ϵt, ϵt ∼ N
(

0, (0.1)2
)

.

It implies

zt+1

zt
= zρ−1

t eϵt+1 ⇒ g(ω) = κη(ω)(ρ−1)(1−σ) = κη(ω)1−ρ,

where η(ω) ≡ z(ω)
γ

σ+γ−1 = z(ω)3/4 and κ = e(0.1)2/2.
We choose this stochastic process because, by Corollary 3.2, the optimal alloca-

tionwill display perfect risk-sharing if and only if ρ = 1. Furthermore, this process
is mean-reverting for ρ < 1. To strengthen the mean-reverting force, from now on,
we consider the case where the aggregate shock is i.i.d. in levels: ρ = 0.

We focus our analysis on the stationary distribution of the economy — in our
simulations, the economy converges to the stationary one in the first few periods,
so the initial legacy debt x0 plays no relevant role.

Let us pause for a moment and think about what we expect to find. Assume
(as indeed occurs) that our “true” Φ function - which depends on the endogenous
consumption growth rate - behaves similarly to 1+ βg(ωt) - which is an exogenous
and increasing function; then we expect the backloading function - Φ(ωt) - to in-
crease in good times and decrease in bad ones. As a consequence, both the labor
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wedge - τ
y
t , and the consumption share dispersion should be lower in good times.19

Since σ > 1, Mσ follows the consumption share dispersion and is lower in good
times. Under these conditions, retirees are entitled to a smaller share of resources.
This is indeed what we find.

The potentially surprising result is that, although Φ, τy, Mσ, and Co
t /Cy

t follow
our predictions qualitatively, quantitatively, the allocation approximately displays
perfect risk-sharing.20 Figures 2 - 5 illustrate these findings.

In Figure 2, one can see that the optimal allocation generates a backloading
function Φ that is nearly identical to the one generated by an allocationwith perfect
risk-sharing. Panel (a) displays the backloading function Φ numerically obtained;
panel (b), the one predicted by imposing perfect risk-sharing Φ = 1+ βg(ωt); and
panel (c), both functions together. Panel (c)makes it plain that these functions are
nearly identical.

Next, we show in Figure 3 that, since Φ is larger in good times (higher z), the
labor wedge – τy –, the consumption share – s –, dispersion, and M are all qual-
itatively lower in good times. However, quantitatively, they are nearly constant,
which would be compatible with a perfect risk-sharing allocation. Figure 3 dis-
plays the labor wedge for two realizations of zt in panel (a). The solid line repre-
sents “bad times” – zt = 0.74, or minus 3 standard deviations – and the dashed one
represents “good times” – zt = 1.35, or plus 3 standard deviations. Thus, the labor
wedge is qualitatively lower in good times, but approximately constant. Panel (b)
illustrates the same for the consumption share: dispersion is qualitatively lower
in good times, but the difference is minimal. Panel (c) displays the average labor
wedge across workers against different current realizations of the shock zt. Con-
sistent with our 2-shock comparison in panel (a), the average labor wedge qualita-
tively slightly decreases with the current state of the economy. Panel (d) displays
the function M for different current realizations of the shocks zt. Consistent with
panel (b), M decreases with the current state of the economy, but it is essentially
constant. Since the consumption share dispersion and, hence, M, are virtually con-
stant, the share of resources entitled to retirees is also constant — Figure 4.

19As usual, dispersion in the second order stochastic dominance sense.
20The numerical finding that optimal allocations are close to the absence of memory is also

present in Veracierto (2021).

30



Now, despite not imposing the conditions in Proposition 3, we find that perfect
risk sharing is approximately optimal and g(ωt) is near constant. According to
proposition 4, the former implies the latter if, additionally, the allocation at time t

does not depend on past aggregate shocks ωs, 0 < s < t; it is devoid of memory,
for short. Recall that since ρ = 0, our process is i.i.d. in levels. Thus, we can
compute the correlation of aggregate consumption Co

t with lagged η(ωt). If the
allocation is devoid of memory, this correlation is zero for any lag different than
zero, which is approximately true as displayed in Figure 5.

Our numerical evaluation seems to be finding an absence of memory where
theory says there should be. What is going on? As in Veracierto (2021), devi-
ations from optimal risk-sharing are so small that the slackness in the incentive
constraints highlighted in the example in page 25 is not distinguished from zero
from a numeric perspective. The allocation is (approximately) devoid of mem-
ory, (approximately) displaying perfect risk-sharing. Does it mean that we should
simply disregard the possibility of memory and focus on perfect risk-sharing allo-
cations?

To focus on the aspects of our formulation that may be driving our numeric
findings, recall the term

Φt = 1 +
1

Cy
t

E
[

Qt+1|tC
o
t+1

∣∣∣ωt
]

. (30)

It defines the present value of generation t (born into state z
(
ωt)) consumption.

This present value is risk-adjusted since future consumption is priced by the stochas-
tic discount factor (SDF), Qt+1|t = β

(
Co

t+1/Cy
t
)−σ. A well-known fact about this

SDF is that it does not display enough variability to ’price’ the equity term, Co
t+1.

