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Abstract 

.\Iário Páscoa3 

TelllpOnll'~' equilibriul1l l1l0dels rpplaced the usual assumption t1lat agent:" can perfectl~" 
foresee future prices h~" weaker inforl1latiollal requirel1lellts a11O\\"ing for inaccurate pri('e 
forecasts. However. tel1lporar~" equilibriul1l l1lodels ,,"ere criticized for requiring soltle ('0-
ordination of agents' expectations (i.e .. owrlapping expectations) and for not providing a 
l1lechanisl1l that pre\'ents tllP econ0l1l\' froltl co11apsing \yllPn agent,,' expectations are llOt 
fulfi11ed. Our paper addresses these t\Hl s1lortcol1lings. \\"!len loan" are secured In" ('ol1at­
era!. \ye can dispense with restrictions on agents' expectations to get equilibriul1l at the 
initial date. :\Ioreowr. a11O\Ying for default. a110\\"5 us to restore equilibriul1l at future dates 
in the event of expectation errors. 

1 Introduction 

An important feature of the dassical ArrO\\" auel Debreu (195-4) lllodel is that it illlposes wr~" 
,,"eak inforlllational requirelllents on the participants of the econom~". Decision makers are 
assullleel to kno,," onl~" their o\\"u characteristics. No assumptions are illlposeel on ,\"hat the~" 
kno\\" or belie"e about other agents' characteristics anel beliefs. :'\Iarket prices com"ey a11 the 
rele,"arlt inforlllation about the economic em"irOnlllent anel guide the ecouolllic agents to take 
t heir decisions. 

"-hile keepillg the inforluatiollal structure at a llliuilllUlll lewl. the Arrow-Debreu llloclel 
has often been questionecl for its unrealism compareci to t hf:' actual ojwratiou af markets. The 
approach to llloclel time anel uncertaint~" appears to be too elemallding sim'e it requires the 
presence of lllarkeb for th0 ddiwr~" af each gaocl at a11 cOllcei,"able states anel dates. :\Iarkets 
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01)('11 onl\" (1)('(', Agenh purcha:-;p allCl sell consulllptioll bunelle:-; anel contingent contracb in tlw 
initial perior! flllcl tlWll just \\,atch the future unfold, Hm\'e\'e1'. in realit~, theH' i:-; not a cOlllplf'Te 
set of contillgellt contracts anel trade takes place sequentially, 

AllO\\'ing for a sequt'ncc of spot COllllllodities anel financiai lllarkets, ArrO\\' (1 ~)G;)) addrE'sses 
SOllle of t I!e:-;e isslles, Equilibriulll allocations can nm\' be illlplelllcnted b~' a more realistic 
structur(' of lllarkeh, Hm\'(·n'1'. the transition to a sequential markets lllodel i:-; uot \\'itllOllt 
cost, siuce it t'('qllires more stringent iuforlllational requirellleuts ou the participauts of t he 
econollly, Traders neeel to form expectations not onl:' about their o\\'n characteristics bllt also 
about future prices, 

TIl(' Jltrfl('t foresiqht oJlJ!TO(l('h to lllodel seCjuential lllarkets, attributed to Raclner (1967) 

(see a]:-;o Radn('r (1972) anel Raelner (19x2)). 1 proposes an eCjuilibriulll ('onccpt baseei 011 t he 
h:'pothesi:-; tllat agent:-; are able to forecRst correctl~' the equilibriulll prices. Altllough traders 
ne('d uot agree on the jOillt probabilit~, clistribution of future e\'ents. thc~' lllllst bcliew tllat a 
unique futur(' pric(' \"ill appear at eacll ewnt. That b. agents are required to hm'e degenerate 
and comlll()Jl price expectations (see Radner (1982)), In addition, the expe('tations are self­
fulfilling ill tl!e :-;Cl1:-;e tllat tllE'~' coincide \\'ith the equilibriulll prices at cacl! (,\'Pnt, 

