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Abstract

In this dissertation, we propose a random gradient-free method for optimization in infinite
dimensional Hilbert spaces, applicable to functional optimization in diverse settings.
Though such problems are often solved through finite-dimensional gradient descent over a
parametrization of the functions, such as neural networks, an interesting alternative is to
instead perform gradient descent directly in the function space by leveraging its Hilbert
space structure, thus enabling provable guarantees and fast convergence. However, infinite-
dimensional gradients are often hard to compute in practice, hindering the applicability of
such methods. To overcome this limitation, our framework requires only the computation
of directional derivatives and a pre-basis for the Hilbert space domain, i.e., a linearly-
independent set whose span is dense in the Hilbert space. This fully resolves the tractability
issue, as pre-bases are much more easily obtained than full orthonormal bases or reproducing
kernels — which may not even exist — and individual directional derivatives can be easily
computed using forward-mode scalar automatic differentiation. We showcase the use of
our method to solve partial differential equations a la physics informed neural networks

(PINNSs), where it effectively enables provable convergence.

Keywords: Random gradient-free methods; infinite dimensional optimization; partial

differential equations.



Resumo

Nesta dissertacao, propomos um método aleatorio livre de gradiente para otimizacao em
espacos de Hilbert de dimensao infinita, aplicavel a otimizacao funcional em diversos
contextos. Embora tais problemas sejam frequentemente resolvidos por meio de descida
de gradiente em dimensao finita sobre uma parametrizagao das fungoes, como redes
neurais, uma alternativa interessante ¢ realizar a descida de gradiente diretamente no
espaco de fungoes, explorando sua estrutura de espacgo de Hilbert, o que permite garantias
tedricas demonstraveis e convergéncia rapida. No entanto, gradientes em dimensao infinita
frequentemente sao dificeis de computar na pratica, o que limita a aplicabilidade desses
métodos. Para superar essa limitacao, nosso arcabougo requer apenas o calculo de derivadas
direcionais e uma pré-base para o dominio do espago de Hilbert, isto é, um conjunto
linearmente independente cujo fecho do span é denso no espago de Hilbert. Isso resolve
completamente a questao da tratabilidade, pois pré-bases sdo muito mais faceis de obter
do que bases ortonormais completas ou ntucleos reprodutores — que podem nem sequer
existir — e derivadas direcionais individuais podem ser facilmente computadas usando
diferenciacdo automatica escalar em modo forward. Por fim, demonstramos o uso do
método para resolver equagoes diferenciais parciais no estilo das physics-informed neural

networks (PINNs), onde ele permite efetivamente garantir convergéncia demonstravel.

Palavras-chave: Métodos aleatorios livres de gradiente; otimizagao em dimensao infinita;

equagoes diferenciais parciais.
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a.s. Almost surely, with respect to the underlying probability measure P.

Equivalent to P-a.e.
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13

1 Preliminaries

1.1 Introduction

This dissertation is concerned with the development of a first-order optimization
method for minimizing functionals defined over infinite-dimensional spaces (also referred
to as function spaces) whose gradients are difficult to compute. This objective is pursued
in Chapter 2, which is based on the arXiv preprint (Peixoto et al., 2025) and is currently
being prepared for submission. Accordingly, Chapter 2 is written as a self-contained paper,
so readers primarily interested in the original contributions of this work may wish to

proceed directly to that chapter.

Given this stylistic choice, we have also included Chapter 1, which contains background
material intended to facilitate understanding of the research topic and contributions
developed in Chapter 2. This chapter is not meant to provide a comprehensive treatment
of all the mathematics used in the dissertation. Rather, it offers a summary — and, for
less standard topics, a more detailed exposition — of the main concepts around which our
work revolves. Naturally, this requires making choices about what to include. We therefore
assume that the reader is proficient in linear algebra and familiar with measure-theoretic
probability theory, as well as with the main topics typically covered in introductory
functional analysis courses (Banach and Hilbert spaces, bounded linear operators and
functionals, etc.), although some of this material will be briefly recalled in the sections

that follow.

Since we approach functional optimization through the lens of gradient-based optimiza-
tion, the infinite-dimensional spaces under consideration must admit gradients, meaning
that first order derivatives must be naturally represented by elements of the space itself.
In practice, this implies these spaces must be Hilbert spaces, which are the subject of
Section 1.2. After reviewing some elementary Hilbert space geometry, we discuss bounded
and compact linear operators, which are closely connected to probability distributions on
Hilbert spaces, the topic of Section 1.3. This discussion is necessary because the algorithm
developed in Chapter 2 is a form of stochastic gradient descent (SGD). To analyze the bias
and variance of our gradient estimator, we must therefore understand the mean vector and
covariance operator of a random element in a Hilbert space. This section likely contains
the largest number of concepts unfamiliar to the average reader, and for this reason we

provide proofs for all results.

Section 1.4 is devoted to clarifying the different notions of derivatives that arise for
functionals defined on infinite-dimensional spaces. It also includes a simple example of the

type of objective functional studied in Chapter 2; see Example 1.47. Finally, in Section 1.5
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we present a fundamental convergence result for SGD, which illustrates the basic proof

strategy underlying the theory developed in Chapter 2.

1.2 Elements of functional analysis

We start by recalling the definitions of Banach and Hilbert spaces, some fundamental
examples (including Sobolev spaces) and the elementary properties of functionals and
operators defined in these spaces. This material is only intended to be a quick review.
For a more detailed account of the general theory of these spaces, we refer the reader to
(Pellegrino; Teixeira; Botelho, 2023), (Rudin, 1974) and (Evans, 2010). All vector spaces

we will deal with from now on are real vector spaces.

1.1 Definition Let W be a vector space and let ||-|| : W — R, be a norm over W. The pair
W, |-l is called a Banach space if VW becomes a complete metric space when endowed

with the metric induced by ||-||.

1.2 Definition Let H be a vector space, and let (-,-) : H x H — R be an inner product
over ‘H. The pair (H, (-,-)) is called a Hilbert space if H becomes a Banach space when
endowed with the norm induced by (-, ).

1.2.1 Examples of Hilbert spaces

In a lot of ways, Hilbert spaces behave very much the same as ordinary Euclidean

spaces, as we will see. We now present some fundamental examples.

1.3 Example (Euclidean spaces) For any d € N, the Euclidean space R? is a Hilbert space,

when endowed with the usual inner product

d
(@, y)pe = > _ Ty,
=1

More generally, let
A {{wi}ieN CR: me < +oo} ,
i=1
that is, £2 is the set of all square-summable sequences of real numbers. It is a Hilbert space

under the inner product

(@,y)e =) iy,
=1

1.4 Example (L? spaces) Let (X,3, 1) be a measure space, and let M(X,Y) to be the

set of real-valued, measurable functions over X'. Define

L2X,8,u) = {f eEM(X,Y): /Xf(x)Qu(dx) < +oo}.
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Furthermore, for any f € M(X,X) define

fla={ge M(X,X): f=gpae}.

This is the equivalence class of f with respect to the equivalence relation of equality u-a.e.

Now we define
LX) 2 {[flu: feL(X, 35}

This set becomes a Hilbert space when endowed with the inner product

Ul [l 22 2 /X F(@)3(x) p(da),

where f € [f], and § € [g],, are arbitrarily chosen (one may check that this choice does not
affect the resulting integral.) By an abuse of notation and terminology, from now on we
will write f in place of [f], and will refer to L*(X, %, u) as a function space, even though

its elements are equivalence classes of functions.

In an analogous way we define the spaces ¥ and LP(X, %, u) for 1 < p < 400, which

become Banach spaces when equipped with the norms

|w(fjm> ad oy = ( [ |f(fv>|”u(dx)>;-

=1

They are only Hilbert spaces in the special case where p = 2. We also define

L&, %, 1) £ {[f],: f is S-measurable} .

The next example introduces Sobolev spaces, which are of great importance for this
work, because they are the domains of the optimization problems we will consider in
Chapter 2. These spaces are formed by functions that are differentiable in a sense weaker
than classical differentiability. They are extensively used in PDE theory due to their nicer
analytical properties when compared to Holder spaces, which are based on the classical
derivative (Evans, 2010, Chapter 5). To define the Sobolev spaces, we must first define the

weak derivative.

Let Q be an open subset of R?, and let Leb denote Lebesgue measure defined over
the Borel subsets of €2, which we denote by B(Q2). We write LP(£2) as an abbreviation for
LP(Q2, B(R2), Leb). Let C°(€2) be the set of infinitely-differentiable, real-valued functions
on §) that have compact support. We call its elements test functions. If f : Q — R is
one-time continuously differentiable in the classical sense, then integration by parts gives

us

| t@smplarde =~ [ 2 faota)de (1)

o Oz
for every test function ¢ and index 1 < i < d. The core idea is to change viewpoints and

instead define % f as the unique function satisfying Equation (1.1) for every ¢ € C°(Q2).
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For this definition to make sense, we only need f to be integrable enough so that the LHS
of Equation (1.1) makes sense for every test function . This motivates the definition of
the space L _(Q):

Ly,e() £ {f € L°(Q) : f-1x € L'(Q) for every compact K C Q} )

This is the largest class of functions for which we will define a weak derivative. Due to

Holder’s inequality, we have LP(Q2) C L () for every 1 < p < 4o0.

1.5 Definition For o € N¢ let

d gl
la| = Z a; and D% =
i=1

We call a a multi-indez of order |ay.
1.6 Definition Let o € N¢ be a multi-index and let u,v € L (). We say that v is the
a-th weak partial derivative of u if

w(x)D*o(x)de = (—1) v(xz)o(x)dx
/Q()DsO()d (1) /()s@()d

Q
for all ¢ € ().

1.7 Example (L?-based Sobolev spaces) Let k € N. We define
H*(Q) £ {f € L*(Q) : D*f exists and belongs to L*(Q) for every a such that || < k}

This is a Hilbert space when equipped with the inner product

(u, V() 2 /Q Du(x) D*v(x) da.

<k

1.2.2  Orthonormal bases

One of the ways in which Hilbert spaces are similar to Euclidean spaces is that they
admit orthonormal bases. As a reminder, if H is a Hilbert space, a subset £ C H is said

to be orthonormal if, for every h, g € &:

1 ifh=g,
(h,g) =
0 otherwise.

The appropriate concept of an orthonormal basis for an infinite dimensional Hilbert
space H is slightly different than for finite dimensional spaces, in the sense that we have
to take into account the topology induced by the inner product on H. With this in mind,
given & C H, we recall that the closure of £ is the set of all limit points of sequences of
elements of £, and is denoted by cl(€,H). We also introduce the notation span & for the

set of all linear combinations of elements of £.
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1.8 Definition An orthonormal subset £ of a Hilbert space H is said to be an orthonormal

basis of H if span £ is dense in H, meaning that

cl(span &, H) = H.

It is a consequence of Zorn’s Lemma that every Hilbert space has an orthonormal
basis. Under no further assumptions on the Hilbert space, the cardinality of such a basis
may be arbitrarily large. However, if H admits a countable dense subset, meaning it is

separable, we have:

1.9 Theorem Let H be a separable Hilbert space. Then H admits a countable orthonormal

basis.

A lot of important Hilbert spaces are separable, including Euclidean spaces, L? spaces
based on the Lebesgue measure, and Sobolev spaces. In fact, Chapter 2 deals only with
separable spaces. This is why some of the results in this chapter are only stated for

separable Hilbert spaces, although they admit more general versions.

The defining property cl(span&,H) = H of orthonormal bases is too abstract for

computations. Thus, the following equivalences are very useful:

1.10 Theorem Let H be a separable Hilbert space. Given an orthonormal subset £& =
{e; i € N} C H, the following are equivalent:

(i) € is an orthonormal basis.

(ii) For every h € H.:
h = Z<h, 61‘)61‘
i=1

(iii) For every h € H:

o0

IRl* = (R, e)®.

=1

(iv) For all h,g € H,

o0

<h7 g> = Z<h7 ei><gv 6,‘>.

i=1
1.2.3 The dual space and Riesz representation

Another way in which Hilbert spaces are similar to Euclidean spaces has to do with

duality.

1.11 Definition Let (W, |-||) be a Banach space. A linear functional f : W — R is said

to be bounded if any of the following equivalent conditions hold:
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(i) f is continuous.
(ii) There exists M > 0 such that |f(w)| < M||w|| for every w € W.

