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Abstract

Alguns fatos empiricos recentemente documentados sobre o setor de varejo, como dispersao
de precos e redes de varejo cobrando precos uniformes, podem ser explicados como sendo
resultado de consumidores heterogéneos escolhendo visitar lojas diferentes. Neste trabalho,
propomos um modelo no qual um varejista pode levar consumidores com diferentes
preferéncias a escolher lojas diferentes ao oferecer nelas diferentes conjuntos de produtos,
e com isso potencialmente obter um lucro maior em comparacao a oferecer todos os
produtos em uma sé loja. Trazemos resultados mostrando que sob algumas restri¢oes a
heterogeneidade dos consumidores o vendedor nunca se beneficiara ao oferecer produtos
em varias lojas. Porém, também mostramos que pequenos desvios dessas restricoes tornam

possivel o varejista aumentar o lucro ao usar mais de uma loja.

Palavras-chave: desenho de mecanismos, precos no setor de varejo, selecao de produtos

oferecidos, escolha de lojas.



Abstract

Some recent empirical findings about the retail sector, such as price dispersion and retail
chains charging near uniform prices, could be explained as resulting from heterogeneous
consumers sorting into different stores. In this study, we propose a model in which a
retailer can lead consumers with different tastes to choose different stores by offering varied
product assortments at each of them, and by doing so potentially obtain a higher profit
relative to offering all products in only one store. We provide results showing that under
some restrictions on consumer heterogeneity the retailer will never benefit from offering
products in multiple stores. But we also show that small departures from these restrictions

make it possible for the retailer to increase profits by using more than one store.
Keywords: mechanism design, retail pricing, store product assortment, store choice.

JEL Classification: D21, D82, LL11, L81
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1 Introduction

Recent empirical papers have documented significant price dispersion in the US
retail industry, i.e., identical products being sold at different prices in different stores.
Kaplan and Menzio (2015) and Hitsch et al. (2021), for instance, find a large degree of price
dispersion for a wide range of products and retailers, even at narrowly defined geographic

levels.

How is it possible that stores are charging different prices for the same product?
Another recently identified empirical pattern might hint at a potential explanation. Studies
have documented that, despite overall price dispersion, prices are nearly uniform across
stores of the same retail chain. There’s also significant within-chain similarity in other
dimensions: DellaVigna and Gentzkow (2019) find that there isn’t much chain-level variation
in neither prices nor product assortments, and Hitsch et al. (2021) show that it’s hard to
distinguish prices, promotion tactics and even price elasticities across stores from their

chain-level mean, especially within a given market.

In light of these findings, one can imagine that somehow different retail chains are
attracting consumers with different tastes, giving rise to the similarity in both price and
demand in stores of the same chain. In the presence of transaction costs for shoppers (such
as transportation costs, travel and shopping time, inconvenience costs), which lead them
to typically only visit one or at most few stores,' that could also serve as an explanation

for price dispersion.

This, of course, begs the question of what would enable stores to attract different
kinds of consumers. In this project, we investigate one way stores could do it: by offering
different product assortments, which has already been shown to be an important driver of
consumers’ store choice (Briesch et al., 2009). For instance, consider two stores: a premium
grocer known for its organic selections (e.g., Whole Foods) and a discount store (e.g.,
Walmart). If an identical product is available at both stores (e.g., a given brand of beer),
we expect it to be likely cheaper at the discount store. The reason some consumers are still

willing to buy that item at the premium grocer is that it may offer other items that these

L Chintagunta et al. (2012) find that transaction costs for grocery shopping can be sizable. Thomassen

et al. (2017) document that most consumers make their weekly grocery purchases at only one or
sometimes two stores.
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consumers wish to purchase (e.g., organic produce) which might not be available in the
discount store (or perhaps are more expensive in the discount store), and they’d rather
pay the higher price for that product in the premium grocer than go to the discount store

only to purchase it there.

In order to focus on this particular mechanism for consumers to sort into different
stores, we consider a simple model where there is only one monopolistic retailer who sells
products through stores,? and consumers with heterogeneous preferences (that are private
information) who may only visit at most one store. Our framework is inspired by models
from the literature on bundling®: we model the retailer’s problem as choosing a set of
products it wishes to sell to each consumer and a corresponding price. When selecting the
bundle and its price for each type, the seller must respect the usual individual rationality
and incentive compatibility constraints. That is, each consumer should prefer buying the
bundle the seller offers them over buying nothing at all, and they must also prefer that

bundle over any bundle offered to any other consumer.

There are two important ways in which we depart from the typical bundling
framework, however. First, since we want to model a setting in which products are sold in
stores, the seller also chooses a set of stores, each of which may sell a potentially different
set of products, and prices are allowed to vary across stores. When assigning a bundle
to each consumer type, the seller also specifies the store where this type will make the

purchase.

The second important difference is that we assume the retailer is not able to offer
and set a price for bundles specifically. Instead, prices are set at the store level (such that
every consumer that visits a given store faces the same price), and products must be sold
individually. That is, there must be an individual price for each offered product, consumers
always have the option of buying items separately and the price of a bundle is always the

sum of the prices of the products it contains.

Even though a monopolist can often increase profits by offering product bundles
rather than selling them individually (Adams and Yellen, 1976; McAfee et al., 1989), in

2

While the case with oligopolistic competition is certainly of interest and empirically relevant, allowing
for competition would introduce a new force in the model: the choice of what products to offer not
only allows different stores to potentially attract different consumers (the specific mechanism we wish
to focus on here), but also determines on which products stores will directly compete and on which
they will be monopolists. That’s why we focus on the case with a monopolist for the time being, but
we hope to study the case with competition in future work.

3 See sections 3 and 4 of Armstrong (2016) for a review of that literature.
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many countries there are legal restrictions or bans on tying the purchase of one product to
the purchase of another product, including in Brazil*, in the European Union® and in the
United States®. That might help explain why bundling is rarely observed in practice in

the retail sector,” and it’s why we assume products must be sold separately.

Having set that basic framework, we turn to the question of whether the seller can
benefit from attracting different consumers to different stores, or the seller obtains the
same profit by simply selling every product in a single store. We use all products being
sold in a single store as a benchmark since it is essentially equivalent to what we would

obtain in a setting with no restriction on consumer store visits.®

We show through various examples that the seller may indeed end up being better
off with multiple stores. If all goods are sold in the same store, then all consumers face the
same prices, so the seller faces tighter constraints on how much it can raise prices without
prompting some types to refrain from purchasing the products. But with multiple stores,
the seller may lead consumers to sort into different stores by offering varied combinations
of assortments and prices. Doing so may enable the seller to charge higher prices from some
types, or to sell a product to types to whom it wasn’t worth selling it in the single-store

case, resulting in a higher profit.

Finally, we provide some initial results that investigate conditions when a retailer
would never benefit from offering products in more than one store. We find that may happen
when imposing restrictions on the distribution of types or on preferences, which generally
reduce the scope of consumer heterogeneity. But we also show that small departures from

these assumptions make it possible for the retailer to benefit from offering products in

4 Under article 39 of the Brazilian Consumer’s Defense Code (see https://www.planalto.gov.br/

ccivil_03/Leis/L8078compilado.htm; accessed April 2023).

Under Articles 101 and 102 of the Treaty on the Functioning of the European Union (see
http://data.europa.eu/eli/treaty/tfeu_2008/art_101/0j and http://data.europa.eu/eli/
treaty/tfeu_2008/art_102/0j; accessed April 2023).

While product tying is not necessarily illegal in the US, it may be considered a violation of an-
titrust laws if the seller has sufficient market power (see https://www.law.cornell.edu/wex/tying_
arrangement; accessed April 2023).

One exception is retailers offering the same commodity in containers of different sizes, which can be
interpreted as a bundle of multiple units of the same product. Same item bundle discounts (such as
“buy 2, get 10% off”) are not that uncommon either. Bundles of different items, on the other hand, are
considerably rarer.

If consumers could go to any number of stores at no cost, then they would simply purchase each
product in the store that offers it for the lowest price. Hence, their choices would be the same in
a setting with multiple stores and a setting with a single store where the price of each good is the
minimum price of the good across the multiple stores.


https://www.planalto.gov.br/ccivil_03/Leis/L8078compilado.htm
https://www.planalto.gov.br/ccivil_03/Leis/L8078compilado.htm
http://data.europa.eu/eli/treaty/tfeu_2008/art_101/oj
http://data.europa.eu/eli/treaty/tfeu_2008/art_102/oj
http://data.europa.eu/eli/treaty/tfeu_2008/art_102/oj
https://www.law.cornell.edu/wex/tying_arrangement
https://www.law.cornell.edu/wex/tying_arrangement
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several stores again.

1.1 Literature review

1.1.1 Price dispersion

An important motivation for our project is to better understand the dispersion of
retail prices of an identical good across stores. The availability of comprehensive data on
the US retail industry, particularly for grocery, mass-merchandise and drug stores, has
allowed recent research to systematically study the degree of price dispersion and, by

decomposing prices into different components, better understand what drives it.

These papers find substantial price dispersion. Using the Nielsen Homescan house-
hold panel, which records household purchases of a representative sample of US households,
Kaplan and Menzio (2015) find that the average standard deviation of the price of an
identical good sold within a given market (which in their data roughly corresponds to a
Metropolitan Statistical Area) and quarter is between 19% and 36%, depending on how
restrictively they define a good. Hitsch et al. (2021) instead use Nielsen RMS scanner data,
which allows them to more comprehensively observe prices.” Even using a more granular
market definition, they similarly document sizeable dispersion: at the 3-digit ZIP code
level, they find the ratio of the 95th to 5th percentile of prices to be 1.294 for the median
product.

By performing price decompositions, both studies find that the dispersion can be
attributed to both persistent and transitory differences in prices (such as price promotions).
In this project, we study a static model and focus on the persistent component of price
dispersion specifically, and note that many papers have developed theories to explain
temporary differences in prices, such as intertemporal price discrimination'® and inventory

management!!.

Despite only recently being comprehensively documented empirically, price disper-
sion has long been a subject of study in the theoretical literature. As Varian (1980) put

it in an early paper, “Economists have belatedly come to recognize that the ‘law of one

9 A product only appears in the Homescan data if a panel household purchased it, whereas a product

can be observed in the RMS data as long as at least one unit was sold in a given store/week.
10" See, for instance, Conlisk et al. (1984) for an early paper, or Hendel and Nevo (2013) for a more recent
example.

11 See Aguirregabiria (1999).
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price’ is no law at all”. Below we review some of this literature and comment on how it

relates to the present project.!?

Imperfect information and costly search

A considerable and well-established literature has explored how price dispersion
can result from information frictions.'® In the presence of search costs, buyers may not
find it worthwhile to look for the lowest price, allowing firms to charge higher prices from

some consuiners.