There are t\\'() \\'a~'s to justif\, the perfect foresight h~'pothesis. The first one illlpo:-;es a 
StrOllg rat iOllalit~, on t he participants of t he eCOllOlll~': agents are assllllleel to fulh' unc!erst anel 
t Ilt' ecollollli(' ell\'ironlllent (including preferences allel enelm\'lllents of ot her ageuts), The second 
explanatioll propo:-;e:-; that ageuts cau eira", on past experieuce allel intuitioll to correctl~' predict 
the P\'Ollltioll of fmure prices. Althollgh this llla~' be trile in a stable ",orlel ",herc silllilar e\'t·nts 
occur reglllarl~'. it is difficlllt to Iw justified in em'irolllllellts \\'here agent:-; are exposeel to lle", 
anel unfallliliar e\'ents (see :t\Iagill anel Quinzii (1996. pages 2-1 anel 25)) . .\Ioreon·1'. it has beeu 
highlighteel in the literature (see Blullle anel Easle~' (199f\)) that learning doe:-; llOt prm'ide a 
satisfactor~' fOulldation for pcrfect foresight: positiw results are delicate anel robust re:-;ults are 
most I~' nega ti\'(', 

These c()J!:-;ieleratiolls lecl a sizable literature in econolllics to proposp a !;ounr!rd rutionulitlj 
approach to lllodel cOlllpetitioll in 111lcertaill d~'nallli(' em'ironlllellb. A eOlllmOll characteristic 
of bounded rationality lllodels i:-; that agellts hm'e no infol'lnatioll about their (:'conolllic Cll\'i­
ronmellt a part from kllO\\'ing t hei r O\\'n preferences anel endm\'lllent seellarios. Therefore. t he 
llloeleb art' (,ollsi:-;tCllt \\'ith the illforlllational assul1lptions unelerl~'ing the AITO\\'-Debrell llloelel. 
Agellts ]W\'(' lH'lief:-; \\'hich ]wcollle nm\' part of the pril1liti"es of the eCOllom\', These beliefs 
determinE' tlleir action:-; allel feetl back into the aetual c\'ollltion of til{' econOlnic "ariables, 

T( TTlP0T'IJ 1',1/ ((jU ilibT'i 11 TIl Tl!o(if1." origillated in t he \\'ork of Grand1ll0nt (see Grawlmollt (1970), 

Grallelmollt (1977)) alld Green (lD73). constitllte an il1lporrant part ofthe bOllllc!('c! rationalit~, 
approadl. TIl(' ('ollceptual fral1le\\'ork of telllporcU'~' equilibriulll takes into ac('ount the po:-;:-;i­
bilit~, that agpllts llla~' han' neither corrcct nor C01lll110n alld degellerate expectatioll:-; abollt 
the enJ]lItion of fllturc priccs, TIlP eqllilibriulll achie\'pd at a giwn lllOlllent i:-; ollh' temporar~' 
sillC'e olll~' t ht~ cnrrent act iOllS are coordilla teci b~' spot prices, I\ o coorelinat iOll i:-; reqllired for 
fllturc plalls \\'hich ma~' tum out to bc illcolllpatible if agellts haw incorrect expectatioll:-;, 

Thc telllp()rar~' eqllilibrilllll approach has proYieled a coherellt frallle\\'ork a:-; <ln altematiw 
to t he perfeC't foresight paradigm, .:\loreow1'. it has perlllitteel t he in"estigatiem of a \'ariety of 

I If agent~ are U~illg equilibriuIIl pri('e~ to make inference" about til(' em'ironlllent, t hell jwrfec( foresight 
equilibri UIIl t akf'~ t he ~pecial fOl'lll 01' a ';0 called ra t ional expectat ions equili briulll (Radner (19i'<J)), 
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lle'" themes that were difficult to be explained using rational models: the role of mone~' aud 
the existem'e of liquidity traps, quantit~, rationing and price stickiness. 

T,,'o are the most serious dra,ybacks of the tel1lporar~' equilibrium approach. First. the 
possibilit~, of arbifrage in spot markets: in the absence of borrou'ing constrainfs the size of 
traded contracts CalUlOt be limited, For some patterns of expectations an agent may fiud it 
profitable to take an extreme short position, Existence of equilibrium cannot be guaranteeel for 
ali expectation patterns and extra assumptions haw been proposeel in the literature to owr­
come this elifficult~, (see Green (1973), Hart (1974), Granelmont (1977) anel Hammonel (1983)), 
Roughl~' speaking, these extra assumptions require traelers to partially agree on a sufficient 
large set of future prices. These conelitions. knO\vn as Q1'erlapping e:rpectation conditions, ap­
pear to be rather stringent since the~' imply an unrealistic uniform perception of future price 
uncertaint~', Subsequent research challengeel the role anel relenmce of overlapping expecta­
tions. l\Iilne (1980) argues for exogenous borrowing constraints that reflect lenelers' perception 
for elefault risk. Alternatively. Stahl (1985a) (see also Stahl (1985b)) el11phasizes the neeel for 
institutional borrowing coustraints. 