(iii) f is bounded on the unit sphere:

sup | f(w)| = supM < +00.

loll=1 w0 |lw|

1.12 Definition Let V. |-||) be a Banach space. We denote by W* the vector space
formed by all bounded linear functionals on W, and call it the dual space of W. This is

itself a Banach space when equipped with the norm:

I1£1l = Sup | (w)].

lwll=1

We now recall the classical Cauchy-Schwarz inequality, which states that if (-,-) is

inner product over the vector space H, then

{7 )| < [l gl

for every h,g € H. In light of Theorem 1.11, the Cauchy-Schwarz inequality implies that,
for every h € H, the linear functional given by fi,(-) = (h,-) is a bounded linear functional.
It is a remarkable property of Hilbert spaces that all bounded linear functionals over them

take this form.

1.13 Theorem (Riesz Representation Theorem) Let (H, (-,-)) be a Hilbert space. Then,
the map ® : H — H* given by

is an isometric isomorphism between H and H*, meaning that it is a linear bijection
satisfying
|P(R)|| = ||h|| forall heH.

Theorem 1.13 gives us an elegant way to define mean vectors for random elements on
Hilbert spaces, as well as gradients of real-valued, differentiable functions with Hilbert

space domains, but more on that in Sections 1.3 and 1.4.

1.2.4 Bounded linear operators and the adjoint
Completely analogous to bounded linear functionals are bounded linear operators:

1.14 Definition Let (W, ||-|,,) and (V, ||-||,,) be Banach spaces. A linear map 7" : W — V

is said to be bounded if any of the following equivalent conditions hold:

(i) T is continuous.
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(ii) There exists M > 0 such that [|[Twl,, < M|w||,,, for every w € W.

(iii) 7 is bounded on the unit sphere:

T
sup ||Tw||y, = sup ITwlly < 400

Jwllyy=1 w0 [[wlly
We denote the set of bounded linear operators from W to V as Z0WV, V). If W =V, this
will shortened to B(W). The set Z(W, V) is again a Banach space when equipped with
the operator norm
1T = sup [|Twlly. (1.2)

Hw ‘Wzl

There is a multitude of ways to check that a given linear operator between Banach
spaces is bounded, but one particularly elegant one, which will be essential when we discuss

weak second-order random elements in Section 1.3, is given by the following theorem:

1.15 Theorem (Closed Graph Theorem) Let 7": YW — V be a linear operator between the
Banach spaces YW and V. Let the graph of T' be given by

Graph(T) £ W x T(W) C W x V.

Then, T is continuous if, and only if, Graph(T) is a closed subset of W x V endowed with
the product topology. This is equivalent to saying that if w,, - w € W and Tw,, - v € V,
then (w,v) € Graph(T), that is, v = Tw.

The practical consequence of Theorem 1.15 is that, in order to check if 1" is continuous,
we may start with a sequence {w,}n,en € W such that w,, — w and, in order to show
that Tw, — Tw, we are allowed to further assume that Tw, is convergent to an unknown

vE V.

Another point of similarity between Hilbert and Euclidean spaces, related to bounded
linear operators, is that one can extend the notion of transposition to Hilbert spaces in a
very natural way. If A € R™*" is a matrix, then the transpose of A, denoted by AT, is

the matrix defined entry-wise by
AiTj:Aji forall 1<i<mandl1l<j<n.
However, AT can also be characterized as the unique n x m matrix B such that
(Az,y)rm = (x,By)rn forall x € R"and y € R™.

1.16 Theorem Let (H, (-, ))y and (U, (-, -)ys) be Hilbert spaces. Given T' € B(H,U) there
exists a unique S € #(U, H) such that

(Th,u)y = (h,Su)y forall heHanduecl.

We write T* 2 S to denote this operator, and call it the Hilbert adjoint (or just adjoint)
of T.
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In this sense, the analogue of symmetric matrices is given by self adjoint operators:

1.17 Definition Let H be a Hilbert space and let T' € Z(H). Then T is said to be self
adjoint if T'=T*.

We end this subsection by introducing the class of bounded linear operators that

“preserve directions”.

1.18 Definition Given vector space V and a bilinear function B : V x V — R, we say
that B is positive semi-definite if B(v,v) > 0 for all v € V. If, additionally, B(v,v) = 0
implies v = 0, then B is said to be positive definite. We say that B is symmetric if
B(v,w) = B(w,v) for all v,w € V.

1.19 Definition Let #H be a Hilbert space. Any T' € Z(H) induces a bilinear form over H
via (h,v) — (Th,v). We say that T is positive (semi-)definite if the corresponding bilinear

form is positive (semi-)definite.

Using this language, an inner product can be seen as a symmetric, positive definite
bilinear form over H. It is useful to note that any symmetric, positive semi-definite bilinear

form B :V x V — R satisfies the Cauchy-Schwarz inequality:

SIS
SIS

|B(v,w)| < B(v,v)2 B(w,w)?,

and that the bilinear form induced by a self-adjoint bounded linear operator is always

symmetric.

1.2.5 Compact linear operators

One of the most fundamental ways in which infinite dimensional spaces are differ-
ent from finite dimensional ones has to do with compactness. For a finite dimensional
Euclidean space, the Heine-Borel Theorem implies that boundedness and compactness
are substantially the same, with every bounded set having compact closure. In particular,
the closed unit ball is compact. In an infinite dimensional space, however, the situation is

completely different:

1.20 Theorem Let W be a Banach space. Then the closed unit ball
By 2{weWw:|uw| <1}
is compact if, and only if, VV is finite dimensional.

Therefore, in finite dimensional spaces, every bounded linear operator maps bounded
sets to compact sets. Since this is not always true in infinite dimension, the class of

operators that have this property is special.
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1.21 Definition Let WV and V be Banach spaces, and let T': WW — V be a linear operator.
If! T(Byy) is compact, then T is called a compact linear operator. The set of compact linear
operators between VW and V is denoted by # (W, V). In case W = V, this is shortened to

It is useful to know that £ (W, V) is a closed subset of Z(W,V) when equipped with

the operator norm (1.2).

Compact linear operators have a lot of properties resembling those of matrices in finite
dimensional spaces. In fact, the most elementary example of a compact linear operator is

a finite dimensional operator:

1.22 Definition Let YV and V be Banach spaces, and let T : YW — V be a linear operator.
We say that T' is finite dimensional if T (V) is a finite dimensional subspace of V. The

set of finite dimensional operators between ¥V and V is denoted by J#;(WW,V). In case
W =V, this is shortened to J#;(W).

The fact that £;(W,V) C 2 (W, V) is a consequence of Theorem 1.20. On the other
hand, if W is infinite dimensional, then the identity I : W — W cannot be compact,
since this would imply the compactness of By, = I(Byy). We further recall the following

important result:

1.23 Theorem Z;(W.V) is a dense subspace of & (W, V).

With Theorem 1.23, we can actually strengthen the statement I ¢ £ (W):

1.24 Corollary Let W be an infinite dimensional Banach space. Then, for any 7' € # (W)
we have
11 =T| = 1.

Proof. Let ¢ > 0 and T' € #(W). By Theorem 1.23, take T, € J;()V) such that
IT —T.|| < e. Since T. is finite dimensional, by rank-nullity we know that its kernel
is nonempty, that is, there exists w € W such that ||w|| = 1 and T.w = 0. Thus,
|T: — I|| > ||0 — w|| = 1. Therefore, by the triangle inequality we have

=Tz =T - T =T =1 —e.

Since € > 0 was arbitrary, we are done. [

1.3 Probability in Hilbert spaces

This section aims to provide a “working knowledge” of random elements / probability
distributions over Hilbert spaces. Our main character is the covariance operator, which is

L' If f: A— B is a function, C C A and D C B, we use the standard notations f(C) = {f(a):a € C}
and f~1(D)={a€ A: f(a) € D}




Chapter 1. Preliminaries 22

the infinite dimensional analogue of the covariance matrix. Most of this discussion is based
on (Da Prato, 2006, Chapter 1) and (Vakhania; Tarieladze; Chobanyan, 1987, Section 11.2).

We start by fixing a probability space (S, F,P) and a separable Hilbert space (H, (-, -)).
We equip this Hilbert space with its Borel o-algebra, that is, the smallest o-algebra over
H containing all of its open sets, which we denote by B(H).

1.25 Definition A random element over ‘H is a function v : S — H such that
v (B)eF

for every B € B(H). That is to say, a random element is just an H-valued random variable.

1.3.1 Mean and covariance

We want to make sense of what it means for a random element v to have a mean
or covariance, so we will start by defining the integrability classes of H-valued random

variables. First, a quick remark on notation.

1.26 Remark If v is a random element /variable and F' is an R-valued measurable function

taking v as input, we use the standard notation

E[F(v)] = /S F(u(s)) P(ds).

Sometimes we will also write E,[F(v)] to leave no confusion regarding what variable we

are integrating over.

1.27 Definition For 1 < p < 400, we denote by LP(S, F,P;H), or just LP(S;H), the set
of random elements v : § — H such that E[||v[|"] < +oc.

If v € L'(S;H), then the linear functional ¢, : H — R given by

bo(h) = E[{v, h)]

satisfies
[¥o(R)] = [E[(v, W)]] < E[|(v, h)|] < E[l|v[l[[R[l] = E[[[v/I] I]]-

Therefore, v, is a bounded linear functional on 4, implying that, due to Theorem 1.13,

there exists a unique element v € H such that

E[(v, )] = 4(h) = (0, 1)
for every h € H. This motivates the following definition:
1.28 Definition Let v € L'(S;H). The mean vector of v, denoted by E[v], is the unique

Riesz representer of the bounded linear functional E[(v, -)] € H*. That is, it is the unique

element of H satisfying
El(v, h)] = (E[v], k)

for every h € H.
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We have used v to construct a bounded linear functional on H, but we can also use it
to construct a positive semi-definite, symmetric bilinear form ¥, over H. If v € L*(S; H)
then v € L'(S;H), so that © = E[v] is well-defined, and for any h, g € H we can apply
the Cauchy-Schwarz inequality in H to obtain

B [{o - 5, W) (v — 5,9)] < Bu[l(0 - 5.0 |(v— 5. 9)]] < Illlgl Eo o — 5] < +oc.
(1.3)
Thus, we may define ¥, : H x H — R by

Vy(h,g) = Eu[{v — v, h){v = v,9)].

Indeed, ¥, is clearly bilinear and symmetric, and it also satisfies ¥, (h, h) = E[{(v—1, h)?] >
0 for any h € H. Let Var[v] £ E,[||v — ©||*]. Then, By (1.3), we have the bound

Wy (h, g)| < Var[v][|A]l[lg]-

Thus, for any fixed h we have U, (h,-) € H* and, furthermore, ||W,(h, )|, < Var[v]||h]],
so that the linear map taking h € H to W, (h,-) € H* is bounded.

Let & : H — H* be the isometric isomorphism given by Riesz representation, that is,
®(h) = (h,-). Define C, : H — H by C,h = ®~1(U,(h,)). Then C, € B(H), since it is

the composition of two bounded linear maps, and satisfies
(Cuh,g) = Vy(h,g) =E[(v =0, 0){v =0,9)], Gl < Var[v].

Furthermore, since ¥, is symmetric, we have (Cyh, g) = (C,g, h) for any h, g € H, meaning

that C, = C}. This derivation allows us to make the following definition:

1.29 Definition Let v € L*(S;H). The covariance operator of v, denoted by C,, is the

unique bounded linear operator over ‘H such that
(Coh,g) = Ey[{v —v,h){v—0,g)] forany h,ge™H. (1.4)

It is a positive semi-definite, self-adjoint operator satisfying [|Cy|| 54, < Var(v].

1.3.2 Trace-class operators

1.30 Definition We denote by Z.(H) the subset of #(H) formed by all self-adjoint,

positive semi-definite operators.

We have seen that if v € L?(S;H), its covariance operator C, belongs to £, (H). It

turns out that C, actually belongs to a much smaller class of operators.
1.31 Definition Let C' € " (H). We say that C' is of trace-class if, for some orthonormal

basis {e; }ien of H, we have

TrC £ Z(C’ei,eﬁ < +o00. (1.5)

i=1
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The set of trace-class operators over H is denoted by %% (H) and Tr C' is called the trace
of C.

