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Resumo

O presente trabalho adapta o arcabouço DSGE de economias abertas para explorar dois
temas centrais que impactaram a condução de política monetária recentemente: (i) a existên-
cia de diferentes padrões de comércio internacional que podem ser submetidos a rupturas da
cadeia logística e (ii) o impacto internacional da a atuação de autoridades monetárias não so-
mente através da taxa de política monetária de curto prazo, como também através do balanço.
As adaptações do modelo DSGE de economia aberta sugeridos neste artigo permitem a análise
da transmissão de choques de produtividade e política monetária. Estas adaptações geram difer-
enças relevantes na resposta dos agregados macroeconomicos aos choques e são, portanto, rel-
evantes para consideração na condução da política monetária.

Palavras-chave: DSGE; economia aberta; comércio internacional; política monetária.



Abstract

The present paper adapts the framework of Open Economy DSGE models to explore two
central topics that impacted monetary policy recently: (i) the existence of differentiated inter-
national trade patterns that might be subjected to disruption and (ii) the international impact of
monetary policy when the monetary authority does not only settle the short-term nominal inter-
est rate, but also acts through its balance sheet. The adaptations of the baseline Open Economy
DSGE model suggested enable the analysis of the transmission of productivity and monetary
policy shocks. These adaptations generate relevant differences in the response of macroeco-
nomic aggregates to the shocks and are, therefore, relevant for consideration when conducting
monetary policy.

Key-words: DSGE; open economy; international trade; monetary policy.
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Chapter 1

Expanding the Open Economy DSGE
literature: two topics for discussion

Macroeconomics in general, andmonetary economics in particular, needs to be constantly adapt-
ing to gain understanding on how different types of events and/or shocks impact macroeconomic
aggregates and, from that, gauge appropriate policy responses for each case.

Since the onset of the global Covid-pandemic in early 2020, the world economy has all
but experienced an almost coordinated succession of several demand and supply shocks. To
name a few, from the first quarter of 2020 onwards, several economies faced different types
of restrictions on social (ergo, economic) activities. Examples include cancellation of public
events and gatherings, stay-at-home restrictions, travel restrictions, etc.

The rapid aggregate activity decline that followed such policies led to intense monetary and
fiscal easing by monetary authorities and governments, respectively. As was the case following
the Global Financial Crisis (GFC) of 2008, several Central Banks also engaged in the expansion
of their balance sheet by increased asset purchases.

Of course, as is well known, disruptions did not impact solely the demand side of the econ-
omy. A quick eye-ball examination of the Global Supply Chain Pressure Index from the New
York FED (1.1) shows the magnitude of the impact seen in supply-chains as they adapted to the
challenges of the pandemic.

Demand- and supply-side shocks combined with abrupt shifts in consumption patterns (i.e.,
an increase in consumption of goods at a first stage after the implementation of stay-at-home
policies and than a severe reversal to service consumption following the the gradual elimination
of said policies), thus exacerbating the difficulties of interpreting the macroeconomic implica-
tions of the shutdown and reopening years.

The well-documented rapid rise in inflation that followed over 2021-2023 was accordingly
pushed back by monetary authorities, with several Central Banks, both in developed and in
emerging economies, embarking on a steep rate tightening cycles and removing accommoda-
tion through their balance sheet (i.e, letting the balance sheet reduce in size through roll-off of
maturing assets or outright sale of said assets).
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Figure 1.1: Global Supply Chain Pressure Index
Federal Reserve Bank of New York, in: https://www.newyorkfed.org/research/policy/gscpi

Needless to say, this intense combination of macroeconomic driving forces emerging both
from the supply and the demand side of the economy raised several questions inmacroeconomics
and monetary policy. In that spirit, given the relevance of the new-keynesian framework for
monetary policy analysis, it was paramount to expand the baselinemodels to incorporate features
that assist in the discussion of the type of shocks seen during the initial stages of the pandemic
(i.e., issues related to the supply chains) and in the aftermath of the inflation-fighting by Central
Banks (i.e., issues related to the removal of monetary stimulus through interest rates and the
balance sheet of said institutions).

The present work intends to extend the accumulated knowledge of the propagation of shocks
in open economies for both theses features using the Open Economy DSGE framework. This is
done in two different and independent departures from the standard two-country models.

As a first exercise, I expand the general outline of the standard open economy, two-country
model to incorporate more complex trading relations. Specifically, the model departs from the
usual setting whereby full bilateral trade occurs in only one layer of production. Thus, it is
possible to examine the effect of changes in trade patterns and how it impacts the transmission
of shocks.

As a second exercise, I expand the two-country, three-equation model to a two-country, four-
equation setting and use it to analyse how changes in balance sheet policy by Central Banks in
one economy can spillover and impact the variables in the second economy (which is, naturally,
not under its jurisdiction).

The flexibility of both models herein presented helps to discuss some of the aforementioned
issues that have arisen since the onset of the pandemic. Each derivation of the model is per-
formed so as to maintain, in the one hand, easiness of overview and, on the other, sufficient
flexibility so as to guarantee different types of adaptations according to the phenomena that one
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wishes to analyse. Thus, it is possible to simulate, in a relatively simple and understandable
framework, the different characteristics of the shocks in the Open Economy and investigate the
optimal response of the monetary authority under each of the model specifications.

Given the added features of each model, the extensions presented entail changes in how vari-
ables (aggregates, prices, expectations, etc.) react to shocks. Thus, it a suiting tool to enhance
the discussion of optimal monetary policy in open economies.

The present work relates, unquestionably, to the Open Economy literature of Macroeco-
nomics and elaborates on relevant issues for the conduct of Monetary Policy. As would be ex-
pected, this entails expanding features of several closed-economy models, as will be discussed
throughout the text. In what follows, chapter 2 discusses issues relating to trade patterns in
two-country settings, while chapter 3 elaborates a four-equation, two-country model.

Different type of shocks are considered in eachmodel, so that the reaction of macroeconomic
aggregates in both settings can be analysed and discussed through the optics of monetary policy
rules. The goal is, given a determined structure of the model, inquire how shocks propagate
and which are macroeconomic aggregates are mostly affected. As will be seen, the additional
features that are presented in each chapter also leads to reactions in that depart from the baseline
Open Economy setting.

Each chapter is organized on its own right, meaning that it delivers a full discussion from
the introduction of the topic, to the development of the model, the complete set of equilibrium
conditions and the discussion of results in case of shocks.

14



Chapter 2

Trade patterns: A two-country, two-trade
channel open economy model

2.1 Introduction

Trade relations between economies has been a relevant topic of discussion in the economic lit-
erature since the seminal work of Classical Economics by Adam Smith (1776). Issues regarding
comparative advantages (though not with this definition) and the benefits of international trade
clearly emerged from the topics he discussed.

The literature has naturally advanced since the Classical days, with issues pertaining compar-
ative advantage, trade barriers and international spillover of shocks and monetary policy being
cornerstones of particular interest for their impact on welfare. In that sense, Obstfeld and Ro-
goff (2000) point to the relevance of the work by Samuelson (1954) to illustrate how home bias
in consumption could be a consequence of transportation costs. More relevant to the present
context, Obstfeld and Rogoff (2000) note the relevance of an approach that did not depend on
tradable and non-tradable goods.

Once again, the present setting of macroeconomic thought builds on these seminal works
but has (naturally) since evolved. In the spirit of the New Keynesian literature, several models
of Open Economies have gained in relevance to help explain the consequences of international
trade, trade barriers and the spillover and transmission of shocks.

This issue (i.e., transmission of shocks given specific international trade configurations) has
gained additional relevance and attention recently as a consequence of the severe trade disrup-
tions that were witnessed during the COVID-19 pandemic. Of course, it is quite intuitive to
assume that the disruption of trade can impact the price level and inflation in the world econ-
omy given that it adds to transportation or other types of costs and, as a consequence, be relevant
for the conduct of monetary policy.

To gain further insight into the topic, I develop a two-country, New Keynesian Open Econ-
omy Model (NOEM or Open Economy DSGE model). It follows the traditional set-up of the
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NOEM literature, with optimizing agents, sticky prices and consumption of domestic and for-
eign goods (thus allowing for international trade).

Two symmetric economies (that may differ in size or their home bias, both taken as exoge-
nous) are contemplated. Each economy is populated by a representative family, which provides
labor for production and, in turn, consumes both the domestic and the foreign final good. This
is fairly similar to the small open economy model developed by Galí and Monacelli (2005).

The productive side of the model is divided in three layers, such as seen in Walque et al.
(2017). However, in departing from their approach or from models such as Medina, Soto, et
al. (2007), I do not contemplate a solely export oriented commodity sector, thus enabling the
emergence of a more complex set of trade patterns.

Regarding the three production layers, each economy has a final good sector (aggregators)
operating in monopolistic competition, where price rigidity in the spirit of Calvo (1983) is intro-
duced. Additionally, each economy has an intermediate good sector and a primary good sector.
The primary good sector uses final goods as inputs and packs them into primary goods, which
follows Justiniano, Primiceri, and Tambalotti (2011).

Hence, there is a direct cost for the production of the primary good and no exogenous produc-
tion exists in the model1. The intermediate good sector uses domestic primary goods to produce
intermediate goods both for domestic consumption and for exports. A monetary authority (i.e.,
a Central Bank) operating under a Taylor-Rule in each country closes the model.

With the goal of analysing the impact of different trade patterns, international trade occurs
in both the final good sector as well as in the intermediate good sector. No trade barriers are
contemplated besides the (exogenous) home bias of each economy and, for tractability and dis-
cussion, it is possible to set either sector as tradable or non-tradable.

The main innovation of the present model is to elaborate a complete set of relations in a two-
country setting with two channels for international trade. Thus, it is possible to emulate different
trade configurations in a tractable manner and show how the production and trade structure of
an open economy influences how shocks propagate or are absorbed.

For instance, the present setting permits that one chooses to shut down entirely or partially
one of the productive sectors in one of the economies, which directly impacts the response of
said economy in output and inflation depending on the type of shock to which it is subjected.

Accordingly, the setting permits the evaluation of several monetary policy rules, which in
turn is relevant to consider the most suiting formulation for a given trade pattern that suits the
economy under consideration.

Figure (2.1) shows a birds-eye representation of the model. The Central Bank is omitted for
simplicity and the different agents and the flows of goods and services is denoted by the arrows.
The dotted red line is the frontier between both countries. Thus, arrows crossing the dotted red

1Exogenous production of a primary sector, where productivity gains or increased world demand act as a wind-
fall gain on the economy are present, for instance, in Medina, Soto, et al. (2007) and are used in discussing the
relevance of export-oriented commodity sector.
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line represent the international trade channels.

Figure 2.1: Birds-eye view of the model (Central Bank omitted)

The remainder of the paper is structured as follows: section (2.2) presents the model, with
the full set of equilibrium conditions for households and firms in the home and in the foreign
economy, as well as the monetary policy rule for the Central Bank. Section (2.3) discusses
the equilibrium conditions for the model. Section (2.4) presents impulse response function for
productivity shocks in the final good and the intermediate good sector drawing attention to the
main differences that appear when comparing the shock in the baseline model to the same shock
under different trade patterns. Section (2.5) discusses the topics arising from the shock response
and concludes.

2.2 The Model

This section outlines the two-country model and all agents that populate it. While the baseline
Galí and Monacelli (2005) Open Economy model allows for the definition of maximizing be-
haviour and equilibrium conditions only for the home economy, the present two-country setting
allows the consideration of a full set of equations for both economies, which sheds further light
on the behavior of each economic agent. The procedure to develop the full set of equations is
similar to the one presented in Silveira (2015).

In the two-country setting of the model, the home economy is defined by a subscript H ,
while the foreign economy receives notation F . Quantities and prices of the foreign economy
are noted with an asterisk (*).

The total population and production in the model is normalized to one, and n ∈ [0, 1] is used
to measures the relative size of countryH vis-a-vis F . That is, it defines the mass of households
and firms that populate each economy. Thus, setting different levels for n enables simulation
for different sizes of economies. A limiting case for the home economy is to define it as a small
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open economy, which can be easily visualized by letting limn→0. In this case, the impact of
changes in H is negligible in relation to the rest of the world economy.

2.2.1 Households

Households are modeled in a similar fashion as the baseline open economy DSGE model pre-
sented in Galí and Monacelli (2005) with the pertinent changes made to consider a two-country
setting.

Each economy is inhabited by a continuum of households. The households of the the home
economy are indexed h ∈ [0, n[ and the households of the foreign economy are indexed f ∈
[n, 1]. Each household seeks to maximize the following sequence of utility:

E0

∞∑
t=0

βtU(Ch
t , L

h
t )

E0

∞∑
t=0

βtU∗(Cf∗
t , Lf∗

t )

(2.1)

Utility levels Ut and U∗
t in (2.1) are given by the standard utility function:

Uh
t ≡ 1

1− σ
(Ch

t )
1−σ − 1

1 + φ
(Lh

t )
1+φ

U f∗
t ≡ 1

1− σ
(Cf∗

t )1−σ − 1

1 + φ
(Lf∗

t )1+φ
(2.2)

Where:

• Ch
t (Cf∗

t ) is the aggregate consumption index of households in the home (foreign) econ-
omy, which will be defined below;

• Lh
t (L

f∗
t ) are total worked hours in each economy;

• β ∈ [0, 1] is the subjective intertemporal discount factor;

• σ is the degree of relative risk aversion (i.e. the inverse of the intertemporal elasticity of
substitution for constant labour);

• φ is the inverse of the Frisch elasticity (labor supply with respect to real wages)

As usual in the DSGE framework and discussed by Costa Junior (2016), the utility functions
are continuous and twice differentiable. First and second derivatives of the function obey the
standard necessity UC > 0, UCC < 0, UL < 0 e ULL < 0. Hence, marginal utility of consump-
tion is positive albeit decreasing. On the other hand, labor has positive and increasing marginal
disutility.
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Consumption indices Ch
t and Cf∗

t are given by a constant elasticity of substitution (CES)
aggregator, so that:

Ch
t ≡

[
(1− α)

1
η (Ch

H,t)
η−1
η + α

1
η (Ch

F,t)
η−1
η

] η
η−1

Cf∗
t ≡

[
(1− α∗)

1
η (Cf∗

F,t)
η−1
η + (α∗)

1
η (Cf∗

H,t)
η−1
η

] η
η−1

(2.3)

Ch
H,t and C

f
F,t are the indices for home and foreign goods consumed at the home economy.

Cf∗
F,t and C

f∗
H,t are the indices home and foreign goods consumed at the foreign economy, both

defined below. η > 0 is the Armington elasticity, capturing intratemporal elasticity between
home and foreign goods from the perspective of the home consumer. Additionally, α ∈ [0, 1]

and α∗ ∈ [0, 1] are the share of the foreign good in the consumption basket of the domestic
household. As will be shown in (2.2.1.1), α closely relates to the concept of (exogenously
defined) home bias.

The consumption indices are obtained by aggregating over the size of the home and foreign
economy:

Ch
H,t =

[(
1

n

) 1
ε
∫ n

0

CH,t(i)
ε−1
ε di

] ε
ε−1

Ch
F,t =

[(
1

1− n

) 1
ε
∫ 1

n

CF,t(i)
ε−1
ε di

] ε
ε−1

Cf∗
F,t =

[(
1

1− n

) 1
ε
∫ 1

n

C∗
F,t(i)

ε−1
ε di

] ε
ε−1

Cf∗
H,t =

[(
1

n

) 1
ε
∫ n

0

C∗
H,t(i)

ε−1
ε di

] ε
ε−1

(2.4)

Here, the index i ∈ [0, 1] denotes differentiated consumer goods that are produced by final
good firms (aggregators) in the productive sector of each economy. As with the parameter
governing the size of each economy (n), i ∈ [0, n[ are goods produced by firms located in
the home economy, while i ∈ [n, 1] are goods produced by firms in the foreign economy. ε > 0

captures the elasticity of substitution between goods produced in one economy.

2.2.1.1 The home bias

The definition of (1−α) as a proxy for the home bias is quite straightforward. As Silveira (2015)
points out, from the view point of the home economy, the special case whereP f

H,t = P f
F,t (i.e, the

price of the domestic final good consumed in the home country equals the price of the foreign
final good consumed in the home country) leads to α being equal to the share of imported goods

19



for the home economy households. Hence, α falls with an increase in n and/or an increase in
the degree of home bias in the preferences of home households.

This can be formalized, as in Bergholt and Sveen (2014), by considering α ≡ α(1−n) and,
equivalently, α∗ ≡ α∗n in the foreign economy, where α (α∗) is exogenous to the model. Its
inverse is an index of home bias preferences for households.

A common procedure in the literature followed in the present paper is to consider the sym-
metric case of the model for the log-linear approximations, which implies that α = α∗.

2.2.1.2 The intra-temporal consumption problem

Households provide the final good sector in each respective economy with labor, for which they
receive wages (Wt andW ∗

t ). The budget constraints in the home and foreign economy are thus
given by:

∫ n

0

PH,t(i)C
h
H,t(i) di+

∫ 1

n

PF,t(i)C
h
F,t(i) di+Et(Qt,t+1Dt+1) ≤ Dh

t +WtL
h
t + T h

t∫ 1

n

P ∗
F,t(i)C

f∗
F,t(i) di+

∫ n

0

P ∗
H,t(i)C

f∗
H,t(i) di+Et(Q

∗
t,t+1D

∗
t+1) ≤ Df∗

t +W ∗
t L

f∗
t + T f∗

t

(2.5)

Where PH,t(i) (PF,t(i)) is the domestic price of domestic (imported) good i in home cur-
rency, while P ∗

F,t(i) (P ∗
H,t(i)) is the foreign price of domestic (imported) good i in the foreign

currency. Dt+1 (D∗
t+1) is the nominal home (foreign) currency payment at t+1 for the portfolio

of Arrow-securities2 owned by the household, Qt,t+1 (Q∗
t,t+1) is the stochastic discount factor

for the relevant nominal cash flows for households and T h
t (T f∗

t ) are lump-sum transfers that
impact households budgets (e.g.: taxes, dividends, etc.).

Given the budget constraint (2.5), households problem in each country can be divided into
two. First, households must decide how much of each domestic and foreign differentiated good
i to consume. Second, households decide optimal allocation between consumption and work.

First, consumer good price indices in the home economy PH,t and PF,t (i.e. domestic price
index and imported price index, respectively)3 are defined as:

PH,t =

(
1

n

∫ n

0

PH,t(i)
1−ε di

) 1
1−ε

PF,t =

(
1

1− n

∫ 1

n

PF,t(i)
1−ε di

) 1
1−ε

(2.6)

Thus, optimal consumption ofCh
H,t(i) andCh

F,t(i)with respect to total consumption of home
and foreign goods from household h becomes:

2A security that pays one monetary unit in one given state of nature and zero in all other states.
3In the foreign economy, the related indices are P ∗

F,t and P ∗
H,t and are defined analogously.
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Ch
H,t(i) =

1

n

(
PH,t(i)

PH,t

)−ε

Ch
H,t

Ch
F,t(i) =

1

1− n

(
PF,t(i)

PF,t

)−ε

Ch
F,t

(2.7)

Finally, given the price indices of (2.6) above and the optimal choice of Ch
t that will be

discussed below, the choice between home and foreign goods for each household becomes:

Ch
H,t = (1− α)

(
PH,t

PC,t

)−η

Ch
t

Ch
F,t = α

(
PF,t

PC,t

)−η

Ch
t

(2.8)

Where PC,t (and its foreign counterpart P ∗
C,t) are the consumer price index defined as:

PC,t =
[
(1− α)(PH,t)

1−η + α(PF,t)
1−η
] 1

1−η

P ∗
C,t =

[
(1− α∗)(P ∗

F,t)
1−η + α∗(P ∗

H,t)
1−η] 1

1−η

(2.9)

The log linear version of the price level around a symmetric steady-state (α = α∗) in each
economy is:

pC,t = (1− α)pH,t + αpF,t

p∗C,t = (1− α∗)p∗F,t + α∗p∗H,t

(2.10)

Aggregating over each household h in the economy, the following is obtained as total do-
mestic demand for consumer good i:

CH,t(i) ≡
∫ n

0

Ch
H,t(i) dh =

1

n

(
PH,t(i)

PH,t

)−ε

CH,t

CF,t(i) ≡
∫ n

0

Ch
F,t(i) dh =

1

1− n

(
PF,t(i)

PF,t

)−ε

CF,t

(2.11)

Note that the total consumption (Ct and C∗
t ) of the representative agent in each economy is

simply obtained as:
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Ct =

∫ n

0

Ch
t dh = nCh

t

C∗
t =

∫ 1

n

Cf∗
t df = (1− n)Cf∗

t

(2.12)

Thus, taking this definition together with (2.8) and (2.9), total domestic demand for the
domestic goods (CH,t) and total domestic demand for the foreign good (CF,t) becomes:

CH,t ≡
∫ n

0

Ch
H,t dh = (1− α)

(
PH,t

PC,t

)−η

Ct

CF,t ≡
∫ n

0

Ch
F,t dh = α

(
PF,t

PC,t

)−η

Ct

(2.13)

Similar procedures in the foreign economy yield the total demand for the differentiated con-
sumer good i:

C∗
H,t(i) ≡

∫ 1

n

Cf∗
H,t(i) df =

1

n

(
P ∗
H,t(i)

P ∗
H,t

)−ε

C∗
H,t

C∗
F,t(i) ≡

∫ 1

n

Cf∗
F,t(i) df =

1

1− n

(
P ∗
F,t(i)

P ∗
F,t

)−ε

C∗
F,t

(2.14)

Which aggregate, correspondingly, to:

C∗
H,t ≡

∫ 1

n

Cf∗
H,t df = α∗

(
P ∗
H,t

P ∗
C,t

)−η

C∗
t

C∗
F,t ≡

∫ 1

n

Cf∗
F,t df = (1− α∗)

(
P ∗
F,t

P ∗
C,t

)−η

C∗
t

(2.15)

Note that
∫ n

0
PH,t(i)CH,t(i) di = PH,tCH,t and

∫ 1

n
PF,t(i)CF,t(i) di = PF,tCF,t. Hence, it is

possible to define PtCt = PH,tCH,t+PF,tCF,t as the aggregate consumption expenditure for the
home country. The equivalent definition (i.e, P ∗

t C
∗
t = P ∗

H,tC
∗
H,t+P

∗
F,tC

∗
F,t) holds for the foreign

economy. Substituting this into the budget constraint of the home and foreign household (2.5)
yields:

PtCt+Et(Qt,t+1Dt+1) ≤ Dh
t +WtL

h
t + T h

t

P ∗
t C

∗
t +Et(Q

∗
t,t+1D

∗
t+1) ≤ Df∗

t +W ∗
t L

f∗
t + T f∗

t

(2.16)
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With this formulation of the period budget constraint at hand, it is possible to proceed to the
second part of the household’s problem and define optimal allocation between consumption and
labor.

2.2.1.3 The inter-temporal consumption problem

The domestic household’s intertemporal problem can than be formalized as the maximization
of the utility function (2.1) subject to the budget constraint (2.16).

max
Dh

t+1

U(Ch
t , L

h
t ) + EtβU(C

h
t+1, L

h
t+1)

s.t. PtCt = Dh
t +WtL

h
t + T h

t − Et

∫
Vt,t+1Dt+1 dτ

Et{Pt+1Ct+1} = Et

{∫
ξt,t+1Dt+1 dτ +Wt+1L

h
t+1 + T h

t+1 − Vt,t+2Dt+2

} (2.17)

As in Galí (2015),Et

∫
Vt,t+1Dt+1 dτ is the market price of the one-period portfolio yielding

a random payoff Dt+1 integrated over all states of nature and Vt,t+1 is the price of the Arrow
security. ξt,t+1 is the probability that the payoff state of nature for the Arrow security occurs in
t+ 1. Hence, the stochastic discount factor becomes:

Qt,t+1 ≡
Vt,t+1

ξt,t+1

(2.18)

An equivalent definition holds for the stochastic discount factor in the foreign economy, so
that:

Q∗
t,t+1 ≡

V ∗
t,t+1

ξt,t+1

(2.19)

With (2.18) and (2.19) at hand4, the Euler equation for the home economy is the solution of
the problem described in (2.17) and an analogous holds for the foreign economy. This implies:

Qt = βEt

{(
Ch

t+1

Ch
t

)−σ
PC,t

PC,t+1

}

Q∗
t = βEt

{(
Cf∗

t+1

Cf∗
t

)−σ
P ∗
C,t

P ∗
C,t+1

} (2.20)

With the aid of (2.12) and defining it = −ln(Qt) (i∗t = −ln(Q∗
t )) as the short term nominal

rate, ρ = −ln(β) as the time discount rate and πC,t = pC,t − pC,t−1 as the CPI inflation (Galí
(2007)(GALÍ, 2015)), it is straightforward to derive the loglinear version of the Euler Equation

4It is worth remembering that Qt ≡ EtQt,t+1 and Q∗
t ≡ EtQ

∗
t,t+1
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for households in both economies using the method presented in Uhlig et al. (1995) :

ct = E{ct+1} −
1

σ
(it − E{πC,t+1} − ρ)

c∗t = E{c∗t+1} −
1

σ
(i∗t − E{π∗

C,t+1} − ρ)
(2.21)

Each household’s consumption and labor choices are determined by the marginal rate of
substitution between them at every period t. Thus:

MRSh
t ≡ −UL,t(C

h
t , L

h
t )

UC,t(Ch
t , L

h
t

= (Ch
t )

σ(Lh
t )

φ =
Wt

PC,t

MRSf∗
t ≡ −

U∗
L,t(C

f∗
t , Lh∗

t )

U∗
C,t(C

f∗
t , Lh∗

t )
= (Cf∗

t )σ(Lf∗
t )φ =

W ∗
t

P ∗
C,t

(2.22)

Taking the expressions above and integrating over the size of the home and foreign economy,
it is possible to derive the aggregate labor supply curve (Ls

t and Ls∗
t ) in each country.

Ls
t ≡

∫ n

0

Lh
t dh = nLh

t = n
σ
φ
+1

(
Wt

PC,t

) 1
φ

(Ct)
− σ

φ

Ls∗
t ≡

∫ 1

n

Lf∗
t df = (1− n)Lf∗

t = (1− n)
σ
φ
+1

(
W ∗

t

P ∗
C,t

) 1
φ

(C∗
t )

− σ
φ

(2.23)

The log-linear version of (2.23) around a symmetric steady state with α = α∗ is the standard
result for baseline new keynesian DSGE models:

φlst + σct = wt − pC,t

φls∗t + σc∗t = w∗
t − p∗C,t

(2.24)

2.2.2 Additional equations for the open economy

As pointed out in section (2.1), open economy DSGE models are usually built with only one
trade channel between the several economies that constitute themodel. However, the model here
described has two open trade channels (at the intermediate and the final good level), implying
some changes relative to the usual simplifying assumptions that underpin this class of models.