The seconel elrawback is the possibilitv of banl.:T'uptcy: errors in expectations ma~' leael to 
insolvenc~' anel equilibrium at futare dates llla~' fail to exist.:'> Granell1lont (1982) points out 
this problel1l anel argues for the desigll of default T'ules in tel11porar~' equilibriul11 models, 

Our purpose is to proviele a framework that keeps the elesirable minimal informational re­
quirements of tel11porar~' equilibrium moelels but addresses the shortcomings encountered in 
these moelels (overlapping expectations anel bankruptc~} To elo this we allow for the possibilit~, 
of default while simultaneously protecting short-sales of assets through collateral requirel11ents. 
The argul11ent is as follows: if agents are alloweel to elefault. expectations errors can be aCCOl11-
11l0elateel. leaYing agents still some wealth, so that new equilibriul1l can be founel (uneler the 
usual requirel11ent of positi\'ity of agent< wealth). On the other hanel, the creelitors' ,,'illingness 
to lend depeneis cruciall~' on their expectations to be repaiel, Collateralizing agents' promises 
,,'ill guarantee that creelitors will recei,'e at least the garnisheel C'ollateral as a minimal repay­
ment. This implies that creelitors, eH'n if they are pessimistic about eleliwr~' rates. are willing 
to lenel anel trade takes place in finaucial markets. In adelition. the endogenous nature of col­
lateral requirel1lent;.; has another important effect: it dispenses with overlapping expectations 
conelitions. 

The literature on default elates back to the work of Shubik (1972), Shubik anel \Yilson (1977) 
anel Dube~' anel Shubik (1979), Default ,,'as later introeluceel in a general equilibrium setting 
by Dube~', Geanakoplos. anel Shubik (1990). anel ,,'as followeel b~' I...:ehoe anel LeYine (199:3), 
Zame (1993). Geanakoplos anel Zame (2002). Araujo. Páscoa. anel Torres-l\Iartinez (2002) anel 
Dul)E'~'. Geanakoplos. anel Shubik (200.')). These papers highlight the il1lportant role of default 
under incomplete opportunities for risk sharing. Hmyeyer. with no exception. ali stuelies rel~' on 
a perfect foresight formulation. Therefore. the moelels can still be questioneel ou the basis of the 
informational requirements that justif~' rationality. In aelelition. the informational requirements 
are e,'en more demaneling in these lllodels since agents have to he able to predict not onl~' the 

2The problem is ob\'iousl\' a\'oided when the beliefs haw full support. i.e. the support of subjectiw beliefs 
a'bout future prices coincides with the set of ali possible future prices (see Swnsson (1981)). But this extreme 
o\'erlapping expectations condition reduces considerabl~' the financiaI in\'estment possibilities since agents hm'e 
to be soh'ent in real terms and not onl~' in nominal terms. 
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future price:-; Imt abo the deli\"er~' rate~ for ali assets. This stud~" pro\"ides a reappraisal of 
the illlpli('ation:-; of default and collateral in a different setting that departs froJll the rational 
paradiglll b~" allowing agents to he less sophisticatecl. \Ye forJllulate anel aual~'ze a t",o-period 
Jllodel that i:-; in dose relation with the traditional temporar~' equilibriullllllodeb. Imt it de\"iate:-; 
frolll thelll In' allO\\'ing for durable goods. collateral anel the possibilit~" of ddault. 

\Ye propose a ne\\" equilibriulll notiou that is simultaneously free of stringent inforlllational 
requirelllellb alld collsistent with lllarket cleariug in both perioels. The equilibrium existence 
result is buileled graduall~" in order to highlight the role played by default anel collateral in 
achie\"ing t he equilibrium outcome. It is shO\\"n t hat the reliance on collateral to secure loans. 
allo",s u~ to dispen~e ,,"ith t he o\"erlapping expectation conditions to get equilibriulll iu 5pot 
markeb. ,,'hile allO\\"ing for default i~ ah\"a~"s sufficient to prewnt the eCOnOlll\" from collapsing 
due to expectations errors. 