Not surprisingly, the behavior of the backloading term does not display enough
variability with the aggregate state. Indeed, consider the expected return Re of
an asset that pays the aggregate retirement consumption tomorrow - the relevant
notion of ’equity’ in this economy.21 If we compare it with a risk-free asset R f ≡
1/E[Q], the annualized risk-premium R1/20

e −R1/20
f is only 0.44% in this numerical

example, while the equity-premium range, found in the literature, is 5 − 7%.

21Formally, Pe
t ≡ Et

[
Qt+1|tCo

t+1

]
, Re

t+1 ≡ Co
t+1/Pe

t and Re ≡ E[Re
t+1].
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These numbers are not perfectly comparable, but they provide a useful guide
to understanding why the model is failing to deliver allocations with quantita-
tively relevant memory, namely the absence of enough volatility in the stochastic
discount factor Qt. To assess whether this effect lies behind the small quantitative
impacts we find in our numeric explorations, we consider a variation of our model
that is reverse-engineered to price equity. Before, however, a quick digression on
log preferences will help highlight the forces leading to perfect risk sharing.

log preferences and perfect risk sharing. Perfect risk sharing characterizes the
optimum when consumption preferences are ln for two different reasons. First,
with ln, the value of resources in the hands of a planner is independent of the dis-
tribution of consumption – (23) does not vary with ωt. This means that even if
individual shares were to change state-by-state, the share of consumption that is
assigned to each group would not, meaning that perfect risk sharing between co-
horts would be optimal even if perfect risk sharing within cohorts were not. Sec-
ond, with log utility, the value of future consumption is independent of expected
consumption growth, making Φt independent of ωt, as one can check using (30).

To be clear, we can still allow for non-unitary risk aversion, e.g., using Blan-
chard’s (2019) specification,

U(cy, co) = ln cy +
β

1 − σ
ln
(
∑ π(ω)co(ω)1−σ

)
,

and still obtain perfect risk sharing. Indeed, define c̃i(θ, ω) = ci(θ, ω)/z(ω), i =

o, y, and check that the program is independent of z(ω). To understand what is
going on, note that, with ln, the term involving z becomes additive, thus irrelevant
for incentive provision.

4.1 Taste Shocks

We expand our model to consider aggregate taste shocks. That is, we assume that

U (cy, co, e) = u(cy)− θh(e) + βE [ξu(co)] ,

32



where ξ is a random variable taste shock that hits every one of a given cohort, and
is realized in their second (retirement) period. 22

We adopt the following notation. Let ξ(ωt) denote the common taste shock at
period t, state ωt. Consistent with the optimal risk-sharing idea, the planner solves
a Utilitarian program,

∑
t

δt ∑
ωt

π(ωt)Πt
i=0ξ(ωi)

ˆ
Θ

vt(θ)χ(θ)dθ, (31)

subject to the feasibility and incentive compatible constraints (1),(2) and (14) and
we normalize ξ0 = 1.

Note that the first-best solution is unchanged, since it essentially solves a se-
quence of static problems. It will, however, change the constrained efficient so-
lution, which is dynamically connected by the promises and incentive-provision
problem.

We augment g(ω), defined in (12), to incorporate taste shocks, so that, in this
section,

g(ω) = E

[
ξ(ω′)

η(ω′)1−σ

η(ω)1−σ

∣∣∣∣ω

]
, (32)

and Assumption 2.1 is to be understood with the augmented g function.
In Appendix C, we show that the strategy developed in Section 3.2 carries

through to the augmented model once we interpret g as in (32), and the results
that follow apply.23 In particular, by adopting the same procedure we used for
deriving (25), we obtain,

Φt = 1 +
1

Cy
t

E
[

Qt+1|tC
o
t+1

∣∣∣ωt
]

, (33)

but now for Qt+1|t = βξt+1
(
Co

t+1/Cy
t
)−σ.

To better illustrate how a volatile enough stochastic discount factor is impor-
22A similar shock formulation is used in Pavlova and Rigobon (2008); Gabaix and Maggiori

(2015). These taste shocks can be interpreted as an external habit, as in Campbell and Cochrane
(1999). To do so, rewrite the utility in the second period as u(coξ1/(1−σ)) anddefine X = 1/ξ1/(1−σ)

as the external habit component.
23For Proposition 3, its analog is Proposition 6 in Appendix C. The remaining results are un-

changed.
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tant to break the (quantitatively approximate) absence of memory, we turn off the
productivity shock: z (ωt) = 1 ∀t and assume that the log of ξt follows an AR(1)

process:

ln ξt = 0.7 ln ξt−1 + ϵt, ϵt ∼ N(0, (0.5)2) ⇒ g(ω) = κξ(ω)0.7,

where κ = e(0.5)2/2 is a deterministic constant. This parametrization implies an
equity premium of 2.5%, a conservative estimate compared to the 5− 7% found in
the literature.24

Applying Proposition 4 to our augmented model, we see that if the allocation
is devoid of memory, then it does not depend on any ξt. In Figure 6, the analog
of Figure 3 to the case with taste shocks, we show that the allocation depends on
ξt, thus it is not devoid of memory. In particular, due to positive persistence, a
higher ξt today is associated with higher SDFs tomorrow, which in turn leads to
a higher Φ today. By the same argument as the model with TFP shocks, a higher
Φ is associated with lower labor wedges and consumption dispersion. Figure 6
illustrates these forces.