An early and influential paper in this literature was Burdett and Judd (1983).1
They show that even a model with identical sellers competing to sell a homogeneous good
to ex-ante identical consumers may feature price dispersion if information acquisition is
costly. That may happen because, when the search cost leads some consumers to observe
only one price, firms can profit by selling the product to these consumers for a price
above marginal cost. Moreover, if any firm charges a price p (above marginal cost) with
positive probability, other firms would have an incentive to undercut p in order to steal
the consumers who do observe more than one price. Hence, in equilibrium firms choose to

randomize prices over a continuous distribution, which generates price dispersion.

Relative to this literature, we offer a different (but not mutually exclusive) explana-
tion for price dispersion. Returning to our example from the beginning, in search-theoretic
models the consumers do not know where the product (beer) that is common to both
the premium grocer (Whole Foods) and the discount store (Walmart) is cheaper. Due to
search costs, some consumers will not be willing to find if the product is cheaper in the

other store, which allows stores to charge higher prices in equilibrium.!?

In our framework, we instead assume perfect information. While that may be
a strong assumption, in the sense that shoppers may be unlikely to know exact prices
beforehand, it seems reasonable that in this setting of routine grocery shopping consumers

would be aware that the widely available item is more expensive at the premium grocer

12 Kaplan and Menzio (2015) discuss other potential sources of price dispersion as well, such as differences

in marginal costs or differences in amenities/services offered by stores. However, they provide evidence

those likely contribute little to the variance in prices they observe.

For an early review of search-theoretic models, see McMillan and Rothschild (1994).

14 See also McAfee (1995) for the multi-product case.

15 Besides, note that, in most models in this literature, sellers are homogeneous and the difference in
prices results from randomization, so it wouldn’t even make sense to distinguish between a “premium
grocer” and a “discount store”.

13
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than at the discount store. Nevertheless, some consumers are still willing to pay the
increased price at the premium grocer because it also offers products they wish to purchase

but that might not be available at the discount store (at a reasonable price).

Finally, we note that our framework doesn’t perfectly map to this earlier example
(Whole Foods vs. Walmart), since these two stores are competitors whereas our model
features a monopolist. A closer example would be the Brazilian supermarket chains Pao de
Agticar (often considered a more premium grocer) and Extra (closer to a discount store),
which sometimes operate in the same markets but are owned by the same parent company.
In this setting our model can more directly help explain how the parent company can
benefit from offering different combinations of prices and assortments at their Pao de
Actcar and Extra stores in order to attract different kinds of consumers and obtain higher

profits (compared to having identical stores).

Transportation costs

Closer to the framework we develop, Ambrus and Weinstein (2008) consider a
setting with full information and with the constraint that consumers only visit at most one
store. Unlike ours, however, their model features multiple competing retailers, all identical
to each other and offering the same set of products. They provide an example where their
model features price dispersion and firms obtain positive profit, which relies on demand
complementarities. Nonetheless, they show that if individual demands are inelastic (at
least for positive masses of consumers, for all products and each product separately), then

competition drives profits to zero and no equilibrium with price dispersion exists.

In contrast, we will show that price dispersion is possible in our framework even
in the absence of complementarity. We also note that we believe their result does not
necessarily pose a threat to the possibility of our model being extended to accommodate
competing firms (rather than a single monopolist) because their result relies (in particular)
on all retailers offering the same products. If, instead, stores offered different assortments,
then they might not compete on every good and, consequently, profits might not necessarily

be driven to zero.
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1.1.2  Uniform pricing

Although the empirical literature in the previous section documented that prices
of an identical good vary substantially across stores, recent papers also uncovered that
prices are actually similar for stores belonging to the same retail chain. Here we review

two especially comprehensive papers in this literature.'¢

Using Nielsen RMS scanner data, DellaVigna and Gentzkow (2019) construct
different measures of price similarity: absolute differences in quarterly log prices, correlation
in weekly log prices, and share of weekly log prices within 1 log point. Across all these
measures, price variation is small in absolute terms and much smaller than the variation
between stores in different chains, despite wide variation in consumer demographics and

competition across locations.

Additionally, they construct measures of assortment similarity (such as an index
of product expensiveness and share of generic products) and again find that product
assortments are a lot more similar within than between chains. This is consistent with the
findings of Hwang et al. (2010), who use more granular measures of pairwise similarity of
product assortments, but also find that US supermarkets owned by the same chain carry

similar assortments, especially within states.

Uniform pricing presents a potential puzzle because it could indicate retail firms are
not behaving optimally by failing to adjust prices to local demand conditions. DellaVigna
and Gentzkow (2019) provide some suggestive evidence that might be the case: they
estimate a simple demand model and use it to predict both optimal store-level prices and
optimal within-chain uniform prices. Their estimates suggest using uniform rather than

store-level prices leads to a 1.8% reduction in revenue for the median store.!”

Finally, the authors discuss potential explanations for uniform pricing, highlighting

managerial inertia (which could encompass both behavioral factors and agency frictions

16 Both of them use data on US retail chains, for which comprehensive data is more easily available.
Nevertheless, there exists some evidence of uniform pricing in other countries as well. For instance, the
UK Competition Commission found that retailers set their prices (and promotions) mostly uniformly
across their store network (Freeman et al., 2008). Studying online prices specifically, Cavallo et al.
(2014) document that prices (for an identical good) in the same chain are typically identical across
countries in the European Union.

We note, however, that the demand model in DellaVigna and Gentzkow (2019) does not allow for
cross-product substitution, and in particular optimal prices are calculated by maximizing profits
separately for each product (not including the prices of competing products nor retailers). Hence, they
abstract away from, for example, substitution to other products sold under the same brand name (e.g.,
packages of different sizes of the same product) or to other brands in the category.

17
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within a retail chain) and brand image or fairness concerns.

Hitsch et al. (2021) use the same data set, but study a larger set of products, and
decompose prices into base and promoted price in order to also study promotion tactics.
To measure similarity, they calculate the share in variation that is explained by chain fixed
effects, and find it to be considerable: for the median product, 70% of the variation in
prices is explained by retail chain fixed effects. Using 3-digit ZIP code as their definition
of market, they find that market-specific chain fixed effects explain an even larger fraction
of the variance (88%), whereas market fixed effects by themselves account for a lower

percentage (46%).

The authors then estimate store-level price elasticities and promotion effects.!
Mirroring their other findings, a large percentage of the overall variance in estimated
price elasticities is explained by chain (51%) or by market-specific chain fixed effects
(70%), and similar for promotion effects. Furthermore, they show that a large majority of
store-level elasticities and promotion effects are statistically indistinguishable from their
market /chain-level mean, and cross-price elasticities in particular are often imprecisely
estimated. Hence, they provide a different explanation for uniform pricing: retail managers

may plausibly consider price discrimination across stores to be infeasible.

Our framework, at this point, is not quite suited to truly analyze uniform pricing;
for instance, we do not have a notion of retail chain (and not even competition), and
the model does not feature multiple markets. Still, the essential intuition that our model
tries to replicate — that consumers with different tastes sort into stores with different
assortments — seems consistent with the similarity in prices (and in other dimensions). For
example, Whole Foods operates in many different markets (e.g., Chicago and Indianapolis)
but offers somewhat similar assortments across locations. Despite the overall distribution
of consumers being different between these markets, the similarity in product assortments
may lead Whole Foods to always end up attracting the same mix of consumers in each of
these locations (e.g., always attract consumers who wish to buy organic produce, and who
may have similar overall tastes). This could result in demand curves faced by these Whole

Foods stores to be similar as well, and thus they would set similar prices.

18 Two important differences of their demand model relative to DellaVigna and Gentzkow (2019) is that
they aggregate products that only differ in form or pack size (but otherwise have the same product
content) into a single good, and they allow for cross-product substitution.
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1.1.3 Single- and multi-stop shopping
Chen and Rey (2012)

In a purely theoretical paper, Chen and Rey (2012) consider a model with two
products and two firms, one of which only sells one product (the small retailer) but is
more efficient in producing it,'” while the other (the large retailer) sells both, making it a
monopolist in one of the goods. They assume consumers are fully informed and (in their
baseline model) have homogeneous preferences, but incur a shopping cost (that varies
across consumers) whenever they visit a store. Hence, in equilibrium some buyers might
visit only one but others may visit both stores; the precise mix of one- versus multi-stop

shoppers is endogenous and depends on prices.

The main insight of their model is that the large retailer may be able to increase
profits by adopting a loss-leading strategy. To illustrate, we reproduce here a simple
numerical example from the paper. Denote the large retailer by L, who sells both products
A and B, and a competitive fringe of smaller retailers by S, that only sell B. Consumers
all value A at uy = 10 and B at ug = 6, but half of the consumers face a high shopping

cost s = 4, whereas the other half can shop at no cost.

Assume L can supply A at cost no cost ¢4 = 0 and B at unit cost cg = 4. First,
let’s look at the case where L is alone. Then, it would supply all consumers a total price
(slightly below) p™ = us + ug — s = 12, yielding a monopoly profit of 7 = 12 — 4 = 8.%
That is, L extracts all surplus from high-cost consumers, but leaves the others a surplus of
4. Note that choosing any pair of prices such that ps + pp = p™ = 12 is profit-maximizing,
as long as py < 10 and pg < 6 (to ensure all consumers will want to purchase both
products). In particular, L can already price below cost if it wishes (e.g., it can set p4 = 10
and pp = 2), but that will not improve profits over pricing products above cost (e.g.,
setting p/y = pz = 6).

Now, introduce the competitive fringe S that offers B at price p = 2. Note that S
cannot attract high-cost consumers because they would obtain utility ug —p — s = 0. The
large retailer can thus still charge them a total price of p™. Low-cost consumers, on the
other hand, are now willing to pay at most p = 2 for product B, and since that’s below

L’s marginal cost cg = 4, the large retailer would rather only sell them product A.

19 They interpret the small retailer as a cost-cutting hard discounter or a specialty store with a higher
quality product (without this assumption, the smaller retailer would never sell anything).
20 Selling only to low-cost consumers at a total price of 16 yields a lower profit of (16 —4)/2 = 6.
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However, the presence of S now allows L to price B below cost while still selling it
only to high-cost consumers. L can, for example, sell B for (just above) pp = 2 and A for
pa = 10; high-cost consumers would thus still buy both products from L for a total price of
p™ = 12, whereas low-cost consumers would buy only A for p4 = 10. Crucially, this allows
the margin on high-cost consumers to remain the same here as in the monopoly setting
(pa+p—ca—cp = p™—ca—cp = 8), but the margin on low-cost consumers now increases
(pa—ca=10> 8 =p™ —ca — cp), leading to a total profit of 8/2+10/2 =9 > 7. That

is, unlike in the monopoly setting, L can now increase profits by pricing B below cost.