Notice that if {e;}ien and {f;}ien are two orthonormal basis over H, then for C' €
A (H) we have

Z(C@i, e;) = Z <Z<C€iafj>fj>€i>

i=1 i=1 \j=1

Z (Cei, f5)(fj: €:)

<ez7cfj fj>ez Z <Z ij>ez ez;f]> = Z<ij7fj>v

1 j=1 7j=1

.Mg

,J

so the sum in (1.5) does not depend on the orthonormal basis used, meaning that both
B (H) and Tr are well defined.

1.32 Theorem If v € L*(S;H), then C, € B (H).

Proof. Let {e;};en be an orthonormal basis of ‘H. Leveraging (1.4), we can compute

ZC’el,el ZE v —E[v],e;)?].

Now, exchanging the summation and expectation by Tonelli, we have

Z]E[(v —E[v], )] = E Z(v —E[v],e)?| = E[|Jv — 8]|*] = Var[v] < 0.
So, C, € % (M) and Tr C,, = Var[v]. O

The reason why this is significant is the following result:

1.33 Theorem Any trace-class operator is compact, that is, B (H) C J# (H).

Proof. The idea is to show that any C' € % (H) can be approximated arbitrarily well by
finite dimensional operators, and then use Theorem 1.23 to conclude. Given an orthonormal
basis {e; }ien of H, for each n € N let P, : H — H denote the projection operator onto

the first n basis elements, that is:

P,h = i(h, eie
i=1

Clearly P, is finite dimensional, which implies that C'P, is also finite dimensional. We will
show that ||C'— CP,|| — 0 as n — oo. Let h € H and compute

(C—-CP)h=C(I—-P,)h=C i (h,e;)e; = i (h,e;)Ce;.
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Therefore,
o 2
(C' = CP)R|* = Z< > (e cel,ej> = Z ( > (e C’el,ej>> .
j=1 \i=n+1 7j=1 \i=n+l
Applying the Cauchy-Schwarz inequality in ¢, we get

[CREALESY ( 2 <h,ez->2> (}Z <0ei,ej>2)

i=n+1

- (Z (h,ei)2> ‘ (AZ <cei,ej>2> (1.6)

Now we make the following observation: since C' € %, (H), the map (h,g) — (Ch,g) is
bilinear, symmetric and positive semi-definite, so it satisfies the Cauchy-Schwarz inequality,

meaning that

M\»—‘

(Ceie;) < (Cesyei)> (Ceyeg)e.

Applying this to (1.6), we get

I(C = CPIRIP < (Il D (Cesei)(Cejreg) = [[A*(Tr C) ) (Ces,e),
j=1 i=n+1 i=n+1

which implies

|C—CP,|| < (TrC Z (Cei,el->) —0 as n— oo,

i=n+1

since C' is trace-class. O]

One practical consequence of Theorems 1.32 and 1.33 together with Corollary 1.24
is that, if H is infinite dimensional and v € L*(S;#H), then v cannot have an identity
covariance operator. This is the reason why there does not exist a standard Gaussian

distribution in an infinite dimensional space.

1.3.3 Strong and weak second-order random elements

The previous discussion may lead one to think that there is no way for a covariance
operator to be the identity. This is true for v € L?(S;H), however, there exists a larger

class of random elements for which covariance operators can be defined.

1.34 Definition We say that the random element v : S — H is of weak second-order if,
for any h € H,
E[(v, h)?] < +oo.
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We write L2, (S;H) to denote the set of weak second-order random elements. In this
sense, the set L?(S;H) is also called the set of strong second-order random elements on
H. By Cauchy-Schwarz in H, we clearly have L?(S;H) C L2, (S;H). One may show
that this inclusion is strict if, and only if, H is infinite-dimensional (Vakhania; Tarieladze;

Chobanyan, 1987).

The concept of weak second-order (and, more generally, weak p-th order) random
elements was explored mostly in the 70s and 80s, see (Vakhania; Tarieladze, 1978; Baker;
McKeague, 1981; Vakhania; Tarieladze; Chobanyan, 1987), but it appears to have largely
disappeared from consideration by both pure and applied works in more recent years. Our
purpose in recalling this notion is to use it in Chapter 2 to construct unbiased gradient
estimators in infinite dimensional spaces. There, in Proposition 2.1, we will show an
explicit example of a weak second-order distribution, whose covariance operator is the
identity. Although this construction is self-contained, we felt it was best to introduce here
the general theory of weak second-order distributions and provide the reader with some

context.

An important object related to weak second-order distributions is their induced

operator.

1.35 Proposition Let v € L2_, (S;H). Then the linear operator T, : H — L*(S) given

weak

by T,h = (v, h) is both well-defined and continuous.

Proof. Since v € L2, (S;H), by definition we have (v, h) € L*(S) for all h € H, so T, is
well-defined and is clearly linear. To show the continuity of T}, we leverage Theorem 1.15.
Let h,, converge in H to h and T,h,, converge in L?(S) to n. On the one hand, convergence
in L*(8S) implies almost sure convergence along a subsequence, so there exists {ny}ren

such that T,h,, — n a.s. On the other hand, since h,, — h, we also have
Tohy, = (v, hy) — (v, h) =T,h as.

Since this also holds along subsequences, we have T,h,, — T,h a.s. Now, we simply note

that almost sure limits are unique, so T,h = 7 a.s. and T, is continuous. [

1.36 Theorem Let v € L2, (S;H). Then v admits a mean vector, that is, there exists
v € ‘H such that
E[(v,h)] = (v,h) forall heH.

Proof. We know that the operator T, : H — L*(S) induced by v is continuous, so it has
an adjoint T : L?(S) — H. Let us characterize T*. Take h € H, £ € L*(S) and use the
defining property of the adjoint to write

(Ty&, hyy = (€, Toh)r2(s) = Eve[§(v, h)p).



Chapter 1. Preliminaries 27

Taking £ to be the random variable identically equal to 1, we get
(T5& h) = Ey[(v, k)],
meaning that E[v] exists and is given by T€. O

We now want to address the existence of a covariance operator for v € L2_, (S; H).

1.37 Theorem Let v € L2, (S;H). Then v admits a covariance operator, that is, there

weak

exists C, € A, (H) such that
E[{v —7,h){v =7, 9)] = (Cuh, g)
for any h,g € H.

Proof. In order to lighten the notation, we will now assume, without loss of generality,
that E[v] = 0. First, note that because v € L2 _,, (S;H), Cauchy-Schwarz in L?*(S) gives

weak

[N

E[|(v, k)2 (v, 9)l] < El{v, h)3)2E[(v, 9)?]7 < +oo.

Therefore, the expression E[(v, h)(v, g)] is well-defined.

If the reader recalls the discussion preceding Definition 1.29, he will note that, in
order to show the existence of the covariance operator C, € Z(H), we only need to show

that the linear map? ¥, : H — H* given by

Wy (h)(9) = E[{v, h)(v, )]

is both well-defined and continuous. Denote by ® : L?(S) — L?*(S)* the isometry induced
by Riesz representation, that is: ®(£)(n) = (£,7)r2(s)- Then, the well-posedness and

continuity of ¥, become immediate when we write

Wy (h)(g) = E[{v, ) (v, 9)] = (Toh, Tug) 12(s) = S(Tuh)(Tog)- H

1.4 Elements of nonlinear functional analysis

Our main purpose in Chapter 2 will be to build a first-order optimization algorithm
in infinite dimensional Hilbert spaces. In this sense, this section provides an overview
on two of the most commonly used differentiability concepts in functional analysis, and
the relationship between them. Our discussion of these topics is based on (Pathak, 2018,
Chapter 3).

2

Here we are slightly changing the notation from before, because now V¥, is not a bilinear form, it only
induces a bilinear form via (h, g) — ¥, (h)(g). We do this because here it is better to see ¥, as an
operator, and we hope that no confusion will come from this abuse of notation.
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1.4.1 Gateaux, Fréchet and the gradient
Let W, ||-Il,») and (V,||-||,,) be Banach spaces, and let F': )W — V.

1.38 Definition The directional derivative of F at w € W in the direction of y € W, when

it exists, is defined as

. Flw+dy) — Flw d
DF(w;y)é(lsl_I}l ( y) (w) —F(w+(5y)‘6:0.

o 5 4

It is immediate that the directional derivative is homogeneous, in the sense that

DF(w;ay) = aDF(w;y) for « € R. However, it may fail to be linear.

1.39 Example Let F': R? — R be given by

22 :
2 (ny) £ (0,0)

F(z,y) =
0 if (z,y9)=(0,0).
Then
F(éx,oy) — F
DF((0,0): (z,y)) = lim 7T = OO
1 53 (x%y)
=1llm-+ -—-’
5500 0%(22 +y?)
_ Ty
22+ y?’

which is clearly not a linear function of (z,y).

1.40 Definition If DF(w;-) : W — V is a bounded linear operator, then we say F' is
Gateauz differentiable at w and its Gateauzr derivative is given by DF(w;-), which we also
denote by DF (w) : W — V.

The Gateaux derivative allows us to write
F(w +dy) = F(w) + 0DF(w;y) + 0y(9),

where 0,(§) € V denotes a term satisfying

0,(0
lim —y( ) =0.

6—0 0
If we want this remainder to not depend on the direction y, we need a stronger notion of

differentiability.

1.41 Definition We say that ' : W — V is Fréchet differentiable at w € VV if there exists
T € B(W,;V) such that

lmwﬂw+w—FW%4Mb

= 0.
y=0 1Yl

In that case, F is clearly also Gateaux differentiable and we have T' = DF(w).
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One may wonder under which circumstances Gateaux differentiability implies Fréchet

differentiability. The following result provides a verifiable condition:

1.42 Theorem Suppose F': W — V is Gateaux differentiable in a neighborhood W of
w € W, and that the map DF : W — Z(W,V), mapping each w' € W to its Gateaux
derivative DF (w') € (W, V), is continuous. Then, F is Fréchet differentiable at w.

Proof. See (Pathak, 2018, Theorem 3.3). O

In the special case where VW = H is a Hilbert space and V = R, the Fréchet derivative
DF(h) at h € H belongs to H*. Therefore, by Riesz representation (Theorem 1.13), there
exists g € ‘H such that

DF(h;v) = DF(h)v = (g,v) forall veH.

In this situation, we call g the gradient of F' at h, and denote it by VF'(h).

1.4.2 Examples

1.43 Example It follows immediately from the definition that, if 7' € Z(W);V), then T is
Fréchet differentiable and DT'(w) = T for every w € W.

1.44 Example Consider the squared norm functional ||-||* : % — R over a Hilbert space
‘H. Let us show that it is Fréchet differentiable. Take h,v € H and write

1A+ ol* = [|A]* 4+ 26(h, v) + [[o]|*.
Therefore,

1A+ ol* = (|8l — (2h,v)|
o]

=|v]| =0 as v—0.

Hence, ||-|* is Fréchet differentiable, with gradient given by
V1) = 2h.

1.45 Example (Statistical inverse problems) This example is based on (Fonseca; Saporito,
2022). Let X be an R%valued random vector and ¢ be a zero-mean, square-integrable
random variable, independent of X. Denote by L?(X) the class of functions f : R — R such
that E[f(X)? < 4o00. Let H be some arbitrary Hilbert space, and let A € B(H, L*(X)).
Take some h* € ‘H and define
Y = AR*)(X) +e.

If we want to estimate A*, then a reasonable criterion to evaluate the quality of an estimate
h € H is given by the risk functional R : H — R:

R(h) = SEIV — (X))
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Let us show that R is Fréchet differentiable. Take h,v € H, 6 > 0 and compute
1
R(h+ dv) = §E[(Y — A[h + 0v](X))?]

_ %E[((Y — A[R)(X)) — SA[](X))?]

SEI(Y — AT + SBI(Y — AIRCO)ARI(X)] + S ELAR] ()7
= R()+ TBI(Y — AP ARICO] + AR
Therefore:
R 00 RO _ iy — AR ARICO] + AR g

S E[Y — ARI(X)AR](X)] as 8§ — 0.