In particular, if the allocation were devoid of memory, the correlation of the
retiree’s consumptionCo

t against any k-lagged SDF/taste shock ξt−k should be zero.
In Figure 7, we plot this correlation, which is far from zero for the initial lags. Thus,
the optimal allocation now will (numerically) have memory.

5 Implementation

There are multiple ways of decentralizing an implementable allocation. The most
natural one is, perhaps, through a pay-as-you-go public social security system. A
worker with earnings z (ωt) et(θ) makes a compulsory contribution z (ωt) et(θ)−
cy

t (θ) to the Social Security system and is entitled to a conditional (on the aggregate
state) benefit

(
co

t+1(θ)
)

ωt+1
.

We have, up to this point, not referred to any form of asset trade. Indeed, there
24Pension funds, on average, have a return 2% lower than the stock market. If we measure the

equity premium by the return of pension funds, we find a premium of 3− 5%, closer to ourmodel’s
estimation.
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are no real assets since the only technology available has constant returns to scale.
A natural possibility that arises in this type of setting is public debt. That is, the
government issues a nominal asset that promises payment in the next period, fi-
nanced through taxes raised from the next generation. For this to work, the return
on the public debt must be state-contingent.

Another possibility is to allow the representative firm in the economy to sell
stocks. Assume that a type θ agent facing an aggregate shock ωt and history
(x0, ωt), chooses a vector of consumption-effort,

(
cy

t (θ), co
t+1(θ), et(θ)

)
, and shares

of the representative firm, at(θ) ∈ [0, 1], at the price qt. Dropping the time sub-
script for exposition, the agent’s optimization problem is

max
cy,e,a,(co(ω′))ω′

u (cy)− θh(e) + βE
[
u
(
co(ω′)

)
|ω
]

s.t.
cy + q(ω)a ≤ z (ω) e − Ty(z (ω) e),

and
co(ω′) ≤

[
0 + To(ω′) + q(ω′)

]
a ∀ωt+1 ≻ ωt.

As we have discussed, the gross profits are always zero, so, unless there is a
bubble in the value of this asset, it will not enable resources to be intertemporally
transferred. What we consider is, then, a tax on this asset that makes after-tax
profits non-zero.25 Also, the tax scheme cannot be directly indexed on the agent’s
type, θ.26

Proposition 5. There exists a tax scheme
{

Ty(z (ωt) e), To
t+1
}
that implements the second-

best allocation.

Workers want to buy a share of future output to consume when old. Normally,
theywould need only to buy shares and ‘eat the dividends’, as in the Lucas’s (1978)
model. The linear return on effort implies that the representative firm does not
make any profits and, of course, pays zero dividends. As there are no dividends,

25We consider a tax scheme aiming at decentralizing the constrained efficient allocation. The
arguments herein are similar to the ones used by Farhi et al. (2012).

26It is informationally feasible to use
{

Ty(z (ωt) e),
(
T̂o(ωt+1, z (ωt) e)

)
ωt+1

}
. Therefore, Propo-

sition 5 asserts that we can implement the second-best allocation with this “simpler” system.
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the government needs to promise transfers contingent on the firm’s revenue and
on the number of shares an agent holds. These transfers, financed by the labor tax,
act as the fruits of a Lucas’s tree. This implementation can be viewed as a capi-
talization social security system: agents buy a share at(θ) = st(θ) of the economy
when young, and receive retirement payments that are directly proportional to the
contribution they made when young.

The return on investment at(θ), given by

rt+1 =
To

t+1 + qt+1

qt
,

is contingent on the aggregate shocks. Interestingly, in many countries, pension
funds are required to invest in ‘safe’ assets. If we take safe assets to mean risk-free
assets, then taxes on their return must be state-contingent; otherwise, efficiency
will not be attained.

In this paper, growth has been a synonym of per capita growth; we have kept
the size of the population fixed. In a Pay-as-you-go systemwith fixed contribution,
the implicit rate of return on social security investment is the economy’s growth
rate; if we fix the social security contribution rate, then more growth is mechani-
cally translated into higher per capita benefits.27 The question we are then faced
with is whether this is optimal.

Suppose that the population increases over time in a deterministic fashion and
that the share of agents of each type remains the same for all generations, i.e.,
ft(θ) = f (θ), ∀t. Then, it is possible to show that themain results remain valid and
proceed with some comparative statics. Importantly, perfect risk-sharing means
that pensions should vary with GDP per capita, not GDP.28 This has consequences
for implementation under a capitalization system.