In essence, this simple example shows how in their model the large retailer might
benefit from pricing the competitive good below cost by increasing the margin earned on
multi-stop shoppers (while maintaining the total price charged to one-stop shoppers). This
mechanism is thus somewhat similar to the one present in our model: the fact that stores
offer different assortments (exogenously in their model, endogenously in ours) may enable
retailers to choose prices in such a way that allows them to discriminate consumers (in

their case according to their shopping costs, and in our case according to their tastes).

Thomassen et al. (2017)

An empirically-oriented paper that studies how retailers react to one- and multi-stop
shopping is Thomassen et al. (2017). In their model, consumers may choose which and how
many competing stores they visit, but face a fixed cost for each visit (that depends on the
distance to the store). Moreover, they have preferences over categories rather than products
directly, and the authors allow for cross-category externalities. Since their objective is to
estimate the model, they introduce several assumptions to make structural estimation

feasible (e.g., random utility shocks, parametric assumptions, etc.).

Most relevant to us, in their model utility obtained from a category is allowed
to vary by store. In other words, they take it as a given that consumers may prefer to
purchase certain categories in certain stores. On the other hand, our framework explores
how the retailer may strategically choose product selections (aiming to attract different
kinds of consumers at each store), and the different assortments may generate these varying

category-store preferences.

Tthey estimate the model using data from the UK supermarket industry, and the
estimates imply complementary pricing effects between categories sold by the same retailer,

which derives from the consumers’ shopping costs rather than intrinsic complementarity
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between categories (in the consumers’ utility). That is, they find that raising the prices
in one category (e.g., bakery) decreases the demand for other categories (e.g., fruit) as a
result of consumers switching to other stores.?’ Furthermore, the authors find evidence
that supermarkets internalize cross-category effects in their pricing decisions.?? Therefore,
the paper provides empirical support for the importance of shopping costs to consumers,
which is present in a stylized manner in our framework, and the fact that retailers do take

into account the effects of one-stop shopping when choosing prices.

21 In contrast, if holding store (and store-category) choices fixed, the own- and cross-price elasticities
have opposite signs.

22 While not directly relevant to our study at this point (since we consider a model with a monopolist), we
note that the authors also study the implications of the internalization of cross-category externalities
for market power. Their estimated model suggests that ignoring cross-category effects and analyzing
each category in isolation can result in market power being overestimated substantially. Moreover,
they find that consumer types inclined to one-stop shopping have a greater competitive impact than
multi-stop shopper, precisely because the former generate greater cross-category effects.
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2 Model

In this chapter, we introduce our framework and notation, and also bring some
initial examples to illustrate how the model can generate the intuition of “different kinds

of consumers sorting into different stores”.

2.1 Initial framework and definitions

Consider a setting in which there is a single seller and a finite set X of products. A
bundle b C X is a set of products, and we denote the set of all bundles by B := {b | b C X}.
There is a compact set of buyer types T. The value of a bundle b for a buyer of type
t is v(b,t) > 0, and the value of the empty bundle for each type is normalized to zero:
v(D,t) = 0,Vt € T. We assume that the utility a type ¢ obtains from consuming a
bundle b and paying p to the seller is quasi-linear: v(b,t) — p. The consumer’s type is
private information, and the seller has a prior belief of the distribution of consumer types:
we ANT).

2.1.1 Typical bundling model

Before defining our model with stores, we state the definitions of mechanism and
incentive compatibility as they appear in a typical bundling model (and in the theory of
mechanism design more generally), in order to later highlight what will be different in our
framework. The definitions here will be inspired by Haghpanah and Hartline (2021), and

like them we invoke the revelation principle and focus on direct mechanisms.!

Definition 2.1. A (direct) mechanism is a pair of functions a: T'— B and p: T — R,
that is, functions that assign to each consumer type ¢ a bundle a(t) and a price they pay
for this bundle p(t).

We further restrict our attention to mechanisms that satisfy two conditions. The
first, individual rationality, ensures that every type (weakly) prefers to buy a(t) at price

p(t) over not consuming anything (for which they would receive utility v(0,¢) = 0).

1" For a standard reference on the revelation principle, see Mas-Colell et al. (1995) propositions 23.C.1

and 23.D.1.
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Definition 2.2. We say a mechanism (a, p) is individually rational (IR) if

vVt € T,v(a(t),t) —p(t) >0

The second condition is incentive compatibility, which ensures that a type ¢ (weakly)
prefers to consume their assigned bundle a(t) at assigned price p(t) over taking the assigned

bundle a(t’) and price p(t') offered to any other type ¢'.

Definition 2.3. We say a mechanism (a, p) is incentive compatible (IC) if

Vi, ' € T, v(a(t),t) — p(t) > v(a(t'),t) — p(t')

2.1.2 Model with stores

In the above definition of mechanism, the seller offers consumers bundles a(¢) and
a price for each bundle p(t). However, as we noted in the introduction, in the retail sector
products are typically sold (and priced) individually. Moreover, they are often sold in
stores, meaning that every consumer that visits the same store has the option to buy
any item offered there and faces the same prices. Hence, here we will adapt the above

framework to accommodate this notion of products being sold in stores.

Definition 2.4. A store s is a pair (bs, ps) where by C X and p, : by — R.

The idea is that a store s = (bg, ps) sells a subset of products, bs, and for each
product x € by it must offer an individual price p,(x). Prices are defined at the store level,
which implies that even if the same item is offered in more than one store (x € bs N by ) we

allow the stores to offer different prices for it (we allow for p,s(x) # py(x)).

We now assume that consumers only visit at most one store.

Definition 2.5. A store mechanism is a function a : T" — B, a set of stores S, and
a function p : T' — S such that a(t) C byu),Vt € T. The transfer rule p : 7' — R is now
given by:
p(t) == Y Py (@)
z€a(t)
That is, instead of simply assigning a price p(t), a store mechanism specifies a set

of stores S, and it specifies at which store p(t) the type ¢ will buy the products in the
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bundle a(t). Naturally, we also assume that if a product is assigned to a customer (if

x € a(t)), then it must be offered in this type’s assigned store (then x € b,)).

Since prices are defined at the store level and goods are priced individually, con-
sumers that buy the same item at the same store pay the same price for it, and the total
price that ¢ pays for their assigned bundle a(t) is given by the sum of the (individual)

prices paid for each product of a(t) in the assigned store p(t).

Apart from this restriction on how the price of a bundle is determined, the individual

rationality condition is the same as before.

Definition 2.6. We say a store mechanism (a, S, p) is individually rational (IR) if

Vit e T, v(a — > pwy(@)

z€al(t)

On the other hand, the incentive compatibility condition becomes that each con-
sumer type must prefer to go to the store p(t) and purchase the bundle a(t) over going to

any store s € S and purchasing any bundle of products b C b, available there.

Definition 2.7. We say a store mechanism (a, S, p) is incentive compatible (IC) if:

Vs € S5,¥b C bs,v(a(t),t) — Y ppw(x) >v(b,t) = ps(x)

z€al(t) x€h

Finally, we assume the seller faces no cost to produce any bundle, nor to open any

number of stores. Consequently, their objective is simply to maximize revenue.

Definition 2.8. A store mechanism (a, S, p) is optimal if it maximizes the expected

revenue:
/T (Exea(t) Dp(t) (IE)) d'u

over all IC and IR mechanisms.

There is one particular mechanism which we single out, in which all products are

offered in a single store.

Definition 2.9. We say a store mechanism (a, S, p) is a single-store mechanism if S is

a singleton.
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We single out these mechanisms because they represent what we would obtain in a
setting with no transportation costs. If we were in a model in which buyers could visit any
number of stores at no cost, then they would simply purchase each product in the store
that offers it for the lowest price. In that case, consumer choices would be the same under
a mechanism with multiple stores and a single-store mechanism in which the price of each
good is the minimum price of the good across the stores in the multi-store mechanism
(consequently, the profit would also be the same in both mechanisms). Looking at single-
store mechanisms thus provides us a benchmark mechanism that could be obtained in a

model where there is no restriction on consumer store visits.

2.2 Initial examples

We start with a simple example that shows that the seller may obtain higher profits

by offering products in multiple stores rather than only one store.

Example 2.10. Consider the case with only three consumer types T' = {t4,tp,tc} all
with the same measure of 1 in the population, and three goods, X = {z,y, z}. Assume

that each type only wants two specific products:

v({z,y,z},ta) =20 v({z,y, z},tg) = 10 v({z,y,z},tc) = 8
v({z,y} ta) =20 v({z,z},tp) = 10 v({y, 2z}, tc) =8
v(b,t4) = 0 otherwise v(b,tp) = 0 otherwise v(b,tc) = 0 otherwise.

Let’s first study single-store mechanisms. Consider the mechanism in which the

seller wants to offer each type their preferred bundle:

a(ta) = {z,y} a(tp) = {z,z} alte) = {y, 2}

The IC and IR constraints that must be satisfied are summarized in the table below:
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IC Type ta Type tp Type tc
{z,y, 2} p(z) 20 p(y) =0 p(z) =20
{z,y} p(z) —ply) <10 p(2) —p(z) <8
{z, 2} p(y) — p(z) <20 p(y) —plz) <8
{y, 2} p(z) —p(z ) <20 p(z) —ply) < 10
{z} ply) <2 p(2) <10 p(y) +p(z) —p(z) <8
{y} p(z) <2 p(z) +p(z) — ply) <10 p(z) <8
{z} | p(@)+ply) - ( ) <20 p(z) <10 ply) <8
IR p(z) +p(y) <20 p(z) +p(z) < 10 ply) +p(2) <8

Of course, many of these end up not actually constraining prices. For instance, the IC
restrictions for the 3-product bundle ensure prices must be non-negative, so IC for 2-product

bundles end up being implied by IC for 1-product bundles.

On the other hand, some of the 1-product IC restrictions, together with IR, do
constrain the seller and lead them to not be able to extract all surplus from type t4.
Indeed, since in a single-store mechanism all consumers face the same individual prices,

the prices are bound by what types tg and to are willing to pay:

0¢]

IC for tg: p(x) <10 IC for te: p(y),p(z) <
IR for tp: p(z)+p(z) <10 IR for te: p(y) +p(z) < 8.

Solving the seller’s problem of maximizing 2p(z) + 2p(y) + 2p(z) under these constraints,
we find that the profit-maximizing prices for this single-store mechanism are p(x) = 10,
p(y) = 8 and p(z) = 0, leading to a total profit of 36. Note, in particular, that it follows
from these restrictions that none of the constraints for ¢4 will be binding (for instance,
p(z) <10 and p(y) < 8 imply that p(z) + p(y) < 18, so IR for ¢4 will not bind), and this
type ends purchasing their bundle for less than what they are willing to pay.