This means that
DR(h;v) = E[(Y — A[R](X))A[v](X)]

for every h,v € H. To see that this directional derivative corresponds to a Gateaux
derivative, we condition on X and recall that, since E[¢] = 0 and ¢ is independent of X,

we have E[Y | X] = A[h*](X), implying that

E[(Y — A[n](X))A] ]E[EK h)(X))A)(X) | X]]
= E[(A[n*](X) — A[R](X))A[v](X)]
= (A[p” ] [ v rax)
= (A"A[R" = h], v}

Thus, DR(h;-) = (A*A[h* — h],-) is linear and continuous, so that R is Gateaux differ-
entiable. Furthermore, the map DR : H — H* taking h to DR(h) = (A*A[h* — hl, )%
is continuous due to the continuity of A and of the Riesz isometry on H. Hence, by
Theorem 1.42, R is Fréchet differentiable and VR(h) = A*A[h* — h].

Before the next example, we recall the Sobolev spaces H(Q2) defined in Example 1.7
and introduce another important property they have: Sobolev spaces allow for a way to
make sense of evaluating a function in L?(2) at the boundary of . If © has a smooth
boundary 02, then 052 is a set of null Lebesgue measure, so it does not make sense to talk
about f restricted to 9N for a general f € L*(Q), since f is only defined up to a set of

null measure. However, if f € H'(Q), then this can be done in an analytically nice way.

1.46 Theorem Let Q C R be a bounded open set with Lipschitz boundary®. Then, there
exists a bounded linear operator Tr : H'(Q) — L?(99) such that Tru = u|sq for every

u € H*(Q) that is uniformly continuous. We call Tr the trace operator.

3 In the sense that 0 is, locally and after possibly a change of coordinates, the graph of a Lipschitz

function.
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Proof. See (Grisvard, 2011, Theorem 1.5.1.3). O

So, if h € H'(Q) and & € 99, then the expression h(x) should be understood as
Tr(h)(x).

1.47 Example (Differential Equations) This example is a prototype for the kind of functional
we will optimize in Chapter 2. Let R : H'(0,1) — R be given by

1

R(b =5 [ (0= h)(a)* do + 5(0(0) - 1%

where h' denotes the weak derivative and h(0) is understood in the trace sense. This
functional could be used to quantify by how much the function h does not satisfy the

following initial value problem:

h'=h in (0,1),

(1.7)
h(0) = 1.

Of course, the unique solution to this problem is h*(x) = e”. However, if we did not know
that, we could characterize h* as the unique minimizer of R over H'(0, 1). So, in principle,
it makes sense to think about how we could minimize R over H!(0,1). One way to do so
would be to use a gradient-based optimization method, but for that we first need to verify
that R is Fréchet differentiable and compute its gradient. Following computations very
similar to Examples 1.44 and 1.45, one may show that for h,v € H'(0,1) it holds

DR(h;v) = (lsir% Rih+ 5?
—

—R(h !
(h) = / (W' — h)(x)(v" —v)(x) de + (R(0) — 1)v(0).
0
As in the previous example, our strategy will by to find g, € H'(0,1) such that
DR(h;v) = {(gn, v)m ) forall veH'(0,1). (1.8)

Then, if the map h + g; is continuous, Theorem 1.42 implies R is Fréchet differentiable
and VR(h) = gp.

Let us start by rewriting Equation (1.8). We want to find g5, € H'(0,1) such that

/ (1 = h)(z)(v" = v)(x) dz + (h(0) — 1)v(0)
0 (1.9)

= [(n [ /@ a

for all v € H!(0, 1). Let us start by developing the LHS. Write

[ = nw - o) o
5KHMW@M_(KM@“@M+A%@W@¢Q+A%@M@M
:wwww—<[5@m@m+lmwwumﬁ.
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Now we integrate by parts to obtain

/0 h'(x)v(z) de = h(1)v(1) — h(0)v(0) — /o h(z)v'(z) d.

Substituting, we find that

[ 0= W@ = o)) e = (b vdenon ~ AU + AO00)
so the directional derivative can be written as
DR(h;v) = (h,v)p 0,1y + (21(0) — 1)v(0) — h(1)v(1).
Therefore, our task is now to find ¢°, g* € H'(0,1) such that
<gO,U>H1(Q’1) =v(0) and <gl,v>H1(071) =v(1)

for all v € H'(0,1). Then, we will have g, = h+ (2h(0) — 1)¢g° — h(1)g". Let us look for go
and g; among the subset of H'(0, 1) formed by the functions which are twice continuously

differentiable. Let i € {0,1} and use integration by parts to write

(9°, V) (0,1) :/0 (¢") (z)v'(x) dx—i—/o g'(z)v(z) do

(¢')(0) =0, (¢")(1)=1.
The solution to this second-order, linear ODE system is

e + eQ—x

go(x) = 21 gl(x) =

ex—l—l + el—r
e? —1

Finally, due to the continuity of the trace operator, the map
he gn =+ (20(0) = 1)g° — h(1)g"

from H'(0, 1) to H'(0,1) is continuous, so, by Theorem 1.42, R is Fréchet differentiable
and VR(h) = gp.

The reader might have noticed that computing the gradient exactly turned out to
be a harder problem than solving Equation (1.7) directly, since we had to solve a second
order ODE along the way. For more complicated differential equations, it is not possible to
obtain these gradients in closed form, so in Chapter 2 we will build more easily computable
stochastic estimators for VR (h).
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1.4.3 Convex functions

We end this section by recalling how convex functions are defined, and how they can

be characterized in terms of their gradients.

1.48 Definition Let )V be a vector space, and let F': YV — R. Then F is said to be convex
if for all v,w € V and ¢ € [0, 1] we have

F(to + (1 — tyw) < tF(v) + (1 — t)F(w).

The following characterization is central to the analysis of gradient-based methods for

optimizing convex functions:

1.49 Theorem Let H be a Hilbert space, and let F': H — R be a Fréchet differentiable

functional. Then, F' is convex if, and only if, for any h,v € H we have

F(h +v) > F(h) + (VE(h), ).

Proof. The proof for Euclidean domains still works in our functional setting. See (Pathak,
2018, Theorem 3.18). O

1.5 A primer on stochastic gradient descent

In this final section of Chapter 1, we want to go thorough a standard argument for
the convergence of stochastic gradient descent. Our goal is to work in a more simplified
setting and introduce the reader to the main ideas that will be present in Chapter 2. This

presentation is inspired by (Duchi, 2018).

Suppose we want to solve the following optimization problem:

min R(h), (1.10)

where H is a separable Hilbert space®. One of the most celebrated algorithms for doing so
is gradient descent, which works by starting with an initial estimate h; € H and making
updates of the form

hni1 = hy — @, VR(hy,).

However, it might be the case that computing VR (h,,) is very expensive. In that case,
a way to circumvent this difficulty is to come up with a random element 67\3(11) that is
more easily computed and serves as a reasonable estimator of VR(h). What is exactly

meant by “reasonable” may vary, but in this section it will mean the following:

1.50 Assumption Recall that (S, F,P) is our underlying probability space. We assume
that the map VR :H — L?(S;H) satisfies, for all h € H :

4

In (Duchi, 2018) the author considers only the finite dimensional Euclidean spaces. However, most
proofs also hold in infinite dimensions, so we will proceed with the more general setting.
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(i) E[ﬁ%(h)] = VR(h) (unbiasedness).

(ii) E[Hﬁ(h)”z] < M, where 0 < M < 400 (bounded variance).

Given this stochastic gradient, we consider the algorithm defined by an initial (deter-

ministic) hy € H and the update scheme
o1 = ho — VY R(hy), (1.11)

where the sequence {a, },en is called the learning rate and is assumed to be positive.

1.51 Theorem Let R : H — R be a Fréchet-differentiable, convex risk functional, and let
h be any reference element of H — for example, a minimizer of R over H, if one exists.
Let VR : H — L?(8,H) satisfy Assumption 1.50, and, for a given hy € H, let hy, hs, ...
be defined through Equation (1.11), where {a, },en is a sequence of positive real numbers.
Take N € N and define i € H to be the average of hy,...,hy weighted by aq,...,ay,
that is:

N 1 N
h:————§:ah
N n'tn
Zn:l On n=1

Then we have the following bound:

2 N

ER(h)] - R(h) < 2 =M 5 S 0

- N N .
En:l On anl (67

1.52 Remark Motivated by the inequality above, one can see that the learning rate a,
should be chosen such that

N

Zan—>oo and =n=ln 40

as N — oco. The reader may check that the sequence a,, = 1/4/n satisfies these require-

ments.

Proof. We start by expanding the squared distance from h,,; to h:
1 2 1 = 2
i = Bl = (e — 0 TR (h,) — ]

1 _
= S1(h = h) = 0 TR (B
1 9 a? — 9 ==
= Sl = AP + S FR() I = anthn — b, TR(h0))

Now we add and subtract a,(h, —h, VR(h,)) to obtain

1 2 1 2 O[2 i 2
—|hnsr — B||” = =||hn — R||7 + || VR(A) |7 — an(bn — b, VR(hy
s = Bl = Sl = BIE + S2ITRE)IE = o B

+ by — h, VR(hn) — VR(hy)).
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We then use the fundamental inequality established in Theorem 1.49:
R(h) > R(hy) + (VR(hy), h — hy)
to write
—an(hn = h, VR(hn)) = an(VR(hn), h = hy) < an(R(h) = R(hn)).

Going back to Equation (1.12), this implies

1 1 a? —
S = Bl” < Sllhn = hI* + ZHI VR ()| + an(R(h) = R(ha)

+ an(hn — h, VR(hy) — VR(hy)).

After rearranging:

1 1 ozi — _—
@y (R(hn)—R(h)) < 5th—hl\2—§th+1—hll2+7IIVR(hn)|!2+an<hn—h7 VR(hn)=VR(hn)).

Summing this inequality from n =1 to n = N we find that

S au(Rlh) — R() < 5w — Al + Zannvn Ik
=t (1.13)
+ Z tn(hn — 1, VR () — VR(hy)).

The next step is to take expectations on both sides. By Assumption 1.50 (i) we have

E[VR(h.) — VR(hy) | ha] = EVR(hy) | ha] — VR(hy)
= VR(hy) — VR(hy)]
=0,

which implies that

E[(h, — h, VR(ha) = VR(h))] = E[E[(h, — b, VR(ha) = VR(h)) | ]

= E[(hn — b, E[VR(hy) — VR(hn) | hu])]
=0

for every 1 < mn < N. Furthermore, by Assumption 1.50 (ii) we have

N N
E (Y aillVR(k, H2] ZOPE IVR(h)P] < MY ol
n=1 n=1

n=1

Hence, taking expectations on Equation (1.13) we get

N u N
E ZanR( n ] (Z (]./n) —||h1 h||* + 72(12.
n=1 n=1
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Now we divide both sides by Zﬁ;l oy, and are left with
sl —nl* 30 an
Zan ha)| = R(h) < 2 + ==l n
1 Qn n=1 Zn:l Qn Zn:l Qn
To finalize, simply note that, because R is convex, we have the inequality
O

R(h) = ( Zan ) < Zan

nlannl nlannl
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2 Functional Gradient Descent through

Directional Derivatives

2.1 Introduction

Core to many applications is the solution of functional optimization problems; formally

speaking, these are of the form

argmin R(h), (2.1)
heH

where H is a separable Hilbert space (e.g., L? space, or a Sobolev space), and R : H — R is
a Fréchet differentiable risk functional, often convex. Prominent examples include machine
learning tasks such as supervised learning and generative modeling, optimization-based

PDE solvers and broader inverse problems.

To solve problems like (2.1), practitioners typically introduce a finite-dimensional
parametrization 6 — hy of the functions h € H and then optimize over § € RP using
some variant of gradient descent. This approach, however, is limited by the representation
capacity of the chosen parametrization; moreover, because the parametrization is typically
nonlinear (e.g., neural networks), even if R is convex, the composition 6 — R(hg) is most
likely not, increasing the complexity of the resulting optimization problem. To overcome
these issues, we perform gradient-based optimization directly in the function space H, since
its Hilbert space structure gives the existence of gradients as Riesz representers of Fréchet
derivatives. By doing so, we may retain convexity of the risk and also avoid the limited

representation power of any specific parametrization.

However, gradient-based optimization in infinite-dimensional Hilbert spaces is chal-
lenging. For one, functional gradients themselves are often hard to compute exactly, being
defined as solutions to variational problems involving the directional derivatives of the
risk. Secondly, it is not generally clear how to represent infinite dimensional objects com-
putationally. Thirdly, in the realm of stochastic gradient methods, controlling the variance
of an infinite dimensional random element usually requires more care than that of a finite

dimensional random vector.