6 Conclusion

We ask what the optimal risk-sharing arrangement is between workers and re-
tirees. Intergenerational risk-sharing and the role of social security in its imple-

27More precisely, the rate of growth of aggregate labor earnings – seeMurphy andWelch (1998).
28The proof follows the steps of our previous derivation, and we omit for brevity.
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mentation are not novel policy concerns – Enders and Lapan (1982); Ball and
Mankiw (2007); Gottardi and Kubler (2011). What we add to the literature is to
address the question using a mechanism design approach. This allows us to dis-
entangle the relationship between incentive provision and risk-sharing, a relation
that is at the heart of the implementation problem, but that can be handled inde-
pendently of specific ad hoc assumptions on the type of policy instruments used.

The framework used in the paper is aimed not at realism but at isolating the
crucial elements that must be taken into account for optimal risk-sharing assess-
ment: a Mirrlees’ (1971) environment with idiosyncratic privately observed pro-
ductivity shocks, and a publicly observed aggregate shock. With this very simple
environment, we can show that risk sharing depends on: i) how the relative value
of resources compares when incentives must be provided with when they do not,
and ii) how growth prospects affect the value of entitlements.

Our quantitative assessments shows that if the valuation of entitlements is based
on a stochastic discount factor (SDF) derived from the consumption capital asset
pricing model – Lucas (1978) – then perfect risk sharing is nearly optimal for any
plausible level of risk aversion.29 If, however, we follow the asset pricing literature
by equating the stocks as a leveraged claim to future consumption and require the
SDF to match their return correctly, then deviations from perfect risk sharing be-
come quantitatively relevant at the optimum.

While recognizing the simplistic nature of ourmodel, we believe that the lessons
we learn are important for many real-world current discussions. Indeed, as an ex-
ample, several countries have adopted a new social security design, calledNotional
Defined Contribution systems – Cichon (1999); Settergren and Mikula (2001);
Holzmann et al. (2006); Holzmann (2013). These systems bring to the table the
possibility of easily adjusting pensions and contributions to economic and demo-
graphic shocks, thus making the characterization of optimal sharing rules all the
more relevant. Yet, how good is an instrument if we do not have a framework to
assess how best to use it? We hope our approach will shed some light not only
on the optimal social security design but also on how it should interact with fiscal
policy in general.

29This is in line with Veracierto’s (2021) numerical findings for the case of non-log preferences.
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A Proofs

Proof of Proposition 1. Consider a candidate optimal allocation

(
cy

t (θ), et(θ), co
t+1(θ)

)
θ,ωt,t .

To show (16), we first show the relation between workers’ and retirees’ con-
sumption, and then show the relation between consumption and effort. In a given
period t state ωt change the allocation by reducing the utility of all workers by the
same amount ∆ by reducing their consumption, while keeping effort fixed,

u(cy
t (θ))− u

(
cy

t (θ)− xt(θ)
)
= ∆ ∀θ.
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For small enough ∆, to first order,

xt(θ) =
∆

u′(cy
t (θ))

,

so that the total amount of resources saved to the first order is
ˆ

Θ
xt(θ) f (θ)dθ =

ˆ
Θ

∆
u′(cy

t (θ))
f (θ)dθ.

Because the utility changes by the same amount for all agents, whether they
announce truthfully or lie about their types, incentive compatibility is preserved.

Now, use these resources to increase the utility of current retirees by an equal
amount for each

Γ = u(co
t (θ) + yt(θ))− u(co

t (θ)),

again to preserve incentive compatibility.
For small enough Γ,

yt(θ) =
Γ

u′(co
t (θ))

,

If the resource constraint is to remain tight,

ˆ
Θ

yt(θ) f (θ)dθ =

ˆ
Θ

xt(θ) f (θ)dθ ⇒ Γ = ∆

´
Θ u′(cy

t (θ))
−1´

Θ u′(co
t (θ))

−1 .

The planner values the retiree’s utility relative to the worker’s utility at β/δ, thus
the allocation can only be optimal if Γ/∆ = δ/β, as in (16).

To show the relation between consumption and effort, we proceed similarly.
Consider a reform that raises effort so that all agents’ disutility of effort h(e(θ))

increases by ∆, that is

h(et(θ) + xt(θ))− h(et(θ)) = ∆.

Note that this reform preserves IC. For ∆ small,

xt(θ) =
∆

h′(et(θ))
.
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So, the total production created is, to a first order,

z(ωt)

ˆ
Θ

xt(θ) f (θ)dθ = z(ωt)

ˆ
Θ

∆
h′(et(θ))

f (θ)dθ.

Now, use these resources to increase the utility of current workers by an equal
amount

Γ = u(cy
t (θ) + yt(θ))− u(cy

t (θ)),

for each, again to preserve incentive compatibility. For small enough Γ,

yt(θ) =
Γ

u′(cy
t (θ))

,

If the resource constraint is to remain tight,

ˆ
Θ

yt(θ) f (θ)dθ =

ˆ
Θ

xt(θ) f (θ)dθ ⇒ Γ = z(ωt)∆

´
Θ h′(et(θ))−1´
Θ u′(cy

t (θ))
−1

.

The overall impact on welfare of this reform is, to a first order,

Γ − ∆
ˆ

Θ
θχ(θ)dθ.