2.2.2.1 Exchange Rate

As in Clarida, Gali, and Gertler (2002), the Law of One Price (LOP) is assumed to hold in both
trade levels, implying that prices of final and intermediate goods are related through the nominal
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exchange rate (Et). This is defined as the price of the country’s F currency in terms of country’s
H currency. Hence, it is possible to establish that PH,t = EtP ∗

H,t and PF,t = EtP ∗
F,t. Since the

LOP also holds in the intermediate goods sector, i.e., P i
H,t = EtP i∗

H,t.
These two sets of relations in turn establishes the connection of relative prices within each

economy and within the general model. The relations implied by the LOP can be readily noted
by (time subscripts t are omitted for simplicity):

E =
PH

P ∗
H

=
PF

P ∗
F

=
P i
H

P i∗
H

=
P i
F

P i∗
F

(2.25)

Prices PH ,P ∗
H ,PF and P ∗

F have been defined above. P i
H and P i∗

F are prices for the interme-
diate good produced and consumed locally in each economy, while P i∗

H and P i
F are prices for

the intermediate good consumed abroad.
It is also useful to define the nominal exchange rate from the perspective of the foreign

economy as the inverse of the nominal exchange rate for the home economy. Hence:

E∗ =
P ∗
F

PF

=
1

E
(2.26)

2.2.2.2 Terms of Trade

Terms of trade (St) are sector specific (i.e., different for intermediate and final goods) and re-
late import and export prices for each layer of the economy with a trade channel. As with the
exchange rate specification, time subscripts are omitted.

Si =
P i
F

P i
H

Si∗ =
P i∗
H

P i∗
F

Sf =
PF

PH

Sf∗ =
P ∗
H

P ∗
F

(2.27)

Note that by using the nominal exchange rate above, it is possible to convert the sector
specific terms of trade of the foreign economy (Si∗ and Sf∗) to a home currency basis. This in
turn shows that each foreign economy sector specific term of trade is the inverse of its equivalent
in the home economy (i.e, Sf = (Sf∗)−1).

Following Galí (2015), it is possible to show the relation between the CPI, and the terms of
trade in the log linearized model. For that, it is useful, as in Silveira (2015), to divide the CPI
equation (2.9) by PH,t and PF,t in the home country yields:
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PC,t

PH,t

=

[
(1− α)(PH,t)

1−η + α(Sf
t PH,t)

1−η
] 1

1−η

PH,t

=

[
(PH,t)

1−η((1− α) + α(Sf
t )

1−η)
] 1

1−η

PH,t

=
[
(1− α) + α(Sf

t )
1−η
] 1

1−η ≡ g(Sf
t )

PC,t

PF,t

=
PC,t

PH,t

PH,t

PF,t

=
g(St)

St

≡ h(Sf
t )

(2.28)

For the foreign economy it is needed to divide the CPI by P f∗
H,t and P

f∗
F,t:

P ∗
C,t

P ∗
H,t

=

[
(1− α∗)(P ∗

H,t(S
f∗
t )−1)1−η + α∗(P ∗

H,t)
1−η
] 1

1−η

P ∗
H,t

=
[
α∗ + (1− α∗)(Sf

t )
1−η
] 1

1−η ≡ g∗(Sf
t )

P ∗
C,t

P ∗
F,t

=
P ∗
C,t

P ∗
H,t

P ∗
H,t

P ∗
F,t

=
g∗(Sf

t )

Sf
t

≡ h∗(Sf
t )

(2.29)

With g′(Sf
t ), g′∗(S

f
t ) > 0, while h′(Sf

t ), h′∗(S
f
t ) < 0.

Log-linearization of g(Sf
t ) and h∗(S

f
t ) around a symmetric steady state5 leads to an expres-

sion of the price level in each country as a function of the domestic goods price level, the terms
of trade and the home bias.

pC,t − pH,t = α(1− n)sft

p∗C,t − p∗F,t = −αnsft
(2.30)

With this definition at hand and defining the home inflation for the final consumer as πH,t =

∆pH,t, it is possible to rewrite the loglinear form of the CPI inflation rate (2.10) as a function of
the terms of trade and the home bias:

πC,t = πH,t + α(1− n)∆sft

π∗
C,t = π∗

F,t − αn∆sft
(2.31)

Hence, total CPI inflation in the home economy differs from home consumer inflation through
proportional changes in the final good sector terms of trade.

5which assumes that PC,ss = PH,ss = PF,ss.
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As Silveira (2015) points out that, since α = α(1 − n), the gap between home-goods CPI
inflation and general CPI inflation increases with the weight of the imported good in households
preferences and decreases (i) with the size of the Home economy relative to the world economy
and (ii) the degree of home bias.

2.2.2.3 Real Exchange rate

With the definition of the nominal exchange rate as well as the terms of trade, it is now possible
to define the real exchange rate. As shown in Bergholt and Sveen (2014), the real exchange rate
is expressed as the ratio of the foreign CPI in local currency as a fraction of local CPI.

Qt =
EtP ∗

C,t

PC,t

(2.32)

Note that it is possible to rewrite the above definition asQ = g∗(Sf
t )/g(S

f
t ). Log lineariza-

tion of this definition of the real exchange rate around a symmetric steady state yields the usual
outcome of Galí and Monacelli (2005) in the limit case of two economies6:

qt = (1− α)sft (2.33)

The equation above shows the direct relation between the terms of trade (Sf
t ) and the real

exchange rate, also emphasising the role of home bias (α) on PPP violation7.

2.2.2.4 International risk sharing

The assumption of complete markets for Arrow securities implies that a condition such as (2.20)
is relatable between both economies with the aid of the nominal exchange rate. In terms of the
home-country stochastic discount factor, this yields:

Qt,t+1 = β

(
C∗

t+1

C∗
t

)−σ
(

P ∗
C,t

P ∗
C,t+1

)(
Et
Et+1

)
(2.34)

With the aid of the definition of the real exchange rate, the international risk-sharing condi-
tion is derived from (2.34) as:

Cj
t = ϑCj∗

t Q
1
σ
t (2.35)

Galí and Monacelli (2005) note that the constant ϑ depends on initial conditions regarding
relative net asset positions. The assumption of symmetric initial conditions pins ϑ = 1.8

6For loglinearization of Q⊔ = g∗(Sf
t )/g(S

f
t ) around a symmetric steady state where α = α∗, note that

log(g∗(Sf
t )) = p∗C,t − p∗H,t = (1− αn)sft .

7For reference, the log linearized expression for the real exchange rate in Galí and Monacelli (2005) is qt =
(1 − α)st. Similar to Silveira (2015), the version presented here draws a clear reference to the home bias and,
accordingly, to the relative size (n) of each economy in the model.

8Algebraically, it is possible to follow Silveira (2015) and set ϑ ≡ Q
− 1

σ
0 C0(h)C

∗
0 (f).
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Given the relative size n of each country, it is possible to aggregate (2.35) to:

Ct =
n

1− n
ϑQ

1
σ
t C

∗
t (2.36)

The log-linearized version of (2.36) in the symmetric steady state with ϑ = 1 and α = α∗

is:

ct = ln

(
n

1− n

)
+

1

σ
qt + c∗t (2.37)

2.2.2.5 Uncovered Interest Rate Parity

The Uncovered Interest Rate Parity (UIRP) follows from the assumption that there is no market
segmentation for Arrow securities. That is, said markets are complete and households can invest
both in domestic and foreign bonds (Bt and B∗

t , respectively). Hence, it is possible to rewrite
the household’s budget constraint (2.5) as:

PC,tCt+Qt,t+1Bt +Q∗
t,t+1Et+1B

∗
t ≤ Bt + EtB∗

t +WtLt(h) + Tt(h) (2.38)

Following the same algebraic derivation that yields the Euler equation (2.20), it is possible
to set the following optimally conditions for each asset:

1 =βEt

[
1

Qt,t+1

(
Ct+1

Ct

)−σ
PC,t

PC,t+1

]

1 =βEt

[
1

Q∗
t,t+1

(
Ct+1

Ct

)−σ
PC,t

PC,t+1

Et+1

Et

] (2.39)

Dividing the the first equation above by the second and simplifying accordingly and us-
ing the fact that (Rb

t)
−1 = Et(Qt,t+1) results in the UIRP condition as formulated by (GALÍ;

MONACELLI, 2005):

Rb
t

Rb∗
t

= Et

(
Et+1

Et

)
(2.40)

Log-linearization of the above equation yields:

it − i∗t = Et(∆et+1) (2.41)

This shows that the interest rate gap between both economies is bounded by the expected
path of the nominal exchange rate, which is endogenously determined.
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2.2.3 Firms

Production in each economy departs from the baseline Small Open Economy model and is di-
vided into three different layers of production.

Also, as opposed to other multi-sector open economy models such as Bergholt and Sveen
(2014) and Walque et al. (2017), foreign and domestic inputs are used in the production process
for the differentiated good at the monopolistic layer of the model. This is a baseline assumption
that underpins the possibility that certain parts of international trade be eventually shut.

Expanding on the explained in the introduction to this chapter (2.1), the production sector has
two different trade channels, one for final goods (consumed by families) and one for intermediate
good producers (inputs for aggregators, as detailed below). The three layers of the production
bloc are summarized as follows:

1. Primary good producers operate in perfect competition and buy differentiated goods ex-
clusively from aggregators in their own economy. These final goods are combined into
a bundle that is sold to intermediate good producers in the same economy as produced,
exclusively.

2. Intermediate good producers also operate in perfect competition and transform bundles
produced in the primary sector into a domestic oriented good and an export oriented good.
These products are sold to aggregators at home and abroad, respectively. In each economy,
these sector presents one firm that produces export oriented goods and another firm that
produces goods to be consumed domestically. There is no differentiation except for the
final destination of the goods.

3. Aggregators (or final good sector) produce the final differentiated consumer good in both
economies. The sector operates in monopolistic competition and are subject to staggered,
calvo-style, price-setting dynamics.

2.2.3.1 Primary Goods producers

Primary good producers operate in perfectly competitive markets combining differentiated con-
sumer goods to produce a homogeneous input good for domestic markets. This structure is
resembles somewhat the one seen in Justiniano, Primiceri, and Tambalotti (2011), which allows
a share of the final good to be used as an input in investment goods.

Thus, the production of one additional unit of output in this sector also impacts total output
and has an associated cost. Hence, the model departs from formulations such as Medina, Soto,
et al. (2007), where the commodity sector (or a primary good producer) has no associated inputs
and increases in production (or revenue from said production) amount to windfall gains on the
overall economy.
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A representative firm operates in each of the model’s economies and buys its inputs only
domestically. From the market structure, it also follows that input and retail prices are given for
the sector.

The production function for the representative firm has a standard Dixit and Stiglitz (1977)
form:

YH,t =

[(
1

n

) 1
ε
∫ n

0

Yt(i)
ε−1
ε di

] ε
ε−1

Y ∗
F,t =

[(
1

1− n

) 1
ε
∫ 1

n

Y ∗
t (i)

ε−1
ε di

] ε
ε−1

(2.42)

YH,t and Y ∗
F,t are total primary production in period t for the home and foreign economy,

respectively. Furthermore, ε > 1 is the elasticity of substitution between domestic consumer
goods for the production of the primary good.

By using the same elasticity of substitution as the final consumer, the computation of the
Calvo-price dynamics for the final good producing firm will be simplified. A natural setback
is that the Primary Producer Price Index (PPI, shown later on) is equal to the Consumer Price
Index for domestic goods as seen in (2.6). A proper Producer Price Index is thus introduced
in the intermediate goods sector, where technology adds a wedge (and possibility of shock) to
differentiate both costs.9

With prices of primary goods defined as P p
H,t and P

p∗
F,t, we have the following maximization

problem set for primary goods firms in each economy:

max
Yt(i)

P p
H,tYH,t −

∫ n

0

Pt(i)Yt(i) di

max
Y ∗
t (i)

P p∗
F,tY

∗
F,t −

∫ 1

n

P ∗
t (i)Y

∗
t (i) di

(2.43)

Given market structure, demand schedules for the varieties i by each primary good firm is:

YH,t(i) =
1

n

(
P p
H,t

Pt(i)

)ε

YH,t

Y ∗
F,t(i) =

1

1− n

(
P p∗
F,t

P ∗
t (i)

)ε

Y ∗
F,t

(2.44)

Finally, the mark-up rule for the primary good is given by:
9It is possible to define a different elasticity of substitution in this sector (i.e., γ ̸= ε) and generate an imme-

diate split between consumer and producer prices. However, this would require adding the possibility of price
discrimination by final good firms.
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P p
H,t = PH,t =

[(
1

n

)∫ n

0

(Pt(i))
1−ε di

] 1
1−ε

P p∗
F,t = P ∗

F,t =

[(
1

1− n

)∫ 1

n

(P ∗
t (i))

1−ε di

] 1
1−ε

(2.45)

2.2.3.2 Intermediate Goods producers

In the intermediate goods sector, one representative firm producesXH for local aggregators and
another produces X∗

H for foreign aggregators. This market structure is mirrored in the foreign
economy, where one representative firm producesX∗

F for local aggregators and another produces
XF for exports. Inputs in this sector are the packaged primary goods from the primary goods
sector described above. For simplicity, I abstract from sizing issues in this sector, but impact is
limited given that equilibrium conditions computations set in (2.3) ultimately remove the size
of each economy from the dynamic equations.

Besides the final destination of the intermediate good (for local use or for export), there is
no differentiation between products. Hence, firms are price takers both for input and for output,
being left to choose how much input will be used in the production process.

The production function is a standard constant returns to scale. Technology (Υt) is country
specific, exogenous and might be subject to shocks. Y h

H,t and Y h∗
H,t are primary goods that will be

used in the domestic economy for domestic and export production (so that YH,t = Y h
H,t + Y h∗

H,t),
while Y f

H,t and Y
f∗
F,t as the primary goods that will be used in the foreign economy for export and

domestic production (so that Y ∗
F,t = Y f

F,t + Y f∗
F,t ), respectively. Hence, the production function

takes the form of:

XH,t = ΥtY
h
H,t

X∗
H,t = ΥtY

h∗
H,t

X∗
F,t = Υ∗

tY
f∗
F,t

XF,t = Υ∗
tY

f
F,t

(2.46)

The technology process (Υt and Υ∗
t ) evolves according to:

logΥt = (1− ρΥ)logΥss + ρΥlogΥt−1 + ϵΥ,t

logΥ∗
t = (1− ρΥ∗)logΥ∗

ss + ρΥ∗logΥ∗
t−1 + ϵ∗Υ,t

(2.47)

Where Υss (Υ∗
ss) is the steady state value of the sector’s technology, ρΥ ∈ [0, 1] and ρ∗Υ ∈

[0, 1] are the autoregressive (AR) parameters and ϵΥ,t ∼ N(0, σΥ) and ϵ∗Υ,t ∼ N(0, σΥ∗) are
zero mean, white noise processes. The log-linear approximation of the technology process in
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the intermediate good sector is:

υt = ρΥυt−1 + ϵΥ,t

υ∗t = ρ∗Υυ
∗
t−1 + ϵ∗Υ,t

(2.48)

The maximization problem for the intermediate good firms in the home economy are given
by:

max
Y h
H,t

P i
H,tXH,t − P p

H,tY
h
H,t max

Y f
H,t

EtP i∗
H,tX

∗
H,t − P p

H,tY
h∗
H,t

s.t. XH,t = ΥtY
h
H,t s.t. X∗

H,t = ΥtY
h∗
H,t

Analogously, the maximization problem for the intermediate good firms in the foreign econ-
omy are:

max
Y f∗
F,t

P i∗
F,tX

∗
F,t − P p∗

F,tY
f∗
F,t max

Y h∗
F,t

1

Et
P i
F,tXF,t − P p∗

F,tY
f
F,t

s.t. X∗
F,t = Υ∗

tY
f∗
F,t s.t. XF,t = Υ∗

tY
f
F,t

Adjusting the nominal exchange rate and the foreign prices above with the aid of the defini-
tion of the nominal exchange rate in (2.25) and noting that P p

H,t = PH,t (P p∗
F,t = P ∗

F,t), the first
order conditions for the intermediate good producers collapse to:

P i
H,tΥt = PH,t

P i∗
F,tΥ

∗
t = P ∗

F,t

(2.49)

With υt = log(Υt) and υ∗t = log(Υ∗
t ), log-linearization around a symmetric steady state

yields:

pH,t = piH,t + υt

p∗F,t = pi∗F,t + υ∗t
(2.50)

Hence, the price gap between the final good and the intermediate good is defined by the
technology which the intermediate good sector adds to the production process. Thus, shocks
to intermediate good productivity (i.e., ϵΥt and ϵΥ∗

t ) will directly influence the price of the final
goods and, consequently, impact the nominal exchange rate (as seen in (2.25)) and the interme-
diate good terms of trade, requiring an adjustment of relative prices throughout the model.
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It is useful to use the price gap information above to shed further light on the sector specific
terms of trade as shown in (2.27). With the aid of the nominal exchange rate (2.25), note that:10

Si
t =

P i
F,t

P i
H,t

=
PF,t

Υ∗
t

Υt

PH,t

= Sf
t

Υt

Υ∗
t

Si∗
t =

P i∗
H,t

P i∗
F,t

=
PH,t

Υt

Υ∗
t

PF,t

=
1

Sf
t

Υ∗
t

Υ

(2.51)

It is straightforward to notice, once again, that the law of one price implies Si
t = (Si∗

t )
−1.

Since technology processes are assumed to be exogenous, constant and equal to in the steady
state (i.e., Υss = Υ∗

ss = 1), it is shown that the sector specific terms of trade are equal in the
absence of shocks.

On the other hand, when shocks do occur, it is possible to see a feedback-loop into the model
that partly explained by this relation. To gain further intuition into the relation between the sector
specific terms of trade, note that the log-linear version of (2.51) around a symmetric steady state
is:

sit = sft + υt − υ∗t (2.52)

Thus, the intermediate sector terms of trade (sit) is shown to depend directly on the final good
terms of trade (sft ) and the evolution of the technology process in each economy. A decrease in
foreign intermediate technology (i.e, higher υ∗t ), an increase in domestic intermediate technology
(i.e, higher υt) or a deterioration in final goods terms of trade (i.e., higher sft ) leads, all else equal,
to a deterioration of intermediate good terms of trade (i.e, higher sit) since domestic intermediate
prices fall in response to the shock.

2.2.3.3 Aggregators

Aggregators (or final good producers) are used to add price stickiness to the model. Firms in this
sector produce differentiated goods and sell them to domestic and foreign households. Market
structure is that of monopolistic competition and all firms operate in the unit interval i ∈ [0, 1],
with n ∈ [0, 1] defining the frontier for firms operating in the home economy and the foreign
economy. Market structure resembles that of the traditional two-country open economy.

The production function of each firm takes the form of a generalized Cobb-Douglas produc-
tion function. Inputs are technology (At, A∗

t ), which is common across firms in each country,
10As mentioned above, given the law of one price, multiplying both sides of (2.49) by (2.25), yields:

EtP i∗
F,tΥ

∗
t = EtP ∗

F,t

∴P i
F,tΥ

∗
t = PF,t
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exogenous and different between countries, labor (Lt, L∗
t ) as well as home (XH,t, X∗

F,t) and
foreign (XF,t, X∗

H,t) intermediate goods.
Thus, the production function for a firm i ∈ [0, n] and i ∈]n, 1] are given by:

Yt(i) = (At)(Li,t)
µ(XHi,t)

ι(XFi,t)
ν

Y ∗
t (i) = (A∗

t )(L
∗
i,t)

µ(X∗
Fi,t)

ι(X∗
Hi,t)

ν
(2.53)

Where ν = 1−µ− ι guarantees constant return to scale. As usual, {0 < µ, ι, ν < 1} are the
eslasticities of substitution for the respective production factor. Values smaller than 1 guarantee
decreasing marginal product in each factor. Technology (At and A∗

t ) follows a standard process
common to all firms in every country. This is defined as:

log(At) = (1− ρA)log(Ass) + ρAlog(At−1) + ϵA,t

log(A∗
t ) = (1− ρ∗A)log(A

∗
ss) + ρ∗Alog(A

∗
t−1) + ϵ∗A,t

(2.54)

WhereAss = 1 andA∗
ss = 1 are steady-state productivity in the home and foreign economy.

|ρA| < 1 is a first order auto-regressive process parameter. Additionally technology shocks are
defined by ϵA,t ∼ N(0, σA) and ϵ∗A,t ∼ N(0, σA). The log-linear approximation of (2.54) is:

at = ρAat−1 + ϵA,t

a∗t = ρ∗Aa
∗
t−1 + ϵ∗A,t

(2.55)

The total cost function for local (Ci,t) and foreign (C∗
i,t) firms in the aggregating sector is:

Ci,t = WtLi,t + P i
H,tXHi,t + P i

F,tXFi,t

C∗
i,t = W ∗

t L
∗
i,t + P i∗

H,tX
∗
Hi,t + P i∗

F,tX
∗
Fi,t

(2.56)

WhereWt are wages and P i
H,t (P i

F,t) are the intermediate good prices of domestic (imported)
intermediate goods. In the foreign economy,W ∗

t are wages and P i∗
F,t (P i∗

H,t) are the intermediate
good prices of domestic (imported) intermediate goods. Given market structure, goods differen-
tiation in i ∈ [0, 1] and the fact that aggregators sell only locally, firms face the standard two-step
maximization problem as in the baseline DSGEmodel (i.e. cost minimization and price setting).

2.2.3.3.1 Cost Minimization

In the first step, given productivity, cost minimization is attained through changes in Lt, XH,t

and XF,t (L∗
t , X∗

H,t and X∗
F,t). I.e., producers seek to minimize Ci,t from (2.56) subject to the

production function Yt(i) or (Y ∗
t (i)) (2.53). Hence, the lagrangean (L) in the home economy is:
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L = WLi.t + P i
H,tXHi,t + P i

F,tXFi,t − λ[AtL
µ
i,tX

ι
Hi,tX

ν
F i,t − Yi,t] (2.57)

Partial derivatives around each of the production factors and λ yield the first order condi-
tions:

W = λµAtL
µ−1
i,t X ι

Hi,tX
ν
F i,t

P i
H,t = ιλAtL

µ
i,tX

ι−1
Hi,tX

ν
F i,t

P i
F,t = νλAtL

µ
i,tX

ι
Hi,tX

ν−1
Fi,t

Yt(i) = AtL
µ
i,tX

ι
Hi,tX

ν
F i,t

(2.58)

Solution for the FOC’s leads to the quantity of each of the production factors that yields
cost minimization. With small adjustments on Kojić and Lukač (2014) method to contemplate
technology (At), the algebraic general solution for a generalized Cobb-Douglas is given by (time
subscripts t omitted):

Fk =

(
Y (i)

A

)[ n∏
i=a,i ̸=k

(
αk

wk

wi

αi

)αi

]
(2.59)

Where Fk = {L,XH , XF}, αk = {µ, ι, ν} a wk = {W,P i
H , P

i
F}. Omitting the time sub-

script (t) for simplicity once again, the following expressions guide the demanded schedules for
each input:

Li =

(
Y (i)

A

)[(
µ

W

)1−µ(
P i
H

ι

)ι(
P i
F

ν

)ν
]

XHi =

(
Y (i)

A

)[(
ι

P i
H

)1−ι(
W

µ

)µ(
P i
F

ν

)ν
]

XFi =

(
Y (i)

A

)[(
ν

P i
F

)1−ν(
W

µ

)µ(
P i
H

ι

)ι
] (2.60)

Note that the above schedules are analogous to the particular Cobb-Douglas, with demand
for factor Fk rising (falling) with reduction (elevation) of it’s own price (wk) or with an elevation
(reduction) in the price of other factors taking elasticities αk as given.

Substituting the FOC’s (2.58) into the total cost function (2.56) and taking the derivative
with respect to Y yields the expression for the nominal Marginal Cost (MC) in each of the
i ∈ [0, 1] aggregators both in the home and in the foreign economy.
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MCi,t =

(
1

A

)(
W

µ

)µ(
P i
H

ι

)ι(
P i
F

ν

)ν

MC∗
i,t =

(
1

A

)(
W ∗

µ

)µ(
P i∗
F

ι

)ι(
P i∗
H

ν

)ν (2.61)

As usual, note that the Marginal Cost equations above do not depend on i ∈ [0, 1]. Hence,
MCi,t = MCt for every i ∈ [0, 1]. Firms are subject to the same productivity shocks and costs
for each production input. With constant returns to scale, it is straightforward to insert for (2.58)
and rearrange (2.61) to:

MCt =
Wt

PMLt

MC∗
t =

W ∗
t

PML∗
t

(2.62)

WherePMLt andPML∗
t are the marginal productivity of labor in the home economy and in

the foreign economy, respectively. Furthermore, real marginal cost is simply defined asMCt =

MCt/PH,t andMC
∗
t =MC∗

t /P
∗
F,t.

We can now substitute the definition of marginal cost (2.61) in (2.60) to obtain the demand
for each factor as a function of the marginal cost.

Lt(i) = Yt(i)
( µ
W

)
MCt

XH,t(i) = Yt(i)

(
ι

P i
H

)
MCt

XF,t(i) = Yt(i)

(
ν

P i
F

)
MCt

(2.63)

From here, it is relevant to define total factor demand across the aggregating sector and in
respect to each country’s size. A simple integration over the individual factor demands obtained
in (2.63) yields the desired result for the home economy:

Ld
t ≡

∫ n

0

Lt(i) di =

(
µMCt

Wt

)∫ n

0

Yt(i) di =
µMCt

Wt

YtUt

Xd
H,t ≡

∫ n

0

XH,t(i) di =

(
ιMCt

P i
H,t

)∫ n

0

Yt(i) di =
ιMCt

P i
H,t

YtUt

Xd
F,t ≡

∫ n

0

XF,t(i) di =

(
νMCt

P i
F,t

)∫ n

0

Yt(i) di =
νMCt

P i
F.t

YtUt

(2.64)

36



Equivalent expressions follow for the foreign economy:

Ld∗
t ≡

∫ 1

n

L∗
t (i) di =

(
µMC∗

t

W ∗

)∫ 1

n

Y ∗
t (i) di =

µMC∗
t

W ∗
t

Y ∗
t U

∗
t

Xd∗
H,t ≡

∫ 1

n

X∗
H,t(i) di =

(
νMC∗

t

P i∗
H,t

)∫ 1

n

Y ∗
t (i) di =

νMC∗
t

P i∗
H,t

Y ∗
t U

∗
t

Xd∗
F,t ≡

∫ 1

n

X∗
F,t(i) di =

(
ιMC∗

t

P i∗
F,t

)∫ 1

n

Y ∗
t (i) di =

ιMC∗
t

P i∗
F,t

Y ∗
t U

∗
t

(2.65)

In equations (2.64) and (2.65), Yt (Y ∗
t ) and Ut (U∗

t ) are measures that define the aggregate
output index and measure the dispersion of production, respectively.11

For consideration later on regarding the impacts of the Open Economy dynamics in equi-
librium dynamics, it is important to consider the relation between the real marginal cost in each
economy and the terms of trade. To this end, it is possible to use the definitions of the terms of
trade given in (2.28) and (2.29) together with (2.62) to obtain:

MCt =
g(Sf

t )

PC,t

(
Wt

PMLt

)
MCt

∗
=
h∗(Sf

t )

P ∗
C,t

(
W ∗

t

PML∗
t

) (2.67)

2.2.3.3.2 Price setting

In the second stage of the maximization problem, aggregators define the price of their produce
according to the usual staggered price setting rule set forth by Calvo (1983).