In this chapter, we adopt the functional optimization perspective, but we bypass
exact gradient computation by taking inspiration from random gradient-free optimization
methods. This is a class of algorithms that build stochastic gradient estimators based only
on directional derivative computations, which are easily available through forward mode
automatic differentiation. We adapt this framework to be applicable in infinite dimensions,
yielding a general algorithm for minimizing Fréchet differentiable risk functionals over

separable Hilbert spaces, with convergence guarantees in the convex case.
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2.1.1 A motivating example: solving PDEs through gradient descent

Consider solving the following PDE with Dirichlet boundary conditions:

Liu)(x) =0 z e
u(x) = f(x) x € 01,

(2.2)

where 2 C R? is a bounded, open set with a smooth boundary and L is an ¢-th order
differential operator. For simplicity, in this section we will assume that L is a linear
operator with bounded coefficients. Recently, a fast growing body of research (Cuomo
et al., 2022; Raissi; Perdikaris; Ahmadi, et al., 2024; Raissi; Perdikaris; Karniadakis, 2019;
Sirignano; Spiliopoulos, 2018) has been dedicated to study deep learning algorithms that
find approximate solutions to (2.2). These algorithms work by minimizing a functional of

the form . .
R(h) = §\|L[h]!|iz(m +5llh = FlZ200), (2.3)

where h = hy is taken to be a neural network with fixed architecture, parameterized by
6 € R for some large D € N. The idea is to minimize R(hy) over § through variants of

gradient descent in the parameter space.

We propose to see (2.3) as acting directly on functions, as opposed to a loss over
finite-dimensional parameters. Our main motivation for doing so is preserving the convexity
of the risk when L is linear.! This is also aligned with a recent surge in the first optimize,
then discretize paradigm in the scientific ML literature, cf. (Miiller; Zeinhofer, 2023, 2024),
which tries to emulate functional optimization algorithms when optimizing a parametric
ansatz hy to solve (2.2). The functional perspective has also influenced recent works in
statistical inverse problems (Fonseca; Saporito, 2022) and nonparametric instrumental

variable regression (Fonseca; Peixoto; Saporito, 2024).

To proceed, we must first specify the domain H of the risk R. Due to the nature of
problem (2.2), we take H = H(£2), the Sobolev space of order £ and exponent 2 in 2 — that
is, the space of all h € L*(Q2) whose weak derivatives exist up to order ¢ and lie in L*((),
which we endow with the usual inner product (h,h)geo) = Zj<D(j)h, DY) 2.2
Thus, solving the PDE (2.2) becomes the optimization problem

argmin R(h), (2.4)
heHE(Q)

where R is given by (2.3).

To solve this problem under the functional paradigm, the most direct approach would
be to employ gradient descent in H*(Q2). By definition, if R is Fréchet differentiable, the

1

If L is nonlinear we may lose convexity, but still obtain a problem that is simpler than what a non-linear
parametrization would result in.

We denote the j-th weak derivative of h by D@Wh, which we interpret as a d’-dimensional array of real
numbers.

2
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gradient VR (h) is the unique element of H(2) satisfying (VR(h), V)me(o) = DR(h;v) for
all v € HY(Q), where

h+ov) — R(h
DR(h: v) = lim A+ 0v) = R(R)
6—0 )
is the directional derivative of R at h in the direction v. Thus, to obtain VR(h) we first

need to compute DR (h;v), which is straightforward due to the linearity of L:

(2.5)

DR(h;v) = /

Q

L{h) (@) L[o) () dez + / (h(z) — f(@))o(x) o(d),

o

where o is the surface measure on Of2.

We can now see that the functional DR(h;-) is linear and continuous in the H(£2)-
norm. Furthermore, the map h +— DR(h;-), from H!(Q) to its dual, is also continuous,
implying that R is Frechét differentiable by Theorem 1.42. Therefore, the gradient VR (h)

is well defined, and finding it is equivalent to solving the following problem:

Find g € H(Q) such that

> / DYyg(z) - DYo(z) de = / L{) (@) L) () dz + / (h() — f(@))o(z)o(dz),

onN
for all v € HY(Q).
(2.6)
This is a variational problem for which no general closed form solution exists, creating the

need to look beyond exact gradients in order to solve (2.4).

2.1.2 Random gradient-free methods

To avoid the computation of exact gradients, an existing branch of the literature
constructs “random gradient-free methods,” which leverage stochastic gradient estimators
based on computations of directional derivatives. Hence, though these methods are not
derivative-free in a strict sense, they are gradient-free. So far, this approach has only been
considered for finite dimensional optimization problems. In infinite dimensions, existing

methods exhibit prohibitive limitations.

If H = R? for some d € N, then random gradient-free methods estimate the gradient
A
g=VR(h) as

M
1
9=7; Z DR(h; vp,) U, (2.7)
m=1
where vy, ..., vy are i.i.d. vectors in R? with zero mean and identity covariance matrix, cf.

(Nesterov; Spokoiny, 2017). This is thus an unbiased estimator of g that, under additional

assumptions on v, has finite second moment: E[||§]|*] < +oc. For example, in the convenient

M+d+1
M

exhibits a couple of issues that may arise when # is high/infinite dimensional:

case where v; ~ N(0,1;), one may show that E[||g]|*] = ||g]? ( ). This setup already
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(i) The expression for E[||g||%] presented above suggests taking the sample size M to be
proportional to d. As d — +o0, this becomes infeasible.

(ii) Many of the usual choices for the distribution of the v;’s have no infinite-dimensional
analogue: there is no standard Gaussian distribution — see the discussion after
Theorem 1.33 —, no uniform measure over the sphere (Yamasaki, 1985), and no
Rademacher distribution (since sequences of £1’s are not square-summable). These
are distributions used, for example, in (Kozak et al., 2021; Nesterov; Spokoiny, 2017;

Stich; Miiller; Gartner, 2013) for the finite dimensional scenario.

(iii) More broadly, recalling Theorems 1.32 and 1.33, if a random element v in an infinite
dimensional Hilbert space satisfies E[||v]|*] < +oc, then it necessarily has a compact
covariance operator, which thus cannot be the identity — a necessary condition
for the unbiasedness of g in (2.7). In fact, as stated in Corollary 1.24, we have

|T — I|| > 1 for any compact operator T : H — H.

(iv) Generally speaking, it is difficult to design unbiased gradient estimators g whose

second moment is guaranteed to be finite for any gradient g.

In this chapter, we resolve these issues by proposing a novel random gradient-free
algorithm that is suitable for infinite-dimensional optimization. By first sampling a finite
dimension K and then sampling random directions v; from a specific K-dimensional
subspace of H, we are able to overcome issues (ii) and (iii); then, by choosing the sample
size M proportional to the random dimension, we bypass issue (i). Finally, by introducing
an appropriate preconditioning of the gradient descent process we are able to control the

variance of our gradient estimates, thus resolving issue (iv).

2.1.2.1 Notation

We denote the set of positive integers by N. Given a real, separable Hilbert space
(H,(-,-)) and a finite dimension d, the elements of H are denoted by regular font Latin
letters f, g, h,..., whereas the elements of R? are denoted by boldface Latin letters
x,Yy, z,... Regular font Greek letters will always denote scalars. For h, h' € H, we write
h®h' to denote the rank one map (h®@h')v = (b, v)h. If € = {e;, ey, ...} is an orthonormal
basis for H, {7;}ien is a positive, bounded sequence and® C' =3 7 v;(e; ®e¢;) is a diagonal
operator, the powers C*, for s € R, are defined through the usual functional calculus:

C* =32 (7i)%(e; ® ¢;). These are possibly unbounded operators with restricted domains.

3 Here and in similar situations where there is a series of operators, we define the series as the limit of

the partial sums in the strong operator topology, not the uniform operator topology.
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2.2 Hilbert Space Gradient-Free Descent

We assume to have access to a pre-basis B = {by,ba,...} C H, i.e., a linearly
independent subset of H whose span is dense in H. With B in hand, we define the
finite-dimensional subspaces By, = span{by, ..., b;}, for k € N. As a theoretical tool, it will
also be useful to refer to the orthonormalization & = {ej, e, ...} of the pre-basis, defined
through Gram-Schmidt. Since B has dense span, £ is an actual orthonormal basis of H.
We emphasize that we do not assume an orthonormal basis to be available in closed form,
rendering our approach applicable to spaces beyond the simple cases where such a basis is

known.*

Fix a probability space (S, F,P). At the n-th optimization step, our procedure starts
by sampling a random finite dimension K, from some distribution Pg supported on an

infinite subset of N. Given K, = k, it then performs the updates

My
—~ . —~ Ak
i1 = hy, — o, gn(k th (k) = — DR(hy; V), 2.8
o anll)  with (k) = 513 DR(nitn)y (2.8)
where vy, ..., vy, are iid. random directions sampled from a distribution IP,|;, supported

in B, C H, M € N denotes the sample-size for the stochastic gradient approximation,
and )\, € R, corresponds to a preconditioner on the gradient. We require {\; };en to be

positive and bounded.

We seek to design a distribution the for v;’s such that g, (K,) is an unbiased precondi-
tioned gradient, i.e., letting g, = VR(h,,), we want the expectation of g, (K, ) over the joint
distribution of K, and the v;’s, conditional on h4, ..., h,, to be Cg, for a positive-definite
operator C' : H — H, while ensuring finite second moment in an appropriate sense. This
is straightforward in finite dimension, but challenging in infinite dimensional spaces. To
this end, we construct the conditional distributions P, so that their marginal P, over K,
has identity covariance; this guarantees preconditioned unbiasedness, and with additional
conditions (to be derived in Theorem 2.8 and corollaries) will also ensure finite second

moment.

To attain this, it will be useful to refer to the QR decomposition of quasi-matrices.

Let By, be the quasi-matrix [by,. .., b, i.e., the operator By : R¥ — H given by

k
Bk - Z b’L X €;,
i=1
where {ey,..., e} is the canonical basis of R¥. The QR-decomposition can be naturally
extended to quasi-matrices, resulting in By = QxRy, where Qr = [e1,..., e is an

orthogonal quasi-matrix and Ry, € R¥** is an upper-triangular matrix (Trefethen, 2010).

4 For example, in our motivating application of optimization over Sobolev spaces, there are no explicitly-

known orthonormal bases for general domains {2 and differentiability orders £.
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Let K ~ Pk and define the tail probabilities t; = P[K > i, as well as the matrix
Ty = diag(ty, ..., t). Since Pk has infinite support, we have ¢; > 0 for all i € N. We then
take [P, to be the distribution of

_1
v=BR;'T, %z, where 2z~ N(0,1I}). (2.9)

With this choice, it follows:

2.1 Proposition The distributions IP,;, and [P, both have zero mean and satisfy
Cov[P,] = Q, Ty Q5. Cov|P,] = 1. (2.10)

Consequently, E,[g,(K,)] = CVR(h,), where E, denotes the conditional expectation
given hy, ..., hy,, and C': H — H is the diagonal operator

=1
with 75 = E[Mg | K > i].

Proof. The fact that E[v | K] = 0 is obvious from Equation (2.9), since E[z | K] = 0 and
then
E[lv | K] = ByR' T E[z | K] = 0.

To show that E[v] = 0, we need to show that E[(v,h)] = 0 for any h € H. This
is easily obtained if we use the tower property of conditional expectations to compute
E[(v,h)] = E[E[{(v,h) | K]] = E[(E[v | K],h)] = 0. However, to make sure that the
conditional expectations we are using actually exist and we can use the tower property,
we must first ensure that (v, h) € L'(S, F,P). This is done in the following lemma:

2.2 Lemma For any h € H, (v, h) € L}(S, F,P).

Proof. Since the random variable |(v, h)| is non-negative, its conditional expectation given
K always exists, even if |(v, h)| is not integrable. Therefore, now we can use the tower

property and write:

Bl (v, b)) = E[E[|(v, )] | K]) < B [E[(v, 1)? | K]}] = E [B[(Q) Tz, 2)* | K]],

_1
where we have used Jensen’s inequality and the identity v = QT ;* 2z, which is immediate

from (2.9). Now note that, given K, we have
1 1 1
(QkTy*z,h) = (2, T;* Qxch) ~ N(0, [T, Q).