Alternatively, the seller could also consider not selling to every type. Nevertheless,
that would reduce profits: even in a mechanism that assigns the empty bundle for ts, the
type with lowest valuation, the prices must still satisfy IR for the other types. In this case,
not needing to satisfy the constraints for - allows the seller to charge prices such that
p(x) + p(y) = 20 and p(x) + p(z) = 10. But despite being able to extract all surplus from
both t4 and tp this time, the resulting profit is 30. Therefore, the first mechanism we
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discussed is the optimal single-store mechanism.?

Moving now to general store mechanisms, consider a mechanism where again each
type is assigned their preferred bundle, but each of them is offered in a different store: let

S =1{1,2,3} and

by =a(ta) = {z,y} by = a(tp) = {x, z} by = a(to) = {y, z}.

Since prices are now store-specific and the stores of other types offer no value for a given
type (since they don’t sell the particular pair of products they want), the seller is now able
to charge higher prices from 4 while still being able to sell to tg and t¢. Hence, charging

any (non-negative) prices such that

pi(z) +pi(y) =20 pa(z) +pa(z) = 10 ps(y) +p3(z) =8,

the seller can charge from each type exactly what they are willing to pay (satisfying IR
with equality), and all IC constraints are easily satisfied because the value of going to any
other store is zero. Furthermore, the total profit in this case is 38, i.e., offering items in
multiple stores (under the restriction that each consumer only visits at most one store)

increased the profit relative to offering them in a single store. <

In the previous example, the fact that the products were complements seems to
have been important: the retailer is able to sort consumers into different stores (with
different prices) because each type values a distinct bundle, which is a lot more valued
than the standalone products, so that they have no incentive to go to a store other than
their assigned store.® Besides, demand complementarities similarly seemed important in
the example provided by Ambrus and Weinstein (2008) where consumers also sorted into
different stores, in a framework that like ours assumed consumers could only visit one

store (but assumed stores were competitors).

This led us to hypothesize that, in the absence of some form of complementarity, the

seller would not be able to incentivize consumers to go to a specific store, and consequently

2 Note that if the tc had a lower valuation for their bundle (below 5), then not selling to this type could

be optimal. But in that case, the seller would still be “leaving money on the table” by not selling to
tc, and the multi-store mechanism we consider below would similarly increase profits.

See also example A.1 for an example that similarly features product complementarity but is somewhat
less stark, in the sense that (unlike the previous example) consumers place some value in standalone
items and agree ordinally in their preferences for bundles.
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a multi-store mechanism would not be able to improve upon single-store mechanisms.

Formally, we stated this as follows:

Conjecture 2.11. Assume that valuation for goods is subadditive, in the sense that
Vi e T,Vb, b € B,u(bUl t) <wv(b,t)+v(l,t).

Then, there is always an optimal mechanism with a single store.

That conjecture, however, turned out to be false, as we show below.

2.2.1 Additive valuations, two-product case

Before moving to a numerical example, we consider a case with arbitrary types
T but assume there are two products, X = {z,y} and that valuations are additive, i.e.,
for all disjoint b,6' € B and for all t € T, v(bU ¥',t) = v(b,t) + v(b,t). This case is
instructive because additivity in particular implies v({x,y},t) = v(x,t) + v(y,t),* which
allows us to visualize the problem in R? by plotting the agents’ decisions according to
their (v(x,t),v(y,t)) pair.

In the case of a single store, there are only two prices, p(x) and p(y). Below we list
all the IR and IC restrictions for a given type ¢, and note that the unnumbered equations
are the ones that are implied by the others. Type ¢ will be willing to purchase X = {z,y}

as long as

IR for bundle {z,y}: v({z,y},t) — (p(z) + p(y)) > 0
= v(z,t) +o(y.t) > plz) + p(y)
IC for {z,y} over {z}: o({z,u},t) — (0z) + p(y)) > vl 1) - p(c)

= v(y,t) > ply) (2.1)
IC for {z,y} over {y}: v({z,y},t) — (p(z) + p(y)) > v(y,t) — p(y)
<~ v(x,t) > p(x) (2.2)

Similarly, a type t will accept {x} if

IR for {z}: v(z,t) —p(z) >0
<~ v(z,t) > p(x) (2.3)

4 Where we denoted v(z,t) := v({z},t) and v(y,t) := v({y},t) to simplify the notation.
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IC for {z} over {z,y}: v(z,t) — p(z) > v({z,y},t) — (p(x) + p(y))
= py) 2 v(y, 1) (2.4)
IC for {z} over {y}: v(z,t) — p(z) = v(y,t) — p(y)
Finally, for bundle {y},

IR for {y}: v(y,t) — p(y) >0

= v(y,t) > py) (2.5)
IC for {y} over {z,y}: v(y,t) — p(y) > v({z,y},t) — (p(x) + p(y))
<~ p(x) > v(z,t) (2.6)

IC for {y} over {z}: v(y,t) — p(y) > v(z,t) — p(x)

Figure 2.1 — Plot of v(x, - ) against v(y, - ) showing how prices in a single store, p(x) and
p(y), divide the plane into regions where a type is willing to purchase a given
bundle b*. We labeled each line segment with the corresponding IR or 1C
condition that it represents (see detailed explanation in text).

b = {y}
for p(y)
0
>
=
p(y)
b =10

In Figure 2.1, we plot v(z, - ) against v(y, - ) together with the above IR and

IC restrictions. The prices p(z) and p(y) divide the plane into four rectangular regions



Chapter 2. Model 28

that delimit which bundle a type with a given valuation pair is willing to purchase. Each

dashed line represents the threshold for which the preferred bundle for a type changes:

o the lower segment, denoted IRy,}, represents the switch between preferring the empty

bundle and preferring bundle {z}, and is determined by equation 2.3;

o the leftmost segment, denoted IRy, represents the switch between preferring the

empty bundle and preferring bundle {y}, and is determined by equation 2.5;

o the upper segment, denoted ICy, r.,1, represents the switch between preferring

bundle {y} and preferring bundle {z,y}, and is determined by equations 2.2 or 2.6;

e the rightmost segment, denoted ICy,} 1,41, represents the switch between preferring

bundle {x} and preferring bundle {z,y}, and is determined by equations 2.1 or 2.4.

The seller’s profit is then given by the sum (across the four regions) of the mass of
types with valuations lying within a given region times the price they pay in that region.
Note, therefore, that the seller faces the usual monopolist trade-off: charging a higher price
increases the profit per unit sold, but also reduces the area of the region where types are

willing to purchase that product, which may result in a lower quantity sold.

Multi-store mechanisms, however, may allow the seller to slightly alleviate this
trade-off in some cases. Consider the mechanism in which products are offered in three
stores, S = {1,2,3}, with by = {z,y}, bo = {z} and b3 = {y}. For brevity, we denote the
store where the bundle is purchased by adding a subscript (for instance, {z}; denotes the

bundle {z} being purchased in store 1). A type t accepts to purchase {x,y} in store 1 if

IR for bundle {z,y}1: v({z,y}. 1) — (p1(z) + p1(y)) = 0
= v(z,t) +v(y.t) = pi(z) +pi(y)
IC for {z,y} over {z}i: v({z,y}, 1) — (p1(z) + p1(y)) 2 v(z,t) — pi(2)
= v(y,t) 2 pi(y)
IC for {z,y}1 over {y}: v({z,y},t) — (p1(2) + p1(y)) = v(y,t) — p1(y)
<~ v(z,t) > pi(x)
IC for {z, y} over {z}a: v({z,y}, 1) — (p1(x) + p1(y)) = v(2,t) — pa(a)
= v(y,t) > pi(y) +pi(z) — pa(2) (2.7)
IC for {z,y}1 over {y}s: v({z,y},t) — (p1(2) + p1(y)) = v(y,t) — ps(y)



Chapter 2. Model 29

— v(z,t) = pi(z) + pi(y) —ps(y) (2.8)
They will be willing to go to store 2 and buy {z} as long as

IR for {x}e: v(z,t) — po(x) >0

= v(z,t) > pa() (2.9)
IC for {z}s over {z,y}1: v(x,t) — pa(z) > v({z,y},t) — (p1(z) + p1(y))
= pi(z) +pi(y) — p2(z) > v(y, 1) (2.10)

IC for {z}, over {zh: v, ) — pa(x) > 0(z,8) — i ()

= pi(z) > pa(x) (2.11)
IC for {z}s over {y}1: v(z,t) — pa(x) > v(y,t) — p1(y)

— (1) = p2(2) + pr(y) = 0(y,1)
IC for {x}, over {y}s: v(w,t) — pa(x) = v(y, 1) — ps(y)

= v(x,t) = pax) + p3(y) = v(y, 1) (2.12)

And for bundle {y} in store 3, the restrictions are:

IR for {y}s: v(y,t) — ps(y) > 0

= v(y,t) = p3(y) (2.13)
IC for {y}s over {z,y}1: v(y,t) — ps(y) > v({z,y},t) — (p1(x) + p1(v))
< pi(z) +pi(y) — p3(y) = v(x,t) (2.14)

IC for {y}s over {x}1: v(y,t) — ps(y) > v(z,t) — pi(2)
< v(y,t) > v(x,t) — pi(x) + p3(y, t)
IC for {y}3 over {y}i: v(y,t) — ps3(y) > v(y,t) — p1(y)

= pi(y) = p3(y) (2.15)
IC for {y}3 over {z}a: v(y,t) — p3(y) > v(x,t) — pa(x)
> v(y,t) = v(z,t) — pa(z) + ps(y) (2.16)

(As before, the unnumbered equations are the ones implied by the others.)

Note that in order for at least a fraction of consumers to want to purchase something
in the stores that only sell one item (stores 2 and 3), the prices there must be lower than
in the store that sells both products (store 1); this is exactly equations 2.11 and 2.15.

But consumers now face a trade-off: if they go to a store that sells only one item but
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has a lower price, then they must necessarily forfeit buying the other item. As a result,

consumers who value both products enough may find it worth visiting store 1 despite the

higher prices.