Each period, a fraction (1 − θ) of firms is able to reset its prices and reestablish them at
11As in Silveira (2015), define Ut and U∗

t as:

Ut ≡
∫ n

0

Yt(i)

Yt
di U∗

t ≡
∫ 1

n

Y ∗
t (i)

Y ∗
t

di

Furthermore, Galí and Monacelli (2005) show that deviations of ut ≡ log(Ut) and u∗
t ≡ log(U∗

t ) around the
steady state are of second order, so that ut = u∗

t = 0. Thus, the log-linear version of production factor demand in
the home and foreign economy is given by:

ldt = mct + pH,t − wt + yt

ld∗t = mc∗t + p∗F,t − w∗
t + y∗t

xd
H,t = mct + yt + υt

xd
F,t = mct + yt + υ∗

t − sft

xd∗
H,t = mc∗t + y∗t + υt + sft

xd∗
F,t = mc∗t + y∗t + υ∗

t

(2.66)
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optimal level, with P o
H,t(i) beign the optimal price in period t at the home economy and P o∗

F,t(i)

being the optimal price in period t at the foreign economy. As in Clarida, Gali, and Gertler
(2002), producer currency pricing (PCP)12 imposes a constraint that impedes price discrimi-
nation between final consumers and primary good producers, thus reducing the possibility of
prices to:

PH,t(i) =

P o
H,t(i), with probability (1− θ)

PH,t−1(i), with probability θ

P ∗
F,t(i) =

P o∗
F,t(i),with probability (1− θ)

P ∗
F,t−1(i),with probability θ

A price-resetting firm i ∈ [0, n] in the home economy will then choose quantities for total
production, labor and domestic and imported intermediate goods to satisfy the following maxi-
mization problem:

max
P o
H,t(i)

∞∑
k=0

θkEt

[
Qt,t+k

[
P o
H,t(i)Yt+k|t(i)

]
− Ct+k(i)Yt+k|t(i)

]
s.t. Yt+k|t(i) = CH,t+s(i) + C∗

H,t+s(i) + YH,t+s(i)

(2.68)

The foreign price-resetting firm i ∈]n, 1] faces an equivalent maximization problem:

max
P o∗
F,t(i)

∞∑
k=0

θkEt

[
Q∗

t,t+k

[
P o∗
F,t(i)Y

∗
t+k|t(i)

]
− C∗

t+k(i)Y
∗
t+k|t(i)

]
s.t. Y ∗

t+k|t(i) = CF,t+s(i) + C∗
F,t+s(i) + Y ∗

F,t+s(i)

(2.69)

For k = 0, 1, 2, ...,Qt,t+k ≡ βk(Ct+k/Ct)
−σ(PC,t/PC,t+k) andQ∗

t,t+k ≡ βk(C∗
t+k/C

∗
t )

−σ(P ∗
C,t/P

∗
C,t+k)

being the stochastic discount factor in the domestic and foreign economy. Yt+k|t(i) (Y ∗
t+k|t(i))

is the output in period t+ k for a firm that last reset its price in period t.
The Lagrangian of the firms problem in the home and foreign economy (L and L∗, respec-

tively) is defined as:
12Note that Bergholt and Sveen (2014) and others use Local Currency Pricing (LCP), where prices are set in the

currency of the importing economy. In contrast to PCP, LCP should imply smaller pass-through from exchange
rates, but would also account for an unnecessary complex model.
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L =
∞∑
k=0

θkEt

[
Qt,t+k

(
P o
H,t(i)

(
1

n

(
P o
H,t(i)

PH,t+k

)−ε

(CH,t+k + C∗
H,t+k + YH,t+k)

)

− Ct+k|t(i)

(
1

n

(
P o
H,t(i)

PH,t+k

)−ε

(CH,t+k + C∗
H,t+k + YH,t+k)

))]

L∗ =
∞∑
k=0

θkEt

[
Qt,t+k

(
P o∗
F,t(i)

(
1

1− n

(
P o∗
F,t(i)

P ∗
F,t+k

)−ε

(CF,t+k + C∗
F,t+k + Y ∗

F,t+k)

)

− C∗
t+k|t(i)

(
1

1− n

(
P o∗
F,t(i)

P ∗
F,t+k

)−ε

(CF,t+k + C∗
F,t+k + Y ∗

F,t+k)

))]

Taking the first order conditions of the problem above, yields:

∞∑
k=0

θkEt

[
Qt,t+k

(
(1− ε)[CH,t+k(i) + C∗

H,t+k(i) + YH,t+k(i)]

+
MCt+k|t

P o
H,t(i)

(
ε[CH,t+k(i) + C∗

H,t+k(i) + YH,t+k(i)]

))]
= 0

∞∑
k=0

θkEt

[
Q∗

t,t+k

(
(1− ε)[CF,t+k(i) + C∗

F,t+k(i) + Y ∗
F,t+k(i)]

+
MC∗

t+k|t

P o∗
F,t(i)

(
ε[CF,t+k(i) + C∗

F,t+k(i) + Y ∗
F,t+k(i)]

))]
= 0

(2.70)

Which can be readily rewritten to:

∞∑
k=0

θkEt

[
Qt,t+kYt,t+k(i)

(
P o
H,t(i)−

ε

ε− 1
MCt+k|t

)]
= 0

∞∑
k=0

θkEt

[
Q∗

t,t+kY
∗
t,t+k(i)

(
P o∗
F,t(i)−

ε

ε− 1
MC∗

t+k|t

)]
= 0

(2.71)

With that, it is possible solve (2.71) for the optimal price in both economies. For simplicity,
note that market clearing condition results in Yt = CH,t + C∗

H,t + YH,t in the home economy
and Y ∗

t = CF,t + C∗
F,t + Y ∗

F,t in the foreign economy (i.e., the market clears when primary
consumption and domestic and foreign household consumption for the final consumer good are
considered together ). Thus, the price level is:
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P o
H,t(i) =

ε

ε− 1

Et

∑∞
k=0 θ

kQt,t+kYt+k(PH,t+k)
εMCt+k|t

Et

∑∞
k=0 θ

kQt,t+kYt+k(PH,t+k)ε

P o∗
F,t(i) =

ε

ε− 1

Et

∑∞
k=0 θ

kQ∗
t,t+kY

∗
t+k(P

∗
F,t+k)

εMC∗
t+k|t

Et

∑∞
k=0 θ

kQ∗
t,t+kY

∗
t+k(P

∗
F,t+k)

ε

(2.72)

Under the special case of no price rigidities (i.e, θ = 0 and all firms can reset their price
in each period), the optimal price definition of (2.72) reduces to a one period problem and thus
collapses to:

P o
H,t(i) = ϱPH,tMCt|t

P o∗
F,t(i) = ϱP ∗

F,tMC
∗
t|t

(2.73)

As is standard in the literature, ϱ = ε/(ε− 1) is defined as the desired friction-less mark-up
(i.e., the mark-up that prevails in the steady-state).

To derive the log-linear version of (2.72), note that the steady state implies:

• ΠH,t−k,t+1 = 1 and Π∗
F,t−k,t+1 = 1 (i.e, zero inflation)

• P o
H,t(i) = PH,t−1 and P o∗

F,t(i) = PF,t−1

• Qt,t+k = βk and Q∗
t,t+k = βk

• Yt+k|t = Yt|t and Y ∗
t+k|t = Y ∗

t|t

• MCt+k|t =MC = ε−1
ε

andMC
∗
t+k|t =MC

∗
= ε−1

ε

Hence, a first order Taylor expansion of (2.72) around the steady state yields:

poH,t = (1− θβ)Et

∞∑
k=0

(θβ)k
[
(mct+k|t −mc) + pH,t+k

]
po∗F,t = (1− θβ)Et

∞∑
k=0

(θβ)k
[
(mc∗t+k|t −mc∗) + p∗F,t+k

] (2.74)

This leads to the usual result that firms set prices that correspond to the desired markup over
a weighted average of current and expected costs. In this setting, weights are proportional to the
probability of resetting one’s prices.

The aggregate consumer price level dynamics for home consumer goods (P f
H,t, i.e., domestic

price index) can be defined with the aid of the consumer price indices given in (2.6):
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(PH,t)
1−ε =

∫ θ

0

P
(1−ε)
H,t−1 di+

∫ 1

θ

(P o
H,t−1)

(1−ε) di

(PH,t)
1−ε = θP

(1−ε)
H,t−1 + (1− θ)(P o

H,t−1)
(1−ε)

PH,t =
[
θP

(1−ε)
H,t−1 + (1− θ)(P o

H,t−1)
(1−ε)

] 1
1−ε

(2.75)

Similarly, the aggregate consumer price level dynamics in the foreign economy for the final
consumer good (P f∗

F,t, i.e.) is:

(
P ∗
F,t

)1−ε
=

∫ θ

0

(P ∗
F,t−1)

1−ε di+

∫ 1

θ

(P o∗
F,t−1)

1−ε di(
P ∗
F,t

)1−ε
= θ(P ∗

F,t−1)
1−ε + (1− θ)(P o∗

F,t−1)
1−ε

PF,t =
[
θ(P ∗

F,t−1)
1−ε + (1− θ)(P o∗

F,t−1)
1−ε
] 1

1−ε

(2.76)

The loglinearized version of (2.75) and (2.76) are:

πH,t = (1− θ)(poH,t − pH,t−1)

π∗
F,t = (1− θ)(po∗F,t − p∗F,t−1)

(2.77)

Finally, it is useful to rewrite (2.74) in order to express inflation as a function of expected
inflation and the marginal cost. For that, consider that under constant returns to scale,mct+k|t =

mct+k. Additionally, the standard notation for the marginal cost gap m̂ct = mct − mc is em-
ployed.

poH,t − pH,t−1 = (1− θβ)
∞∑
k=0

(θβ)kEt{m̂ct+k}+
∞∑
k=0

(βθ)kEt{πH,t+k}

= (1− θβ)
∞∑
k=1

(θβ)kEt{m̂ct+k}+
∞∑
k=1

(θβ)kEt{πH,t+k}

+ (1− θβ)m̂ct + πH,t

= θβ

[
(1− βθ)

∞∑
k=0

(θβ)kEt{m̂ct+k+1}+
∞∑
k=0

(βθ)kEt{πH,t+k+1}

]
+ (1− θβ)m̂ct + πH,t

= θβEt{poH,t+1 − pH,t}+ (1− θβ)m̂ct + πH,t

(2.78)

Defining λ ≡ (1−θ)(1−θβ)
θ

and substituting (2.77) into the expression above yields an expres-
sion for the New Keynesian Phillips Curve, where domestic inflation moves in accordance with

41



changes in expected domestic inflation and deviations of the real marginal cost from its flexible
price equivalent:

πH,t = βEt{πH,t+1}+ λm̂ct (2.79)

A similar result applies to the foreign economy:

π∗
F,t = βEt{π∗

F,t+1}+ λm̂c∗t (2.80)

2.2.4 Monetary Policy

TheMonetary Authority sets the nominal interest rate following a standard Taylor-Rule targeting
both deviations of inflation from target and output to it’s potential. In the context of a model
that is log-linearized around a symmetric steady state, this implies that the Taylor rule aims for
inflation to be equal to zero and for the output gap to be equal to zero. Thus, the monetary
authority in the home economy targets πH,t = 0 and ỹt = 0, while the monetary authority in the
foreign economy targets π∗

F,t = 0 and ỹ∗t = 0.
The standard Taylor Rule has the following functional form:

it = ρiit−1 + (1− ρi)(ϕππ
f
H,t + ϕyỹt) + ϵm,t

i∗t = ρ∗i i
∗
t−1 + (1− ρ∗i )(ϕ

∗
ππ

f∗
F,t + ϕ∗

yỹ
∗
t ) + ϵ∗m,t

(2.81)

Where ϕπ (ϕ∗
π) is the non-negative reaction coefficient for inflation, ϕy (ϕ∗

y) is the non-
negative reaction coefficient for output gap fluctuation and ϵm,t (ϵ∗m,t) is an exogenous monetary
policy shock. Furthermore, ρi (ρ∗i ) is the smoothing parameter for the nominal exchange rate.

The choice for domestic inflation as the target for the monetary authority follows Galí and
Monacelli (2005), but other target specifications are also possible. For instance, one could con-
sider total domestic CPI inflation (πt and π∗

t , respectively), or a rule in which the monetary
authority in one of the two countries also reacts to changes in the nominal exchange rate. Such
a representation follows Justiniano and Preston (2010), and has the following formulation:

it = ρiit−1 + (1− ρi)(ϕππH,t + ϕyỹt + ϕe∆et) + ϵm,t

i∗t = ρ∗i i
∗
t−1 + (1− ρ∗i )(ϕ

∗
ππ

∗
F,t + ϕ∗

yỹ
∗
t − ϕ∗

e∆et) + ϵ∗m,t

(2.82)

Where, ϕe and ϕ∗
e are the non-negative reaction coefficients to deviations of the nominal

exchange rate. Note that the signal of the response to changes in the nominal exchange rate is
inverted for both rules in (2.82), which relates to the prior assumption that the central bank in
each economy is likely to respond with higher rates in response to currency depreciation.

As a last alternative, it is also possible to consider the case inwhich either one of themonetary
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authority chooses to fully stabilize the nominal exchange rate (i.e, et = 0). Here, the UIRP
condition (2.40), in a complete foresight environment, implies that the nominal interest rate
evolves according to:

it = i∗t (2.83)

2.3 Aggregate Equilibrium

2.3.1 Clearing conditions

This subsection presents the clearing conditions in the goods market and the equilibrium condi-
tions in the supply side of the economy.

This serves as a stepping stone to develop the equilibrium under flexible prices and the
equilibrium under sticky prices in sections (2.3.2) and (2.3.3) further below.

2.3.1.1 Intermediate Goods Market

As mentioned in the subsection regarding intermediate goods, equilibrium in the sector requires
that markets clear for every set of intermediate good, so that:

YH,t = Y h
H,t + Y h∗

H,t =
XH,t +X∗

H,t

Υt

Y ∗
F,t = Y f

F,t + Y f∗
F,t =

XF,t +X∗
F,t

Υ∗
t

(2.84)

It is possible to use the relation between aggregate goods consumption and aggregate pro-
duction and real marginal cost set in (2.64) and (2.65) together with the law of one price (2.25)
and (2.49) to derive:

YH,t = ιMCtYtUt + νMC
∗
tY

∗
t U

∗
t S

f
t

Y ∗
F,t =

νMCtYtUt

Sf
t

+ ιMC
∗
tY

∗
t U

∗
t

(2.85)

In the steady state,MCss = MC
∗
ss =

ε−1
ε

and Ass = A∗
ss = 1. Furthermore, as discussed

in Galí and Monacelli (2005), the symmetric case (with α = α∗, ϑ = 1 and Uss = U∗
ss = 1)

generates uniquely defined terms of trade in the final goods sector (i.e, Sf
ss = 1). Thus, output in

the home economy equals output in the foreign economy (Yss = Y ∗
ss). Accordingly, the steady

state expressions of (2.85) are:
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YH,ss = (ι+ ν)
ε− 1

ε
Yss

Y ∗
F,ss = (ι+ ν)

ε− 1

ε
Y ∗
ss

(2.86)

With that relation, use Uhlig et al. (1995) to log-linearize (2.85) around a symmetric steady-
state to:

yH,t =
ι(mct + yt) + ν(mc∗t + y∗t − sft )

ι+ ν

y∗F,t =
ν(mct + yt + sft ) + ι(mc∗t + y∗t )

ι+ ν

(2.87)

In the special case of ι = ν, this relation becomes:

yH,t =
mct + yt +mc∗t + y∗t − sft

2

y∗F,t =
mct + yt +mc∗t + y∗t + sft

2

(2.88)

Notice that there is a direct impact of the marginal cost and total output on the production of
the intermediate goods-sector in each economy, with the size of the impact being determined by
the relationship that emerges between the elasticities of substitution of the intermediate goods
in the production function.

This relationship arises from the setting of constant returns to scale, which leads, as was
already established in (2.67), to real marginal cost being determined by the final goods terms
of trade, the price level, wages and the marginal productivity of labor. That is, real marginal
cost is exogenous to the intermediate goods (either domestic and foreign). Thus, changes in real
marginal cost feed directly into total intermediate good demand in both economies.

For further reference, note that the change over time for (2.87) is given by:

∆yH,t+1 =
ι(∆mct+1 +∆yt+1) + ν(∆mc∗t+1 +∆y∗t+1 −∆sft+1)

ι+ ν

∆y∗F,t+1 =
ν(∆mct+1 +∆yt+1 +∆sft+1) + ι(∆mc∗t+1 +∆y∗t+1)

ι+ ν

(2.89)

And, in the special case of ι = ν:
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∆yH,t+1 =
∆mct+1 +∆yt+1 +∆mc∗t+1 +∆y∗t+1 −∆sft+1

2

∆y∗F,t+1 =
∆mct+1 +∆yt+1 +∆mc∗t+1 +∆y∗t+1 +∆sft+1

2

(2.90)

Additionally, market specific equilibria requires that every produced intermediate good be
consumed either in the home or in the foreign economy. Thus, combining the supply of each
individual intermediate good from (2.46) with its respective demand given in (2.64) and (2.65)
and log-linearizing around a symmetric steady state, yields:

yhH,t = mct + yt

yh∗H,t = mc∗t + y∗t

yf∗F,t = mc∗t + y∗t

yfF,t = mct + yt

(2.91)

Fromwhere it is readily seen that, in the special case of ι = ν, the intermediate good demand
shares are equal across the different intermediate goods.

2.3.1.2 Final Goods Market

The goods market clearing condition in each economy requires that all final goods be consumed
either by domestic households, by foreign households or by domestic primary good producers.
Accordingly, the condition is given by:

Yt = CH,t + C∗
H,t + YH,t

Y ∗
t = CF,t + C∗

F,t + Y ∗
F,t

(2.92)

With the aid of the IRS condition (2.36), the definition of the real exchange rate (2.32) and
the the relations of the terms of trade given in (2.28) and (2.29), the goods market equilibrium
condition in each economy (2.92) can be rewritten in terms of the parameters of the open econ-
omy:

Yt =

(
P f
H,t

PC,t

)−η

Ct

[
(1− α) + α∗1− n

n
Qη− 1

σ
t

]
+ YH,t

Y ∗
t =

(
P f∗
F,t

P ∗
C,t

)−η

C∗
t

[
(1− α∗) + α

n

1− n
Q−(η− 1

σ )
t

]
+ Y ∗

F,t

(2.93)
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In the symmetric case, with α = α∗ substituting for steady state relations that arise (i.e, Yss,
Y ∗
ss, Css, C∗

ss, YH,ss and Y ∗
F,ss)13, the expression above log-linearizes to:

yt = (1− z)

[
ct +

ωα + α− 1

σ
sft

]
+ zyH,t

y∗t = (1− z)

[
c∗t −

ω∗
α

σ
sft

]
+ zy∗F,t

(2.94)

with:

ωα = 1− αn+ (1− n)α(2− α)(ση − 1) > 0

ω∗
α = αn(1 + (2− α)(ση − 1)) > 0

Note that the first term of (2.94) is fairly similar to traditional open economy two-country
models and the definition of ωα and ω∗

α has been kept consistent with Galí andMonacelli (2005).
The second term relates to the added demand for the primary good and z shows a proportion of
how much this added demand impacts aggregate output.

As usual, a deterioration in the terms of trade from the perspective of the domestic economy
(i.e., higher sft ) will increase the demand for domestic goods and lower the demand for foreign
goods.

The IS equation follows by substituting ct and c∗t from (2.94) into the Euler equation (2.21):
13With equation (2.86) it is possible to define the following relation:

YH,ss

Yss
=

Y ∗
F,ss

Y ∗
ss

= (ι+ ν)
ε− 1

ε
=

(1− µ)(ε− 1)

ε
= z

Rewriting (2.93) for the steady state and with α = α∗ shows:

YH,ss = Yss − Css

Y ∗
F,ss = Y ∗

ss − C∗
ss

Combining both of the above, the following relation holds:

Css

Yss
=

C∗
ss

Y ∗
ss

= 1− (ι+ ν)(ε− 1)

ε
= (1− z)

Additionally, as in Galí and Monacelli (2005), the existence of complete asset markets guarantees that marginal
utility of consumption is equalized in the steady state, so that Css = C∗

ss and Yss = Y ∗
ss.
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yt = Et{yt+1} − zEt{∆yH,t+1} −
(1− z)

σ
(it − Et{πC,t+1} − ρ)

− (1− z)

[
ωα + α− 1

σ

]
Et{∆sft+1}

y∗t = Et{y∗t+1} − zEt{∆y∗F,t+1} −
(1− z)

σ
(i∗t − Et{π∗

C,t+1} − ρ)

+ (1− z)

[
ω∗
α

σ

]
Et{∆sft+1}

(2.95)

It is common practice to substitute (2.31) into the IS equation (2.95). This explicitly shows
the relation of the terms of trade st and the expected real short-term rate14 to the IS equation:

yt = Et{yt+1} − zEt{∆yH,t+1} −
(1− z)

σ
(ret − ρ)− (1− z)

σ
(ωα + αn− 1)Et{∆sft+1}

y∗t = Et{y∗t+1} − zEt{∆y∗F,t+1} −
(1− z)

σ
(re∗t − ρ) +

(1− z)

σ
(ω∗

α − αn)Et{∆sft+1}

(2.97)

2.3.1.3 Terms of trade dynamics

To gain further intuition into the IS Curve, it is necessary to consider the determinants of sft .
Note that it is possible to substitute for ct and c∗t from (2.94) into the IRS (2.37):

sft =
σ

ωα + ωα∗

(
1

1− z

)[
(yt − y∗t )− z(yH,t − y∗F,t)− ln

(
n

1− n

)]
(2.98)

In the special case of ι = ν, (2.98) can be simplified to an expression similar to that found
in two-country open economy models such as Silveira (2015):

sft = Λ

[
(yt − y∗t )− ln

(
n

1− n

)]
(2.99)

Where Λ = σ
(ωα+ωα∗ )(1−z)−σz

.
Each set of parameters shows the relative impact of factors relating to the open economy

(i.e, α and n), as well as to the production process and market structure (i.e., µ and ε). It is
straightforward to see that, in the case of equal-sized economies (i.e., n = 0.5), only the output
differential will guide the terms of trade.

14The expected real short interest rate are defined as:

ret = it − Et{πH,t+1}
re∗t = i∗t − Et{π∗

F,t+1}
(2.96)
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With (2.98), it is possible to derive an expression for expected changes in its value that feed
into the IS equation (2.97):

Et{∆sft+1} =
σ

ωα + ωα∗

(
1

1− z

)
Et{(∆yt+1 −∆y∗t+1)− z(∆yH,t+1 −∆y∗F,t+1)} (2.100)

With ι = ν, this simplifies to:

Et{∆sft+1} = ΛEt{∆yt+1 −∆y∗t+1} (2.101)

2.3.1.4 Supply side - marginal cost and the Phillips Curve

The common approach of deriving a New Keynesian Phillips Curve (NKPC) from the dynamics
of the optimal price setting given in (2.74) is also applicable in open economy models. For that,
note that (2.67) relates the average real marginal cost in each economy (MCt andMC

∗
t ) to the

terms of trade and the marginal productivity of labor (PMLt and PML∗
t ).15

Substituting for pmlt and pml∗t , the real marginal cost given in (2.67) can be log-linearized
to:

mct = α(1− n)sft + wt − pC,t − yt + lt

mc∗t = −αnsft + w∗
t − p∗C,t − y∗t + l∗t

(2.102)

The labor market clears in equilibrium, so that Ls
t = Ld

t,i. The same dynamics is true for the
other production factors (XH,t, XF,t,X∗

H,t and X∗
F,t) across countries.

Consider, for the sake of simplicity, the special case in which ι = ν. Substituting (2.24) into
(2.102) and using log linear version of the production function (2.53) to substitute for yt (y∗t )
and lt (l∗t ), the log-linear version of the aggregate demand function for the intermediate goods
in (2.64) and (2.65) to substitute for xH,t, xH,t, x∗H,t and x∗F,t and the terms of trade expression
in (2.99) yields:

mct =

[
ΛΩ2

Ω3

+
δ

Ω3

]
yt −

[
ΛΩ2

Ω3

+
γz

Ω3

]
y∗t −

[
γz

Ω3

]
mc∗t −

[
2Ω

Ω3

]
(at + ι(υt + υ∗t ))

mc∗t =

[
δ

Ω3

− ΛΩ4

Ω3

]
y∗t +

[
ΛΩ4

Ω3

− γz

Ω3

]
yt −

[
γz

Ω3

]
mct −

[
2Ω

Ω3

]
(a∗t + ι(υt + υ∗t ))

(2.103)

15For reference, the log-linear version of the marginal product of each production factor in the final good sector
is:

pmlt = yt − lt

pml∗t = y∗t − l∗t
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Where the simplifying parameters are defined as:

γ =
σ

1− z
δ = 2γ + 2φ− γz

Ω =
φ+ 1

µ
Ω2 = 2− 2ωα − 2αn+ γz + 2ιΩ

Ω3 = γz + 2Ω− 2φ Ω4 = 2ω∗
α − 2αn− γz − 2ιΩ.

The expression above clearly departs from the baseline open economy model by Galí and
Monacelli (2005). The addition of several production layers and more complex trade channels
produces two additional vectors that impact the marginal cost in each economy.