This implies:
_1 1 _1 "
E [ELQxTxz ) | KJF| = E [T Qb

<E[|T Q5nl?] =E

K

h,€i2
3 ti>

=1

r.
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Now we rewrite the summation and apply Tonelli’s Theorem to obtain

1
2

K (h,e)? Z1{K > h,eizé
E§;<ti> :Ez;{ ti}< >]
_ (ZE {1{K2;i}<ha€i> }) _ <Z<h7 €i>2> = ||l
Thus, E[[{v, h)|] < ||h|| < +oo. N

Since the distribution of v given K has zero mean and is finite dimensional, we have

Cov[v | K] = E[v ® v | K]. We expand this expression, using again that v = QKT;(%z:
Elo®v | K] = E[Q Tz ® QTx'z | K]
= ElQy Ty (2 )T Qic | K] = QT 'Blz @ = | KT Q.
By the definition of z in Equation (2.9), we have E[z ® z | K] = Ix. Thus:
Elp®v | K] = QT Q.
This shows that Cov[P,x] = Cov[v | K] = QTx' Q-
To obtain Cov[P,] = Cov[v] = I, we must take h, h’ € H and show that E[(h, v) (k' v)] =

(h,h'). Once again, we would like to proceed by conditioning on K. The next lemma shows

that this is possible:

2.3 Lemma For any h, 1/ € H, we have (h,v)(h',v) € L}(S, F,P).

Proof. By Cauchy-Schwarz in L*(S,F,P), we have

N
N

E[[(h, v)(h', 0)[] < E[(h, v)*]2E[(H, v)°]2.

By the arguments in the proof of Theorem 2.2 we know that
1
E[(1,v)’] = E [E[(W,0)* | K]] = E[|T* Q%I = I|R]l*,
and likewise for h'. Therefore, E[|(h,v){h/,v)|] < ||h]|||F] < +o0. O

Now, conditioning on K we obtain
E[(h, v)(h',v)] = E[E[(h, v){I, v} | K]]

= E[(Cov[v | Kb, 1')] = E[(Qx Tx'Qich, 1)) = E[T ' Qich, Qich')].
(2.12)

Since Qi = le1, ..., ex] and the e; are orthonormal, we have

K

(T Qich, Qicl) = (hoep e _ > Mm, e (M, e;). (2.13)

t; t;
i=1 v i=1 v
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Taking expectations on both sides and applying Fubini to bring out the sum, we get

E[(h, v)(K ,v)] = Z ”K =2 (h,e) (W, e;) = Z<h,ei><h',ei> = (h,B).  (2.14)

Therefore, Cov[v] = I. Finally, to show E,[g,(K)] = Cg,, we will take an arbitrary
h € H and show that E,[(g,(K), h)] = (Cgn, h). The argument to show that (g,,(K),h) €
LY(S, F,P) is very similar to the one presented in Theorem 2.3, so it will be omited. Start
by conditioning on K and recalling that DR (hy, V) = (Gn, Um):

En[(9n(K), h)] = B [En[(9n(K), h) | K]] = En ]\);[—I; D Ea[{gns vm) (@, vm) | K]
= B [AEn[(gn, v)(h, v) | K]],

where we have used that vy, ..., vy, areii.d. with the same distribution as v. By Equations
(2.12) and (2.13) we know that

Eallgn, o) 0o} | K= S0 T2, e 2.15)

Now, again by Fubini we obtain

En[(9n(K), h)] = En,

SR 280 e >]

i=1 ti
E [)\Kl{f > i}

I
WE

| e

1

.
I

E [)‘K | K Z Z] <gn7ei><h‘7€i> = <an7h>7

I
.Mg

@
I
—_

which finishes the proof. O

2.4 Remark Recalling Section 1.3.3, distributions of v for which E[||v]|?] < +oo are said
to be of strong second order, and must have a compact covariance operator, cf. issue (iii) in
Section 2.1. Since H is infinite dimensional, the identity operator is not compact, implying
that our proposed distribution P, is not of strong second order. It is, however, of weak
second order, meaning that it satisfies E[(v, h)?] < +oo, for any h € H. Such distributions
still have covariance operators, which do not need to be compact — see Section 1.3.3,

specifically Theorem 1.37.

Leveraging this, we obtain Algorithm 1, which solves (2.1) by employing update (2.8)
with the distribution P, specified in (2.9). The analysis of our algorithm is inspired by
that of preconditioned gradient and variable metric methods, see (Duchi, 2018, Chapter 4)
and the references therein. In this direction, a central object for the upcoming results

is the (diagonal) inverse square-root operator C~2 : C'z(H) — H. This operator is well
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Algorithm 1: Hilbert Space Gradient-Free Descent
Parameters: Distribution Px over N, sequence of sample sizes { M, }ren C N, sequence
of preconditioning parameters { \; }ren C R, sequence of learning rates {a, }neny C Ry,
number of iterations N € N, starting point h; € C %(7-[)
Input: Directional derivative DR : H x H — R, pre-basis B = {by, by, ...}, inner
product (-, -).
Output: hy,...,hys1 € H.

for 1 <n < N do
k < sample from Py

Bk<— [bl,...,bk]

Ty < diag(tq,. .., t)
R, < R matrix from QR decomposition of By, // Can be precomputed

z1,..., 2y, < ii.d. sample from N(0,1})
1

U+ BLR'T, 22, 1 <m < My

G e Yoy DR 0 )0

ke my
hn-i-l <~ hn - Oénjq\n
end for

defined because both C' and C'z are positive definite operators: we require A; > 0 for all
1, implying that the diagonal of C' is strictly positive. With C~2 we can define the inner
product (h, )¢ £ (C~2h,C~2h'), for h, ' € C2(H), as well as the norm b2 = (h, h)e,
which controls the behavior of our convergence bounds. It is straightforward to check that
C2 (H) contains the orthonormal basis £, making C 2 a densely-defined linear operator
in H.

2.5 Remark We note that C' is the covariance operator of \/Agv, for v given by (2.9).
Though the distribution of v/Axv is not Gaussian, in the context of Gaussian measures
the subspace C' %(H) is called the Cameron-Martin space of the Gaussian with zero mean
and covariance C, cf. (Vakhania; Tarieladze, 1978).

We can now state our first convergence bound. To simplify the notation we will write

g instead of g,(K,), leaving the dependence of g, on K,, implicit.

2.6 Theorem Assume that R is convex, and let hq,...,hy be the output sequence of
Algorithm 1. Define the averaged estimate h = (Zﬁ;l anhn)/ > n_, . Then, if E[||g,]|Z] <
+o0 for all n, taking any h € C'z(#), we have:

BRG] - R < M=l 5 2Rl

— N N
Zn:l Qn Zn:l Qn

Proof. Let us start by recalling that g, € (J,—, Br C C(#) almost surely. Thus, since
hy € C(H) by assumption, we have h,, € C(H) for all n = 1,..., N. We emphasize that

. (2.16)
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both G, and h, belong to C(H) in addition to C'z(H) because we will use the following
property of (-,-)¢: if h € C2(H) and B’ € C(H), we have (h,h)¢ = (h,C~'}).

Set g, = VR(h,) and expand 2|, 1 — hl|Z:

1 1 ~
SWonss = Bl = SllAn = ang — bl

1 1 45 . 1~
= 5llhn = hlle + 50ulGalle — anlin =7, C7G0)

1 1 -
= §th - h”% + _O‘ELHQHH% - an<hn - hagn>

2
+ an(hy — by gn — C71G,).
By the convexity of R, we have R(h) — R(hy) > (h — hy, g,,), which gives us
—n{hn = h, gn) < =an(R(hn) = R(h)).

Hence, we obtain

2021l = n(R(ha) — R(W)

+ an<ﬁn - h7 gn — Cil/g\n%

1 1
M = BlE < Sl — Bl +

which we rewrite as
an(R(hy) — R(h))

1 1 =N 1 ~ 1~
< §||hn - h”%‘ + 504721“971“%‘ - §||hn+1 - h“%’ + O‘ﬂ<hn —h,g, = C 19n>'

Summing this inequality for n =1,..., N we get

N N N

1 1 - ~ 1~
> oa(R(hn) = R(W) < Sllhy = hll&+ 5 > aRllgallé + D anlho = hogn — C7150).
n=1 n=1 n=1

Again by convexity, we have R(ﬁ) < (N anR(h))/ 5N @, implying
~ Ly — hali2, LSV 20150112 N _ s
R)— iy < ARl B oI | S aulhe ~ hugu = C5)
anl Qn anl Qn Zn:l Qn

Finally, we take expectations on both sides, hoping that the last term on the RHS will vanish.
Although we will show this to be true, the reason is not because E[C~1g,] = C7'E[g,].

Recall that C~1 is a possibly unbounded operator, meaning that it does not necessarily
commute with expectations, so we must proceed with care. The result we will use is the

following:

2.7 Lemma If E,[[[3,]|2] < +oo, then for any i’ € C'2(H) we have

Ea[(K, C™'Ga)] = (W, gn)-
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Proof. Analogously to the proof of Proposition 2.1, we will start by showing that (h’, C~1g,) €
L'(S, F,P,), where P, is the conditional measure given hy, ..., h,. Expanding /' and g,

(W, €| [(Gns €]
> ]

Now, use Cauchy-Schwarz over the space of square-summable sequences to obtain

(e e (& a2\ (& G\
- el e g(Z 4 ) (2—74 ) — W llelgalle.

i=1 i=1 Vi i=1 v

over the basis £ we get

<E,

h, e (gn, e
Z< ) (Gn; €3)

Enwh/a C_1§n>\] =E, ‘
=1 %

Therefore,
1
E.[[(7', C7'G)[] < INlcEallgallc] < 7 IcEa[lIgallE]? < +o00,

by assumption. Thus, we can condition on K and use the fact that g, € Bg to write

B[, C150)) = B, B, f: o)) | |
— Vi
T K 17 K N
gn7el> <h/7ei>En[<gnvei> ’ K]
=E,|E, | K|| =E, )
I ; 1 ; Yi

Now recall that

A K>
By [(Gr e0) | K] = Ac(T Qg Qees) — 2EHE =2

ti <gn7 6i>-

Thus, we have

En[(',C™'gn)] =En

) MW, €i)(Gn, €z‘>] :

p— ti%i
Using Fubini and the definition of v; as E[Ax | K > i], we obtain

o0

En[<h/7 C_l/g\n” = Z<h/7 €i><gn7 ei) = <h/a gn>a

i=1
which finishes the proof of Theorem 2.7. O

Going back to the proof of Theorem 2.6, since h € C' %(7{) by assumption, we have
h,—heC %(’H) for all n, letting us apply Theorem 2.7 to conclude that

]EKhn - h7 gn — 0_1§n>] - E[]EnKhn - h, 9n — C_1§n>]] =0. O

As is evident from Theorem 2.6, it is essential that the second moment term E[||g,||%] be
finite. By the tower property, a necessary condition would then be E,[||9,]|2] € L'(S, F,P),
where, we recall, [E,, denotes the conditional expectation given hq, ..., h,. If H were finite-
dimensional, then usual choices for P, have finite moments of all orders, trivially ensuring
a finite second moment for g,; however, in infinite-dimensional spaces this is substantially
harder, and is only possible due to (i) the particular design of our P,, and (ii) the

introduction of the preconditioning Az, as we will now show.
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2.8 Theorem Recall that 7; = E[Ax | K > i] and let g, 2 VR(h,). The second moment

of g,, then satisfies
M (v- 1 ~ (gn: 1)’ 1 o~ (gns 1)’
K ny -1 A2 1 - ny -1 )
My (Z tz’%‘) (Z ti K( " MK) ; £
(2.17)

E[[gnllc] = En +E,

=1 =1

Proof. To simplify the notation in this proof, we will drop the subscript n and write g

instead of g,. Start by using the symmetry of C'_%, Tonelli and conditioning on K to

obtain
0 1 0o \2
E[|gllz] = E ;(0_2@ 6¢)2] = ;E {WEK%%}Q | K11, (2.18)
where we define
IUUNETR -
GENG = M—K;@,vmwm- (2.19)
Our goal now is to compute E[(g, ¢;)* | K]. Expanding the square and using the fact that
U1,. .., U0, are iid. given K, one may verify that
1 & i
E[(g,e)’ | K] =E <M_K ;(g,vm>vm,6¢> | K
1

(g,e:)?. (2.20)

= L El(g,0)20,e)? | K] + (1— ! ) atE)

M) o

To compute E[(g, ¢;)%(v, ;)% | K] we start by rewriting:

(v@v)(g®g9)(v®v)e;,e;)

(QT 222 QT 22)(g® ¢)(QT 22 ® QT 22)e;, e;)

= (QT 2 (2@ 2)(T7:Q g ® T72Q"g) (2 ® 2)Q T 2¢;, ¢;)
((z®2)L(z ® z)x, T)px,

where L = T"2Q*¢ ® T"2Q*g € RE*K and & = T~2Q*¢; € RX. Hence,
E[(g,e:)(v,e)? | K] = (E[(z ® 2)L(z ® 2) | K]z, x).