Figure 2.2 — Plot of v(x, - ) against v(y, - ) showing how prices under the three stores,
p1(z), p1(y), p2(x) and ps(y), divide the plane into regions where a type is
willing to purchase a given bundle b*. As in the previous figure, we labeled

each line segment with the corresponding IR or IC condition that it represents
(see detailed explanation in text).

b ={y}s b ={z,yh
for ps3(y) for p1(z) + p1(y)
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b = {z}s
for p(z)

o) pi(z) +piy) — pa(y)
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Figure 2.2 illustrates that prices once more divide the plane into four regions, but
now prices may vary across regions, and the regions are no longer necessarily rectangular-

shaped. The dashed lines again represent the thresholds for which the preferred bundle for
a type changes:

o the lower segment, denoted IR(,,, represents the switch between preferring the
empty bundle and preferring bundle {z} in store 2, and is determined by equation

2.9. This is identical to the single-store case.
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¢ The leftmost segment, denoted IRy,,, represents the switch between preferring the
empty bundle and preferring bundle {y} in store 3, and is determined by equation

2.13. This is again identical to the single-store case.

« The upper segment, denoted ICyy}, 24}, represents the switch between preferring
bundle {y} in store 3 and preferring bundle {z,y} in store 1, and is determined by
equations 2.8 and 2.14. Unlike the single-store case, in order to be willing to purchase
{z,y}1, the buyer must have a valuation that’s not simply greater than the price of

x (p1(x)), but greater than that price plus the additional price they’d have to pay
for product y in that store (py(z) + (p1(y) — ps(v))).

e The rightmost segment, denoted ICy,y, (2,41, Tepresents the switch between preferring
bundle {z} in store 2 and preferring bundle {z,y} in store 1, and is determined by
equations 2.7 and 2.10. Unlike the single-store case, in order to be willing to purchase
{z,y}1, the buyer must have a valuation that’s not simply greater than the price of
y (p1(y)), but greater than that price plus the additional price they’d have to pay
for product z in that store (p1(y) + (p1(x) — p2(2))).

o The diagonal segment in the middle, denoted ICy,, ,3,, represents the switch between
preferring bundle {z} in store 2 and bundle {y} in store 3, and is determined by
equations 2.12 and 2.16. There was no segment analogous to this segment in the
single-store case because there, consumers could always purchase both {z} and
{y}. In contrast, here in the multi-store case some consumers may find store 1 too
expensive and would be willing to purchase {x, y} for the prices of 2 and y in stores 2
and 3. However, they can only go to one store, and this diagonal segment represents

these types that are exactly indifferent between stores 2 and 3.

As in the single-store case, the seller’s profit can be calculated by the mass of
consumers lying in each region times the price they pay in that region. And depending on
the distribution of utilities, the seller may be able to set prices such that the profit with

multiple stores is strictly greater than with a single store, as the next example shows.

Example 2.12. We now consider a concrete example of the two-good, additive case. Let
there be three consumer types, T' = {t4, tp, tc}, each with a measure of 1 in the population

and with values for singleton bundles given by:
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v(z,ta) =16 v(z,tg) =4 v(z,tc) =8
U(yatA) =22 U(:y?tB) =12 U(y>t0) =10

In Figure 2.3 we plot these valuation pairs for the three types, along with an optimal single-
store mechanism: offer a(t4) = {z,y} and a(tg) = a(tc) = {y}, with prices p(z) = 16 and
p(y) = 10, resulting in a profit of 46.

It is important to note that we can’t see from the figure itself that is the optimal
mechanism. Instead, we calculate the profit under each pair of prices (p(x),p(y)) to find
which yields the highest profit. The figure shows, however, that we only need to check
a finite set of pairs: when each vertical line p(z) and each horizontal line p(y) “touches”

each of the type valuation pairs (v(x,t),v(y,t)).

Intuitively, these prices are profit-maximizing because, in the case of product x, the
revenue from selling only to t4 (1 -16) outweighs the lower price that would be necessary
to sell to both t4 and to (2 - 8) or selling to all types (3 -4). Reversely, in the case of
product y, the benefit of selling to all types at a lower price (3 - 10) outweighs the benefit
of selling to t4 and tp (2-12) or only to t4 (1-22).

On the other hand, consider now the following multi-store mechanism:

a(ta) = b1 = {z,y} a(tp) = by = {y} a(te) = by = {x}
pi(z) = 16,p1(y) = 20 p3(y) =12 pa(z) =8

We plot this mechanism, along with the valuation pairs, in Figure 2.4.

Observe that the total profit under this mechanism is 48, slightly higher than before.
Type ta again purchases product x at a high price, but by also offering x by itself in
another store for cheaper, the seller is able to sell it to ¢ as well. Additionally, while with
a single store it was optimal for the seller to offer y to all types at a low price, this time
they don’t sell it to to but can charge a slightly higher price from t5 and a significantly
higher price from t4. And although x and y are cheaper in stores 2 and 3 compared to
store 1, type t4 is still willing to go to their assigned store because then they can buy both
products and obtain higher utility:

v(bi, ) — (p1(z) +p1(y)) > v(x,t) —pa(z)  v(bi,t) — (pi(x) + pi(y)) = v(y,t) — ps(y)
38—(16+20) 16—16 38—(16+20) 22-20

This is despite products x and y not being “complements”, in the sense that the value of

the bundle {z,y} is not strictly greater than the sums of the values of {z} and {y}.
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Figure 2.3 — Analogous to Figure 2.1, but now plotting the three specific pairs
(v(z,t),v(y,t)) in this example, along with the prices under the optimal
single-store mechanism.
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Hence, even without demand complementarities, the seller was able to lead con-
sumers to sort into different stores, which made it possible for them to charge different

prices from different types and increase profits. N
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Figure 2.4 — Analogous to Figure 2.2, but now plotting the three specific pairs
(v(z,t),v(y,t)) in this example, along with the prices under the optimal
multi-store mechanism.
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3 Results and counterexamples

As a first step in trying to better understand this class of strategies we introduced
(store mechanisms), in this chapter we investigate if there are assumptions under which
multi-store mechanisms are not able to strictly increase profits relative to mechanisms with
a single store. We find that by imposing restrictive conditions on consumer heterogeneity
(e.g., limit the number of products and types) the retailer may indeed never benefit from
having multiple stores. However, we also show through examples that even small deviations
from these assumptions can make it again possible for the profit in a single store to be

improved upon.

3.1 Two types, two products

Proposition 3.1. Assume there are only two types, T := {ta,tg}, and two products,

X ={xz,y}. Then, there is always an optimal mechanism with a single store.

Proof. Let M* = (a, S, p) be an optimal multi-store mechanism.* Without loss of generality,
assume there are two stores, S = {1,2}, and that by = a(t4) and by = a(tg). We show

that we can construct a single-store mechanism from M* that yields the same profit.

Since B = {0, {z},{y}, {z,y}}, there are in total 16 possible pairs of assignments
(b1, by). We analyze the pairs separately.

Case 1: trivial cases (9 pairs)

The seven pairs in which either b; = () or b, = ) are trivially implementable as a
single store resulting in the same revenue (by setting the same assignments and prices —
note that if one of the assigned bundles is empty, then we have at most one price for each

good already).

The pairs ({z}, {z}) and ({y},{y}) are similarly easy: in order to satisfy IC, the

prices in both stores must be the same, so again we only have one price, and a single-store

1 Note that an optimal mechanism always exists: there’s always at least one IR and IC mechanism (the

one that offers ) to all types), and the inequalities on the IR and IC conditions (plus the fact that we
assume 7' is compact) ensure there always exist profit-maximizing prices.
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mechanism can be defined using the same assignment a and the same price, thus resulting
in the same profit. (Cases 2 and 3 below must deal with situations where prices in the

multi- and single-store cases may differ)

Finally, note that, in none of these cases, combining all the assigned bundles into a
single store creates a bundle that was not previously available, so the IR and IC constraints
for the single-store mechanism trivially follow from the corresponding restrictions in M*.
(Case 4 must deal with a situation where a new bundle becomes available in the single-store

mechanism)

Case 2: by = by = {z,y}

In this case, we may in general have different prices across the stores. However,
due to the IC constraints in the multi-store mechanism, a single-store mechanism that
uses the same pair of prices of any of the stores will still be IR and IC. Formally, consider
the mechanism M*" with a single store that sells {x,y} at prices p(z) := pi(z) and
p(y) := p1(y), and that assigns a*"(t4) = a*"(tg) = {z,y}. The IR and IC constraints for
t4 are then immediately satisfied (since they are a subset of restrictions in the multi-store

case).

As for type tpg, first note that from IR in the multi-store mechanism, we have:

multi-store IR for t4: v({z,y},ta) — (p1(x) + p1(y)) > v({z, ¥}, ta) — (p2(x) + p2(y))
= p2() + pa(y) = pr(2) + p1(y)

multi-store IR for t5: v({z,y}, t5) — (p2(x) + p2(v)) > v({z,y},ts) — (11 (x) + p1(y))
= p1(2) + p1(y) = p2(x) + p2(y).

That is,
p(x) + p(y) = pi(x) + pi(y) = p2(z) + p2(y), (3.1)

from which we obtain IR for ¢z in the single-store mechanism:

multi-store IR for t5: v({z,y},t5) — (p2(x) + p2(y)) > 0
(z)+p(y)
=p(x

= U({xvy}’tB) - (p([E) +p(y)) Z 0

single-store IR for tp
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The fact that p(z) + p(y) = pa(z) + p2(y) implies the single-store IC constraints for t5 as

well:

multi-store IC for tp: v({z,y}, t5) — (p2(x) + p2(y)) > v({z}, t5) — &@

=p(x)+p(y) =p(=)

— v({z,y}.t5) — (p(x) + p(y)) = v({z}, t5) — plx)

single-store IC for tp

multi-store IC for tp: v({z,y}, t5) — (p2(x) + p2(v)) > v({y},tB) —Zl@

=p(z)+p(y) =p(y)

= v({z,y},ts) — (p(x) +p(y)) = v({y}, ) — p(¥)

single-store IC for tp

Hence, the M*" is also IR and IC.

Finally, note that it also follows from (3.1) that the profit in M*" is the same
as in the optimal mechanism M*, since the profit from each type is the same in both

mechanisms. Consequently, M*" is an optimal single-store mechanism.

Case 3: b; singleton and b; two-product bundle (4 pairs)

Specifically, the possible pairs here are ({z}, {z,y}), {v}, {z,y}), {z,y},{z}) and
({z,y},{y}). We prove only for the first case, b = {x} and by = {z,y}, since the proofs

for the others are analogous.

Consider the mechanism M*™ with a single store that sells {z,y} at prices p(z) :=
p1(z) and p(y) := po(z) +p2(y) —p(z), and with assignments a*™(t4) = {z} and a*"(t5) =
{z,y}. Note that the prices were defined in such a way that the total price each type pays
for their bundle is the same in the original multi-store mechanism and the new single-store

mechanism.