First, as would be directly conceivable, is the impact of intermediate-good technology (υt
and υ∗t ). Second, the real marginal cost of the foreign economy (e.g.,mc∗t in the eyes of the home
country) also impacts the domestic marginal cost, given the relevance of imported intermediate
goods for the final goods sector.

To arrive at an expression that is common across several two-country models, it is advisable
to remove the cross reference to the foreign real marginal cost in each expression. For that,
simply cross-substitute formct andmc∗t of both equations in (2.103):

mct = κyt − κ2y
∗
t + Ξ2(a

∗
t + ι(υt + υ∗t ))− 2ΩΞ(at + ι(υt + υ∗t ))

mc∗t = κ∗y∗t − κ∗2yt + Ξ2(at + ι(υt + υ∗t ))− 2ΩΞ(a∗t + ι(υt + υ∗t ))
(2.104)

Where:

Ξ =
Ω3

Ω2
3 − (γz)2

Ξ2 =

[
2ΩγzΞ

Ω3

]
κ =

[
ΛΩ2 + δ − γz

(
ΛΩ4 − γz

Ω3

)]
Ξ κ2 =

[
ΛΩ2 + γz + γz

(
δ − ΛΩ4

Ω3

)]
Ξ

κ∗ =

[
δ − ΛΩ4 + γz

(
ΛΩ2 + γz

Ω3

)]
Ξ κ∗2 =

[
γz − ΛΩ4 + γz

(
ΛΩ2 + δ

Ω3

)]
Ξ

This formulation for the real marginal cost in both economies provides a framework for the
analysis of the equilibrium under flexible and sticky prices, since production factor demand and
other endogenous relations have been substituted out of the equation.

The elements that effectively impact the real marginal cost are total output in each economy
and technology in each economy. Crucially, if the foreign economy final-good productivity will
have a positive effect on real marginal cost depends on the sign of Ξ2
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2.3.2 Equilibrium under flexible prices

2.3.2.1 A detour for intermediate goods

It is straightforward to derive the flexible price equilibrium as in the standard open economy
model. For that, set mct = mc∗t = −ϱ in (2.103) and solve for natural output (i.e., yt and y∗t
in the home and foreign economy, respectively), the equilibrium level of output under flexible
prices.16

Given the multi-layered production process however, a relevant starting point for this anal-
ysis is the dynamics in the intermediate good sector. Given (i) no price rigidities and (ii) perfect
competition at this stage of production, output is always at potential.

Note that, substituting the description of the former paragraph into (2.91), it is possible to
see that output that prevails for the exported intermediate good when the final good sector is
under its natural value is:

yhH,t = yt − ϱ

yf∗F,t = y∗t − ϱ
(2.105)

It is also important to show the level of output that prevails in the aggregate intermediate
sector under flexible prices for the final good sector. For that, define the natural level of the
terms of trade as sft and substitutemct = mc∗t = −ϱ into (2.87), so that:

yH,t =
ιyt + ν(y∗t − sft )

ι+ ν
− ϱ

y∗F,t =
ιy∗t + ν(yt + sft )

ι+ ν
− ϱ

(2.106)

It is easy to see from the above that, in the special case in which ι = ν, the output for the
aggregate intermediate sector will be identical in both economies:

yH,t =
y∗t + yt − sft

2
− ϱ

y∗F,t =
y∗t + yt + sft

2
− ϱ

(2.107)

2.3.2.2 Equilibrium for the final good sector

The natural output in the home and foreign economy is found by setting mct = mc∗t = −ϱ in
(2.104) and than isolating yt and y∗t . The analysis is hereinafter restricted to the special case in

16As usual, ϱ = 0, is the equilibrium under perfect competition.
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which ϱ = 0. Thus, the natural output in both economies is given by:

yt =
[κ2
κ

]
y∗t −

[
Ξ2

κ

]
(a∗t + ι(υt + υ∗t )) +

[
2ΩΞ

κ

]
(at + ι(υt + υ∗t ))

y∗t =

[
κ∗2
κ∗

]
yt −

[
Ξ2

κ∗

]
(at + ι(υt + υ∗t )) +

[
2ΩΞ

κ∗

]
(a∗t + ι(υt + υ∗t ))

(2.108)

It is possible to substitute y∗t (yt) into yt (y∗t ) to derive a clear representation of the natural
output in each economy solely as a function of technology. Thus, the natural output in each
economy is:

yt =

[
2κ2ΩΞ− κ∗Ξ2

κκ∗ − κ2κ∗2

]
(a∗t + ι(υt + υ∗t )) +

[
2κ∗ΩΞ− κ2Ξ2

κκ∗ − κ2κ∗2

]
(at + ι(υt + υ∗t ))

y∗t =

[
2κΩΞ− κ∗2Ξ2

κκ∗ − κ2κ∗2

]
(a∗t + ι(υt + υ∗t )) +

[
2κ∗2ΩΞ− κΞ2

κκ∗ − κ2κ∗2

]
(at + ι(υt + υ∗t ))

(2.109)

Given the multi-layered production process and the relevance of the intermediate inputs into
the final good production, technology in the intermediate sector (υt and υ∗t ) also features in the
natural output definition. It is easy to see that technology shocks in every sector directly impact
the natural output level in both economies.

The natural level of the final product terms of trade (sft ) depends solely on changes in tech-
nology in both economies. For that, note that, given (2.99), the natural level of the terms of trade
is:

sft = Λ

[
(yt − y∗t )− ln

(
n

1− n

)]
(2.110)

Assume, for simplicity, that n = 0.5.17 With that, substitute (2.109) into (2.110) to get an
expression of the natural terms of trade that depends solely on the technology level:

sft = Λ

[ [
2κ2ΩΞ− κ∗Ξ2 − 2κΩΞ + κ∗2Ξ2

κκ∗ − κ2κ∗2

]
(a∗t + ι(υt + υ∗t ))

+

[
2κ∗ΩΞ− κ2Ξ2 − 2κ∗2ΩΞ + κΞ2

κκ∗ − κ2κ∗2

]
(at + ι(υt + υ∗t ))

] (2.111)

With the aid of the definition of the technology processes for at, a∗t , υt and υ∗t given in (2.48)
and (2.55), the dynamics of the natural level of the terms of trade is:

17Note that this simplification is for calculation purposes only since, given the static nature of both ϱ and n, they
are removed from calculation once the dynamics of the natural terms of trade is considered.
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Et{∆sft+1} =

Λ

[[
2κ∗ΩΞ− κ2Ξ2 − 2κ∗2ΩΞ + κΞ2

κκ∗ − κ2κ∗2

]
((ρA − 1)at + ι((ρΥ − 1)υt + (ρ∗Υ − 1)υ∗t ))

−
[
κ∗Ξ2 + 2κΩΞ− κ∗2Ξ2 − 2κ2ΩΞ

κκ∗ − κ2κ∗2

]
((ρ∗A − 1)a∗t + ι((ρΥ − 1)υt + (ρ∗Υ − 1)υ∗t ))

]
(2.112)

Finally, for the full set of equations under flexible-prices, consider the IS equation (2.97)
under the natural output specification, where (2.106) is used to substitute for (∆yH,t+1 ∆y

∗
F,t+1).

yt = Et{yt+1} −
z

2
Et{∆yt+1 +∆y∗t+1 −∆sft+1} −

(1− z)

σ
(ret − ρ)

− (1− z)

σ
(ωα + αn− 1)Et{∆sft+1}

y∗t = Et{y∗t+1} −
z

2
Et{∆yt+1 +∆y∗t+1 +∆sft+1} −

(1− z)

σ
(re∗t − ρ)

+
(1− z)

σ
(ω∗

α − αn)Et{∆sft+1}

(2.113)

In (2.113), ret and re
∗
t are defined as the ex-ante natural real rates in the home and foreign

economy, respectively. To arrive at a proper expression for said rates as a function of natural
output (i.e. technology) and the natural terms of trade, rearrange (2.113). This yields:

ret =

[
σ(2− z)

2(1− z)

] (
Et{yt+1} − yt

)
−
[

σz

2(1− z)

] (
Et{y∗t+1} − y∗t

)
− (ωα + αn− 1)

[
1− σz

2(1− z)

]
Et{∆sft+1}

re∗t =

[
σ(2− z)

2(1− z)

] (
Et{y∗t+1} − y∗t

)
−
[

σz

2(1− z)

] (
Et{yt+1} − yt

)
+ (ω∗

α − αn)

[
1− σz

2(1− z)

]
Et{∆sft+1}

(2.114)

2.3.3 Equilibrium under sticky prices

2.3.3.1 The New Keynesian Phillips Curve

In accordance to the baseline Galí and Monacelli (2005), define the output gap (ỹt in the home
economy and ỹ∗t in the foreign economy) as the deviation of total output in each economy from
its value under flexible prices. Thus, the output gap in each country is given by ỹt = yt− yt and
ỹ∗t = y∗t − y∗t .
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The marginal cost gap (m̂ct and m̂c∗t ) can be obtained by subtracting (2.104) from its nat-
ural output equivalent (as mentioned before, without loss of generality, the case of ϱ = 0 is
considered.

m̂ct = κỹt − κ2ỹ
∗
t

m̂c∗t = κ∗ỹ∗t − κ∗2ỹt
(2.115)

That is, given the trade channels in the economy, the marginal cost gap in each country is
influenced both by the domestic and the foreign output gap, which is a reasonable conclusion.

This is a departure from the standard NOEM, which as can be seen for instance in very much
detail in Bergholt (2012). Here, it is considered that the Home (small, open) economy is fully
independent of the world economy, which makes that, when substituting for natural values in
(2.104) and deriving the marginal cost gap (m̂ct) as in the step before, fully removes the impact
of the foreign economy into it.

Thus, m̂ct will be related only to the domestic output gap (ỹt) instead of the foreign one
(ỹ∗t ) as well. That approach would be possible as well. Given, however, that the full set of
economic relations in both economies is developed throughout the present paper, it is interesting
to consider the cross-border impact of slack in marginal cost and, as will be seen just below, in
domestic inflation.

With (2.115), equations (2.79) and (2.80) can be rewritten to the canonical NKPC form as:

πf
H,t = βEt{πf

H,t+1}+ λ [κỹt − κ2ỹ
∗
t ]

πf∗
F,t = βEt{πf∗

F,t+1}+ λ [κ∗ỹ∗t − κ∗2ỹt]
(2.116)

Hence, as in the baseline DSGE model and in the baseline open-economy model, domestic
inflation evolves according to expected future domestic inflation and the output gap. Addition-
ally, domestic inflation will also crucially depend on the evolution of the foreign output gap.
This feature in Jang, Okano, et al. (2013) or, in a slightly different style in Silveira (2015),
where domestic inflation will crucially depend on the terms of trade gap (defined below).

2.3.3.2 The Terms of Trade Gap and a note on intermediary goods

Before continuing to the Dynamic IS (DIS) equation, it is re levant to define the evolution of
the terms of trade gap, defined as the deviation of the terms of trade from its natural level (i.e.:
s̃ft = sft − sft ).

It is straightforward to use (2.99) and (2.110), so that:

s̃ft = Λ(ỹt − ỹ∗t ) (2.117)
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With the full set of equations that govern model dynamics (i.e, an IS equation, a NKPC
equation and a Taylor-Rule equation for each economy, besides the definition of the terms of
trade), it is now possible to evaluate the response of the variables to several types of shocks.

2.4 Simulations

The present model departs from the baseline open economy model, such as Galí and Mona-
celli (2005), or other limit case two-country models, such as Silveira (2015), by incorporating
more layers of production in the production-block as well as the possibility that international
merchandise trade occurs for intermediate goods and not only final goods.

The paper describes the full set of equilibrium condition and dynamic equations that form
the representation of the DSGE model in both economies. Thus, it is possible to analyse the
propagation of different types of shocks and its specific impact on theHome and Foreign country.

The simulations that follow focus on two different issues, the first one being the response of
the variables to a productivity shock abroad (i.e., shocks to ϵ∗A,t and ϵ∗Υ,t). This is done consid-
ering different international trade patterns in the baseline model presented above.

That is, while the full-fledged model considers production and trade for both intermediate
and final consumer goods, the simulations below also show the propagation of shocks when the
home economy either does not produce (nor exports) intermediate goods or does not produce
(nor exports) final consumer goods18.

For ease of explanation, figure (2.2) shows the different types of trade patterns that are con-
sidered in the simulations. A square filled with green indicates that the production sector is
active for the case considered, while a red square indicates that the sector is shut-down. For
instance, under case 2 in figure (2.2), home production of intermediate goods, both for domestic
consumption and for export, is removed from the model (i.e., xH,t = x∗H,t = 0. This automati-
cally implies that yH,t = 0) while the remaining production layers are kept intact.

Figure 2.2: Birds-eye view of different trade configurations
Source: Authors own elaboration

The Taylor-Rule chosen to close themodel for this first set of simulations is standard for open
18It is quite intuitive to see during the previous sections that a simple resetting of parameters, for instance z = 0

or ι = 0, can lead to different trade configurations in the model.
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economy models and given in (2.81). That is to say, the monetary authority in each country acts
to stabilize deviations of domestic inflation from target as well as deviations of the output gap,
aiming to maintain it at zero.

As a second step, I perform the same simulations again, but this time considering a Taylor-
Rule that acts to smooth movements in the nominal exchange rate, such as the rule laid out in
(2.82).

The subsections below discusses the different behaviour of the variables under each setting
according to the impulse response functions (IRFs) presented in appendices (2.7) and (2.8).

2.4.1 A detour for Case 3 - Some explanations

Note that under the configurations defined in figure (2.2), the entire final goods sector is shut-
down in the home economy. This entails some changes under the definitions set in sections (2.2)
and (2.3), since the basic consumption basket will need to be adapted.

Notably, the home-country families will consume exclusively from overseas, meaning that
Ct = CF,t. Additionally, domestic prices relevant to the consumer (2.10) move according exclu-
sively to the imported goods price level (pF,t), even if domestic final good prices (pH,t) are still
present in the model. Note that these prices serve as reference solely for domestically produced
intermediate goods piH,t and pi∗H,t, given the relation set in (2.50).

Regarding terms of trade specifically, note that, under (2.92) collapses to Yt = YH,t under
Case 3, which also entails that calculations leading up to (2.98) need to be changed. Accord-
ingly, terms of trade for the final good sector (sft ) loose in relevance when compared to other
specifications of the model.

To visualize consumption in the IRFs, I add in the dynare simulations the definition of labor
supply (2.22), which is not necessary either in the baseline nor in the case where the home
economy does not produce intermediate goods (Case 2).

Finally, I do adjust the Taylor-Rule for this setting so that it does react to consumer price
inflation (πC,t = πF,t) instead of domestic consumer inflation (πH,t).

2.4.2 Calibration

Given the derivations presented in so forth, a series of simplifying assumption for parameter
values are made. Table (2.4.2) summarizes the meaning of each parameter and presents the
value used under the forthcoming simulations.

Note below that, to keep track of Galí and Monacelli (2005), the home bias parameter (α =

α∗) is set to 0.8, so that, given n = 0.5, α = α∗ = 0.4.
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Parameter Description Value
n Home-country size 0.5

α, α∗ Home-bias 0.8
σ Inverse elasticity of intertemporal substitution 1
φ Inverse of the Frisch-elasticity of labor-supply 2.5
η Elasticity of intratemporal substitution 1.5
θ Calvo parameter 0.75
ε Elasticity of substitution for domestic final goods 6
β Household discount-factor 0.99

ρi, ρ∗i Interest rate rule smoothing-parameter 0.6
ϕπ, ϕ∗

π Policy rule inflation weight 1.5
ϕy, ϕ∗

y Policy rule output-gap weight 0.5

ϕe, ϕ∗
e Policy rule exchange rate weight 1.0

ρA, ρ∗A, ρΥ, ρ∗Υ technology-shock persistence 0.8
µ Elasticity of production - Labor 0.6
ν,ι Elasticity of production - intermediate goods 0.2

Table 2.1: Parameter Calibration

2.4.3 The effects of a productivity shock - standard Taylor Rule

2.4.3.1 A productivity shock to the foreign final goods sector (ϵ∗A,t)

Under the baseline model presented above, a foreign final-goods productivity shock (ϵ∗A,t) di-
rectly impacts potential output in both economies (yt, y

f
t ).

It is natural to assume that potential output increases in both economies with the gain in
productivity. This increase is more intense so in the foreign economy than in the home economy
and generates yt < y∗t throughout the simulation period.

As a response to technology, total output (yt and y∗t ) also increases in both economies, but
it does so rather uniformly in the foreign economy in either setting of trade patterns, while it
shows some divergence when considering the different patterns in the home economy. Thus,
while yt increases the most under Case 3 (where all productivity gains are channeled towards
higher production of intermediate goods) both the under the baseline model and under Case 2
this increase is smaller.

In terms of the output gap, note that while the foreign economy presents a resolutely negative
output gap under the three considered cases, the domestic economy will, as in the case of total
output, depend on the patterns of trade. While the baseline and Case 2 both present an outright
negative output gap as the foreign economy (albeit smaller in magnitude), the case where the
home economy does not produce final goods will, at first, show a move lower in the output gap
(given the spike in potential output) and than an overshoot to a positive output gap.

Over time, potential output, total output and the output gap converge in back to equilibrium
in both economies.

In terms of intermediate goods, it is evident that Case 2 does not produce any changes for
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demand in xH,t and x∗H,t given the productivity shock (i.e., both remain at zero). Under the
baseline model, the demand for intermediate goods produced at home decreases in aggregate
as a response to the shock, although it is unevenly distributed between domestic demand and
foreign demand. While both fall into negative territory, it is noteworthy that the former (xH,t)
has a smaller downturn and then overshoots before stabilizing, while the latter (x∗H,t) slowly
stabilizes without returning to equilibrium.

On the other hand, note that the demand for the domestic intermediate good increases in both
countries under Case 3, which also helps to explain increased output under this international
trade setting. Since consumption at home, as will be discussed further below, falls in this setting
(i.e., lower ct), it is clear that the higher output is derived from increased output overseas and,
intuitively, shifts (welfare) gains to the foreign economy.

For the intermediate foreign good, demand increases in all settings, with the baseline and
Case 2 presenting the largest movement if compared to the Case 3 environment.

Before moving on to the open economy variables that explain this distribution of effects, it
is worth noting that consumption at home increases under the baseline setting and under Case 2,
while it decreases under Case 3. In opposition, consumption in the foreign economy increases
in all trade settings, with Case 3 presenting the largest increase for the foreign consumer.

Let us now consider the variables of the open economy to aid in the comprehension of ag-
gregate demand as discussed above. It is worth pointing out that in open economy models that
follow Galí and Monacelli (2005), the nominal exchange rate (NEER in the titles to the IRFs)
does not stabilize in response to a technology shock. This is also the case when we consider
Case 2 and Case 3 for the present simulations.

Thus, after the initial impact of the shock (where, for Case 2, et appreciate in the eyes of
the home economy moving lower and, for Case 3, it immediately depreciates moving higher),
the nominal exchange rate in both cases stabilizes at a higher level (i.e., steadily depreciates in
the eyes of the home economy). However, under the baseline model, it is noteworthy that the
nominal exchange rate returns very close to equilibrium, even if effectively not reaching that
level.

Note that the final goods terms of trademoves lower as a response to the shock in the baseline
and under Case 2, which means, given (2.27), that the foreign final good becomes cheaper vis-
à-vis the domestic final good. Given the relation of the intermediate goods terms of trade to the
final goods terms of trade in (2.51), the same applies to the intermediate goods price.

Thus, foreign goods in general become more competitive in relation to the home goods
equivalent, which helps justify why (in a framework of ι = ν), the increased demand for in-
termediate goods at the home economy will be met through foreign goods (i.e., xF,t) and why
higher consumption in the baseline and Case 2 in both countries is unevenly distributed between
domestic and foreign consumer goods, with cF,t and c∗F,t increasing more so than cH,t and c∗H,t

(which falls outright), respectively.
It is also worth mentioning that, the higher nominal exchange rate under Case 3 (i.e., a
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devalued currency in the eyes of the home economy) leads to lower consumption in the home
economy (which imports final goods) even with higher output before returning to the steady
state.

In terms of inflation, both the baseline as well as Case 2 show a profile for domestic inflation
(πH,t and π∗

F,t) consistent with what is expected from Galí and Monacelli (2005), which is also
true for overall consumer price inflation.

Given that our present parameter selection entails κ = κ∗ = 1.59 and κ2 = κ∗2 = 0.68 As
shown in (2.116), the direct impact of the home output gap on domestic inflation at home is
larger than the impact of the foreign output gap on said price index. Thus, domestic inflation
stays outright negative for the entirety of the shock. Consumer price index however is impacted
by both domestic inflation (i.e., home and overseas) and changes in the terms of trade as shown in
(2.31). Thus, while first falling at home as a consequence of lower domestic inflation, it quickly
rises as a consequence of positive changes in the terms of trade (i.e., ∆st > 0). The exact
opposite dynamics is observed for both domestic inflation and overall inflation in the foreign
economy.

Interestingly, given that, under Case 3, total consumer price inflation is not influenced by
the terms of trade (i.e., πC,t = ∆et + π∗

F,t and π∗
C,t = π∗

F,t), the dynamics of inflation are clearly
divergent when comparing this setting with the baseline and Case 2. There is an outright higher
profile for consumer prices at home given that the home currency immediately depreciates. In
the foreign economy, consumer prices react by immediately falling in response to the produc-
tivity shock given lower final good prices.

Note that, while under all three cases the price levels fail to return to equilibrium as a response
to the shock, the overall profile is markedly different between the three scenarios.

Finally, under the baseline and under Case 2 the monetary authority in both economies lower
the interest rate to stabilize output and inflation. This is in marked contrast with Case 3, where
the monetary authority in the home economy needs to elevate interest rates, while the foreign
one is still able to lower them (and more significantly so than when compared to the baseline or
Case 2).

Accordingly, real ex-ante rates turn lower in both countries in the baseline and under Case
2, while it does turn higher (before the initial shock lower) under Case 3 in the home economy.
In the foreign economy, Case 3 generates the lowest real rate compared to other settings.

2.4.3.2 A productivity shock to the foreign intermediate goods sector (ϵ∗Υ,t)

At a first stage, the effects of a productivity shock to the foreign intermediate sector (ϵ∗Υ,t) also
bears a direct impact to potential output (yt and y∗t ) in both economies.

As expected, this impact is larger in the foreign economy (where the shock occurs) than in
the home economy. This derives directly from the production structure presented in (2.2.3):
while the foreign intermediate good shock will impact the intermediate sector in this economy
directly, the only direct impact it in the final economy is in the final good sector.
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Hence, there are more added gains throughout the process in the foreign economy than in
the home economy. Thus, as was the case in the shock to productivity in the foreign final goods
sector before, yt < y∗t throughout the simulated periods.

Similarities however stop here. Output increases in the home economy by a similar amount
both under Case 2 and Case 3, with the baseline setting presenting the lowest total deviation of
output from the steady-state. The divergence is clearly accounted for by the different behavior
of intermediate goods demand when comparing the different settings.

Under the baseline setting there is a decrease in demand for the domestic intermediate good
(xH,t), which is derived from the fact that, given the evolution of the terms of trade and similar
to discussed in the section above, domestic goods get more expensive if compared to foreign
goods. Higher intermediate good demand in the domestic economy is thus met by increased
intermediate good output in the foreign economy.

This is quite an expected outcome: given higher productivity, we concomitantly observe
higher output of intermediate goods produced overseas. For intermediate goods produced at
home, the divergence of export demand (i.e., x∗H,t) is interesting when comparing the baseline
with Case 3. While both show hump-shaped response to the shock, the former starts in negative
territory (later overshooting and then stabilizing) and the latter immediately starts above the
steady-state. It then intensifies the overshoot before adjusting back to equilibrium.

This is in accordance to the terms of trade dynamics for intermediate goods presented in
(2.51) and thanks to the fact that Si

t = (Si∗
t )

−1. Higher foreign intermediate goods productivity
makes home intermediate goods cheaper when compared to domestic intermediate goods in the
foreign economy. Thus, under Case 3, gains in output are completely absorbed by higher (x∗H,t),
while under the baseline, part of the gains in output is absorbed through higher consumption of
domestic final goods.

The gain in potential output is higher than the increase in output in both countries under all
scenarios, thus leading to an overall negative output gap in the IRFs. It is noteworthy however,
that the output gap at home is lower (i.e., more negative) under Case 3 than under Case 2. This
lies in contrast to the observed under the final goods foreign productivity shock, where the output
gap for Case 2 was larger than under Case 3.

For the open economy variables in the model, as was the case before, the nominal exchange
almost returns to equilibrium under the baseline setting, while it stays above the steady state (i.e.,
devalued in the eyes of the home economy) under Case 2 and Case 3, with the former presenting
overvaluation (i.e., lower et) in the initial response of the shock before slowly overshooting.

In terms of inflation dynamics, note that domestic inflation decreases under the baseline and
Case 2 for the home economy, while it decreases overall in the foreign economy. It is interesting
to note that, for total CPI inflation in the foreign economy, the first response of the productivity
shock is an increase, which than turns negative and slowly retreats to the steady state.

As was the case in the foreign productivity shock, the impact of lower domestic inflation on
overall inflation is combined with the dynamics of the terms of trade as given in (2.31), which
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explains the changes in signal of overall domestic inflation in both countries.
Finally, in terms of monetary policy, an interesting divergence emerges when comparing

the response of the Taylor Rule in the home economy in the present shock and in the shock
before under Case 3. While the nominal interest rate at home would rise in response to the
foreign final good productivity shock, it moves lower in response to the foreign intermediate
good productivity shock. Thus, the real ex-ante rate will move lower in this setting as in the
baseline and Case 2.

2.4.4 The effects of a productivity shock - a Taylor Rule with exchange
rate smoothing

In what follows, I consider the impact of a foreign productivity shock on the final good sector
(ϵ∗A,t) and on the intermediate good sector (ϵ∗Υ,t) as was done in subsection (2.4.3) above, but
now with a Central Bank in each economy that reacts to changes in the nominal exchange rate
(∆et) as is set out in the Taylor Rule in (2.82).

For ease of discussion, I limit the analysis hereinafter to the baseline case, where both coun-
tries engage in production and trade of both intermediate and final goods. Additionally, IRFs
show both the impact with the standard Taylor Rule (2.81) and with the adjusted Rule (2.82).

2.4.4.1 A productivity shock to the foreign final goods sector

As would be expected, the impact of the technology shock dos not depend on the reaction func-
tion of the monetary authority in either economy, thus making a renewed explanation of what
was already discussed in (2.4.3) redundant.