Now, since z ~ N(0,1x) and L is symmetric, one may show that the following fourth-

moment identity holds:
Ef(z®2)L(z® z) | K] = (tr L)Ix + 2L.
This implies:

E[(g,e:)*(v,e;)? | K] = (0 L)Ig + 2L)@, @)ax = (trL)||2|px + 2(La, )rx.
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Substituting L and a, we obtain

E{{g, e)*(v,e:)” | K] = (Z o ) HE2D GUEZ D gar o

~ t;

Substituting in (2.20), we find that

E[<g,6i>2 | K] — ]WlK (Z (g, €j>2) 1{K Z Z} + (1 + ]\;K) 1{[222 Z} <g,€i>2' (2‘22)

Now we simply substitute back in (2.18) and rearrange summations to obtain the desired
result. [

Let us start by considering what happens when there is no preconditioning:

2.9 Corollary Let A\, = 1. Then, independent of the choice of M}, a necessary condition
for E,[|[gn]|2] < +o0 is

i Gn €3] . (2.23)
1=1

2.10 Remark Note that if Ay = 1, then C' = I and ||-||c = ||-|| meaning that, without

preconditioning, we cannot guarantee E,[||g,]|*] < +oo for every g, € H.

Proof. From (2.17) it is immediate that

K
)\2 <1 + _) g’rw 61
" i=1 £y

where we have substituted A\, = 1. Now compute

E,[alle] > En

E i <gn7€i>2 _E il{K > }<gn762> _ i <gn7€1>
' =1 tZQ B i=1 z B i=1 tz 7
implying that > 7 (g, €:)%/t; is a lower bound for E,[||,]|Z]. O

Therefore, if A\, = 1, to obtain a useful bound in Theorem 2.6 we would need to
assume (2.23) for every gradient g, in Algorithm 1, which is rather restrictive. Fortunately,
there is a better choice of A\, and M} which avoids this issue altogether. First, a useful

lemma:

2.11 Lemma For any distribution Px over N we have

t:
51 <E[tg | K >i] <t;, forall ieN. (2.24)
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Proof. The upper bound is obvious, since t; = P[K > i] is decreasing in i. To obtain the

lower bound, expand the expectation and factor out a telescoping sum:

Lo~ PK=j5] 1
]E[tK|K2z]:th%:t—

Mg

ity = tie)

I
-

J

1
=(t; — tj)?

I
S| =
Ngk
N | —

(17 —t51) +

i 2
j=i
1 <1 2t
>—) —(B-t,)=>=2
—ti;2( 5+1) 2, 2’
which follows from ¢; — 0 as i — +o0. O

As an immediate consequence, we have the following second moment bound:
2.12 Corollary Choose A, =t and My = [k/c], for some ¢ > 0. Then

Eu[l1Galle] < 2(1+2¢) | gall". (2.25)

Proof. From (2.17) we can see that E,[||g,]|%] is decreasing in Mj,, so we can obtain an

upper bound by substituting M = k/c. Then, by Theorem 2.11 we have

i (= 2 ) (<= (gns )’ ) e\ (= 2(gn, €3)?
TS e e ()]

p z;gl > = p g ) =1
> ]

E.[l[9.12] < En +E,

< 2cE,

+2(1+¢)E,

’L

=2(1+2¢) ||gnll”,

where we have used the fact that tx < ¢; if i < K. O

Thus, combining Theorem 2.6 and Theorem 2.12, we obtain our main result:

2.13 Theorem Under the same setting as Theorem 2.6, take A\, = t;, and M, = [k/c]| for
some ¢ > 0, and suppose that ||g,|” < G? almost surely, for all 1 < n < N. Then, for any
h e H,

~ L — b2 N 2
E[R(h)] — R(h) < 2“N—1”C +(1+20) G?%. (2.26)
Zn:l On Zn:l Qn
Proof. ITmmediate consequence of (2.16) and (2.25). O

Theorem 2.13 implies that the learning rate «,, should be taken to satisfy the usual

conditions
N 2
Z a, — +oo and # —0 (2.27)
n=1 n=1 COn

as N — 4o00. In fact, if we fix a priori the number of iterations N, then the following

bound is optimal:
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2.14 Corollary Under the setup of Theorem 2.13, take any h € C2() and set

h—h
= | e (2.28)
V21 +2¢)GVN
Then, the expected excess risk satisfies
~ 17— hilley/2(1 4 2¢)G
E[R(h)] = R(h) <
VN
and this bound is optimal.
Proof. Let ¢ : RY — R be given by the RHS of (2.26), that is:
allh = halZ le]]3
Y(a) = 2"+ (1 +20)GP 12,
ey leells
where a = (ay,...,ay) and ||a||, denotes the p-th norm of a. The following facts about

1 are easily checked:

(1) ® is convex;
(2) ¢ is symmetric, in the sense that 1) o 0 = 9 for any coordinate permutation o;

(3) ¢ is coercive, meaning there exists ¢ > 0 such that ¢(a) > ¢[|e||;, implying that
() = 40 as ||af|; — +oo.

Therefore, letting S C Rf be the set where ¢ achieves its minimum, we know that S is a
nonempty, convex set that satisfies o(S) C S for any coordinate permutation o. Thus, S
contains a point whose coordinates are all equal. Substituting a,, = a(N) in the RHS of

Equation (2.26) and minimizing over a(N), we obtain (2.28). O

In order to obtain the best possible bound in Theorem 2.13 or Theorem 2.14 with
relation to h € Cz(H), we would like to take h = h* € argmin,c, R(F). However, if
h* & C2(H), then ||h* — hy|Z = 400, and the bound becomes vacuous. By Theorem 2.11,
note that h* € C %(H) is equivalent to

o0 h* ; 2
3 < ;e " < oo (2.29)
i=1 ‘

Although there is no way to guarantee this holds a priori without additional knowledge
about h*, it is easy to show that, whatever h* may be, there exists some distribution Py
for which (2.29) holds.

2.15 Proposition For any h* € H, there exists a distribution Pg for which ¢; =
Pk ([i, +00)) satisfies (2.29). For this Py, we get h* € C'2(), implying ||h* — |7, < +oo.
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Proof. Let 0; = (h*,¢;)?, and set A; = ijl. 6;. Since A; — 0 as i — 400, there exists a
strictly increasing sequence {nj}xen such that ny, > 2 and A, < 27 for all k € N. Set
no = 1 and define {¢;};en by setting t; = 1/k for ny_1 < i < ng. It is immediate that

t, = 1, t; is non-increasing and ¢; — 0 as ¢ — +o00. Then

o0 nkl

i .ci)” if— S kb <ZkAnk1<Zk2 B+l < too.

i=1 k=1 i=ng_1
Hence, defining Py by P ({i}) = t; — tiy1, we get h* € Cz(H). O

2.16 Remark (Extensions) Although we assume the distribution of z given K to be
exactly NV (0,If), this is not necessary. Our proofs only rely on the first four moments of
z, therefore, all results remain valid if we swap A (0,Ix) by a distribution that matches

all of its moments (including mixed ones) up to order four.

2.3 Application: solving PDEs with functional optimization

In this section, we show how our framework can be applied to tackle our motivating
example of solving PDEs, presented in Section 2.1.1. To showcase our method’s flexibility,
we consider one linear PDE, the heat equation, and one non-linear PDE, an HJB equation.

They result in convex and non-convex optimization problems, respectively.

2.3.1 Formal setup and parameters

Let Q € R? be a bounded open set with a boundary smooth enough to admit a trace
operator® Tr : H'(Q2) — L?(9Q). For the sake of concreteness, we consider general PDEs

with Dirichlet boundary conditions:®

Luj(x) =0 x €,
u(x) = f(x) x e N C o

(2.30)

Here, the boundary condition is interpreted in the trace sense and L is a, possibly non-affine,

(-th order differential operator of the form
Llu)(®) = F(z,u(z), Du(z), .., DYu(x)),

with F: RExXR xR x - - - x R* — R being a given function. We assume that L[u] € L2(Q)
for all u € H*(€2). This is easily checked if L is an affine operator with bounded coefficients,

5  We recall that the trace operator is the proper extension of the “restriction to the boundary” op-

erator over continuous functions to Sobolev spaces. It exists, for example, if the boundary of  is
Lipschitz (Grisvard, 2011, Theorem 1.5.1.3), in the sense that it is, locally and after possibly a change
of coordinates, the graph of a Lipschitz function.

Other types of boundary conditions, such as Neumann or periodic boundary conditions, can be treated
analogously.
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in which case we further obtain convexity and Fréchet differentiability of the risk functional
1 1
R(R) = S NEIA a0 + S ICTr1A] = P)1alagony. (231)

as in Equation (2.3). We will also consider the case of nonlinear L, in which this assumption
may not hold, showing empirically that our algorithm still provides good approximations

in more challenging scenarios.

To be applied in this setting, our framework requires a pre-basis B = {b; };en for the
Sobolev space H(2), where ¢ € N. To obtain one, we will take advantage of the theory of
Reproducing Kernel Hilbert Spaces (RKHSs) and their smoothness properties. Recall the
Matérn kernel (Rasmussen; Williams, 2008, Section 4.2), given by

2 (Vavllz —yl|\ 2| —
Matern,,m(zc,y):F(V) <\/_VHC; y||> KV(M)’ c,ycQ, (2.32)

where 17 > 0 is the bandwidth parameter, v > 0 is the smoothness parameter, I" is the usual
[-function and K, is a modified Bessel function. When v — 1/2 is a nonnegative integer,
then Matern, , admits a simple closed form as a product of exponential and polynomial

terms (Rasmussen; Williams, 2008).

The following proposition establishes that Matérn kernels centered at appropriately

chosen centers & form a pre-basis for H(Q).

2.17 Proposition Let 0 C R? be a bounded, open set with Lipschitz boundary, and let
{z;}ien be a dense subset of Q. For £ € N, take v > 0 such that v + d/2 is greater than or
equal to £. Then, for any n > 0, the set B = {Matern,,, (x;, ) }ien is a pre-basis for H‘(€2).