Now, from one of the IC constraints in M* for t4 we have:

v({z},ta) = pi(@) 2 v({x}, ta) — pa(x), that is, pa(x) = pi (),

which in particular implies p(y) > pa(y). With that, we verify that IR and IC are also

satisfied by this single-store mechanism:

multi-store IR for t4: v({z},t4) — p1(z) >0
~——

=p(x)
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multi-store 1C for t4:

multi-store I1C for ¢ 4:

multi-store IR for ¢p5:

multi-store IC for tp:

multi-store IC for tg:

= v({z}, ta) —plx) 20

single-store IR for t 4

v{{oh ta) = pafe) 2 o({z,yhta) = (@) + P2 ()
=p(z) =p(z)+p(y)
— v({z},ta) — p(z) = v({z,y},ta) — (p(z) +p(y))
single-store IC for ¢ 4
vt} ta) = pi(r) 2 o({yhta) = pa(y)
=p(x) <p(y)
= v({z},ta) — p(x) = v({y}, ta) — p(y)
single-store IC for t 4
v({z,y},te) — (p2(x) + p2(y)) 2 0
=p(z)+p(y)
— v({z,y},ts) — (p(x) +p(y)) = 0
single-store IR for tp
vz yb ts) = (p2(2) + pay)) = v({z}, ts) = paf2)
=p(z)+p(y) =p(z)
— v({z,y},tp) — (p(x) +p(y)) = v({z},tp) — p(x)
single-store IC for tp
v{{z,yhts) = (p2(2) + =) 2 v({y} 15) — paly)
=p(z)+p(y) <p(y)

= v({z,y},t8) — (p(z) + p(y)) > v({y},t8) — p(v)

single-store IC for tp

Finally, as before we have the revenue from each type in M*™ is the same as in the multi-

store mechanism we started with: the revenue from t,4 is p;(z) = p(z) and the revenue

from tp is pa(x) + p2(y) = p(z) + p(y). Due to the optimality of M*, the mechanism M*™

is also optimal.

Case 4: the remaining two pairs ({z},{y}) and ({y}, {z})

As in the previous case, we only prove for one of the pairs, by = {x} and by = {y},

since the proof for the other pair is analogous. Consider a single store that sells {x,y} for
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p(z) := p1(z) and p(y) := p2(y). Hence, from IR and IC for M*, we have:

multi-store IR for t4: v({x},t4) — p1(z) >0

S
= v({z},ta) —p(z) 20 (3.2)
multi-store IC for t4: v({x},t4) — ]&@ >v({y}.ta) — %@2
=p(z) =p(y)
= v({z}, ta) = p(2) 2 v({y}, ta) = p(y) (3:3)
multi-store IR for t5: v({y},t5) — p2(y) >0
=p(y)
= v({y}.ts) —p(y) 2 0 (3.4)
multi-store IC for t5: v({y},t5) _pi@ >v({z},tp) _&@
=p(y) =p(z)
= v({y}18) — ply) 2 v({z}, 1) — pl(x) (3:5)

By offering both x and y in the same store, however, consumers are now able to purchase
a bundle that was previously unavailable in the multi-store mechanism (the bundle {z,y}).
We thus consider the four possible subcases for the remaining inequalities needed for the

mechanism to be IC.

Case 4, subcase 1

First, assume that

v({z} ta) = p(x) = v({z,y} ta) — (p(x) + p(y)), and

vy} ts) = ply) =2 v({z, y},ts) — (p(2) + p(y))-
Those are exactly the missing IC constraints for the mechanism that assigns a*"(t4) = {z}
and a*"(tg) = {y} in a single store offering {z, y} at prices p(z) := p1(x) and p(y) := pa(y).

Since the profit for this mechanism is the same as in M* (again, the profit per consumer

is the same), this is an optimal single-store mechanism.

Case 4, subcase 2

If instead we have

v({z} ta) —p(x) = v({z, y}, ta) — (p(x) + p(y)), and (3.6)
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v({y},ts) — ply) <v({z,y},t8) — (p(x) + p(y)), (3.7)

consider the mechanism M*" with one store offering {z,y} at prices p(z) := p;(z) and
p(y) == p2(y), and assignments a*"(t4) = {x} and a*"(t5) = {z,y}. Equations (3.2),
(3.3) and (3.6) are exactly the IR and IC constraints for ¢4 in this single-store mechanism.
Moreover, combining equations (3.4) and (3.5) with (3.7), we also obtain the single-store
IC and IR restrictions for ¢z (for accepting the bundle a*"(tg) = {x,y}). That is, this
single-store mechanism is IC and IR, and results in a total profit of p;(x) from ¢4 and

p1(z) + p2(y) from tp.

Note, however, that since we are assuming the original multi-store mechanism with
by = {x} and by = {y} is optimal, we must have p;(x) > 0, otherwise the seller would be
able to (strictly) increase profits by offering type t4 a different (potentially empty) bundle.
Indeed, assume by way of contradiction that pi(x) < 0. If py(y) < 0 as well, then offering
both types the empty bundle strictly increases profit to zero (contradicting the optimality
of M*), so assume that ps(y) > 0.

o Sub-subcase? 1: if v({y},ta) — p2(y) < 0, consider the mechanism M that offers
a(ts) = 0 and a™(tg) = {y} with price ps(y). The IR and IC constraints for
tp in M@ are simply a subset of the corresponding restrictions in M?*, and the
assumption of this sub-subcase is exactly the type-t4 IC for M. The profit from
tp is the same in both mechanisms, but the profit from ¢4 strictly increases from

pi1(z) < 0 to 0 in M which contradicts M* being optimal.

o Sub-subcase 2: if v({y},t4) — p2(y) > 0, consider the mechanism M that offers
a(ty) = a®(tp) = {y} with price py(y). As before, the IR and IC constraints
for t5 in M%* are just a subset of the corresponding restrictions in M?*, and the
assumption of this sub-subcase is the type-t4 IC for M. The profit from tz is the
same in both mechanisms, but the profit from ¢4 strictly increases from p;(z) < 0 to

pa(y) > 0 in M which again contradicts the optimality of M*.

Going back to our single-store mechanism M?*", we have the the profit from t4
is the same in M*"™ and M*, but that since p;(x) > 0, the profit from ¢ non-strictly
increases: p2(y) < p1(z) + p2(y). On the other hand, by assumption M* is optimal so we

2 T apologize for this.
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must also have py(y) > p1(z) + pa(y). From that, we conclude that the profit under M*™

is the same as under M*, and M*" is an optimal single-store mechanism.

Case 4, subcases 3 and 4

For the two remaining combinations of inequalities, subcase 3:

v({x},ta) — p(z) <v({z,y},ta) — (p(x) + p(y)) and
v({y} te) — ply) = v({z, y}, ts) — (p(x) + p(y))

or subcase 4:

v({z}, ta) — p(x) <v({z,y},ta) — (p(z) + p(y)) and
v({y}.ts) — p(y) <v({z,y} ts) — (p(x) + p(y)),
the proofs are analogous to the previous subcase. For subcase 3, we simply define the

mechanism with a*"(t4) = {z,y} and a*"(tg) = {y}; and for subcase 4 we define the

mechanism with a*"(t4) = a*"(tg) = {z, y}. O

We now show that even going from two to three products make it possible for

multi-store mechanisms to improve upon single-store mechanisms.

Example 3.2. Assume there are two consumer types 1" = {t4,tp} all with the same
measure in the population, and three goods, X = {z,y, z}. Let the distribution of the

valuation for each bundle of each type be given by:

Type ta | Type tp

{z,y,2} 50 33
{z,y} 49 28
{z, z} A7 16
{y, 2} 36 15
() 21 13
W | |
(2} 9 10

In the optimal single-store mechanism, the seller offers only the bundle {z, z} at

prices p(z) = 37 and p(z) = 10, and assigns

a™"(ta) = {z, 2} a™"(tp) = {z},
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resulting in a total profit of 57. On the other hand, with multiple stores we can define the

mechanism M* that offers products in two stores, S = {1, 2}, with

by =a(ta) ={z,y} by = a(tp) = {z}
pi(x) =22 pa(z) =10
pily) =27

which increases profit to 59 compared to the single-store mechanism. Rather than showing
in detail why these mechanisms are optimal,® we focus on the intuition of why the multi-
store mechanism can generate higher profits, and highlight what step in the previous proof

fails for this example.

The benefit of offering products in two stores in this case comes from restricting
type ta’s choices: if product {z} was also available in store 1, then ¢4 would prefer to

purchase {z, z} instead of {z,y}:

v({z,y} ta) — (p1(x) + pi(y)) =49 — (224 27) =0 <
<v({w, 2}, ta) — (p1(x) + p2(2)) = 47 — (22 4+ 10) = 15 (3.8)

(note that this equation is not one of the multi-store IC constraints precisely because the
bundle {z, z} is not available at any store). However, the retailer prefers selling t4 the
bundle {z,y} because it results in a revenue of 49 (which is greater than 47, the maximum

this type would be willing to pay for {x, z}).

This also highlights where the proof above fails for this three-product example.
Starting from the multi-store mechanism M* above, with a(t4) = {z,y} and a(tp) = {z},
the issue of offering all products in a single store, b*" = {z,y, z} is that now consumers

can buy bundles that were previously unavailable with multiple stores.

In the proof of proposition 3.1 above, we dealt with a similar issue in case 4, where
we started with assignment "%/ (t4) = {z} and a?°/(tp) = {y}. What fundamentally
differentiates the two-goods case, however, is that the only other bundle that becomes
available when combining into a single store is {z,y}. Therefore, when using the same

prices, even if one of the agents happened to prefer this bundle,* then the profit from this

3 To verify optimality, note that since the set of types is finite, there’s a finite number of possible

assignments (a(ta),a(tp)). Hence, one can separately find the optimal prices for each possible bundle
assignment (i.e., maximize profit under the IR and IC constraints), then compare the profit across the
(a(ta),a(tp)) pairs.

4 See case 4, subcase 2.
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agent would simply change from, say, p(z) to p(x) + p(y). That is, the profit under this
single-store could only weakly increase relative to the multi-store mechanism we started
with. But since this multi-store mechanism is optimal by assumption, this new single-store

mechanism is also optimal.

In contrast, with at least three goods, that strategy does not work because the new
bundles that become available need not result in a weakly higher profit, and this is exactly
what the present example illustrates. Specifically, now with a single store b*" = {x,y, 2}
offering the same prices p*™(z) = 22, p*™(y) = 27 and p*™(z) = 10, the bundle {x, 2}
becomes available and type t4 prefers it over their original bundle {z,y}, as equation 3.8
shows. However, unlike the two-product case, the profit from bundle {z, z} that t4 now

prefers (p*™(x) + p*™"(z) = 32) is lower than the profit from the originally assigned bundle
{z.y} (P (@) + P (y) = 49). <

3.2 Two types, additive valuations

In the previous section, we saw that while with two goods and two types multi-store
mechanisms could never strictly increase profits relative to single-store mechanisms, that
is not the case already in the three-product, two-types case. In this section, however, we
show that if we impose that values are additive,® then the result becomes true with two

types and any number of products.