It is noteworthy however that the dynamics of total output is markedly different in both
alternatives of the Taylor Rule, with total output in the home economy moving notably higher
under a Central Bank that accounts for changes in the nominal exchange rate when compared
with the standard policy response. On the other hand, output increases less so in the foreign
economywhen the Central Bank reacts to the nominal exchange than comparedwith the standard
definition of the Taylor Rule.

Thus, the output gap in the domestic economy is considerably wider (i.e., more negative)
when the monetary authority does not stabilize movements in the exchange rate when compared
to the situation in which it does so. In the foreign economy the situation inverts: the output gap
is considerable wider when the monetary authority does react to movements in the exchange
rate in comparison to the case where the monetary authority follows a traditional Taylor Rule.

The change in total output in each economy also shows in the output of the intermediate
good sector, with the final good technology shock most notably impacting the reaction of xH,t

and x∗F,t (x∗H,t and xF,t to a lesser magnitude).
Under a central bank that reacts to the nominal exchange rate, the domestic demand for the

domestic intermediate good increases outright, while it first decreases and than slightly over-
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shoots zero before returning to equilibriumwhen the standard Taylor Rule applies. In the foreign
economy, the demand for the intermediate good produced domestically (i.e. x∗F,t) increases in
the standard Taylor-Rule setting, while it at first decreases and then overshoots equilibrium be-
fore returning to it when the central bank reacts to the nominal exchange rate.

This difference is fully observable in total output for the intermediate good in the domestic
economy, which performs significantly better when monetary policy reacts to the exchange rate.

On the other side of total domestic output, consumption increases less so under an adjusted
Taylor Rule than under a standard Taylor Rule. Although, in terms of distribution of aggregate
domestic consumption, it is possible to see a better performance of the final domestic consumer
good in the former than in the latter.

In any case, when comparing consumption and total intermediate output at home to the for-
eign economy, the technology shock produces higher intermediate output in the latter under both
Taylor Rule definitions, thus generating less household consumption in the foreign economy as
well.

The reason for this divergent dynamics is related to the variables of the open economy. As
(2.99) clearly shows, higher output abroad shifts the final good terms of trade lower, which in
turn makes domestic goods more expensive relative to their foreign alternatives. Accordingly,
given the nonexistence of trade limitations beyond the home bias, demand for goods produced
in the foreign economy should increase.

However, when monetary policy reacts to changes in the nominal exchange rate, terms of
trade move notably less so than under the standard Taylor Rule. This in turn benefits domestic
good consumption both in the final good sector and in the intermediate good sector (i.e, when
comparing the IRFs in both Taylor Rule settings, yH,t, cH,t and c∗H,t are higher under the adjusted
Taylor Rule than under the standard one).

Still regarding variables of the open economy, it is quite noteworthy that, when both central
banks act to stabilize the currency, while they achieve a smaller movement in the real exchange
rate (qt) and, at first, in the nominal exchange rate, the observed misalignment of the nominal
exchange rate (i.e., the fact that the nominal exchange rate stays overvalued in the eyes of the
home economy) is more intense so under this alternative setting than under the standard Taylor
Rule.

Finally, considering the interest rate itself, central banks lower the nominal interest rate in
both economies in response to the shock, with the magnitude of the initial response being smaller
under the alternative setting of the Taylor Rule. In the foreign economy, the initial response of
the alternative Taylor Rule is larger than the traditional setting, although it also prescribes a
quicker return to neutral.

2.4.4.2 A productivity shock to the foreign intermediate goods sector

As a last exercise regarding impulse responses, consider the impact of a productivity shock to
the intermediate good sector in the foreign economy (ϵ∗Υ,t). As mentioned before, there is no
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difference in the impact of potential output in either economy (i.e., it increases in both).
Additionally, given the small size of the parameter governing intermediate productivity (ι =

ν = 0.2), it is also clear that the impact of the shock will be smaller in terms of magnitude when
analysing the impact on total output and comparing it to the shock in the final good sector.

Nevertheless, the productivity shock does lead to larger output in both economies. It is inter-
esting to note that, while the first impact of the shock diverges between both policy rule settings,
both quickly converge and run together for most of the shock response. Accordingly, the output
gap, absent the initial divergent response under both policy settings and in both countries, will
return to neutral overtime at a similar pace under both Rule settings.

In the intermediate good sector the is a clear downward shift in intermediate good production
at the home economy, given lower levels in both xH,t. However, if the central bank chooses to
stabilize the exchange rate, the downturn for xH,t is initially smaller and also fades more quickly.

For the open economy variables, the divergence between the intermediate good terms of
trade and the final good terms of trade is fully accounted for by (2.52). The final goods terms
of trade will also diverge (while moving lower) as a first response to the shock, but than rapidly
return to moving together when comparing both policy settings.

In terms of inflation dynamics, the productivity shock in the intermediate good sector abroad
lower domestic CPI in both economies and more so in the foreign economy when the monetary
policy rule prescribes exchange rate smoothing as opposed to the traditional setting. In the
home economy, nominal rates will be lower at first when the central bank does not react to the
exchange rate, but will persist at a lower level longer under this alternative setting.

2.5 Conclusion

The present model describes the full set of equations and equilibrium conditions in the New
Keynesian Open EconomyModel (NOEM) literature. I focus on the limit case of a two-country
setting, where both of them are symmetric in everything but size. However, instead of following
the standard procedure of restricting trade relations to a single channel, or analysing the inclusion
of a commodity export sector, I fully develop the productive sector of both economies to account
for three production layers and, most importantly, two international trade channels.

Even with the added features, the model seeks to resemble as much as possible the baseline
structure presented in Galí and Monacelli (2005), thus permitting easier comparison between
the main results. Simplifying assumptions that derive from this decision, such as considering
the law of one price (LOP) or, as a consequence, the uncovered interest rate parity (UIRP) as
binding, are possibilities for further development of the present framework.

With this full set of conditions and relations, it is possible to examine the implication for
monetary policy of several different trade patterns between economies. For instance, it is pos-
sible to consider the special case where one given country does either not produce intermediate
goods or does not produce final consumer goods. Alternatively, it is also possible to mimic
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tradable- and non-tradable production (and its implication) by shutting down one specific sector
in one economy.

With these features at hand, I consider the propagation of a productivity shock in the foreign
economy both at the final goods level as well as at the intermediate good level and analyse the
different responses obtained when comparing alternative trade patterns.

As would be expected, different trade patterns do produce different outcomes for the output
gap and inflation, thus rendering notably different reactions for monetary policy reactions in
each country. For instance, if an economy fully depends on imported final consumer goods and
the global economy goes through a final goods productivity shock, the monetary policy response
as prescribed by a standard Taylor Rule would be to increase nominal interest rates, which is in
opposition to a similar shock in a one-trade channel setting.

I also compare the standard Taylor Rule of the NOEM literature (where the Monetary Au-
thority reacts to both the domestic output gap and domestic CPI inflation) with one where it
reacts, additionally, to realized variations in the nominal exchange rate. As would be expected,
the output distribution in response to shocks (i.e., the magnitude of increased productivity that
benefits each economy) and how consumption and investments (i.e., consumption directed to
the production of primary goods) exhibits different patterns for every possible setting.

It is quite noteworthy that, be it in the simulation presented in (2.4.4.1) or in the one pre-
sented in (2.4.4.2), a Taylor Rule where the central bank also reacts to variations in the nominal
exchange rate produces a wider output gap where the shock occurs (in the case studied, the
foreign economy) than compared to the standard Taylor Rule.

However, in the economy where the shock does not occur (i.e., the home economy in the
simulations), the output gap is generally smaller under both types of productivity shock if the
monetary authority chooses to counterbalance movements in the exchange rate.

This result does not immediately extend to domestic inflation. At the home economy, the
domestic CPI inflation is, at first as a result to the final good productivity shock, higher if the
monetary policy rule reacts to the nominal exchange then if it does not. Domestic CPI inflation
at home also moves quicker to target in the conventional Taylor Rule formulation than under the
alternative one.

In the foreign economy, domestic CPI inflation moves lower under both types of shock when
the central bank additionally reacts to the nominal exchange rate. However, it does overshoot
equilibrium in a final good productivity shock in this setting, whereas it does not overshoot
when the nominal interest rate is set according to the conventional Taylor Rule. Thus, proper
calibration of the Taylor Rule parameters gains in relevance in this framework.

This sets the stage for further debate on optimal monetary policy rules in the Open Econ-
omy, given that different layers of production and trade generate different results in output and
inflation when the economy is subject to shocks. Relaxing assumptions regarding the nominal
exchange rate or completeness of international financial markets are a natural next step in the
present framework.
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2.7 Appendix A - IRFs comparing trade patterns

This Appendix shows the IRFs for the simulations performed in section (2.4.3). Regarding the
different trade configurations explained in figure (2.2), the legend in each plot is as follows:

• Model: the baseline model where each country produces both intermediate and final
goods;

• No Intermediary: Case 2, where the home economy does not produce intermediate goods;

• No final: Case 3, where the home economy does not produce final goods.

2.7.1 A Productivity shock to the foreign final good sector (ϵ∗A,t)

Figure 2.3: IRF - Output, potential output and output gap (ϵ∗A,t)
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Figure 2.4: IRF - Intermediate goods (ϵ∗A,t)

Figure 2.5: IRF - CPI (ϵ∗A,t)
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Figure 2.6: IRF - Consumption (ϵ∗A,t)

Figure 2.7: IRF - Interest rates (ϵ∗A,t)
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Figure 2.8: IRF - Open economy variables (ϵ∗A,t)

2.7.2 A Productivity shock to the foreign intermediate good sector (ϵ∗Υ,t)

Figure 2.9: IRF - Output, potential output and output gap (ϵ∗Υ,t)
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Figure 2.10: IRF - Intermediate goods (ϵ∗Υ,t)

Figure 2.11: IRF - CPI (ϵ∗Υ,t)
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Figure 2.13: IRF - interest rates (ϵ∗Υ,t)

Figure 2.12: IRF - Consumption (ϵ∗Υ,t)
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Figure 2.14: IRF - Open economy variables (ϵ∗Υ,t)
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2.8 Appendix B - IRFs comparing Taylor Rules

This Appendix shows the IRFs for the simulations performed in section (2.4.4). The legend for
each plot is as follows:

• Model (Taylor NEER) - EA: The IRF for a productivity shock in the final good sector
when the Taylor Rule also contemplates reaction to changes in the nominal exchange
rate;

• Model (Taylor NEER) - EU: The IRF for a productivity shock in the intermediate good
sector when the Taylor Rule also contemplates reaction to changes in the nominal ex-
change rate.

• Baseline - EA: The IRF for a productivity shock in the final good sector when the Taylor
Rule does not incorporate changes in the nominal exchange rate;

• Baseline - EU: The IRF for a productivity shock in the intermediate good sector when the
Taylor Rule does not incorporate changes in the nominal exchange rate.

Figure 2.15: IRF - Output, potential output and output gap (different Taylor Rules)
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Figure 2.16: IRF - Intermediate goods (different Taylor Rules)

Figure 2.17: IRF - CPI (different Taylor Rules)
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Figure 2.18: IRF - Consumption (different Taylor Rules)

Figure 2.19: IRF - Interest rates (different Taylor Rules)
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Figure 2.20: IRF - Open economy variables (different Taylor Rules)
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Chapter 3

Monetary policy with the Balance Sheet in
the Open Economy: A two-country,
four-equation model

3.1 Introduction

Following the Great Financial Crisis of 2008, Central Banks of developed economies have in-
creasingly used the expansion of their balance sheet, Quantiative Easing (QE), programs to
stabilize economic output during periods of crisis.

As pointed out by Christopher Waller (2024) of the Federal Reserve (FED) board of gover-
nors recently, balance sheet activity through QE has since become rather “conventional” instead
of the usual “unconvential” definition that has been used to describe it from 2008 onwards. As
would be expected, a vast body of academic literature emerged to cover the workings and trans-
mission mechanism of this monetary policy tool to the broader aspects of its consequences.

Naturally, a relevant part of this literature, such as Blinder (2010) has been dedicated to
discussing characteristics of implementation of balance sheet expansion (QE). While the article
also deals with the reversal of QE (quantitative tightening, or QT), the fact that, as pointed out
by Du, Forbes, and Luzzetti (2024) several monetary authorities embarked on a lengthy process
of QT, reinforces the interest taken on the mechanics of expansion, reduction and transmission
of movements in the balance sheet.

This profound discussion is naturally also incorporated into theoretical models that follow
the lines of the DSGE literature. In this spirit, Sims, Wu, and Zhang (2023) expand on the
baseline three-equation new-keynesian such as Galí (2015) to develop what they describe as a
simple and transparent four-equation model that incorporates the dynamics of QE.

The relevant innovation is to incorporate credit shocks into both into the demand side of the
model (through the IS equation) as well as into the supply side (through the Phillips-Curve). As
Sims, Wu, and Zhang (2023) point out, this results in the Divine Coincidence, as set forth by
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Blanchard and Galí (2007), not holding for the four-equation setup.
While the four equation model is a relevant and tractable setting for the analysis of QE (or

QT), it is relevant to consider cross-border impacts of said policies. As should be expected and
is the case with QE in general, academic research into the open economy dimensions of QE
has notably increased since the Great Financial Crisis of 2008 and there are several alternative
routes to evaluate the impact of the policy tool.

Models such as Kolasa and Wesołowski (2020) use segmented asset markets for short- and
long-term bonds issued by a government and bought in a home and an overseas economy (de-
pending on segregation) and so study the impact of QE operations by the monetary authority
into each economy. Following this baseline, Akkaya et al. (2023) point out the central rele-
vance of the nominal exchange rate for the Small Open Economy when major QE operations
are underway.

However, in the same spirit of simplicity and tractability present in Sims, Wu, and Zhang
(2023), I propose to work from a baseline open economy, three-equation model and to expand
it to incorporate QE operations through the addition of a fourth equation.

Thus, I consider the open economy model as set forth in Galí and Monacelli (2005), re-
stricting the analysis to the special case of a two-country setting such as Silveira (2015) or Jang,
Okano, et al. (2013). For simplicity’s sake, both economies are fully symmetric and, as is com-
mon, home-bias is defined exogenously.

I expand this model to feature four equations and credit shocks impacting both the IS equa-
tion and the Phillips Curve in both economies as Sims, Wu, and Zhang (2023) does in the closed
economy case. It is noteworthy that a simple reset of certain parameters can, as will be shown,
convert the present model from a four-equation back to a three equation model and, from an
open economy back to a closed economy model.

An interesting characteristic that arises from the incorporation of the credit shocks in the
home and foreign economy into the model is that the nominal exchange rate ultimately also
appears in the demand (IS equation) and supply side (Phillips Curve) of the model, thus adding
an extra layer of possible transmission of shocks.

As will be shown, this feature also adds a distributional complexity to the model. Each
economy has two types of households and each type’s consumption will evolve differently de-
pending on the type of shock that impacts the economy, how the nominal exchange rate evolves
and how the monetary authority chooses to stabilize it. Aggregate consumption might return to
equilibrium after certain shocks, but the internal distribution of consumption might be different.

Accordingly, a relevant feature is also the possible benefits (and limitations) of an exchange
rate peg by the central bank. It will be shown below that adopting a peg can result in different
distributional outcomes for the both types of households in each economy.

The remainder of the paper is structured as follows: section 3.2 describes the two-country,
four-equation model in its entirety. Section 3.3 elaborates on the equilibrium- and market-
clearing conditions for the model both under the flexible-price case and under the sticky-price
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case. Section 3.4 presents and discusses the transmission of different types of shocks under vari-
ous assumptions for the behaviour of the monetary policy instruments in each economy. Section
3.5 concludes.

3.2 The Model

Standard settings for the Open Economy apply. The home economy is populated by households
(and firms) in the interval n ∈ [0, n], while the foreign economy is populated by households (and
firms) in the interval n ∈]n, 1]. In the two-country setting of the model, the home economy is
defined by a subscriptH , while the foreign economy receives notation F . Quantities and prices
of the foreign economy are noted with an asterisk (*).

3.2.1 Households

For the goals here proposed, Households are a mix of Sims, Wu, and Zhang (2023) and Silveira
(2015) to feature the open-economy setting in the special case of a two-country model. Differ-
ences are present in the Parent-household and in the Child-household from the four-equation
model of Sims, Wu, and Zhang (2023).

Altering the consumption basket of each household to a CES aggregator that combines both
domestic and foreign goods sets the stage for the international spillovers that arise from QE.

3.2.1.1 Parent households

A representative parent must maximize a standard lifetime utility function that features a con-
sumption index (Ct, C∗

t ) and labor (Lt, L∗
t ). Given that all parent households face the same

preferences, it is possible to focus on the case of the representative parent household. The life-
time utility at home or abroad is given by:

Ut = max
Ct

Et

∞∑
j=0

βt

[
(Ct+j)

1−σ − 1

1− σ
− ψ

(Lt+j)
1+φ

1 + φ

]

U∗
t = max

C∗
t

Et

∞∑
j=0

βt

[
(C∗

t+j)
1−σ − 1

1− σ
− ψ

(L∗
t+j)

1+φ

1 + φ

] (3.1)

Where σ > 0 is the inverse elasticity of intertemporal substitution, φ ≥ 0 is the marginal
disutility of labor supply (i.e., the inverse of the Frisch elasticity of labor supply), ψ > 0 is
a scaling parameter1 and β ∈ [0, 1] is the subjective discount factor. Standard properties for

1This follows directly from the formulation of Sims, Wu, and Zhang (2023). However, note that it will not be
used for further discussions in the present setting of the model.

80



consumption (UC , UC∗ > 0 and UCC , UC∗C∗ > 0) and labor (LC , LC∗ < 0 and LCC , LC∗C∗ < 0)
apply.

The consumption index for each household z in each economy is given by the CES function:

Cz
t ≡

[
(1− α)

1
η (Cz

H,t)
η−1
η + (α)

1
η (Cz

F,t)
η−1
η

] η
η−1

Cz∗
t ≡

[
(1− α∗)

1
η (Cz∗

F,t)
η−1
η + (α∗)

1
η (Cz∗

H,t)
η−1
η

] η
η−1

(3.2)

With Cz
H,t ≡

[(
1
n

) 1
ε
∫ n

0
(Ct(i))

ε−1
ε di

] ε
ε−1 being an index for consumption of differentiated

final consumer goods (indexed by i) produced in the home economy. Equivalently, the aggre-

gator Cz
F,t ≡

[(
1

1−n

) 1
ε
∫ 1

n
(Ct(i))

ε−1
ε di

] ε
ε−1 is an index of consumption of differentiated final

consumer goods (indexed by i) produced in the foreign economy. Analogous definitions for
Cz∗

H,t and Cz∗
F,t hold in the foreign economy.

Parameter {α, α∗ ∈ [0, 1]} determine the share of imports on the domestic households ex-
penditure and is related to the ome bias in each economy (α and α∗ respectively), as will be
explained below. η > 0 is the elasticity of intratemporal substitution from the perspective of the
domestic parent household and ε > 1 is the elasticity of substitution between goods produced
in the same country.

Households are price takers in prices for the final consumer good (PH,t(i) and PF,t(i) in the
home economy andP ∗

H,t(i) andP ∗
F,t(i)). Thus, intratemporal maximization by parent-household

at home and overseas yield the traditional aggregate demand for differentiated good i:

Cz
H,t(i) =

1

n

(
PH,t(i)

PH,t

)−ε

Cz
H,t Cz

F,t(i) =
1

1− n

(
PF,t(i)

PF,t

)−ε

Cz
F,t (3.3)

Cz∗
H,t(i) =

1

n

(
P ∗
H,t(i)

P ∗
H,t

)−ε

Cz∗
H,t Cz∗

F,t(i) =
1

1− n

(
P ∗
F,t(i)

P ∗
F,t

)−ε

Cz∗
F,t (3.4)

The Price indices in the home economy (PH,t,PF,t) are:

PH,t ≡
(
1

n

∫ n

0

(PH,t(i))
1−ε di

) 1
1−ε

PF,t ≡
(

1

1− n

∫ 1

n

(PF,t(i))
1−ε di

) 1
1−ε

(3.5)

While the price indices in the foreign economy (P ∗
H,t,P ∗

F,t) are:
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P ∗
H,t ≡

(
1

n

∫ n

0

(P ∗
H,t(i))

1−ε di

) 1
1−ε

P ∗
F,t ≡

(
1

1− n

∫ 1

n

(P ∗
F,t(i))

1−ε di

) 1
1−ε

(3.6)

With that, it is straightforward to derive the optimal consumption allocation between home
and foreign goods in each economy:

Cz
H,t = (1− α)

(
PH,t

Pt

)−η

Cz
t Cz

F,t = α

(
PF,t

Pt

)−η

Cz
t (3.7)

Cz∗
H,t = α∗

(
P ∗
H,t

P ∗
t

)−η

Cz∗
t Cz∗

F,t = (1− α∗)

(
P ∗
F,t

P ∗
t

)−η

Cz∗
t (3.8)

Where the domestic and foreign consumer price index (CPI) (Pt and P ∗
t , respectively) are

defined as:

Pt =
[
(1− α)(PH,t)

1−η + α(PF,t)
1−η
] 1

1−η

P ∗
t =

[
α∗(P ∗

H,t)
1−η + (1− α∗)(P ∗

F,t)
1−η
] 1

1−η

(3.9)

With a Taylor expansion, this expression log-linearizes to:

pt = (1− α)pH,t + αpF,t

p∗t = α∗p∗H,t + (1− α∗)p∗F,t

It is now possible to aggregate the intratemporal choice for each consumer good i according
to the size of the home and foreign economy and the price indices. Thus, in the home economy:

CH,t(i) ≡
∫ n

0

Cz
H,t(i) dz =

1

n

(
PH,t(i)

PH,t

)−η

CH,t

CF,t(i) ≡
∫ n

0

Cz
F,t(i) dz =

1

1− n

(
PF,t(i)

PF,t

)−η

CF,t

(3.10)

And in the foreign economy:

C∗
H,t(i) ≡

∫ 1

n

Cz∗
H,t(i) dz =

1

n

(
PH,t(i)

∗

P ∗
H,t

)−η

C∗
H,t

C∗
F,t(i) ≡

∫ 1

n

Cz∗
F,t(i) dz =

1

1− n

(
P ∗
F,t(i)

P ∗
F,t

)−η

C∗
F,t

(3.11)
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Additionally, aggregating in both countries over households demand for domestic and for-
eign goods yields:

CH,t ≡
∫ n

0

Cz
H,t dz = (1− α)

(
PH,t

Pt

)−η

Ct

CF,t ≡
∫ n

0

Cz
F,t dz = α

(
PF,t

Pt

)−η

Ct

C∗
H,t ≡

∫ 1

n

Cz∗
H,t dz = α∗

(
P ∗
H,t

P ∗
t

)−η

C∗
t

C∗
F,t ≡

∫ 1

n

Cz∗
F,t dz = (1− α∗)

(
P ∗
F,t

P ∗
t

)−η

C∗
t

(3.12)

Finally, as a last step in defining the intratemporal choice of the parents household, aggregate
consumption can be written as:

Ct ≡
∫ n

0

Cz
t dz = nCz

t

C∗
t ≡

∫ 1

n

Cz∗
t dz = (1− n)Cz∗

t

(3.13)

Whereas the intratemporal problem of the parent household described above has close re-
lation to the standard two-country model as in Silveira (2015) and the general open economy
model of Galí and Monacelli (2005), the intertemporal problem adds elements from Sims, Wu,
and Zhang (2023) to generate the setting that will allow the monetary authority to act through
long term yields.

Parent households in the domestic and foreign economy earn nominal wages (Wt andW ∗
t ),

receive dividends from ownership in firms and financial intermediaries (Dt,DFI
t ,D∗

t andDFI∗
t )

and, as is often the case, receive a lump-sum tax (Tt and T ∗
t ).

Parent households save in one-period nominal bonds at home (VH,t and V ∗
F,t, respectively) or

overseas (VF,t and V ∗
H,t, respectively). These one-period nominal bonds pay out a gross nominal

return (Rt and R∗
t ). Additionally, parent-households and make transfers to the child-household

(Xb,t and X∗
b,t) and the financial intermediaries (XFI

t and XFI∗
t ) in each period. Asset markets

are assumed to be complete.
Hence, the period budget constraint for the parent household in each country is2:

2To derive the expression of (3.14), the standard relation of consumption expenditures by households is taken
into account:

PH,tCH,t + PF,tCF,t = PtCt

P ∗
H,tC

∗
H,t + P ∗

F,tC
∗
F,t = P ∗

t C
∗
t
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PtCt+VH,t + EtV ∗
H,t + PtX

b
t + PtX

FI
t ≤

WtLt +Rt−1VH,t−1 + Et−1R
∗
t−1V

∗
H,t−1 + PtDt + PtD

FI
t + PtTt

P ∗
t C

∗
t +V

∗
F,t + E−1

t VF,t + P ∗
t X

b∗
t + P ∗

t X
FI∗
t ≤

W ∗
t L

∗
t +R∗

t−1V
∗
F,t−1 + E−1

t−1Rt−1VF,t−1 + P ∗
t D

∗
t + P ∗

t D
FI∗
t + P ∗

t T
∗
t

(3.14)

The intertemporal problem of parent households consists of maximizing (3.1) subject to
(3.14) by choosing consumption, labor and one period bonds. The household’s optimality con-
dition in the home economy are thus:

ψLφ
t C

σ
t =

Wt

Pt

Qt,t+1 = β

(
Ct+1

Ct

)−σ (
Pt

Pt+1

)
1 = Et{Qt,t+1}Rt

1 = Et{Qt,t+1}R∗
t

(3.15)

And in the foreign economy:

ψ(L∗
t )

φ(C∗
t )

σ =
W ∗

t

P ∗
t

Q∗
t,t+1 = β

(
C∗

t+1

C∗
t

)−σ (
P ∗
t

P ∗
t+1

)
1 = Et{Q∗

t,t+1}R∗
t

1 = Et{Q∗
t,t+1}Rt

(3.16)

Where Qt,t+1 and Q∗
t,t+1 are the stochastic discount factor for the parent-household in the

home and foreign economy, respectively. The log-linear form of the first order condition for
labor is:

φlt + σct = wt − pt

φl∗t + σc∗t = w∗
t − p∗t

(3.17)

It is possible to derive the Euler equation for the parent household from the first order con-
dition that determines the stochastic discount factor:
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ct = Et{ct+1} −
1

σ
(rt − Et{πt+1} − ρ)

c∗t = Et{c∗t+1} −
1

σ
(r∗t − Et{π∗

t+1} − ρ)
(3.18)

Where rt = −log(Qt) and r∗t = −log(Q∗
t ) are the short-term nominal rates, ρ ≡ −log(β)

is the discount rate and πt ≡ pt − pt−1 is the CPI inflation rate.