Proof. The fact that B forms a linearly independent set follows directly from the positive-
definiteness of the kernel Matern,, ,. To show B has dense span, the main result we will
use is the following theorem, which is an easy consequence of (Rasmussen; Williams,
2008, Equation (4.15)), (Wendland, 2004, Corollary 10.48) (see also the discussion before
Corollary 11.33) and the extension theorem for fractional Sobolev spaces (McLean, 2000,
Theorem A.4):

2.18 Theorem Let Matern,,,, be the Matérn kernel on Q C RY, with smoothness parameter
v, and let s = v + d/2. Then, the RKHS #,, generated by Matern,, is equivalent to
H*(€2), meaning that H,, = H*(2) as a set of functions and their norms are equivalent:

there exist constants ¢; and ¢y, such that

e[l

me(o) < Bl < cllh|

me) forall heH,,

Now we will prove Proposition 2.17. We start with some notation: If (€, |-||¢) is a
given normed space and E C &, we denote by cl(E; &) the closure of E with respect to

||-||¢- In this notation, we want to show that, under the assumptions of Proposition 2.17,
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we have cl(span B; H(Q2)) = H*(Q2). The idea will be to show that this closure actually
contains a Sobolev space of order at least £, which will be dense in H(Q2). We divide the

proof into four steps:

First, let s = v 4+ d/2, which is greater or equal to ¢, by assumption. We claim
that cl(span B, H(Q2)) D cl(span B, H*(Q2)). Indeed, since the inclusion H*(£2) < H(2) is
continuous (McLean, 2000, Theorem 3.27), convergence in H?*(£2)-norm implies convergence
in H(Q2)-norm. Next, by Theorem 2.18, we have cl(span B, H*(Q2)) = cl(span B, H,,).
Thirdly, let B = {®(x)}zco. We then have cl(span B, H,,) = cl(span B, H,,) = H,.,.
Indeed, for © € €, let {y,}ien C {@;}ien be such that y, — @ as i — +oo. Now compute:

|Matern,, ,(x, -) — Matern, ,(y;, -) ||iw,

= <Materny,n(337 ')7 Maternyﬁ(w, )> + <Maternu,n(yiv ')7 Maternl’vﬂ(yi’ )>
— 2(Matern,, ,(x, -), Matern, , (y;, -))
= Matern, ,(, ) + Matern,, , (y;, y;) — 2Matern, ,(x, y,),

where we have used the reproducing property of H,,, in the last step. Now, note that
Matern,,,, is continuous in 2 x €2, which implies that lim Matern,, , (y;, y;) = lim Matern, , (x,y;) =
Matern,,,(x, ), thus ||Matern,,,(z, ) — Matern, ,(y;, )||3{M goes to zero as i — +o00.
This proves the first equality. The second one is the kIlOWI’l fact that an RKHS can be
constructed as the closure of the span of the image of the feature map with respect
to the RKHS norm, see (Wendland, 2004, Section 10.2). Finally, we have shown that
H*(Q) = H,,,, C cl(span B, H*(Q)). Now, recall that since (2 is open, bounded and has a Lip-
schitz boundary, we know that C°°(Q) is a dense subset of H(Q) for every ¢t > 0 (McLean,
2000, Theorem 3.29). Therefore, cl(H*(Q), H (2)) D cl(C>=(Q), H(Q)) = H(Q). O

So, as long as we have a countable set of points {®;};cy that is dense in Q (e.g.,
generated from quasi-random sampling at rational coordinates), the sequence of Matérn
kernels centered at the x; is a suitable pre-basis. This holds for any differentiability order ¢
and any bounded domain  with Lipschitz boundary, even when the Sobolev space H(£2)

is not an RKHS and/or the computation of an orthonormal basis becomes intractable.”

2.3.1.1 Implementation details

In order to compute Sobolev inner products (needed for the QR decomposition of the
quasi-matrices), as well as directional derivatives of the risk defined in (2.31), we need to
compute multi-dimensional integrals. In our experiments, we estimate these integrals with
Quasi-Monte Carlo using the Roberts sequence (Roberts, 2018). We chose this method

for its scalability to higher dimensions, and superior performance compared to simple

7 The computation of an orthonormal basis is highly dependent on both ¢ and €, and generally one is

not known in closed form.
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(b) Our method without preconditioning (A; = 1)

Figure 1 — Our method on the heat equation. On the top row we visualize a heatmap
of the solution u(t,z), with € [0,27] and t € [0, 1]; on the bottom row, we
visualize the solutions u(¢,z) at three points in time ( ,t=05and t=1).
As the theory suggests, our method with preconditioning effectively and provably
finds the correct solution to the heat equation. Without preconditioning, the
procedure quickly diverges.

random sampling. Computation of the directional derivatives is done using scalar automatic
differentiation, by writing DR(h;v) = £R(h+ 6v)|,_,.

2.3.2 Case I: Heat equation

As a first example, consider the heat equation

dwu(t,x) = Au(t, x) (t,x) € (0,T) x U,

(2.33)
u(t,z) = f(t,x) (t,x) € A,

for some open set U C R? and boundary condition f over the parabolic boundary A of
(0,7) x U. When written in the form of Equation (2.2) we see that the corresponding

differential operator L = 0; — A is linear, rendering the optimization problem convex. For
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100 —e— With preconditioning (Ax = tx)
—e— Without preconditioning (Ax = 1)

10°4 —e— With preconditioning (Ax = ti)
—8— Without preconditioning (A =1)

Risk R(hn)
Distance to solution ||h, —h * [|.2q)
=
)

20 40 60 80 100 20 40 60 80 100
Iteration Iteration

(a) Risk over iterations (b) Distance to solution over iterations

Figure 2 — Convergence of our method on the heat equation. The plots display (a)
the evolution of the risk R(h,) over iterations, and (b) the evolution of the
distance from the estimates h, to the optimal solution A* in L? norm. Note
how our algorithm with preconditioning steadily reduces both the risk and
distance to the solution, whereas without preconditioning it quickly diverges.

the sake of concreteness, we shall consider the following special case:

Owu(t, x) = Ault, ) t e (0,T7),z € (0,2m),
u(0,z) =sinz x € (0,2m), (2.34)
u(t,0) = u(t,2r) =0 te(0,7).

This has a known unique solution given by u(t, z) = e~*sin z, allowing us to easily evaluate
our procedure.

To solve Equation (2.34) we let Q = (0,7") x (0,27) and construct the risk functional
R : H?(Q) — R given by

1 1
R(K) = LILIA s + 210 = £
1 T pr27 9 1 2T ' 9
=3 [0:1(t, x) — Ah(t,2)]" dzdt + 3 [7(0,z) — sinz]” dz
o Jo 0

+%/OT[h(t,0) —O]th+%/oT[h(t, 27) — 0] dt.

Note that, by the linearity of L and the discussion in Section 2.1.1, this is a well-defined,
convex, Fréchet differentiable risk functional on H?((2), rendering our theory immediately
applicable.

We take T' = 1, Px = Poisson(100) with sample sizes My = [k/2], initial position
h1 = 0 and constant learning rates a,, = 0.6. For our pre-basis, we take n = 20 and sample
centers {@; }ien C Q with the Roberts quasi-random sequence (Roberts, 2018); this ensures

that the centered kernels from Proposition 2.17 form a proper pre-basis.

Figure 1 illustrates our procedure in two settings: with preconditioning (i.e., Ay = 1),

and without (i.e., Ay = 1). As we can see, under preconditioning we fall under the
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regime of Theorem 2.14, and our method converges to the true solution. However, without
preconditioning, which is equivalent to running a naive SGD method, our method quickly
diverges. This is most likely caused by the high variance of the stochastic gradients, as
noted in Theorem 2.9. In a similar vein, Figure 2 clearly displays the convergence of our
preconditioned method to the minimizer, while also exhibiting the quick divergent behavior

produced by vanilla stochastic gradients.

2.3.3 Case Il: Hamilton-Jacobi-Bellman equation

For our second example, we consider an HJB equation, which is a type of nonlinear

PDE with terminal boundary condition central to optimal control theory:

Owu(t,z) + inf H(z,du(t,x),c) =0, (t,x) € (0,T) X (-, %)
|c|<& (2.35)
uw(T,r) = Ga? r € (=7,7),

where H(z,p,c) = Ax® + Bc® + p - ¢ is the Hamiltonian. The parameters A, B, G, ¢ and
are positive constants. This particular HJB equation is satisfied by the value function of

the following linear-quadratic control problem:

T
inf Ax(s)? + Be(s)?] ds + Gz (T)?,
it [ A + el ds + Ga(T)
st el <o (2.36)

t=c, xt)el[-z,z.

We take G = vV AB, so that (2.35) has a closed form solution, obtained by solving (2.36)

and computing the cost attained by the optimal control ¢*(¢, x).

To simplify the notation, we define

) . A:cQ—%, if [p| < 2Bc,
H(z,p) = inf H(z,p,c) = S s (2.37)
le|<e Ax? + Be* — C|p|v if |p| > 2BC’

and let the risk functional be given by

R(h) = /0 ' /_ [@Uh(t, )+ (e, D,h(0, )Pt 4 / [W(T,2) - Ga®]*dz. (2.38)

—X

In this setting, we have:

2.19 Proposition The risk R in (2.38) is a Fréchet differentiable, non-convex functional
R :HY(Q) — R, where Q = (0,T) X (—Z, T).

Proof. Start by noting that

|H (x,p)| < 2* + B + ¢lp| (2.39)
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Figure 3 — Our method on an HJB equation. On the top row we visualize a heatmap
of the solution wu(t, z), with € [-3,+3] and ¢ € [0, 5]; on the middle row, we
visualize the solutions u(t,x) at three points in time ( , 1 =25 and
t = 5). Finally, on the bottom row we visualize heatmaps of the optimal control
arising from the corresponding solutions u. As we can see, our method finds
the correct solution even without convexity of the risk functional.

for any z,p € R. Hence, if h € H'(Q), then the map (t,z) — H(z, 0,h(t,x)) is a member
of L*(Q), implying that R(h) is well-defined for any h € H!(Q). Furthermore, it is easy to

see that H is concave in p, implying that R is not a convex function of A.
To show R is Fréchet differentiable, we first note that the partial derivative of H with
respect to p is given by

OpH(z,p) = e

—csign(p), if |p| > 2B¢,

where sign(p) is the sign function, that is, sign(p) = p/|p| for p # 0 and 0 for p = 0.

Thus, (9pr (x,p) is continuous and bounded by ¢ in absolute value. Now we take arbitrary
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h,u € H(2) and § € R to compute
R(h + du)
/‘/ [0,[h + 6u)(t, ) + H(x, . [h + Su)(t, 2))]* dedt
+—/2Hh+&Mt@ Gz?)* dx
/’/ [0,[h + Su)(t, ) + H(x, 0.h(t, x)) + 80, H (x, ps(t, ) pult, x)] du dt

+ é/x [[h+ du(t,z) — GmQ]de,

where ps(t, x) lies between 0,h(t,z) and 0.[h + dul(t,x), and is due to the Mean Value

Theorem. Now we expand:
R(h + du)
T |z R
=R(h) +6{/ / [0:h(t,z) + H(z,0,h(t, z))]
0 J-z

: {@u(t,a:) + 0, H (z, ps(t, ))dpu(t, z) | dzdt

+ /j[h(t,x) — G:UQ]u(t,x)dx}

* %2{/0 /_g;[atu(tx) + OpH (, ps(t, 2))Opu(t, z)]* dzdt

—l—/;u(t,:c)de},

obtaining:

R(h + 6u) — R(h)

- /OT/_Z [Ouh(t, ) + H(z,d:h(t,2))]

: {&u(t, x) + 0, H(x, ps(t, 2))0pult, I)] dzdt

[h(t,2) — Go*u(t, v)dx

—T

{/T/i[apﬁl(:c,pg(t,x))axu(t,x)]dedt+/iu(t,xfdx}.

Thus, since 8pﬁ is bounded in absolute value by 1 and also continuous, we can apply

wloq\
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dominated convergence as we let 6 — 0 to get

DR(h;u)

iy RUB+6u) — R()
6—0 )

_ /0 ' /_ Ot 2) + H(w,0.h(t, )]
. {&u(t, z) + 0, H(x, 0,h(t, x))0pu(t, ) | dzdt

+ /I [h(t,z) — Gr?u(t, z)dx.
Again, since 9, H is bounded and H satisfies (2.39), we conclude that DR(h; -) is a bounded
linear functional on H*(Q2) for any h € H'(2). Furthermore, by using Cauchy-Schwarz as
well as the fact that both H and 8,,]51' are Lipschitz continuous in p, one may show that
the map h + D(h;-), from H'(2) to its dual, is also continuous. This implies the Fréchet
differentiability of R (Pathak, 2018). O

Nevertheless, the directional derivatives are still just as easily computable through

automatic differentiation.

For this experiment we take T'= 5,4 = B = 1,¢ = 0.5, = 3, Px = Poisson(100)
with sample sizes M = [k/1.5], initial position h; = 0 and constant learning rates
a, = 0.2, and use the same Matérn-based pre-basis with n = 20 and centers sampled
from the Roberts quasi-random sequence (Roberts, 2018). We furthermore use the proper
preconditioning A\, = t;. Figure 3 shows the results of this experiment, featuring both
the solution u(t, x) of the differential equation and the resulting optimal control ¢*(¢, x).
We see that despite the apparent nonconvexity of the risk, our method still effectively

converges to the correct solution, highlighting its versatility.

2.4 Conclusion

In this chapter, we introduced a random gradient-free method for optimization
in infinite-dimensional separable Hilbert spaces, avoiding the computational challenges
common to functional gradient descent. By using only directional derivatives and a
pre-basis, our approach offers a practical and broadly applicable framework for solving
functional optimization problems. We believe that our work expands the applicability of
functional gradient methods, particularly to settings with specialized losses and for which
functional gradients would need to be computed accordingly. In the future it would be
interesting to consider variants such as constrained, mirror and accelerated versions of our

algorithm.
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