Optimality requires that Γ = ∆
´

Θ θχ(θ)dθ, so that

z(ωt)´
Θ θχ(θ)dθ

ˆ
Θ

f (θ)
h′(et(θ))

dθ =

ˆ
Θ

f (θ)
u′(cy

t (θ))
dθ,

which finishes the proof of (16).
As for (17), assume that there are two types, θ and θ̂, and a set, Ω̂ ⊂ Ω, of

positive measure, such that

u′ (co
t+1(θ)

)
u′ (cy

t (θ)
) >

u′ (co
t+1(θ̂)

)
u′ (cy

t (θ̂)
) , ∀ωt+1 ∈ Ω̂

Then, it is possible to transfer resources intertemporally from θ̂ to θ in states
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ωt+1 ∈ Ω̂ and from θ to θ̂ in such a way as to keep both

u
(
cy

t (θ)
)
+ βE

[
u
(
co

t+1(θ)
)∣∣ωt]

and
u
(
cy

t (θ̂)
)
+ βE

[
u
(
co

t+1(θ̂)
)∣∣ωt]

fixed while saving resources. The reform preserves incentive compatibility.

Proof. of Lemma 1. This is immediate fromTheorem 2.2 in Stachurski and Zhang
(2021), which is a generalization of the standard dynamic programming argument
in Stokey et al. (1989) for environments in which the intertemporal discount rate
is a function of the stochastic process.

Proof. of Lemma 2. Suppose first that the optimal policy rules are invariant to
ω, ω′. Then, since the normalized promise keeping constraint 21 must hold with
equality at optimum, we have that g(ω) = g, for some constant g.

Suppose now that g(ω) = g for all ω. Let us guess and verify that G(x̃, ω) is
invariant toω. We first argue that x̃′(ω′) is constantwith respect toω′. Suppose, by
way of contradiction, that this is not the case. Then, there exist a non-zeromeasure
of types θ such that c̃o(θ, ω′) varies with ω′. Denote

c̄o(θ) = Ẽ
[
c̃o(θ, ω′)|ω

]
and x̄′ = Ẽ

[
x̃′(ω′)|ω

]
Since G(·, ω′) is concave and does not depend on ω′ (by assumption), we obtain
by Jensen’s inequality that

G(x′, ω′) ≥ Ẽ
[
G(x̃′(ω′), ω′)|ω

]
, ∀ω′

Note that, using a change of order in the integration, we obtain that

x′ ≥
ˆ

Θ
c̄o(θ) f (θ)dθ
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Now, since u(·) is strictly concave, we have that

u(c̄o(θ)) ≥ Ẽ
[
u(c̃o(θ, ω′))|ω

]
≥ w̃(θ)

g
,

with strict inequality in a non-zero measure set of types θ. Then, the allocation
(ν̃, c̃y, w̃, ẽ) and (x̄′, c̄o) yields at least the same utility as the original allocation, and
satisfies all the constraints, with a non-zero measure set of the promise-keeping
constraints being slack. It then follows from the slackness that there exists another
feasible allocation that yields strictly higher utility than the original allocation, a
contradiction. From this, it follows that, under our guess that G(x, ω) is invariant
with respect to ω, the rules (x̃′, c̃o)(ω′) are invariant with respect to ω′. Then,
ω drops from all the constraints, and we can verify by a contraction argument
that G(x, ω) indeed does not depend on ω. Since both ω, ω′ dropped out of the
problem, it follows that the allocation is invariant to (ω, ω′).

Proof. of Proposition 2. From Lemma 2, given an initial normalized promise
debt x̃, we can construct the deterministic sequence of promised legacy debts (x̃t)t

as x̃t+1 = x̃′(x̃t) for t ≥ 0 and x̃0 = x̃. We can then construct the deterministic
sequence of normalized allocations as a function of the initial legacy debt x̃. In
particular, this implies that the non-normalized variables ci ∈ {cy, co} can be all
written as ci

t(θ) = c̃i
t(θ)η(ωt), for some deterministic function c̃i

t. Similarly for
effort, we have that et(θ) = ẽt(θ)η(ωt)/z(ωt), so that the constrained efficient al-
location displays perfect risk-sharing. Note also that Φt defined in (10) satisfies

Φt = 1 + βg

(
C̃o

t+1

C̃y
t

)1−σ

,

where C̃i
t =

´
Θ c̃i

t(θ) f (θ)dθ for i = y, o. In particular, Φt is also a deterministic
function of the initial normalized legacy debt x, or equivalently, using x = x̃η(ω0),
a deterministic function of the initial legacy debt x and initial shock ω0.

Proof. of Proposition 3. This is immediate from the definition of g(ω) in (12).

Proof. of Lemma 3. By assumption, the allocation displays perfect risk-sharing.
Then, it follows that there exists functions there exist function ϕi

t−1(θ), i ∈ {y, o, e}
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adapted to (x, ωt−1) and functions (ηc
t , ηe

t ) adapted to (x, ωt) such that, for t ≥ 1

cy
t (θ) = ϕ

y
t−1(θ)η

c
t

co
t (θ) = ϕo

t−1(θ)η
c
t

et(θ) = ϕe
t−1(θ)η

e
t ,

where cy, co share the same function ηc from the definition of perfect risk-sharing
between cohorts. Since the resource constraint must bind at the optimum, we ob-
tain that z(ωt)ηe

t = ηc
t .