Proposition 3.3. Assume there are only two types, T = {ta,tg}, and that valuation for

goods is additive, in the sense that
Vb,V € B withbNbd =0 and Vt € T,v(bUV,t) = v(b,t) + v(b,1).

Then, there is always an optimal mechanism with a single store.

The additivity assumption greatly simplifies the analysis because it ensures that
(at least in a single store) the decision to purchase a bundle depends only on being willing
to purchase each product separately, something we use in the proof. Also, note that one
can easily show by induction that additivity in this context is equivalent to
Vb e BVt € T, v(b,t) => v({z},1).
z€b
An assumption that is common in the multi-product bundling literature, from early papers such as

Adams and Yellen (1976) and McAfee et al. (1989), up to more recent ones such as Daskalakis et al.
(2017) and Hart and Nisan (2019).

5



Chapter 3. Results and counterexamples 44

Proof. Let M* = (a, S, p) be an optimal multi-store mechanism. Without loss of generality,
assume there are two stores, S = {1,2}, with store 1 selling t4’s bundle b; = a(t4) and
store 2 selling tp’s bundle by = a(tp). As before, our strategy will be to construct a

single-store mechanism from M* that results in the same profit.

Note that if either by = () or by = (), then the proof is trivial: simply offer the
exact same bundles at the same prices in a single store. The IR and IC constraints will be

identical to their corresponding multi-store constraints, and the profit will be the same.

Hence, we now assume by # () and by # 0.

Step 1: define bundles and prices for the single-store mechanism

Consider a single store offering all those products b*"™ := b, U by. To define prices,

we first partition this bundle into three sets:
XAI:bl\bg X]I:blﬂbg XB::bQ\b17

so that we can write the bundle as a disjoint union: b*" = X, U X; U Xpg. That is, we
consider the products that are only in ¢4’s bundle, products that are in both ¢4’s and tg’s

bundle, and products that are only in £g’s bundle.

Before defining prices for the single store, note that, thanks to additivity, the
individual valuation of each product is greater than (or equal) its individual price offered

to each type. Indeed, let x € by; from the multi-store IC for type t4 we have:

Z v} ta) — Z iy Z v({y},ta) — Z iy

yeb: yeb: yébl\{x} yebi\{z}

=v(b1,t4) =v(b1\{a},ta)

which implies v({z},t4) — p1(x) > 0. Of course, analogous reasoning can be applied to

store 2 and type tp, so we conclude that

Vo € by, v({z},ta) > pi(x) and Vo € by,v({z},tp) > po(z) (3.9)

We define prices in the single store in such a way that the previous equation remains
valid for the new prices. For prices that only one type faces, one trivial way to do it is to

simply set the price as equal to the valuation. Specifically, if X4 # ), define

Vo € Xa,p(v) :=v({z},ta),
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so that clearly we have v({z},t4) > p(z),Vz € X 4. Similarly, if Xp # (), define
Vo € Xva(x) = U<{x}7tB)a

and again we naturally have v({z},t5) > p(x),Vx € Xp.

If there are products that were both in b; and by, i.e., X; # (), we instead use the

minimum across the two types, to ensure the desired inequality is valid for both types.
Ve € X, p(x) .= min{v({z},ta),v({z},t5)}.

This implies that, for all x € X := byNby, we have both v({x},t4) > p(z) and v({z},t5) >
p(z). In the end, then, these single-store prices satisfy:

Ve e XaUXnv({x}h,ta) >p(z) and Voee XpUXpv({z} tp) > pa(x). (3.10)
—b; —by

Since valuations are additive, what matters for consumers is the valuation of each
product separately, so we define the bundles for M*™ accordingly. Formally, given the
single-store prices we just defined, we assign a product to a type if their valuation for this

good is greater than the single-store price:
ba = {x € b [v({z}, ta) = p(x)} bp = {z € b™" | v({z},tp) = p(x)},

and observe that equation 3.10 implies b; C by and by C bp."

Step 2: verify the single-store mechanism is IR and IC

We now show that the single-store mechanism M*" that assigns a*"(t4) = b4 and
a*™(tg) = bp (in a single store offering b*™ with the prices as defined above) satisfies the

IR and IC restrictions.

The IR constraints follow directly from additivity and the definitions of b4 and bg:

Single-store IR for ta: v(ba,t4) — Z p(z Z v({x},ta) —p(z) >0
o€ba 2€ba >0 from the
definition of by
Single-store IR for t5: v(bg,tp) — > plx) = > v({z}, tg) — p(z) >0
z€bp x€bp

>0 from the
definition of bpg

6 Yes, this means we may possibly assign additional products compared to the multi-store mechanism.
However, we shall see in the last step that, even if that’s the case, due to the IC constraints in M*

and the fact that M* is optimal, the profit under the single-store mechanism won’t strictly increase.
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As for the IC constraints for type t4, let b C b*. We consider separately the
products that are in both b4 and b, and those that are only in b:

v(b,ta) = > plx) =Y v({z},ta) — p(z) (from additivity)
= > v({zhta) —pl@)+ X v({z}.ta) —p(@)
TEbNb 4 z€b\ba

(if either bNby = 0 or b\ ba = 0, simply replace the corresponding sum above by zero and

everything works the same). Rearranging, we obtain:

v(b,ta) = 3 (@) (Z v({w},m—p(x)): S o{r)ta) —pl) <0 (3.11)

z€b z€bNbg z€b\ba

<0 from the
definition of by

Similarly, now decomposing the sum over b, between the products in both b4 and

b, and those only in b4, we have:

v(ba,ta) = Y plx) = > v({z}, ta) — p(z) (from additivity)
= > v({zhta) —pl@)+ D v({z} ta) - pla),
z€bNba z€ba\b

or, rearranging,

v(bata) — Y p(x ( > v{z},ta) —p(ﬂf)) = > v({z}ta) —p(z) > 0. (3.12)

b bnb
TEDA TENDA 2€bab >0 from the

definition of by

Hence, combining equations 3.11 and 3.12,

>0 from equation 3.12

vbasta) = > ple ( > v({x}iA)—p(:C)) >

z€by x€bNb 4

v(b,ta) = > plz) ( > v({x},tA)—p(ﬂ?)),

z€b z€bNby

<0 from equation 3.11

which clearly implies the single-store IC constraint for ¢ 4:

v(ba,ta) — Y p(x) > v(b,ta) = > p(x)

x€by zeb
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Because b C b*™ was arbitrary, we conclude all IC constraints for ¢4 are satisfied in the

single-store mechanism. The proof of the IC restrictions for type tg is analogous.

That is, in this step we showed the single-store mechanism M*" we defined following

step 1 is both IR and IC. It remains to verify if it is also optimal.

Step 3: check that profit is the same under the multi- and single-store mecha-

nisms

Finally, we show that the profit for each type under M*" is weakly greater than
the corresponding profit in M*. Again, we prove for ¢4, since the proof for ¢z is analogous.

First, using a somewhat lax but suggestive notation, define:

{v > 0B} = {z € X; | v({z}, ta) > v({z},tp)}
{v? <P} = X\ {v? > 08} = {z € Xy | v({z}, ta) < v({z},t)}

(so that clearly we have the disjoint union X; = {v4 > vP} U {04 < 0B}).

Note that by definition we have {v4 > vB} C X; C by, i.e., all products in that set
are available in store 2 in the multi-store mechanism. One of the multi-store IC constraints
is thus that ¢4 must prefer purchasing their assigned bundle b; (in store 1) over purchasing
the bundle {v* > v} in store 2:

bZ v({z},ta) Zpl Z v({z}, ta) — Z pa(x)

{vA>'vB} {vA>vB}

=v(b1,ta) =v({vA>vB}ta)

From their definitions, we have that b; = X4 U X; = X4 U {v? > 0B} U {v? > 0P}, so

that we can cancel out a few terms in the preceding equation and rearrange it to obtain
( >, v({zhta) - ) ( >, e 93)) >0
Xau{vA<vB} {vA>yBY

But recall that from equation 3.9 we know that v({z},tg) > p2(x); applying that to the

previous equation leads to:
( > v({z} ta) —pl(w)) + ( > v({z}.tr) —pl(x)) >0 (3.13)
X au{vA<vB} {vA>vB}

This equation illustrates the fundamental intuition of why the profit weakly increases: for

products in X4 or in {v# < vB}, the price that t4 pays increased from p;(z) in M* to
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v({z},ta) in M*™. The first term in the previous equation,

>, v({zhta) = pi(2)

X au{vA<vB}

is exactly how much the total price t4 pays increased as a result. However, for products
in {v4 > vB}, the price changed from p;(z) in M* to v({x},t5) in M*™ so it’s possible
that they actually decreased. The second term,

> v({z},te) — (),

{vA>vB}

is the total potential loss from changing those prices. What 3.13 shows is that the price

increases in X4 U {v4 > vP} outweigh the potentially lower prices in {v# < v},

With that, let’s now look at the profit under the single-store mechanism. Using the
definition of the prices p(x) from step 1, we have that the profit for type t4 in M*" is

given by:
> p(x) = px) + > plx)
ba b1 ba\b1
=> pl@)+ > v({z},tp) (using ba \ by C X3)
b1 ba\by

>3 ple) (since v({z}, t5) > 0)
= Zp(q;) + Zp(gj) (using b1 = XA L X])

:Zp(a:)—l— Z p(z) + Z p(z) (using X; = {v?* <P} U {v? > 0P

{vA<vB} {vA>vB}

(3.14)

Again using the definition of the prices in M*™", we have

Yo@)+ D pla)+ > pla)=

{vA<vB} {vA>vB}

= Z ({z},ta) + Z v({x},ta) + Z v({z},tp) (definition of prices)

Xa {vA<vB} {vA>vB}
= > vzhta)+ > v({z}hts)

Xau{vA<vB} {vA>vB}

= > piz)+ ( > v({z}.ta) —pl(x)) +  (sum/subtract p;(z))

X au{vA<vB} Xa{vA<vB}

+ > Pl(l")+< > U({fF}JB)—Pl(l"))

{vA>vB} {vA>vB}
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=D _m(r)+ ( > v({x}ta) —pl(x)) + (3.15)

Xau{vA<vB}

+( > v({x},tB)—pl(l‘))

{vA>vB}

Hence, combining equations 3.14 and 3.15, we obtain:

pr(w)Z;pl(wH( ) v({x},tA)—pl(x))Jr( ) v({r},ts)—pl(ﬂf))

X al{vA<vB} {vA>vB}

>0 from equation 3.13

> ;Ih(?ﬂ),

i.e., we showed that the profit for type t4 under mechanism M*" (given by 33, p(x)) is
weakly greater than the profit for ¢4 under the original mechanism M* (given by >, p1()).
Since the same is true for type tz, the total profit under M*™ is also weakly greater than
the profit under M*.