3.2.1.2 Child households

The child derives utility solely from consumption of domestic and imported consumer goods
in the same fashion as the parent household. As opposed to the parent-household, it does not
supply labor. Quantities relating to the child receive a subscript b for identification. As in Sims,
Wu, and Zhang (2023) the discount factor of the child is smaller than that of the parents (i.e,
βb < β), so that children are modeled to be less patient. Utility in each economy is given by:

U z
b,t = Et

∞∑
j=0

βj
b

[
(Cz

b,t+j)
1−σ − 1

1− σ

]

U z∗
b,t = Et

∞∑
j=0

βj
b

[
(Cz∗

b,t+j)
1−σ − 1

1− σ

] (3.19)

The consumption index of the child household in each economy (Cb,t and C∗
b,t) is identical

to the one of the parent household. Accordingly, the intratemporal maximization problem of
consumption is also identical. Thus, allocation between domestic and foreign final goods is:

Cb,H,t ≡
∫ n

0

Cz
b,H,t dz = (1− α)

(
PH,t

Pt

)−η

Cb,t

Cb,F,t ≡
∫ n

0

Cz
b,F,t dz = α

(
PF,t

Pt

)−η

Cb,t

C∗
b,H,t ≡

∫ 1

n

Cz∗
b,H,t dz = α∗

(
P ∗
H,t

P ∗
t

)−η

C∗
b,t

C∗
b,F,t ≡

∫ 1

n

Cz∗
b,F,t dz = (1− α∗)

(
P ∗
F,t

P ∗
t

)−η

C∗
b,t

(3.20)

In the baseline model, child-household can borrow or save through long-term bonds. In the
open economy version of the model, child-households perform the same operation, but both in
domestic and foreign bonds simultaneously.

Accordingly, new issuance of domestic long-term bonds by the domestic child-household
is denoted NBH,t, while new issuance of foreign long-term bond by the same child-household
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is denoted NB∗
H,t. The child-household in the foreign country issues NBF,t to be acquired

internationally and NB∗
F,t to be acquired in its own jurisdiction.

These bonds are modeled as perpetuities with decaying coupon payments. It is assumed that
the pace of decay (κ ∈ [0, 1]) does not need to be equal in both economies, so that κH ̸= κF .

Long-term liabilities for bonds issued in the home-economy are denoted BH,t for home lia-
bilities and B∗

H,t for liabilities due in the foreign country. Accordingly, liabilities in the foreign
economy are denoted BF,t and B∗

F,t, respectively.3 The decaying structure of coupon payments
can be seen as:

BH,t = NBH,t + κHNBH,t−1 + κ2HNBH,t−2 + ...

BF,t = NBF,t + κFNBF,t−1 + κ2FNBF,t−2 + ...

B∗
H,t = NB∗

H,t + κHNB
∗
H,t−1 + κ2HNB

∗
H,t−2 + ...

B∗
F,t = NB∗

F,t + κFNB
∗
F,t−1 + κ2FNB

∗
F,t−2 + ...

(3.22)

This feature follows closely Woodford (2001) and, as Sims, Wu, and Zhang (2023) points
out, allows to keep track only of total outstanding bonds instead of each individual bond is-
suance, given by:

NBH,t = BH,t − κHBH,t−1

NBF,t = BF,t − κFBF,t−1

NB∗
H,t = B∗

H,t − κHB
∗
H,t−1

NB∗
F,t = B∗

F,t − κFB
∗
F,t−1

(3.23)

The new issuance of bonds in period t have prices It and I∗t , respectively. As in Sims, Wu,
and Zhang (2023) and Kolasa and Wesołowski (2020), decreasing coupon payments lead to
older issued bonds being prices in proportion to currently issued ones. Thus, the price in time t
of a bond issued s periods ago follows It−s = κsHIt in the home economy and I∗t−s = κsF I

∗
t in

the foreign economy.
This is a relevant feature, as it allows the long-term bond portfolio to be easily priced. The

portfolio of domestic long-term bonds held at home is valued at ItBH,t, while foreign bonds held
in the home economy are priced EtI∗tBF,t. Symmetrically, long-term bonds in the foreign econ-
omy are priced I∗tB∗

F,t and E−1
t ItB

∗
H,t, where Et is the nominal exchange rate further discussed

below.
3For further reference, under this notation, total liabilities in the home and foreign economy in any given time

t are:

Bt = BH,t +B∗
H,t B∗

t = BF,t +B∗
F,t (3.21)
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As in Sims, Wu, and Zhang (2023), the flow budget constraint of child-households stipulates
that the value of consumption and payments on outstanding debt are equal or less the value of
new bond issuance and transfers from parent households (PtXb,t and P ∗

t X
∗
b,t). Thus, in each

economy:

PtCb,t +BH,t−1 +B∗
H,t−1 ≤ It(BH,t − κHBH,t−1)

+ It(B
∗
H,t − κHB

∗
H,t−1) + PtXb,t

P ∗
t C

∗
b,t +B∗

F,t−1 +BF,t−1 ≤ I∗t (B
∗
F,t − κFB

∗
F,t−1)

+ I∗t (BF,t − κFBF,t−1) + P ∗
t X

∗
b,t

(3.24)

Using (3.21), it is easily shown that (3.24) simplifies to:

PtCb,t +Bt−1 ≤ It(Bt − κHBt−1) + PtXb,t

P ∗
t C

∗
b,t +B∗

t−1 ≤ I∗t (B
∗
t − κFB

∗
t−1) + P ∗

t X
∗
b,t

(3.25)

Which is identical to the budget constraint presented by Sims, Wu, and Zhang (2023). This
transformation is possible since I consider nominal prices of domestic bonds to be equal irre-
spective if they are issued for domestic or foreign holders.

Additionally, define Rb,t and R∗
b,t as the gross returns of each long-term bond from period

t− 1 to period t:

Rb,t =
1 + κHIt
It−1

R∗
b,t =

1 + κF I
∗
t

I∗t−1

(3.26)

For further reference, note that the log-linear version of the return on the long-term bond
given in (3.26) is:

rb,t =
κH
Rb

it − it−1

r∗b,t =
κF
R∗

b

i∗t − i∗t−1

(3.27)

Given the symmetric properties of the model and the assumption of complete markets and
no transaction costs, maximization of (3.19) subject to (3.24) yields the following optimality
conditions for bond holding in the foreign and domestic economy:
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λb,t
Et{λb,t+1}

=
Et{It+1Rb,t+1}

It

λb,t
Et{λb,t+1}

=
Et{I∗t+1R

∗
b,t+1}

I∗t

Et{Et+1}
Et

(3.28)

λ∗b,t
Et{λ∗b,t+1}

=
Et{I∗t+1R

∗
b,t+1}

I∗t

λ∗b,t
Et{λ∗b,t+1}

=
Et{It+1Rb,t+1}

It

Et
Et{Et+1}

(3.29)

The optimality conditions for consumption yields:

Et{λb,t+1}
λb,t

= βbEt

{(
Cb,t+1

Cb,t

)−σ
Pt

Pt+1

}
Et{λ∗b,t+1}

λ∗b,t
= βbEt

{(
C∗

b,t+1

C∗
b,t

)−σ
P ∗
t

P ∗
t+1

} (3.30)

Combining the information of (3.28) and (3.30) yields the Euler equation for the child-
household in each economy:

It
Et{It+1Rb,t+1}

= βbEt

{(
Cb,t+1

Cb,t

)−σ
Pt

Pt+1

}
I∗t

Et{I∗t+1R
∗
b,t+1}

= βbEt

{(
C∗

b,t+1

C∗
b,t

)−σ
P ∗
t

P ∗
t+1

} (3.31)

3.2.2 Additional equations for the open economy

3.2.2.1 Home Bias

I follow a standard setting present in Silveira (2015) to relate the the share of imports in the
domestic- and foreign-households expenditure (i.e, α and α∗) to the size of each economy n and
the home bias (α and α∗), both of which are exogenous parameters in the model.

For that, define α = α(1 − n) and α∗ = α∗n. It is clear that the share of imports in the
consumption basket in the home falls (raises) as its size increases (decreases) or home-bias de-
creases (increases). The same is true for the foreign economy. As Silveira (2015) points out, the
particular case of completely open economies leads to the share of imports in the consumption
basket being directly related to the size of each economy.

Aswill be shown further on, it is generally assumed inmodels that follow the Galí andMona-
celli (2005) framework, that the home bias is the only source of movements in the real exchange
rate (qt). Furthermore, given that said models are symmetric, log-linearization is performed
considering α = α∗.
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3.2.2.2 Exchange Rate and Terms of Trade

The nominal exchange rate follows the law of one price and is given by PH,t(i) = EtP ∗
H,t(i).

Aggregating over all products yields PH,t = EtP ∗
H,t. Accordingly, the log-linear version of the

nominal exchange rate is: et = pH,t − p∗H,t

The terms of trade between the domestic and the foreign economy are the price of imported
goods in terms of domestic goods. Thus:

St =
PF,t

PH,t

(3.32)

Which log-linearizes to:

st = pF,t − pH,t (3.33)

As in Silveira (2015), divide the CPI indices (3.9) by PH,t and P ∗
H,t (PF,t and P ∗

F,t) and use
the definitions of the law of one price and the terms of trade (3.32) to obtain:

Pt

PH,t

=
[
(1− α) + αS1−η

t

] 1
1−η ≡ g(St)

Pt

PF,t

=
Pt

PH,t

PH,t

PF,t

=
g(St)

St

≡ h(St)

P ∗
t

P ∗
H,t

=
[
(1− α) + αS1−η

t

] 1
1−η ≡ g∗(St)

P ∗
t

P ∗
F,t

=
P ∗
t

P ∗
H,t

P ∗
H,t

P ∗
F,t

=
g∗(St)

St

≡ h∗(St)

(3.34)

Log-lineariation of g(St) and g∗(St) around a symmetric steady state (where α = α∗) shows
how total inflation depends on domestic inflation, the terms of trade and the degree of openness
in each economy:

πt = πH,t + α(1− n)∆st

π∗
t = π∗

F,t − αn∆st
(3.35)

The real exchange follows Galí and Monacelli (2005) and is defined as the ratio of the con-
sumer price index (3.9) expressed in terms of the domestic currency:

Qt =
EtP ∗

t

Pt

(3.36)

Note that this can be written as Qt =
g∗(St)
g(St)

, which conviniently loglineraizes to:

qt = (1− α)st (3.37)
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Finally, with the assumption of complete asset markets, it is possible to use the stochastic
discount factor of each country to establish the international risk-sharing condition, which sets
a relation between domestic and foreign parent-household consumption.

Ct =
n

1− n
ϑC∗

t Q
1
σ
t (3.38)

The constant ϑ depends on initial conditions. Standard procedure is to consider those to be
symmetric, which implies ϑ = 1. Accordingly, the log-linear version of the IRS (3.38) is:

ct = c∗t +
1

σ
qt = c∗t +

(1− α)

σ
st (3.39)

Equivalently, it is possible to assume a similar relation in regards to consumption of the
child-households. This condition is given by Cb,t =

n
1−n

ϑbC
∗
b,tQ

1
σ
t , where ϑb is a similar initial

condition as ϑ and also assumed to be equal to one (i.e., zero net foreign asset holdings).4 Thus,
the log-linear version of the IRS condition for the child-household is:

cb,t = c∗b,t +
1

σ
qt = c∗b,t +

(1− α)

σ
st (3.42)

3.2.2.3 Financial Intermediaries

Following Sims, Wu, and Zhang (2023), a representative financial intermediary is born each
period in each country (henceforth FI and FI∗, respectively) and exits in the following one.
Each financial intermediary receives net worth from the parent household (PtX

FI
t and P ∗

t X
FI∗
t

as stated in (3.14)), which is composed of new equity at the fixed value of XFI and XFI∗ , as
well as outstanding long-term bonds held by previous intermediaries.

Furthermore, financial intermediaries act as depositors of parent households, with total de-
posits being the sum of deposit of domestic and foreign parent-households. Thus, total domestic
deposits are V FI

t = V FI
H,t + E−1

t V FI
F,t and total foreign deposits are V FI∗

t = V FI∗
F,t + EtV FI∗

H,t .
Financial intermediaries hold long-term bonds issued by child-households of both economies

(BFI
H,t andBFI

F,t for intermediaries in the home economy andBFI∗
F,t andBFI∗

H,t for intermediaries in
the foreign economy). The intermediary can also hold reserve assets with the domestic monetary
authority (REFI

t and REFI∗
t ).

This is a relevant feature in the model and for the transmission of monetary policy: while
the Financial Intermediary in each country attracts short-term deposits of both countries and

4As in Galí and Monacelli (2005), ϑ and ϑb are defined as:

ϑ ≡ Et

 Ct+1

C∗
t+1Q

1
σ
t+1

 (3.40)

ϑb ≡ Et

 Cb,t+1

C∗
b,t+1Q

1
σ
t+1

 (3.41)
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can hold long-term bonds of both countries, the reserve-assets which it can hold is exclusively
domestic.

For illustration, it is possible, as in Kolasa andWesołowski (2020), to add a financial friction
to long-term bond market. This would represent a transaction cost for acquisition of the long-
term bond issued abroad.

In the expression below, this financial friction is denoted ζF,t in the home economy and ζ∗H,t

in the foreign economy. A natural simplification (which will be the case further on) is to consider
both frictions equal to zero.

Total transfers of the parent household to the intermediary in period t are:

PtX
FI
t = PtX

FI
+ κHItB

FI
H,t−1 + κFEtI∗tBFI

F,t−1

P ∗
t X

FI∗

t = P ∗
t X

FI∗

+ κF I
∗
tB

FI∗

F,t−1 + κH
It
Et
BFI∗

H,t−1

(3.43)

Equivalently, the balance sheet of every financial intermediary in period t is:

ItB
FI
H,t + (1 + ζF,t)EtI∗tBFI

F,t +REFI
t = V FI

t + PtX
FI
t

I∗tB
FI∗
F,t + (1 + ζ∗H,t)

It
Et
BFI∗

H,t +REFI∗

t = V FI∗

t + PtX
FI∗

t

(3.44)

The financial intermediary pays interest on short-term debt (Rt and R∗
t ), which are assumed

to be identical to the short-term interest rate set by the local monetary authority.
Each intermediary earns interest on reserves and long-term bonds carried over one period

(Rre
t andRb,t+1 in the home economy andRre∗

t andR∗
b,t+1 in the foreign economy, respectively).

The intermediary pays a short-term interest rate (Rt and R∗
t ) on short-term deposits received

from the parent-households.
When the financial intermediary exits the economy after period t, total (nominal) revenue

generated (Pt+1D
GR
t+1 and P ∗

t+1D
GR∗
t+1 ) is equal to:

Pt+1D
GR
t+1 = (Rb,t+1 −Rt)ItB

FI
H,t + (R∗

b,t+1 −Rt)EtI∗tBFI
F,t

+ (Rre
t −Rt)RE

FI
t +RtPtX

FI
t

P ∗
t+1D

GR∗

t+1 = (R∗
b,t+1 −R∗

t )I
∗
tB

FI∗

F,t + (Rb,t+1 −R∗
t )
It
Et

∗
BFI∗

H,t

+ (Rre∗
t −R∗

t )RE
FI∗

t +R∗
tP

∗
t X

FI∗

t

(3.45)

Whereas dividends returned to the parent households in the domestic economy at the end of
period t (Pt+1D

FI
t+1 and P ∗

t+1D
FI∗
t+1 ) is:
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Pt+1D
FI
t+1 = Pt+1D

GR
t+1 −RtE−1

t V FI
F,t

P ∗
t+1D

FI∗

t+1 = P ∗
t+1D

GR∗

t+1 −R∗
tEtV FI∗

H,t

(3.46)

That is,RtV
FI
F,t andR∗

tV
FI∗
H,t are remunerated short-term deposits paid to the parent household

abroad.
Finally, Sims, Wu, and Zhang (2023) considers a risk-weighted leverage constraint for the

financial intermediary, which implies that the value of long-term bonds held cannot exceed a
time-varying multiple.

I expand on this idea by considering a leverage constraint for holdings of domestic long-
term bonds different from foreign long-term bonds. Thus, the time-varying budget constraint
for the domestic financial intermediary areΘH,t andΘF,t, respectively. For the foreign financial
intermediary, the time-varying constraint are Θ∗

H,t and Θ∗
F,t

An additional binding constraint of ΘH,t +ΘF,t = Θt and Θ∗
H,t +Θ∗

F,t = Θ∗
t , where Θt and

Θ∗
t are the total risk-weighted leverage in the home and domestic economy also applies.5

The constraint applies to bequeathed transfers from parent households. This multiple is
defined as a known stochastic process, with changes interpreted as credit-shocks. Thus, the
leverage constraint in the home economy implies:

ItB
FI
H,t ≤ ΘH,tPtX

FI

(1 + ζF,t)EtI∗tBFI
F,t ≤ ΘF,tPtX

FI
(3.47)

And, in the foreign economy:

I∗tB
FI∗

F,t ≤ Θ∗
F,tP

∗
t X

FI∗

(1 + ζH,t)
It
Et
BFI∗

H,t ≤ Θ∗
H,tP

∗
t X

FI∗ (3.48)

For reference further on, denote B̂FI
t = BFI

t /Pt and B̂FI∗
t = BFI∗

t /P ∗
t in (3.47) and (3.48).

Thus, the log-linear version of the leverage constraints in the case of no transaction costs become:
5The relevant log-linear relation for the total risk-weighted leverage in each economy is:

ΘθL,t = ΘHθH,t +ΘF θF,t

Θ∗θ∗L,t = Θ∗
Hθ∗H,t +Θ∗

F θ
∗
F,t

Where Θ and Θ∗ are the steady state values for the risk-weighted leverage and θL,t and θ∗L,t are their log-linear
equivalents.
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it + b̂FI
H,t ≤ θH,t

i∗t + et + b̂FI
F,t ≤ θF,t

i∗t + b̂FI∗

F,t ≤ θ∗F,t

it − et + b̂FI∗

H,t ≤ θ∗H,t

(3.49)

Under complete asset markets for long-term bonds, the following relation relation should
hold:

(1 + ζF,t)EtEt{I∗t+1} = Et{It+1Et+1}

Since the pricing structure of long-term bonds are determined by κH and κF , it is possible
to rewrite this relation to:

Et{Et+1}
(1 + ζF,t)Et

=
κH
κF

I∗t
It

(3.50)

Henceforth, I will resume the model specification considering that transaction costs for long-
term bond (i.e, ζF,t and ζ∗H,t) are nonexistent. Accordingly (3.50) readily log-linearizes to:

Et{∆et+1} = i∗t − it (3.51)

That is, expected changes in the nominal interest rate are directly related to price differences
between domestic and foreign long-term bonds. A series of expansions are possible if (3.50)
holds. For instance, plugging the values for it and i∗t from (3.49) into (3.51) shows how credit
shocks and real domestic holdings of domestic-issued long-term bonds in each economy impacts
the nominal exchange rate.

As is clear, (3.50) has close resemblance to the Uncovered Interest Rate Parity property of
open economymodels with complete asset markets.6 Another interesting manipulation of (3.51)
is to substitute for the return rate on the long-term bond given in (3.26):

Et{∆et+1} =
R∗

b

κF
(r∗b,t + i∗t−1)−

Rb

κH
(rb,t + it−1) (3.53)

For simplicity of discussion, consider the case where Rb = R∗
b and κH = κF . Here, the

expected change in the nominal exchange rate is equal to the difference between the foreign
long-term rate and the domestic long-term rate and the difference between long-term bond prices
one period ago.

6The Uncovered Interest Rate Parity (UIRP) posits that, under complete asset markets for short-term bonds:

Et{∆et+1} = rt − r∗t (3.52)
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The financial intermediary chooses the quantity of long-term bonds (both domestic and for-
eign) and reserves in order to maximize expected one period ahead value of the gross revenue
(3.45), discounted by the parents discount factor presented in (3.15) and (3.16), subject to the
leverage constraint of (3.47) in the home economy and (3.48) in the foreign economy.

As in Sims, Wu, and Zhang (2023), denote as Ωt and Ω∗
t the lagrangean multiplier on the

leverage constraint, with ΩH,t (Ω∗
H,t) being the constraint for bonds from the home economy

and ΩF,t (Ω∗
F,t) being the constraint for bonds from the foreign economy. Thus, the first order

conditions of the financial intermediaries for long-term domestic bonds, long-term foreign bonds
and reserves in the home economy are:

Et

{
Qt,t+1

(
Pt

Pt+1

)}
(Rb,t+1 −Rt) = ΩH,t

Et

{
Qt,t+1

(
Pt

Pt+1

)}
(R∗

b,t+1 −Rt)

(1 + ζF,t)
= ΩF,t

Et

{
Qt,t+1

(
Pt

Pt+1

)}
(Rre

t −Rt) = 0

(3.54)

And in the foreign economy:

Et

{
Q∗

t,t+1

(
P ∗
t

P ∗
t+1

)}
(R∗

b,t+1 −R∗
t ) = Ω∗

F,t

Et

{
Q∗

t,t+1

(
P ∗
t

P ∗
t+1

)}
(Rb,t+1 −R∗

t )

(1 + ζ∗H,t)
= Ω∗

H,t

Et

{
Q∗

t,t+1

(
P ∗
t

P ∗
t+1

)}
(Rre∗

t −R∗
t ) = 0

(3.55)

Hence, the financial intermediary in each economy holds reserves up until its returns (Rre
t

and Rre∗
t ) equals the cost for funding (Rt and R∗

t ). As pointed out in Sims, Wu, and Zhang
(2023), without the leverage constraint, Financial Intermediaries would buy long-term bonds
until the expected return on said bonds equals the cost of funds (Rt and R∗

t , respectively). The
absence of the constraint would imply that long-term rates are equal across jurisdictions.

For further reference, note that the log-linear version of the last condition in each (3.54) and
(3.55) yields:

rt = rret

r∗t = rre∗t

(3.56)
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3.2.3 Firms

3.2.3.1 Technology and labor demand

The supply side of the economy is fairly similar to the standard two-country open economy as
found in Silveira (2015). A continuum of firms indexed by i ∈ [0, 1] produce differentiated
goods. Firms in the interval [0, n] operate in the home economy, while firms in the interval
]n, 1] are located in the foreign economy. Market structure is that of monopolistic competition
and firms reset their price à-la Calvo (1983).

For simplicity, firms employ only labor (Lt and L∗
t ). Productivity (At and A∗

t ) is common
across firms in the same country and subject to exogenous shocks7.

The production function is a standard constant returns to scale (CRS), so that:

Yt(i) = AtLt(i)

Yt(i) = A∗
tL

∗
t (i)

(3.58)

Labor demand for each individual firm is:

Lt(i) =
Yt(i)

At

L∗
t (i) =

Y ∗
t (i)

A∗
t

The aggregate labor demand in each economy is found by aggregating the above over its
respective size. Hence:

Ld
t =

∫ n

0

Lt(i) di =
YtUt

At

Ld∗
t =

∫ 1

n

L∗
t (i) di =

Y ∗
t U

∗
t

A∗
t

(3.59)

Where Yt and Y ∗
t are the aggregate output indices:

Yt ≡

[(
1

n

) 1
ε
∫ n

0

Yt(i)
ε−1
ε di

] ε
ε−1

Y ∗
t ≡

[(
1

1− n

) 1
ε
∫ 1

n

Y ∗
t (i)

ε−1
ε di

] ε
ε−1

(3.60)

7Productivity shocks follow a first-order AR(1) process:

at ≡ ln(At) = ρat−1 + ϵA,t

a∗t ≡ ln(A∗
t ) = ρ∗a∗t−1 + ϵA∗,t

(3.57)

With |ρ| < 1 and |ρ∗| < 1 being the AR(1) factor and ϵA,t ∼ N(0, σA) and ϵA∗,t ∼ N(0, σA∗)
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Note that Ut and U∗
t are the dispersion of home and foreign output8. As shown in Sil-

veira (2015) (and Galí and Monacelli (2005) for an equivalent index of price dispersion), in
the perfect-foresight steady-state, Ut = U∗

t = 1. Hence, the log-linear version of aggregate
labor demand in (3.59) is:

yt = at + lt

y∗t = a∗t + l∗t
(3.61)

Given the production technology in (3.58), the marginal cost in each economy (MCt and
MC∗

t , respectively) is given by wages divided by productivity. Thus, real marginal cost in the
home economy (MCt) and in the foreign economy (MC

∗
t ) are straightforwardly defined as the

nominal marginal cost divided by each domestic price index (PH,t and P ∗
F,t):

MCt ≡
MC

PH,t

=
Wt

AtPH,t

MC
∗
t ≡

MC∗

P ∗
F,t

=
W ∗

t

A∗
tP

∗
F,t

(3.62)

Thus, the log-linear version of the real marginal cost is:

mct = wt − at − pH,t

mc∗t = w∗
t − a∗t − p∗F,t

(3.63)

3.2.3.2 Price Setting

As in the canonical open economy model of Galí and Monacelli (2005), firms set their prices in
a staggered fashion à-la Calvo (1983). Each period, a random measure of 1− θ firms can reset
their prices. Each firm has probability θ of keeping its price stable in the subsequent period.

When a firm is able to reset its prices, it does so by picking an optimal price (PH,t and P
∗
F,t,

respectively) that maximizes present discounted value of expected profits. Discounting occurs
by the stochastic discount factor of the parent household, which earns dividends (Dt and D∗

t )
from the firms as defined in (3.14).