Next, substituting in (cy
t , et) in the Inverse Euler Equation (16) and using that it

holds at every (x, ωt−1, ω) we obtain that, up to a normalization of the ϕi
t−1 func-

tions,
z(ω)

h′ (ηc
t /z(ω))

=
1

u′(ηc
t )

.

Thus, using the iso-elastic functional form for h, u, we obtain that

ηc
t = η(ωt) = z (ωt)

γ
σ+γ−1 ,

which finishes the proof.

Proof. of Proposition 4. Consider a constrained efficient allocation that displays
perfect risk-sharing. Bywriting the policy functions from the normalized program
PG in sequential form, we obtain from Lemma 3 that c̃o

t+1 = ϕo
t , that is, c̃o

t+1 does
not depend on ωt+1. The same logic implies that ẽt, c̃y

t does not depend on ωt

and from (21) x̃t+1 does not depend on ωt+1. Using (21) again, we obtain that
w̃t(θ) = u(ϕo

t (θ))g(ωt). Since (c̃y
t , ẽt) are invariant to ωt, incentive compatibility

implies that ˙̃wt(θ) = u′(ϕo
t (θ))ϕ̇

o
t (θ)g(ωt) is invariant to ωt. Since, by assumption,

ϕo
t is invariant to ωt, we obtain that g(ω) is constant, which finishes the proof.

Proof. of Proposition 5 For this proof, we use the hat over a variable for the
second-best allocation.

Impose the following labor tax

Ty (z (ωt) et(θ)) =

{
z (ωt) et(θ), if et(θ) /∈ (êt(θ))Θ

G(z (ωt) et(θ)), if et(θ) ∈ (êt(θ))Θ
,
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where G(z (ωt) êt(θ)) < z (ωt) êt(θ). This implies that the agentwill choose et(θ) ∈
(êt(θ))Θ.

Given the optimal effort, the agent chooses (cy
t (θ), co

t+1(θ), at(θ)) in a program
that is concave and differentiable. The first-order conditions are, in this case,

u′(cy
t (θ)) = λt(θ),

βπ(ωt+1|ωt)u′(co
t+1(θ)) = µt+1(θ), and

qtλt(θ) = ∑
ωt+1≻ωt

µt+1(θ)
[
To

t+1 + qt+1
]

.

Therefore,

qtu′(cy
t (θ)) = Et

[
βu′(co

t+1(θ))
(
To

t+1 + qt+1
)]

,

qt = Et

[
βu′(co

t+1(θ))

u′(cy
t (θ))

(
To

t+1 + qt+1
)]

, and

qt = Et

[
Qt+1|t(θ)

(
To

t+1 + qt+1
)]

,

where
Qt+1|t(θ) =

βu′(co
t+1(θ))

u′(cy
t (θ))

is the stochastic discount factor.
We also known from Corollary 1.1 that Qt+1|t(θ) does not depend on θ, so

Qt+1|t(θ) = Qt+1|t. From the resource constraint, we have that

ĉo
t+1(θ) =

[
To

t+1 + qt+1
]

at(θ),ˆ
Θ

ĉo
t+1(θ) f (θ)dθ = To

t+1 + qt+1, and

Ĉo
t+1 = To

t+1 + qt+1.

Hence, qt = Et

[
Qt+1|tĈo

t+1

]
. Now, the optimal government support per share for

retirees is given by To
t = Ĉo

t − Et

[
Qt+1|tĈo

t+1

]
, while the firm’s share is given by

at(θ) = ŝt(θ) = ĉo
t+1(θ)/Ĉo

t+1. Finally,

G(z (ωt) et(θ)) = z (ωt) et(θ)− ĉy
t (θ)− Et

[
Qt+1|tĈ

o
t+1

]
ŝt(θ).
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B Derivation of (28).

We start with the case χ(θ) = f (θ) for all θ, then generalize.
Let µt(θ) be the co-state for the envelope condition in (14) and λt the Lagrange

multiplier for the resource constraint, then the following conditions

f (θ)− µ̇t(θ)− λtc
y
t (θ)

σ f (θ) = 0, (34)

and
µt(θ)et(θ)

γ−1 + λt

[
zt − θet(θ)

γ−1cy
t (θ)

σ
]

f (θ) = 0, (35)

are necessary for an optimum.
Integrating (34) gives us

λt =

[ˆ
Θ

cy
t (θ)

σ f (θ)dθ

]−1

, (36)

and

µt(θ) = F(θ)−
´ θ

θ cy
t (r)

σ f (r)dr´
Θ cy

t (r)σ f (r)dr
. (37)

We can use these expressions in (35) to obtain the solution for the Mirrlees’
problem under our specification for preferences,

τt(θ)

1 − τt(θ)
=

1
cy

t (θ)
σ f (θ)θ

{ˆ θ

θ
cy

t (r)
σ f (r)dr − F(θ)