But M* is an optimal mechanism by assumption, so we conclude that the profit
under both mechanisms is the same. Therefore, M*" is an optimal single-store mechanism.
O

As before, small departures from the assumptions in the previous result make it
possible for a seller to benefit from having multiple stores. In example 3.2 we already
showed that’s the case with two types but without the additivity assumption. We now
revisit one of the examples of the previous chapter, where we maintained additivity but

had three instead of two types.

Example 3.4. In example 2.12, there were two products, X = {z,y}, three types

T = {ta,tp, tc} with additive values, and the valuations for singleton bundles given by:

v(z,ta) =16 v(z,tp) =4 v(z,tc) =8
v(y,ta) =22 w(y,te) =12 w(ytc) =10

The optimal single-store mechanism was a(ta) = {x,y} and a(tp) = a(tc) = {y}, with
prices p(x) = 16 and p(y) = 10, resulting in a profit of 46. The optimal multi-store

mechanism was given by:
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a(ta) = b1 = {z,y} a(tg) = b3 = {y} a(te) = by = {x}
pi(z) = 16,p1(y) = 20 p3(y) =12 p2(r) =

which gives a profit of 48.

What changes when we switch from two to three types? First, note that in the
preceding proof when we had to set a price in the single-store mechanism for a good that the
two types consumed, we set it as the minimum of the valuations (i.e., for x € X := by U by,
we set p(z) := min{v({z},t4),v({z},tp)}). Consequently, some of those prices may be
lower for a type than they were in the original multi-store mechanism. Nevertheless,
crucially, using one of the multi-store IC constraints, we showed in equation 3.13 that
those potential price reductions were compensated by increasing the prices of the products

only one of the types purchase:

( Z v({z},ta) _pl(ﬂf)) + ( Z v({z},tp) —pl(x)) > 0.

Xal{vA<oB} {vA>vB}

price increases potential price reductions

That may no longer work with three types. Specifically, we could be tempted to
define prices for goods consumed by more than one type as the minimum again, as to
ensure the IR and IC constraints are satisfied in the single-store mechanism. For this

particular example, this would correspond to choosing
p*"(2) := min{v(z, ta),v(z, tc)} = 8 P (y) == min{v(z, t4), v(z, tp)} = 12.

However, that would decrease the prices of both products for 4 when going from the
multi-store to the single-store mechanism, leaving no room for those reductions to be

compensated by raising prices elsewhere. N
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4 Conclusion

In this study, we proposed a model in which a retailer can lead heterogeneous
consumers to sort into different stores by offering different product assortments at each of
them, a pattern we argued might help explain some recent empirical findings on the retail
industry such as price discrimination and uniform pricing. Through various examples, we
illustrated that by doing so, the seller may increase its profits relative to offering all goods

in only one store.

In addition, we proved some results that show that under some conditions (which
generally restrict consumer heterogeneity in some way) the seller may never benefit from
offering products in multiple stores. But we also provided examples demonstrating that
small departures from these conditions make it possible for multiple stores to increase

profits over a single store.

There are several ways in which this basic framework can be extended to bring it
closer to reality. Some extensions, while possibly quantitatively important, are unlikely to
significantly alter the qualitative insights the model provides. One such extension would be
introducing a fixed cost of opening a store. While this cost would affect the seller’s profit,
it has no impact on consumers’ choices and thus the seller can still sort types into different
stores. Moreover, for each fixed store and bundle assignment (S, a), the optimal prices are
the same. What would eventually change is the profit across (S, a) pairs: mechanisms with
more stores would be more costly than before, thus requiring the potential increase in
profits from sorting consumers into different stores to be greater in order for it to increase

profits relative to single-store mechanisms.

Another extension that wouldn’t have much of an impact is allowing for positive
(constant) marginal costs ¢(x) for selling each product z € X, since that problem can
be transformed into one with zero costs.! Indeed, consider the transformed consumer
valuations 0(b,t) := v(b,t) — > ,cp ¢(x) and prices ps(x) := ps(z) — ¢(x). It is easy to show
that a store mechanism (a, (bs, ps)ses, p) in the problem with costs satisfies IR and IC if,

and only if, the store mechanism (a, (b, Ps)ses, p) is IR and IC in the transformed setting.?

L We take this transformation from Haghpanah and Hartline (2021), who use it to accommodate

production costs into their baseline bundling model (section 5.2 of their paper).

2 That is due to the fact that the final utility of each type ¢ is the same in the setting with costs and in
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Furthermore, the profit of mechanism (a, (bs, ps)ses, p) is equal the revenue of mechanism
(a, (bs, Ps)ses, p)- Hence, the transformed setting can be treated as a setting with no costs
(and, thus, it fits into our analysis), and the transformed mechanism will be optimal if,

and only if, the corresponding original mechanism is optimal in the setting with costs.

On the other hand, one extension that may be particularly worth studying is
allowing oligopolistic competition, both because competition is in practice a prominent
feature of the retail industry and because it may provide new insights. Competition would
introduce a new force into the model: the choice of products to offer also defines on which
goods firms will directly compete and on which they will be monopolists. At the same time,
in the presence of transportation costs, firms compete not only in products they share but
also in attracting one-stop shoppers. In this case, allowing for consumer transportation
costs rather than imposing one-stop shopping (which essentially sets the cost of multi-stop

shopping at infinity) could also be interesting.

Both Chen and Rey (2012) and Thomassen et al. (2017), which we reviewed in the
beginning, study the consequences of this competition for one-stop shoppers in models
that allow for both one- and multi-stop shopping.® The main contribution of extending
our framework to this setting would be to explore what might happen if we allow retailers

to choose not only prices but also what items they sell.

Even without extensions, however, there’s a lot more room for purely theoretical
exploration of our framework. For example, we only found some necessary conditions for
a multi-store mechanism to improve profits over a single-store mechanism, and it would
be interesting if we could find more general or sufficient conditions. Relatedly, we only
compared multi-store mechanisms to mechanisms with single stores, but one could also
study how store mechanisms compare to mixed bundling (i.e., offering bundles and prices
for bundles, not individual products). In fact, we could look not only into seller’s profits
but also total welfare, for instance studying how welfare under store mechanisms compares

to welfare under mixed bundling, thus providing some insight on how the restrictions on

the transformed setting: for every store s € S and bundle b C by,

o(b,t) — Zﬁs(x) = v(b,t) — Z c(x) — (Zps(x) — c(x)) = v(b,t) — Zps(x)

z€b z€b z€b xreb

transformed setting utility original utility

3 Another paper that might be worth looking into, which studies transportation costs in the context of

bundling, is Armstrong and Vickers (2010).
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bundling we mentioned in the introduction may impact welfare.
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APPENDIX A - Additional example

Example A.1. Assume there are three consumer types T = {t4,1p, tc} all with the same
measure in the population, and three goods, X = {z,y, 2}. Let the distribution of the

valuation for each bundle of each type be given by:

Type ta | Type tp | Type tc

{z.y,2} | 30 21 13
{z,y} 30 21 13
{z, 2z} 4 20 12
{y, 2} 3 3 10

{z} 3 3 3
E 2 2
{2} 1 1 1

Note that there’s significant complementarity between goods, but how much pairing
products increases the bundle’s value varies across consumers (type t4, for instance, only

places significant value in {z,y}).

Solving the seller’s problem of maximizing revenue while satisfying the IC and IR

constraints, we find that in the optimal single-store mechanism the assigned bundles are:

afta) = {z,y} a(tp) = {z,z} alte) = {y, 2}

and the products prices (in the only store) are:

p(x) =19 p(y) =9 p(z) =1

Importantly, we have that the IC condition on bundle {z} is binding for types tp and t¢:

0, (A.1)

vz, 2}, 1p) = (p(x) + p(2)) = v({z}, 1) = p(2)

=20 =19+1 =1 =1

U<{ya Z}v tC) - (p(y) +p(Z)) = U({Z}u tC) _&(fl = 07

=10 =941 1 =1
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and so are the IR restrictions for these two types:

v({w, 2}, tp) = (p(x) + p(2)) = 0 = v({y, 2}, tc) = (p(y) + p(2)), (A.2)

but IR is not binding for type t4:

v({z,y},ta) = (p(x) — ply)) > 0

(and neither are any of the IC constraints for ¢4). That is, the seller can extract all surplus

from tp and t¢ (in their assigned bundles), but cannot do so from 4.

Intuitively, in order to extract the remaining surplus from ¢4, the seller would
need to raise the price of x or of y. In the a single-store mechanism, however,' the same
individual price for each product is offered to all consumers, so tg and ¢t would also face
higher prices. Hence, a rise in p(x) would lead IR to no longer be satisfied for ¢5 unless
that rise was compensated by a reduction in p(z) (see equation (A.2)), but a reduction
in p(z) would lead IC to no longer be satisfied (see equation (A.1)). The other option, of
raising p(y), is similarly not possible due to the IC and IR restrictions for type tc.

The picture changes if the seller instead sells through multiple stores (and consumers
can visit at most one of them). Consider the same assigned bundles as before, but now
offered through stores S = {1,2, 3} with

b= a(ta) = {z,y} by = altp) = {z,z} bs = alto) = {y, 2}
pi(z) =28 pa() =19 ps(y) =9
pi(y) =2 p2(2) =1 p3(z) =1

This time the seller can fully extract every type’s surplus in their assigned bundles,
resulting in a higher revenue, while still being incentive compatible. For instance, while
y is significantly cheaper in store 1, it is still expensive enough for type to to be only
indifferent between buying it or not, and this type also purchases neither {z} nor {z,y}
in store 1 because the price of x is too high for their taste. The higher price of y in store
3, on the other hand, is compensated by the availability of z (at a low price), which is not

offered in store 1.

The fundamental intuition behind why the retailer can benefit from having more

than one store in this example is similar to example 2.10: while in the present example

L Or, on an alternative interpretation as discussed above, if consumers could go to any number of stores

at no cost.
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consumers do place some value in the standalone products and agree ordinally in their
bundle preferences, they still value bundles significantly more than individual products and
have different relative preferences for distinct 2-product bundles. As a result, they similarly
have an incentive to go to their assigned store over buying a single item in another store,
and the multi-store mechanism can improve upon the single-store mechanism because in
the latter the seller cannot extract all surplus from the highest type while simultaneously

selling to the other types. <
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