The first order conditions of the maximization problem are:
8The indices are defined as:

Ut ≡
∫ n

0

Yt(i)

Yt
di U∗

t ≡
∫ 1

n

Y ∗
t (i)

Y ∗
t

di
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PH,t =

(∑∞
k=0 θ

kQt,t+kYt+k
ε

ε−1
PH,t+kMCt+k∑∞

k=0 θ
kQt,t+kYt+k

)

P
∗
F,t =

(∑∞
k=0 θ

kQ∗
t,t+kY

∗
t+k

ε
ε−1

P ∗
F,t+kMC

∗
t+k∑∞

k=0 θ
kQ∗

t,t+kY
∗
t+k

) (3.64)

Which log-linearizes, as in the standard two-country open economy model, to:

pH,t = µ+ (1− βθ)
∞∑
k=0

(βθ)kEt{pH,t+k +mct+k}

p∗F,t = µ+ (1− βθ)
∞∑
k=0

(βθ)kEt{p∗F,t+k +mc∗t+k}
(3.65)

Where µ = ln(M) = ln
(

ε
ε−1

)
is the mark-up in the frictionless economy and M the

frictionless mark-up. Notice that, in the case of flexible prices (θ = 0), the optimal price setting
problem collapses to the usual:

PH,t = MMCt P
∗
F,t = MMC∗

t (3.66)

Notice the implication that (3.66) has for the nominal exchange rate under fully flexible
prices since firms do not discriminate between goods produced for domestic consumption or
goods produced for foreign consumption:

E t =
PH,t

P
∗
H,t

=
MMCt

MMCt

= 1 (3.67)

The fact that the nominal exchange rate is constant under flexible prices, implies that the
log-linear version of the nominal exchange rate is:

et = 0 (3.68)

3.2.4 Monetary Policy

As in Sims,Wu, and Zhang (2023), themonetary authority in each country can hold a portfolio of
long-term bonds. Given the purpose of the model and to simulate usual features of quantitative
easing programs, I consider that the monetary authority in each country holds only domestic
long-term bonds (BCB

H,t and BCB∗
F,t , respectively). Acquisitions are financed through creation of

reserves (REt and RE∗
t ). In any given time t, the balance sheet of the Central Bank is:
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ItB
CB
H,t = REt

I∗tB
CB∗

F,t = RE∗
t

(3.69)

Which has a straightforward log-linear version:

it + bCB
H,t = ret

i∗t + bCB∗

H,t = re∗t
(3.70)

The real value of the central bank’s bond portfolio is given by QEt = ItB̂
CB
H,t in the home

economy and QE∗
t = I∗t B̂

CB∗
F,t in the foreign economy, where B̂CB

H,t = BCB
H,t /Pt and B̂CB∗

F,t =

BCB∗
F,t /P ∗

t .9

Themonetary authority can freely choose the size of its balance sheet and returns any surplus
(deficit) to the fiscal authority, which remits it to the parent household as a lump-sum transfer
(tax). The money flow from the fiscal authority to the parent-households is than summarized
as:

PtTt = Rb,tIt−1B
CB
H,t−1 −Rre

t−1REt−1

P ∗
t T

∗
t = R∗

b,tI
∗
t−1B

CB∗

F,t−1 −Rre∗
t−1RE

∗
t−1

(3.72)

The short-term interest rate is set by the central bank according to a Taylor rule reaction
function:

rt = ρrrt−1 + (1− ρr)(ϕππt + ϕxxt) +mt

r∗t = ρ∗rr
∗
t−1 + (1− ρ∗r)(ϕ

∗
ππ

∗
t + ϕ∗

xx
∗
t ) +m∗

t

(3.73)

Where ρr (ρ∗r) is the parameter for persistence of the short-term interest rate, ϕπ (ϕ∗
π) is the

relative weight given to inflation deviations from the target and ϕx (ϕ∗
x) is the relative weight

given to the output gap, defined as the deviation of output (yt and y∗t ) from its natural level (yt
and y∗t ). Hence, the output gap in each economy is given by xt = yt − yt and x∗t = y∗t − y∗t ,
respectively. Additionally,mt andm∗

t are stationary monetary policy shocks.
As in the baseline Sims, Wu, and Zhang (2023) four equation model, there are two possi-

bilities for the long-term bond portfolio held by the monetary authority, the first one being an
9For further reference, the log-linear version of the real value of the bond portfolio is:

qet = it + b̂CB
H,t

qe∗t = i∗t + b̂CB∗

F,t

(3.71)
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exogenous AR(1) process given by:

qet = ρqqet−1 + νt

qe∗t = ρ∗qqe
∗
t−1 + ν∗t

(3.74)

With ρq (ρ∗q) being the persistence parameter and νt and ν∗t defined as the AR(1) credit shocks
and the second one being, alternatively, a Taylor rule:

qet = ρqqet−1 − (1− ρq) [ϕq,ππt + ϕq,xxt] + νt

qe∗t = ρ∗qqe
∗
t−1 − (1− ρ∗q)

[
ϕ∗
q,ππ

∗
t + ϕ∗

q,xx
∗
t

]
+ ν∗t

(3.75)

Both the parameters in the QE-rule for the output gap (ϕq,x and ϕ∗
q,x) and for the inflation gap

(ϕq,π and ϕ∗
q,π) can be modeled to be different from those of the traditional Taylor-Rule (3.73),

thus indicating that some specific preference of the monetary authority.
Furthermore, I follow Sims, Wu, and Zhang (2023) in setting the sign of the reaction for

both gaps negative (whereas the traditional Taylor-Rule has a positive sign), which indicates
that, at least as a prior, the Central Bank would rather wish to reduce (expand) its long-term
bond when raising (cutting) its short-term rate. That is to say, ideally the Central Bank would
let both monetary policy instruments work in the same direction.

3.3 Aggregate equilibrium

3.3.1 Market for reserves and short-term bond

Market-clearing requires that reserves issued by the domestic central bank and short-term de-
posits issued by the domestic parent households be held by the financial intermediaries. Thus:

REt = REFI
t Vt = V FI

H,t + V FI∗

H,t (3.76)

RE∗
t = REFI∗

t V ∗
t = V FI∗

F,t + V FI
F,t (3.77)

Given that the foreign long-term bonds issued by the domestic child-household can only
be held by the foreign financial intermediary and that domestic long-term bonds issued by the
child-household are held both by the domestic financial intermediary and the domestic central
bank, the following market clearing condition holds:
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BH,t = BFI
H,t +BCB

H,t B∗
F,t = BFI∗

F,t +BCB∗

F,t (3.78)

B∗
H,t = BFI∗

H,t BF,t = BFI
F,t (3.79)

Bt = BH,t +B∗
H,t B∗

t = BF,t +B∗
F,t (3.80)

As in the original Sims, Wu, and Zhang (2023) model, the parent household in each economy
pays a time-varying sum (Xb,t and X∗

b,t) to the child-household that represents a full payoff of
outstanding debt. However, opposed to the original model, this payoff needs to contemplate
both domestic and foreign outstanding debt. Thus:

PtXb,t = (1 + κHIt)BH,t−1 + (1 + κHIt)B
∗
H,t−1 = (1 + κHIt)Bt−1

P ∗
t X

∗
b,t = (1 + κF I

∗
t )B

∗
F,t−1 + (1 + κF I

∗
t )BF,t−1 = (1 + κF I

∗
t )B

∗
t−1

(3.81)

Sims, Wu, and Zhang (2023) refer to this assumption as a full-bailout, since the parent-
household will completely honor the outstanding obligations of the child-household. Since
neither type of household can influence the value of the transfer, the consumption of child-
households become static, which can be readily seen by substituting (3.81) into (3.24):

PtCb,t = ItBt

P ∗
t C

∗
b,t = I∗tB

∗
t

(3.82)

Again, define real long-term bond holdings as B̂j
u,t = Bj

u,t/Pt, where u = {·, H, F} and
j = {·, F I, FI∗, CB,CB∗}. Thus, dividing (3.82) by Pt and Pt,

∗ and log-linearizing yields:

cb,t = it + b̂t

c∗b,t = i∗t + b̂∗t
(3.83)

Using the definitions of (3.78) together with the total value of the monetary authority’s QE
portfolio in each jurisdiction, (3.83) becomes:

cb,t =
B̂FI

H

B̂
(it + b̂FI

H,t) +
B̂FI∗

H

B̂
(it + b̂FI∗

H,t ) +
B̂CB

H

B̂
qet

c∗b,t =
B̂FI∗

F

B̂∗
(i∗t + b̂FI∗

F,t ) +
B̂FI

F

B̂∗
(i∗t + b̂FI

F,t) +
B̂CB∗

F

B̂∗
qe∗t

(3.84)

Equation (3.83) indicates that consumption of child-households in both economies depends
on the total bonds held by domestic financial intermediaries, foreign financial intermediaries
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and the relevant domestic central bank.
It is possible to substitute for the log-linear versions of the leverage constraint to set con-

sumption as a function of both quantitative easing and the credit-shocks. Note that, for simpli-
fication, I revert to Bj

= B̂j
H/B̂

j and Bj∗

= B̂j∗

F /B̂j∗ , where j = {·, F I, CB}.

cb,t = B
FI

H (θH,t) + B
FI∗

H (θ∗H,t + et) + B
CB

H (qet)

c∗b,t = B
FI∗

F (θ∗F,t) + B
FI

F (θF,t − et) + B
CB∗

F (qe∗t )
(3.85)

This formulation of period t consumption of child-households (cb,t and c∗b,t) is fairly similar
to the one found in Sims, Wu, and Zhang (2023) but expanded by the nominal exchange rate
given the open-economy nature of the present model.

In the absence of credit shock and quantitative-easing measures, the loglinear version of
the child consumption in each country is a function of the total amount of debt held overseas
adjusted by the nominal exchange rate, as can be seen by setting θH,t = θF,t = θ∗H,t = θ∗F,t =

qet = qe∗t = 0:

cb,t = B
FI∗

H et

c∗b,t = B
FI

F (−et)
(3.86)

Note that this implies that there is a direct link between the nominal exchange rate (et) and the
child-household consumption (cb,t and c∗b,t) even when no shocks materialize. A depreciation of
the nominal exchange rate in the eyes of the home-economy (i.e, higher et) will, all else equal, lift
child-household consumption in the home economy (i.e, higher cb,t) and lower it in the foreign
economy (i.e., lower c∗b,t).

This is a departure from the standard open-economy model, where a depreciation in the
nominal exchange rate is related to lower domestic consumption given higher prices of imported
goods. Economic reasoning implies that, by selling long-term bonds abroad, a depreciation in
the home currency (i.e, higher et) yields more revenues for the child-household at home, while
the inverse is true for the foreign child-household.

Hence, in the present model, the nominal interest rate will directly impact equilibrium dy-
namics, as opposed to what is seen in the Galí and Monacelli (2005) standard open economy
model. Further insight into this mechanism will be seen when discussing the IS-equation later
on.

3.3.2 Goods market

Equilibrium in the goods-market requires that all produced goods be consumed either at the
home economy or in the foreign economy:
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Yt = CH,t + C∗
H,t + Cb,H,t + C∗

b,H,t

Y ∗
t = CF,t + C∗

F,t + Cb,F,t + C∗
b,F,t

(3.87)

Define an auxiliary variable of domestic consumption as the sum of consumption of both
parent- and child-household in the home economy, so that CH

t = Ct + Cb,t and an equivalent
for the foreign economy, so that CF∗

t = C∗
t + C∗

b,t.
Using this notation an making the usual substitutions for the demand of parent- and child-

households given in (3.12) and (3.20) into (3.87) yields the usual expression for the goodsmarket
clearing condition seen in Galí and Monacelli (2005):

Yt =

(
PH,t

Pt

)−η

CH
t

[
(1− α) + α∗

(
1− n

n

)
Qη− 1

σ
t

]
Y ∗
t =

(
P ∗
F,t

P ∗
t

)−η

CF∗
t

[
(1− α∗) + α

(
n

1− 1

)
Q−(η− 1

σ )
t

] (3.88)

The log linear version for the symmetrical case (in which α = α∗) is:10

yt = cHt + α(1− n)
[χ
σ

]
st

y∗t = cF∗
t − αn

[χ
σ

]
st

(3.89)

Where, for ease of notation, I define χ = ση + (ση − 1)(1 − α), which is fairly similar to
the expression found in Galí and Monacelli (2005).

The terms of trade (st), the size of the economy (n) and the home-bias (α) directly influence
total output in the home (yt) and in the foreign (y∗t ) economy, although their signs is different.
A depreciation of the terms of trade (i.e, higher st) leads to an increase of the relative price of
foreign goods relative with respect to home goods which, all else equal, pushes output in the
home economy higher and output in the foreign economy lower.

Note that, given identical marginal utility of consumption, in the steady state, CH = Y and
CF∗ = Y ∗. The log-linear version of aggregate consumption in the home economy (cHt ) and in
the foreign economy (cF ∗

t ) is:
10The equilibrium condition (3.88) in the symmetrical case becomes:

Yt =

(
PH,t

Pt

)−η

CH
t

[
(1− α) + αQη− 1

σ
t

]
; Y ∗

t =

(
P ∗
F,t

P ∗
t

)−η

CF∗
t

[
(1− α∗) + α∗Q−(η− 1

σ )
t

]
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cHt =
C

Y
ct +

Cb

Y
cb,t

cF∗
t =

C∗

Y ∗ ct +
C∗

b

Y ∗ c
∗
b,t

(3.90)

As in the original model of Sims,Wu, and Zhang (2023), I set the target of child consumption
to z = 1

3
in each economy. Hence, C

Y
= 2

3
and C∗

Y ∗ = 2
3
, so that (3.90) is rewritten as:

cHt = (1− z)ct + zcb,t

cF∗
t = (1− z)c∗t + zc∗b,t

(3.91)

For further reference, substitute (3.91) into (3.89) and solve for ct and c∗t :

ct =
yt

(1− z)
− z

(1− z)
cb,t −

α(1− n)

(1− z)

χ

σ
st

c∗t =
y∗t

(1− z)
− z

(1− z)
c∗b,t +

αn

(1− z)

χ

σ
st

(3.92)

Using (3.92), It is possible to apply a similar procedure as Galí and Monacelli (2005) to
derive the IS equation. For that, I also combine (3.89) and (3.91) with the Euler-equation for
the parent-household (3.18) in each economy to get:

yt = Et{yt+1} −
(1− z)

σ
(rt − E{πt+1} − ρ)− α(1− n)χ

σ
Et{∆st+1} − z(Et{∆cb,t+1})

y∗t = Et{y∗t+1} −
(1− z)

σ
(r∗t − E{π∗

t+1} − ρ) +
αnχ

σ
Et{∆st+1} − z(Et{∆c∗b,t+1})

(3.93)

To simplify further, note that the last term in each equation above can be substituted by the
log-linear version of the Euler equation for the child-households as given in (3.85). With that,
the IS equation will reflect credit shocks and quantitative easing:

yt = Et{yt+1} −
[
(1− z)

σ

]
(rt − Et{πt+1} − ρ)− α(1− n)χ

σ
Et{∆st+1}

− z
[
B

FI

H Et{∆θH,t+1}+B
FI∗

H Et{∆θ∗H,t+1 +∆et+1}+B
CB

H Et{∆qet+1}
]

y∗t = Et{y∗t+1} −
[
(1− z)

σ

]
(r∗t − E{π∗

t+1} − ρ) +
αnχ

σ
Et{∆st+1}

− z
[
B

FI∗

F Et{∆θ∗F,t+1}+B
FI

F Et{∆θF,t+1 −∆et+1}+B
CB∗

F Et{∆qe∗t+1}
]

(3.94)
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Awarranted adjustment of the IS equation in (3.94) that is common in open economymodels
is to substitute the CPI inflation for the domestic inflation given in (3.35). Thus:

yt = Et{yt+1} −
[
(1− z)

σ

]
(rt − Et{πH,t+1} − ρ) + α(1− n)

[ω
σ

]
Et{∆st+1}

− z
[
B

FI

H Et{∆θH,t+1}+B
FI∗

H Et{∆θ∗H,t+1 +∆et+1}+B
CB

H Et{∆qet+1}
]

y∗t = Et{y∗t+1} −
[
(1− z)

σ

]
(r∗t − E{π∗

F,t+1} − ρ)− αn
[ω
σ

]
Et{∆st+1}

− z
[
B

FI∗

F Et{∆θ∗F,t+1}+B
FI

F Et{∆θF,t+1 −∆et+1}+B
CB∗

F Et{∆qe∗t+1}
]

(3.95)

Where ω = (1−z−χ). In the case of z = 0, (3.95) collapses to the standard open economy
IS curve. Note that the signal of ω depends crucially on χ, which in turn depends on σ, η and
α.11

As mentioned when discussing child-consumption in (3.86), the open economy features of
the model are stated in the IS-equation not only through expected changes in the terms of trade
(Et{∆st+1})12, but also through expected changes in the nominal exchange rate (Et{∆et+1}).

An expected depreciation of the nominal exchange rate (i.e., higher Et{∆et+1}) shifts the
IS equation lower in the home economy and higher in the foreign economy in proportion to the
size of child households in each economy given by z.

Economic reasoning here is similar to the one already exposed for (3.86): given that child
consumption in the home (foreign) economy is higher (lower) with a higher nominal exchange
rate (et), the expectation of a higher exchange rate (i.e., a devaluation of the home-currency in
the perspective of the home economy) shifts current-period child consumption to the future.

Taking this characteristic of the model a step further, it is interesting to check if the mone-
tary authority in each economy should be attentive to movements in the nominal exchange rate
besides movements in the real exchange rate.

3.3.3 Supply side

The labor-market equilibrium is obtained by equating labor demand from firmswith labor supply
from parent households (given in the optimality conditions (3.15) and (3.16)):

Wt

Pt

=

(
YtUt

At

)φ

ψ(Ct)
σ W ∗

t

P ∗
t

=

(
Y ∗
t U

∗
t

A∗
t

)φ

ψ(C∗
t )

σ (3.96)

Note that it is possible to rewrite the definition of the real marginal cost in (3.62) as:
11The calibration used for shock response analysis further on in section (3.4) produces ω < 0, given χ > 1− z.
12Which would be the case in the standard open economy model Galí and Monacelli (2005)
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MCt =
Wt

AtPH,t

=
Wt

Pt

g(St)

At

MC
∗
t =

W ∗
t

A∗
tP

∗
F,t

=
W ∗

t

P ∗
t

g∗(St)

StA∗
t

(3.97)

Substituting this into (3.96) and log-linearizing around a symmetric steady state yields:

mct = φyt + σct + α(1− n)st − (1 + φ)at

mc∗t = φy∗t + σc∗t − αnst − (1 + φ)a∗t
(3.98)

With the definition of (3.92) it is possible to substitute for ct and c∗t in (3.98), so that:

mct = ω2yt − (1 + φ)at −
σz

(1− z)
cb,t + α(1− n)

[
ω

(1− z)

]
st

mc∗t = ω2y
∗
t − (1 + φ)a∗t −

σz

(1− z)
c∗b,t − αn

[
ω

(1− z)

]
st

(3.99)

Where ω2 =
[
φ(1−z)+σ

(1−z)

]
. If z = 0 (i.e., there is only parent-consumption), it is straightfor-

ward to see that (3.62) would collapse to the traditional two-country expression of real marginal
cost. Substituting for cb,t and c∗b,t from (3.85):

mct = ω2yt − (1 + φ)at + α(1− n)

[
ω

(1− z)

]
st

− σz

(1− z)

(
B

FI

H (θH,t) + B
FI∗

H (θ∗H,t + et) + B
CB

H (qet)
)

mc∗t = ω2y
∗
t − (1 + φ)a∗t − αn

[
ω

(1− z)

]
st

− σz

(1− z)

(
B

FI∗

F (θ∗F,t) + B
FI

F (θF,t − et) + B
CB∗

F (qe∗t )
)

(3.100)

Once again the differences between the standard open economymodel of Galí andMonacelli
(2005) are evident. Whereas in the original model only the terms of trade had relevance in im-
pacting the marginal cost, the present one also incorporates changes from the nominal exchange
rate. It is clear that a higher nominal exchange rate will push the real marginal cost lower in the
home economy and higher in the foreign economy. Note that, as in Sims, Wu, and Zhang (2023),
credit shocks and quantitative easing directly impact the real marginal-cost in both economies.
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3.3.4 Equilibrium Dynamics - Terms of trade

Note that the home country’s terms of trade can be directly related to the output difference
between both economies. For that, substitute the IRS conditions for both the parent- and the
child-household (3.39 and 3.42, respectively) into either one of the goods market equilibrium
condition given in (3.89) and then solve for the terms of trade:13

st =

[
σ

ω3

]
(yt − y∗t ) (3.101)

Where ω3 = α(χ − 1) + 1. Thus, the terms of trade are clearly determined by the output
difference between both economies in the model.

3.3.5 Equilibrium Dynamics - Flexible Prices

Natural output (i.e., yt and y∗t in the home and foreign economy, respectively) will be consistent
with mct = θH,t = θ∗H,t = qet = 0 in the home country and mc∗t = θ∗F,t = θF,t = qe∗t = 0

in the foreign economy. That is, as in the definition of Sims, Wu, and Zhang (2023), natural
output emerges with flexible prices and the absence of credit shocks. As shown in (3.68), this
also implies that et = 0.

Substituting this conditions into (3.99), using the relation between child consumption and
outstanding debt held abroad given in (3.86) and solving for yt and y∗t yields:

yt =

[
(1 + φ)

ω2

]
at − ιst

y∗t =

[
(1 + φ)

ω2

]
a∗t + ι∗st

(3.102)

Where ι =
[
α(1−n)ω
(1−z)ω2

]
and ι∗ =

[
αnω

(1−z)ω2

]
. Note that in the special case of n = 0.5, ι = ι∗.

Thus, natural output in each economy (yt and y∗t ) is a function of technology and the natural
level of the terms of trade. Now, it is possible to solve for the natural level of the terms of trade
by substituting (3.102) into (3.101):

st =

[
1 + φ

ω2

]
Γ(at − a∗t ) (3.103)

Where Γ =
[

σ
ω3+σ(ι+ι∗)

]
. Equation (3.103) clearly shows that the natural level of the terms

of trade depends on productivity, the size of each economy, the home bias and the share of
13Substituting both (3.39) and (3.42) into (3.89):

yt = (1− z)c∗t + zc∗b,t −
αnχ

σ
st +

αχ

σ
st +

(1− z)(1− α)

σ
st +

z(1− α)

σ
st
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parent-households in them.14

The dynamics of the terms of trade under flexible prices is then found by substituting the
log-linear version of the technology process (at and a∗t ) into (3.103):

Et{∆st+1} =

[
1 + φ

ω2

]
Γ[(ρA − 1)at − (ρ∗A − 1)a∗t ] (3.104)

Substituting (3.103) into (3.102) yields the canonical representation of natural output as a
function solely of technology:

yt =

[
1 + φ

ω2

]
(1− ιΓ)at +

[
1 + φ

ω2

]
ιΓa∗t

y∗t =

[
1 + φ

ω2

]
(1− ι∗Γ)a∗t +

[
1 + φ

ω2

]
ι∗Γat

(3.105)

Thus, productivity is the sole endogenous variable governing natural output, whereas the
size of each economy, the home bias and the share of parent-households in them governs the
magnitude of movements in productivity to natural output.

Finally, it is possible to derive the natural real rate of interest (rR,t = rt − Et{πH,t+1} and
r∗R,t = r∗t − Et{π∗

F,t+1} in the home and foreign economy, respectively). For that, note that in
the case of fully flexible prices and no credit shocks, (3.95) becomes:

yt = Et{yt+1} −
[
(1− z)

σ

]
(rt − Et{πH,t+1} − ρ) +

[
α(1− n)

ω

σ

]
Et{∆st+1}

y∗t = Et{y∗t+1} −
[
(1− z)

σ

]
(r∗t − E{π∗

F,t+1} − ρ)−
[
αn

ω

σ

]
Et{∆st+1}

(3.106)

Note that, as was evident from (3.68), there is no impact on the level of the IS curve stemming
from the nominal exchange rate. Isolating the real rate and using (3.105) to substitute for yt and
y∗t and (3.104) for the terms of trade:

rR,t =

[
(1 + φ)σ

(1− z)ω2

]
Γ

([
1

Γ
− ι+

α(1− n)ω

σ

]
(ρA − 1)at +

[
ι− α(1− n)ω

σ

]
(ρ∗A − 1)a∗t

)
r∗R,t =

[
(1 + φ)σ

(1− z)ω2

]
Γ

([
1

Γ
− ι∗ +

αnω

σ

]
(ρ∗A − 1)a∗t +

[
ι∗ − αnω

σ

]
(ρA − 1)at

)
(3.107)

14From what was pointed out in footnote (11), it is straightforward to see that the calibration chosen further on
in section (3.4) produces ι = ι∗ < 0. Thus, increases in natural terms of trade (which occur when at > a∗t ) will
positively impact natural output at home and negatively impact natural output in the foreign economy. Note that
this derives directly from the parameters that define χ, namely σ, η and α, all related to intratemporal consumption
of parent and child-households.
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3.3.6 Equilibrium Dynamics - Sticky Prices

With the derivations set thus far, the dynamic IS (DIS) equation emerges by subtracting (3.95)
from its flexible price equivalent given in (3.106), so that:

xt = yt − yt = Et{xt+1}+
[
(1− z)

σ

]
(rR,t − rR,t) +

[
α(1− n)ω

σ

]
Et{∆s̃t+1}

− z
[
B

FI

H Et{∆θH,t+1}+B
FI∗

H Et{∆θ∗H,t+1}+B
CB

H Et{∆qet+1}
]

− zB
FI∗

H Et{∆et+1}

x∗t = y∗t − y∗t = Et{x∗t+1}+
[
(1− z)

σ

]
(r∗R,t − r∗R,t)−

[
αnω

σ

]
Et{∆s̃t+1}

− z
[
B

FI∗

F Et{∆θ∗F,t+1}+B
FI

F Et{∆θF,t+1}+B
CB∗

F Et{∆qet+1}
]

+ zB
FI

F Et{∆et+1}

(3.108)

Where s̃t = st − st is the terms of trade gap that emerges between the sticky price setting
and its flexible price counterpart, so that, given (3.101):

s̃t =
[σ
ω

]
(xt − x∗t ) (3.109)

Notice that, beyond the traditional setting of the DIS found in Galí and Monacelli (2005),
the relation also features expectations regarding the evolution of credit shocks (both domestic
and foreign) and domestic quantitative easing. Additionally, the DIS also features a relation to
the uncovered interest rate parity (3.52), which derives from the fact that the nominal exchange
rate is a relevant factor for the level of consumption of child households as seen in (3.85).

The New Keynesian Phillips Curve (NKPC) is derived as in the standard DSGE model from
the price resetting conditions given in (3.64).

πH,t = βEt{πH,t+1}+ γm̂ct

π∗
F,t = βEt{π∗

F,t+1}+ γm̂c∗t
(3.110)

As is standard, m̂ct = mct −mc and m̂c∗t = mc∗t −mc∗ are the deviations of real marginal
cost from its fully flexible price equivalent. Additionally, γ = (1−βθ)(1−θ)

θ
.