ˆ θ̄

θ
cy

t (r)
σ f (r)dr

}
,

which can be expressed using shares as

τt(θ)

1 − τt(θ)
=

1
f (θ)θ

{ˆ θ

θ

sy
t (r)

σ

sy
t (θ)

σ
f (r)dr − F(θ)

ˆ θ̄

θ

sy
t (r)

σ

sy
t (θ)

σ
f (r)dr

}
.
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Now, adding and subtracting

F(θ)
ˆ θ

θ

sy
t (r)

σ

sy
t (θ)

σ
f (r)dr

inside the curly brackets yields,

τt(θ)

1 − τt(θ)
=

1
f (θ)θ

{
[1 − F(θ)]

ˆ θ

θ

sy
t (r)

σ

sy
t (θ)

σ
f (r)dr − F(θ)

ˆ θ̄

θ

sy
t (r)

σ

sy
t (θ)

σ
f (r)dr

}

Finally,

τt(θ)

1 − τt(θ)
=

[1 − F(θ)] F(θ)
f (θ)θ

{
1

F(θ)

ˆ θ

θ

sy
t (r)

σ

sy
t (θ)

σ
f (r)dr

− 1
1 − F(θ)

ˆ θ̄

θ

sy
t (r)

σ

sy
t (θ)

σ
f (r)dr

}
. (38)

When χ(θ) ̸= f (θ),
χ(θ)− µ̇t(θ)− λtc

y
t (θ)

σ f (θ) = 0,

substitutes for (34), which means that

τt(θ)

1 − τt(θ)
=

1
f (θ)θ

{ˆ θ

θ

sy
t (r)

σ

sy
t (θ)

σ
f (r)dr −

ˆ θ

θ
χ(r)dr

ˆ θ̄

θ

sy
t (r)

σ

sy
t (θ)

σ
f (r)dr

}
.

Adding and subtracting

1
f (θ)θ

ˆ θ

θ
f (r)dr

ˆ θ̄

θ

sy
t (r)

σ

sy
t (θ)

σ
f (r)dr,

allows us to do the same manipulation to reach (38) but leaves us with the extra
term

1
f (θ)θ

{ˆ θ

θ
[ f (r)− χ(r)] dr

} ˆ θ̄

θ

sy
t (r)

σ

sy
t (θ)

σ
f (r)dr.
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C Taste Shocks

We expand the model to consider aggregate taste shocks,

U (cy, co, e) = u(cy)− θh(e) + ξβu(co),

where ξ is a taste shock that hits every one of a given cohort when they are born.
Consistent with the optimal risk-sharing idea, the planner solves a Utilitarian

program,

∑
t

∑
ωt

π(ωt)δtΠt
i=0ξ(ωi)

ˆ
Θ

vt(θ)χ(θ)dθ, (39)

where we normalize ξ0 = 1. The planner is constrained to choose only feasible and
incentive compatible allocations, which we describe next.

An allocation
(
cy

t (θ), et(θ), co
t+1(θ)

)
θ∈Θ,t,ωt is feasible if for every period, t ≥ 1,

and every history, ωt,
ˆ

Θ

{
cy

t (θ) + co
t (θ)

}
f (θ)dθ ≤ z (ωt)

ˆ
Θ

et(θ) f (θ)dθ. (40)

and ˆ
Θ

{
cy

0(θ)
}

f (θ)dθ + x0 ≤ z (ω0)

ˆ
Θ

e0(θ) f (θ)dθ. (41)

The utility attained by a θ-agentwho belongs to cohort t if the economy experiences
a history ωt is

vt(θ) = u(cy
t (θ))− θh(et(θ)) + β ∑

ωt+1≻ωt

π(ωt+1|ωt)ξt+1u(co
t+1(θ)).

and

vt(θ̂|θ) = u(cy
t (θ̂))− θh(et(θ̂)) + β ∑

ωt+1≻ωt

π(ωt+1|ωt)ξt+1u(co
t+1(θ̂)).

is the utility of an agent θ, at a given history ωt, that announces to be of type θ̂.
Standard arguments imply that an allocation

(
cy

t (θ), et(θ), co
t+1(θ)

)
θ∈Θ,t,ωt is incen-

tive compatible if and only if ∀ θ, t, ωt, we have v̇t(θ) = −h(et(θ)) and ėt(θ) ≤ 0.
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Proceeding as in Section 3.2, and adopting the same change of variables, we
can write the recursive formulation as the Program Ptaste

G , defined by

G(x̃, ω) = max
ṽ,w̃,x̃′,ẽ,c̃o

ˆ
Θ

ṽ(θ)χ(θ)dθ + δg(ω)Ẽ
[
G(x̃′(ω′), ω′)|ω

]
(42)

subject to the normalized resource constraint
ˆ

Θ
[φ (ṽ(θ) + θh(ẽ(θ))− βw̃(θ))] f (θ)dθ + x̃ ≤

ˆ
Θ

ẽ(θ) f (θ)dθ, (43)

The normalized promise-keeping constraint

g(ω)Ẽ
[
u(c̃o(θ, ω′))|ω

]
≥ w̃(θ), ∀θ and x̃′(ω′) ≥

ˆ
Θ

c̃o(θ, ω′) f (θ)dθ (44)

and the normalized incentive compatibility constraint

˙̃v(θ) = −h(ẽ(θ)), ∀θ, (45)

where
g(ω) = E

[
ξ(ω′)

η(ω′)1−σ

η(ω)1−σ

∣∣∣∣ω

]
and Ẽ is generated by the normalized conditional probabilities

π̃(ω′|ω) =
π(ω′|ω)

g(ω)
ξ(ω′)

η(ω′)1−σ

η(ω)1−σ
.

Proposition 6. If σ = 1 or ξ(ω′) and η(ω′)/η(ω) are jointly an i.i.d. process, then
g(ω) = g, for some g > 0.
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Figure 1: Comparative Statics on Backloading (Φ) on the Static Economy

(i) Case σ > 1
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(i) Case σ < 1
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(d) Labor Wedge
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Notes: we assume that θ is uniformly distributed between 0.1 and 1; z = 1; γ = 3; x = 1; all results concern the steady state distribution; Panels (a-c)
assume σ = 2, while (d-f) assume σ = 0.5. Panels (d-f) are the analog of (a-c), which we describe next. Panels (a,b) have the disutility to work θ on
the x-axis, the solid line represents an economy with Φ = 1, and the dashed line with Φ = 10. Panel (a) plots the labor wedge τy(θ; Φ), while panel
(b) plots the consumption share s(θ; Φ). In Panel (c), the x-axis is the back-loading parameter, and the y-axis is the measure of consumption dispersion
M(Φ) ≡

´
Θ s(θ; Φ)σdθ.
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Figure 2: Backloading – Φ(zt)

(a)Numerical Simulation – Φ(zt)
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(b) Perfect Risk-Sharing – Φ̂(zt)
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Notes: we assume that θ is uniformly distributed between 0.1 and 1; γ = 3 and σ = 2. All results concern the steady
state distribution. All panels have the current total-factor-productivity of the economy zt on the x-axis. Panel (a)
shows the backloading function Φ; panel (b) shows the backloading function predicted under perfect risk-sharing Φ̂;
panel (c) compares both functions.
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Figure 3: Labor Wedge and Consumption Dispersion

(a)Labor Wedge – τ
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(c)Average Labor Wedge –
´

τ
y
t (θ) f (θ)dθ
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Notes: we assume that θ is uniformly distributed between 0.1 and 1; γ = 3 and σ = 2. All results concern the
steady state distribution. Panels (a-b) have the disutility to work θ in the x-axis, while (c-d) have the current total-
factor-productivity of the economy zt in the x-axis. Panel (a) displays the labor wedge for two realizations of zt. The
solid line assumes zt = 0.74 – and the dashed one assumes zt = 1.35. Panel (b) is the analog of panel (a) for the
consumption share. Panel (c) displays the average labor wedge across workers against different current realizations
of the shock zt. Panel (d) displays the function M for different current realizations of the shocks zt.
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Figure 4: Consumption Ratio Between Workers and Retirees – Co
t /Cy

t ≡ Ω(zt)
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Figure 5: Correlation Between Aggregate Consumption and k-lagged Aggregate Shock

(a)Worker’s Correlation
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Notes: we assume that θ is uniformly distributed between 0.1 and 1; γ = 3 and σ = 2. All results concern the steady
state distribution. Panel (a) displays the correlation between theworkers’ aggregate consumption Cy

t and the k-lagged
function η(zt−k). If the allocation displays absence of memory, this correlation is 1 for k = 0 and zero for k > 0. Panel
(b) is the analog replacing the workers’ aggregate consumption Cy

t by the retirees’ aggregate consumption Co
t .
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Figure 6: Labor Wedge and Consumption Dispersion with Taste Shocks
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Notes: we assume that θ is uniformly distributed between 0.1 and 1; γ = 3 and σ = 2. All results concern the steady
state distribution. Panels (a-b) have the disutility to work θ in the x-axis, while (c-d) have the current taste shock ξt
in the x-axis. Panel (a) displays the labor wedge for two realizations of ξt. The solid line assumes ξt = 0.24 – and
the dashed one assumes ξt = 4.05. Panel (b) is the analog of panel (a) for the consumption share. Panel (c) displays
the average labor wedge across workers against different current realizations of the shock ξt. Panel (d) displays the
function M for different current realizations of the shock ξt.
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Figure 7: Correlation Between Aggregate Consumption and k-lagged Aggregate Shock

(a)Worker’s Correlation
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(b)Retiree’s Correlation
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Notes: we assume that θ is uniformly distributed between 0.1 and 1; γ = 3 and σ = 2. All results concern the steady
state distribution. Panel (a) displays the correlation between theworkers’ aggregate consumption Cy

t and the k-lagged
function ξt−k . If the allocation displays absence of memory, this correlation is 1 for k = 0 and zero for k > 0. Panel
(b) is the analog replacing the workers’ aggregate consumption Cy

t by the retirees’ aggregate consumption Co
t .
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