With the aid of (3.99), the definition of the real marginal cost under flexible prices, no credit
shocks and the the definition of the output gap, it is straightforward to see the relation of the real
marginal cost in each economy and its output gap (xt and x∗t ,respectively):
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m̂ct = ω2xt −
σz

(1− z)

[
B

FI

H θH,t +B
FI∗

H (θ∗H,t + et) + B
CB

H qet

]
+
α(1− n)ω

(1− z)
s̃t

m̂c∗t = ω2x
∗
t −

σz

(1− z)

[
B

FI∗

F θ∗F,t +B
FI

F (θF,t − et) + B
CB∗

H qe∗t

]
− αnω

(1− z)
s̃t

(3.111)

Thus, it is possible to see several features of the model in the expression above. In the
absence of credit-shocks, real marginal cost will be determined by the output gap (xt and x∗t ), the
terms of trade gap (s̃t), the nominal exchange rate (et) and the productivity differential (through
st).

Substituting (3.111) into (3.110) and using (3.109) to substitute for the terms of trade gap
(s̃t) yields the canonical NKPC that relates domestic inflation to its expected future value and
the output gap.

Notice that both in (3.108) and (3.110), setting the child-household in each economy with
mass zero (i.e., z = 0), yields the traditional three-equation model.

3.4 Simulations

3.4.1 The different monetary policy settings

Given the different channels that permit the transmission of shocks in the present model and its
unique characteristics of blending a four-equation model with an open economy component, it
is relevant to analyse the reaction of monetary policy when the central bank faces different types
of shocks.

I follow Sims, Wu, and Zhang (2023) in setting two different possible reactions for the
quantitative easing (qe) response of the central banks in each economy. The first rule in an
AR(1) process such as (3.74), which I will henceforth name AR-type. The second type follows
a Taylor-Rule such as in (3.75), which I will henceforth name Taylor-type.

In the Taylor-type rule, qet and qe∗t are set in the same fashion as the nominal short-term
interest rate (rt and r∗t ). That is, with the goal of stabilizing both the output gap in each econ-
omy (xt and x∗t , respectively), as well as domestic inflation in each economy (πH,t and π∗

F,t,
respectively).

There are two possible policy choices for the monetary authority at every period t: changes
in the short-term nominal rate (rt or r∗t ) and changes in the volume of quantitative easing (qet
and qe∗t ).

It is possible, as in Sims, Wu, and Zhang (2023), to revert to a canonical version of the model
in which changes in prices of the long-term bonds, both domestic and foreign (it and i∗t ), and
the quantities of bonds held by each central-bank (bCB

H,t and bCB∗
F,t ) are not traceable. As is clear

by close examination of the DIS equation (3.108) and the NKPC (3.110), bond prices do not

109



feature directly into the behavior of the model.
The chosen representation of the model thus keeps track of {st, et, qt, πt, πH,t, pt, ct, cb,t, c

H
t ,

yt, yt, xt, at, θH,t, θF,t,mct, st, s̃t, rt, qet, rR,t, rR,t} in the home economy and their respective
counterparts in the foreign economy.

3.4.1.1 A nominal exchange rate peg

For completeness, given the impact that the nominal exchange rate (et) has on the model dy-
namics through its impact on child-household consumption in both economies (cb,t and c∗b,t,
respectively), I also simulate shock-responses in the special case where the foreign central bank
operates under a nominal exchange-rate peg (hereinafter PEG).15

Given the present framework, this implies that et = 0 is an explicit target for the foreign
central bank. Given perfect foresight and absence of shocks, this also implies that et+k =

Et{et+k} = 0 for any k = {0, 1, ...,∞}.
Some further explanation regarding the PEG-setting is required. In this setting, the domestic

central bank is assumed to behave as in the Taylor-type setting for qet. Thus, it sets both the
short-term nominal interest rate (rt) and quantitative easing (qet) targets independently. This is
opposed to Galí and Monacelli (2005), where the foreign nominal-exchange rate is, for simplic-
ity, set to zero.

A first impact of setting et = 0 in the foreign economy can be readily seen in the UIRP
condition (3.52), which, given that no shocks are embedded to the nominal exchange rate, re-
duces to r∗t = rt. Thus, the PEG regime implies that the central bank in the foreign economy
will follow the short-term rate movements of the home economy both in terms of direction and
magnitude.

In terms of quantitative easing under a PEG, note that, from (3.51), setting the peg yields
it = i∗t .

With the aid of (3.71) one sees that the real value of the foreign central bank’s bond portfolio
(i.e, qe∗t ), will crucially depend on (i) the home central bank’s qet minus (ii) total quantity of
home long-term bonds held at the home central bank (i.e, b̂CB

H,t ), plus (iii) the total quantity of
foreign long-term bonds held at the foreign central bank (i.e, b̂CB∗

F,t ).
One can assume, without loss of generality, that at t = 0 said quantities are equal, which

readily implies that qe∗t = qet. Alternatively, one can express the gap between both quantities
as a constant, which yields the same analytical result.

The discussion for the IRFs in each one of the shocks under a PEG regime will always be at
the end of each section.

15Instead of a full stabilization as is the case in the PEG-regime, it would also be possible to consider a regime
where the Taylor-rule of the central bank also incorporates smoothing out changes in et, which is the case for
instance in Justiniano and Preston (2010).
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3.4.2 Calibration

I follow Sims, Wu, and Zhang (2023) and Silveira (2015) in setting most of the parameters for
the four-equation and the two-country parts of the model, respectively.

However, in departing from Silveira (2015), I set α = 0.8, which, given the calibration for
n = 0.5 set below and in the symmetric case of α = α∗, produces α = 0.4 as seen in Galí and
Monacelli (2005).

The steady-state target for domestic holding of Central Bank long-term bond holdings is
identical to Sims, Wu, and Zhang (2023) at B̂CB

H = B̂CB∗
F = 0.3. Given the need, in each coun-

try, to set assign a certain proportion of long-term bond holdings for the Financial Intermediary
of the foreign economy, the steady state of domestic long-term bond holdings (i.e., B̂FI

H and
B̂FI∗

F ) is set at 0.6, which warrants the definition of the steady state of foreign long-term bond
holdings atBFI

F = BFI∗
H = 0.1. Thus, the bond market will be in equilibrium in the steady state

as seen in (3.78).
A further departure from Sims, Wu, and Zhang (2023) is that the present calibration uses

a smaller value for the smoothing parameter of the short-term nominal interest rate than for
the smoothing parameter for quantitative easing (i.e, ρr < ρq and ρ∗r < ρ∗q , respectively). It
serves the point of showing different dynamics for the short-term rate and quantitative easing
policy. The smaller value for the smoothing parameter of the nominal interest rate captures the
seemingly higher reluctance of Central Banks to change the balance sheet policy than to change
the interest rate policy.

Parameter Description Value
n Home-country size 0.5
σ Inverse elasticity of intertemporal substitution 1
φ Inverse of the Frisch-elasticity of labor-supply 2.5
η Elasticity of intratemporal substitution 1.5
θ Calvo parameter 0.75
β Parent-Household discount-factor 0.98

ρθ,H , ρθ,F , ρ∗θ,H , ρ∗θ,F Credit-shock AR(1) factor 0.8

ρR, ρ∗R Interest rate rule smoothing-parameter 0.5
ρqe, ρ∗qe QE rule smoothing-parameter/AR(1) factor 0.8

ϕπ, ϕ∗
π Policy rule inflation weight 1.5

ϕx, ϕ∗
x Policy rule output-gap weight 0.5

z Child-household proportion 0.33

Table 3.1: Parameter Calibration

3.4.3 A home Productivity Shock (ϵA,t)

The case of a productivity-shock in the home economy (i.e, a shock to ϵA,t) is a standard bench-
mark for the evaluation of themodel. For that purpose, it is also interesting to consider a standard
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three-equation open economy model (which arises by setting z = 0) and compare it to the four-
equation model. In the plots of the impulse response functions (IRF) below, the three-equation,
two-country case is labeled as “counterfactual”. I will consider a 40 period horizon for the IRF.
The respective IRF plots are in figures (3.1)-(3.6) in the Appendix (3.7.1).

As can be readily seen in (3.105), a productivity shock instantaneously shifts natural output
higher in the home economy (yt) and, as discussed in footnote (14), lower in the foreign economy
(y∗t ). Thus, it naturally weights, all else equal, on the output gap (xt and x∗t ).

Total output (yt and y∗t ) on the other hand will be higher for the home economy and lower for
the foreign economy. It is interesting to note that the output response is slightly more intense in
the former in the case of the three-economy model. Equivalently, output in the foreign economy
falls less in the three equation model than in the four-equation model.

Accordingly, while the home output gap (xt) is negative for the entirety of the IRF in all
three model specifications, the foreign economy shows a more diverse response. In the case
of the baseline three-equation model, the output gap is, at first, positive, quickly shifting into
negative territory and then converging towards zero over time.

However, given the impact of the nominal exchange rate on the output gap as stated in (3.108)
and the fact that et does not return to equilibrium when allowed to fluctuate, the output gap for
the foreign economy (x∗t ) will first be negative in response to the shock and than adjust higher,
overshooting the neutral level and not returning over a long period of time.

As can be readily seen from the AR(1)-type setting and as is the case in Sims, Wu, and Zhang
(2023), the divine coincidence is broken and solely the interest rate can not stabilize the output
gap and inflation.

The increase in home output (yt) will be only partially consumed at home, with both parent-
and child-household seeing higher consumption at first. Whereas the home parent-household
consumption stays positive and only gradually approaches equilibrium from above, the child-
household in the home economy will experience higher consumption at first but, given the dy-
namics of the nominal exchange rate, cb,t turns negative and only slowly recovers. Neither
parent- nor child-household consumption returns to equilibrium over the 40 periods in the sim-
ulation.

In the foreign economy the dynamics are slightly different. Parent consumption is positively
affected by the home productivity shock and shifts higher, while the inverse occurs with the
child-household. Over time, c∗t will overshoot equilibrium and gradually return, not reaching
over the simulated 40 period. In opposition to this, c∗b,t overshoots equilibrium and stays above
it as a response to the lower nominal exchange rate (i.e., an overvalued foreign currency in the
eyes of the foreign economy).

Aggregate consumption in each economy (cHt and cF ∗
t ) have a dynamic that is consistent

with what is seen in the baseline three-equation model, albeit with slightly different ranges as
an initial response to the shock.

Thus, the home productivity shock in the four-equation model, while not departing from the
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general conclusion of the three-equation model that consumption will return to equilibrium in
response to the shock, clearly shifts consumption distribution inside a given economy.

Inflation generally reacts in the four-equation model as in the three-equation model, albeit
with some different ranges. CPI inflation in the home economy (πt) will shift higher at first, but
then fall and slowly return to equilibrium as terms of trade gradually returns to equilibrium and
thus is changes, as seen in (3.35) produce a smaller negative contribution to overall inflation.
As evidenced by the NKPC (3.110), home domestic inflation (πH,t) shifts lower in response to
the lower real marginal cost (mct) and lower output gap.

In the foreign economy, total CPI inflation (π∗
t ) shifts lower in response to the shock given

the impact of the much higher terms of trade at first. It than reverts to positive territory and
gradually converges. However, even if small, the absolute value of the total foreign inflation
remains different from zero over the IRF horizon.

Foreign domestic CPI inflation (π∗
F,t) will initially shift higher in the three-equation model

given that real marginal cost (mc∗t ) also briefly spikes up with the higher terms of trade. There-
after, π∗

F,t shifts lower and slowly converges, but does not fully return to the neutral level in the
40 periods considered.

The difference between the trajectories of π∗
F,t in the three- and four-equation model stems

from the nominal exchange rate. While it does not show up in the real marginal cost equation
in the former, it does so in the latter. Thus, while in the three-equation model only the terms
of trade reflect changes of the open-economy into the real marginal cost, in the four-equation
model the nominal exchange rate will compensate some of that impact. Accordingly, as can be
seen from (3.100), while the higher terms of trade push the foreign real marginal cost higher,
the higher nominal exchange rate dampens this effect.

Regarding monetary policy, while it is logical that qet and qe∗t do not move in the three-
equation model or in the four-equation model with an AR-type rule, it does move higher (i.e.,
easing) in both economies when under the Taylor-type rule. Given the negative output gap (xt)
and the negative domestic inflation (πH,t), the domestic central bank also lowers the nominal
short-term interest rate (rt) in all settings of the model.

In the foreign economy, given the different patterns of the output gap (x∗t ) and of domestic
inflation (π∗

F,t) that arise when comparing the three- and the four-equation models, the monetary
authority will lower the short-term rate (r∗t ) outright in the four-equation setting, but raise it
before lowering it in the three-equation setting.

When focusing on the longer end of simulations, It is interesting to note that, for the four-
equation model, given the persistence of a negative (positive) output gap in the home (foreign)
economy in response to the shock and the persistence of positive (negative) domestic CPI in
the home (foreign) economy in the final simulation periods, the central bank needs to set a
persistently restrictive (expansive) policy mix. That is, on the longer end of the shock horizon,
higher rt and lower qet will be observed in the home economy, whereas lower r∗t and higher qe∗t
will be observed in the foreign economy.
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The PEG regime on the other hand produces the largest negative impact on foreign output as
a result to the domestic productivity shock. Thus it also produces the widest (i.e, most negative)
output gap for the foreign economy when compared to other policy choices.

Consumption increases in both economies as a response to the shock when the central bank
in the foreign economy targets the nominal exchange rate. Thus, child-households in both
economies will benefit from the increase in output as a first response to the shock. Given that
fluctuations in et do not lead to overshoots and slow conversion to equilibrium as in the case
of the Taylor-type or AR-type rule discussed above, child-household consumption readily sta-
bilizes in both economies when the foreign central bank imposes a peg.

In regard to the price level, the PEG-policy by the foreign central bank yields to stable prices
in both economies (pt and p∗t ) after the initial shock, though neither one of them returns to he
equilibrium seen before (as with the other settings examined above).

However, the price level declines significantly more in the foreign economy under the PEG,
which results in much more negative domestic inflation rate for the foreign economy (π∗

F,t) as a
first response to the shock.

The reason for this more severe movement in the price level of the foreign economy is the
relatively higher movement of the real exchange rate (qt) in response to the higher terms of trade
(st), which is, in itself, an answer to the much higher domestic output (yt) and lower foreign
output (y∗t ).

Given that the movements of the foreign short-term nominal interest rate (r∗t ) and the move-
ments of the foreign quantitative easing program (qe∗t ) are curtailed by the PEG, one sees that,
even though the real short-term interest rate in the foreign economy (r∗R,t) turns much more
negative than under the other examples, it is not enough to quickly stabilize foreign output.

The wider output gap (x∗t ), lower production (y∗t ), lower total CPI inflation (π∗
t ) and lower

domestic CPI inflation (π∗
F,t) that are generated in the foreign economy when the foreign central

bank acts under a PEG regime, suggest that the conclusions of Clarida, Gali, and Gertler (2002)
are also relevant in the four-equation setting. That is to say, letting the nominal exchange rate
float should reduce the welfare cost associated with the more persistently negative CPI inflation
(π∗

t ) and home CPI inflation (π∗
F,t).

It is however noteworthy, that the PEG does lead to the stabilization both of the output gap
and of the domestic inflation in both economies, as opposed to what happens under the free
floating nominal exchange rate regime.

3.4.4 A home Quantitative Easing shock (νt)

In the framework of the four equation model such as Sims, Wu, and Zhang (2023), a quantitative
easing shock (i.e., a shock to νt, which implies higher qet) should have similar outcomes to a
negative monetary policy shock (i.e., a lowering of the nominal interest rate). The respective
IRF plots are in (3.7)-(3.12) in the Appendix (3.7.2)
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As can be seen in the DIS-equation (3.108), the New Keynesian Phillips Curve (3.110),
the Taylor-rule for the short-term interest rate (3.73) and the Taylor-rule for quantitative easing
(3.75), differences in the reaction to each policy instrument should be accounted for through:

1. the mass of parent- vs. child-households (z);

2. the steady-state proportion of domestic long-term bonds held by the central bank (BCB

H

or BCB∗

F );

3. the inverse of the elasticity of inter-temporal substitution (σ); and

4. the smoothness parameters guiding the response of the Central Bank for each monetary
policy instrument.

Taking the real value of the central banks balance sheet from (3.71), an increase in qet should
be reflected either in the increase of the value of the long-term bond, or in an increase of the
home central bank’s long-term bond holding or both.

This makes the focus on the real value of the balance sheet quite of the central bank quite
intuitive. By focusing on the real value, one is able to avoid a discussion regarding the of
operations (i.e., the nominal value of the balance sheet) and analyse its real impacts on the
economy directly.

It is clear from (3.85) that an increase in qet leads to a direct increase in cb,t. Note that this
mechanically pushes up the IS equation in (3.95) and, since natural output (yt) is not affected
by the increased central-bank activity, the output gap (xt) also widens in the home economy.

Once again, while total consumption increases in the home economy (cHt ), it does so by a
smaller magnitude than the increase in cb,t. As is clear from the IRFs and from (3.91), this is
fully accounted for by the fall in domestic parent-household consumption, which is negatively
affected by the deterioration in the terms of trade (i.e, higher st from the perspective of the home
economy).

The reason for the higher terms of trade is the higher home output (yt) compared to foreign
output (y∗t ), as can be implied from (3.101).

For its part, lower total output in the foreign economy also shows unevenly distributed
foreign consumption (cF∗

t ). While parent-households will see higher consumption (c∗t ), child-
households will initially adjust with lower consumption (c∗b,t), although the trajectory of the latter
will relevantly depend on the type of rule that applies to the evolution of qe∗t .

On that matter, note that under the AR-type rule, qe∗t stays unchanged throughout the 40
periods after the shock (which is expected), while under the Taylor-type rule qe∗t increases as a
response to the negative output gap in the foreign economy (x∗t ) at first and the negative foreign
domestic inflation (π∗

F,t).
Through the NKPC (3.110), it is also possible to see that the home qet shock will lead (after

an initial shift higher) to lower domestic inflation (πH,t) through a lower domestic real marginal
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cost (mct). However, this is compensated by wider terms of trade gap (s̃t) as shown in (3.109)
and the positive output gap, which ultimately pushes domestic inflation back up.

Additionally, it is once again possible to see the counter-intuitive impact of the nominal
exchange rate (et) which, at a higher level, contributes to a smaller real marginal cost gap (m̂ct)
and thus lower domestic inflation in the home economy.

Note that this is in contrast to what is observed in a qet shock in Sims, Wu, and Zhang (2023),
where inflation uniformly shifts up and than gradually returns to the neutral level.

In the foreign economy, domestic inflation (π∗
F,t) immediately shifts lower as a consequence

of the wider terms of trade gap (s̃t). This is compounded, at a first stage, by the lower output gap
(x∗t ) and mitigated by the higher nominal exchange rate. After the initial negative shock, do-
mestic inflation in the foreign economy gradually returns, although it does not reach the neutral
level during the 40 periods of the simulation.

Finally, note that, as in the case of the home technology shock described above, neither the
price-level in the home economy (pt), nor the price level in the foreign economy (p∗t ) stabilize
throughout the period of simulation. Consequently, the nominal exchange rate will remain in a
asymptotic-trajectory back towards equilibrium.

However, as opposed to the case of the technology shock, aggregate consumption in both
economies (cHt and cF∗

t ) do converge to the neutral level over time, with the distribution showing
a continuously above-neutral home child-consumption and foreign parent-consumption (i.e.,
higher cbt and c∗t ), while parent-consumption at home and child-consumption abroad (i.e., ct
and cb,t) remain below neutral over a long period of time.

That is to say, an expansionary qet shock will have a distribution-effect of consumption
both in the home economy and in the foreign economy. While the former will see increased
consumption for the impatient household (i.e., the child-household given that βb < β) as a
result of the shock, the latter will see increased consumption for the patient household (i.e.,
parent-household). Neither an AR-type rule nor a Taylor-type rule impacts this results.

Specifically in terms of monetary policy, given the weights of the Taylor Rule, the wider
output gap in the home economy (xt) pushes the nominal interest rate (rt) higher even if domestic
inflation falls. Thus, without further restrictions to the model, the monetary authority will have
one instrument (short-term nominal interest rates) compensating the other (balance sheet policy).
In the foreign economy, the Taylor Rule prescribes a lower nominal interest rate (r∗t ).

In the PEG regime, the νt shock results in a wider output gap in the home economy than in
the cases where the foreign central bank is able to conduct independent monetary policy. How-
ever, the biggest difference occurs in the foreign output, where production (y∗t ) shifts materially
higher, thus also pushing a much wider output gap (x∗t ).

Consumption distribution in the foreign economy is also markedly different in the PEG-
regime, with parent consumption (c∗t ) decreasing intensely, while child-consumption (c∗b,t) in-
creases.

This is in direct relation to the fact that foreign quantitative easing (qe∗t ) increases intensively
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in a PEG regime (i.e., the Central Bank expands its balance sheet) as a response to the νt shock,
whereas it becomes only marginally positive in the foreign economy when the foreign central
bank is independent to set monetary policy and acts according to a Taylor Rule.

Thus, it is clear that the distribution shift of consumption (parents consumption, c∗t , versus
child consumption, c∗b,t ) also occurs in the PEG-regime for the foreign economy.

The price level stabilizes in both economies after the shock, but, as is the case in the home
productivity shock, does not return to equilibrium. It is noteworthy that the process produces
notably smaller fluctuations both in foreign CPI inflation (π∗

t ) and in foreign domestic CPI in-
flation (π∗

F,t) when compared to the non-PEG regimes.
Note however that this is also a result of the lack of independence to set monetary policy.

Given that the nominal short-term home interest rate (rt) increases as a response to the expan-
sionary shock in qet, the nominal short-term foreign rate (r∗t ) also increases, thus producing a
positive real interest rate in the foreign economy (r∗R,t), which is in clear contrast to what happens
to the same rate when the nominal exchange rate is able to float freely.

Both in the home as in the foreign economy, the PEG regime produces an increase in the
real marginal cost (mct andmc∗t , respectively), which is a direct result of higher output.

To sum up, comparing the IRF output of the both the Taylor-type rule and the AR-type rule
with that of the PEG setting, it is possible to see that the distributional effect that arises between
economies in a floating exchange rate regime (i.e., almost persistently higher xt with almost
persistently lower x∗t ) does not materialize in a PEG setting.

Accordingly, domestic CPI inflation and total CPI inflation will also stabilize much faster if
one of the central banks adopts the PEG regime. However, this comes at a cost of a considerably
higher real interest rate than what would be seen under a flexible nominal exchange rate setting.

3.5 Conclusion

This paper develops a four equation, two-country open economy model, merging elements from
the baseline four equation model elaborated in Sims, Wu, and Zhang (2023) with the baseline
Galí and Monacelli (2005) open economy model, in the limit case of a two-country model such
as in Silveira (2015).

It is possible to analytically replicate a series of exogenous shocks, with the main interest
being, given the structure of the model, how both economies react when a specific central bank
introduces quantitative easing (QE) operations.

The main difference that arises from standard open economy or two-country models is that,
since the nominal exchange rate (et) directly impacts both the demand side (the DIS equation)
and the supply side (the NKPC equation) in both economies, the standard operating assumption
of Central Banks (i.e, to stabilize domestic inflation and the output gap) leads to a distributional
issue under QE operations by the central bank or, equivalently, credit shocks.

When central banks in each economy are able to freely set their short-term nominal rate
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and their quantitative easing targets, over a very long period, the nominal exchange rate does
not stabilize in response to either productivity shocks or quantitative easing shocks. While this
feature does appear in the Open Economy literature that follows Galí and Monacelli (2005), the
impact of the nominal exchange rate on the economy changes the transmission of the shock.

That is to say, certain agents will see very persistent changes in consumption levels as a
consequence of the evolution of the real value of the Balance Sheet of the monetary authority
through the exchange rate channel.

In the case of a PEG regime, while the distributional issue between parent- and child-household
is ultimately solved, it is so after a relatively long period. However, it is noteworthy that both
output gap and domestic inflation in both economies return to equilibrium after the quantitative
easing shock much faster than in the free floating nominal exchange rate setting, albeit at a cost
of a considerably tighter (i.e., higher) real short term interest rate. The model thus sheds light on
the relevance of the nominal exchange rate in a setting where the Central Bank operates under
quantitative easing.

The distinct consumption patterns that arise as a consequence of foreign long-term bond
emissions are an important feature to discuss, for instance, if the conduct of quantitative easing
by globally relevant central banks, such as the FED in the USA, the ECB in the Euro-zone or the
BoJ in Japan can, potentially, stimulate long-term corporate bond issuance by foreign enterprises
in their jurisdictions.

An analysis analogous to the one set forth in section (3.4.4) would suggest that, absent a
regime where the foreign Central Bank reacts on variations of the nominal exchange rate, this
is not necessarily the case. Total consumption increases in the foreign economy, but it is not
a consequence of higher foreign child-household consumption. On the other hand, the effect
of a domestic quantitative easing shock is clearly positive for child-consumption in the home
economy given the impact that it has on the exchange rate.

Further insights in the present model are possible if one considers, for instance, the existence
of market segmentation in the spirit of Kolasa and Wesołowski (2020), so that certain types of
households do not access a specific type of bonds or, if one considers the possibility of a Taylor
Rule that lets the monetary authority react to changes in the nominal exchange rate without
resorting to a full currency PEG, such as the one presented in Justiniano and Preston (2010).

Even so, the emergence of the balance sheet and quantitative easing as relevant elements of
the toolkit of Central Banks makes discussions such as the one presented here as readily relevant.

By expanding on the tractability of the four equationmodel set forth by Sims,Wu, and Zhang
(2023) towards an also tractable two-country version of it, the present model contributes to the
literature by shedding light on the open economy features that arise under quantitative easing.
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3.7 Appendix

The IRFs to the home productivity shock (ϵA,t) and the home quantitative easing shock (νt)
discussed in section (3.4.3) and (3.4.4) are presented below.

3.7.1 IRF - A home productivity shock (ϵA,t)

Figure 3.1: IRF - Output Gap and IS equation (ϵA,t)

Figure 3.2: IRF - Consumption (ϵA,t)
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Figure 3.3: IRF - Inflation and price level (ϵA,t)

Figure 3.4: IRF - Monetary Policy instruments (ϵA,t)
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Figure 3.5: IRF - Exchange Rate and Terms of Trade (ϵA,t)

Figure 3.6: IRF - Marginal Cost (ϵA,t)
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3.7.2 IRF - A home Quantitative Easing shock (νt)

Figure 3.7: IRF - Output Gap and IS equation (νt)

Figure 3.8: IRF - Consumption (νt)
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Figure 3.9: IRF - Inflation and price level (νt)

Figure 3.10: IRF - Monetary Policy instruments (νt)
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Figure 3.11: IRF - Exchange Rate and Terms of Trade (νt)

Figure 3.12: IRF - Marginal Cost (νt)
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