The paper i:-; organized as follO\\"s. Section 2 presellb the lllodel and Section ;3 iutroduces the 
equilibriultl eoncepb: telllporar~" equilibriulll and sequeutial equilibriulll. SeC'tiou .J adelre~ses 
existenc'e of telllporar~" equilibrium Rt the illitial date. Here ",e argue that collateral can do 
a better .iob t IJan O\'erlapping expect ations in ruling Ollt arbitrage opportunities. \Ye argue 
abo that o\'(='rlapping expectations do not m"oid arbitrage ",hen default i~ allmw'd (sim'e agent~ 
llla\" go long and sIJort ill t he same securit~,). Section Õ addresse~ existence of telllporar~" 
e(juilibriulll a t t he uext uode:-; (tIJat is. existem'e of a sequem'e of telllporar~' eq1lilibrillm. ,,'hich 
\H' rder to a:-; seq1lelltial equilibriulll), ""e start b~" prm"iding an exalllple of an owrlappiug 
expectation:-; e('()nOlll~' \\"ith a single telllporar~' equilibriulll at the initial date but uo telllporar\" 
equilibriulll at the se('oud date. <.Iue to exp('ctation errors. Then. we sho", that al!O\\'ing for 
default is :-;uffieient to restore equilibriulll at the second date, Section 6 dis('usses alternatiw 
approachp:-; \\"h('re existence of ~equential equilibriulll is obtained at the cost of either requiring 
:-;oh"e!l('~" in real terllls or perfect foresight. Finall~". in t he last sectiou. we argue t hat in t he 
pre:-;eucc oi' lllarket illl perfect ions. such t hat aS~"1lll11('tric informa tion. Ullm\"arenp~s or t illle­
inconsistellt preference:-;. t he perfcet fore~ight approach is stil! lllore delllalldiug or call not be 
dearl~" forlllulated. whereas our sequential equilibriulll approach remains \"alicl, 

2 The Model 

""e cOllsider an exchallge e('onOlll~" \\'hich extend~ owr t\\"O dates t E {(l. I}. \YC' repre:-;ent 
exogenous Ulleertaiuty about ali preferenees anel initial endO\nllE'nts at t = 1 b~" a finiu' ser S 
of eH'llts. 

AJ ewr\' date t there is a finite set Lt of coml110dities m"ailable for trade. Let XI := R~t 
denote tlH' :-;ct oi' (,o!ll!llodit~" bunelles anti F t := "'ii;.~t denote the ~et of COllllllodity pricE':-; at 
period t. ""(' depart frOlll t he usual intertC'mporal lllodels b~' assullling (as in Geallakoplos 
anel Zallle (2()02) and Ara u.io. Páscoa. and Torres- .l\Iartinez (2(JU2)) t hat SOllle CUllllllodities an' 
durable. The depreciation of goods in state s is captured b~" a linear anel positiw lllapping 
1:, : Xli - X 1 • in the seuse that if.1'o E XII is a cOlllllloelit~" Imnclle cunsumecl or used at t = U. 
t hen 1:, (.l'n) represents \\"hat remaillS for COllSlllll ption in state s. The depreciation fUllCtiOll r, 
links periods t = () alld t = 1. in the sense that the clepreciated goods consulllcd or llsed in 
period t = () be('olllP part of cousumers' elldO\\"lnent in period t = 1. 

. .. 
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At the first period t = o there i:" a finite set .J of fiuancial asset;.; antilable for traele. Asseb 

are as:"umeel to be real. i.e. for each j E .J t here exist;.; A j (05) E R.~ \\'hich represenb t he bunelle 
of coml1loelities (goods or sen'ices) to be eleliwred in :"tate 8. In unit:" of aCCOllnt and for any 
Pl E Pl. asset returns are giwn b~' "(Pl . .';) E 2.1 defineel b~' 

At t = O. each agent chooses to purchase au alllouut ej ? O anel to sale an alllouut Oj ? O of 
asset j. Let :=;i C lRi x lRi be the space of in\'estment strategies (e. o) a\'ailable to agent i anel 
let Q = !R~ be the space of asset prices at t = O. 

AssumptioTl 2.1. The set :=;i is closeel com'ex anel non-el1lpt~' for each agent i. 

Each agent i has a utility function [-6 : X o ~ :;;; for consul1lptiou at t = O anel an initial 
endO\\'lnent in gooels eb E X o. For each possible realization of exogenous uncertaint~' s at 
t = 1. agent i has a utilit~, function [-](·.05) : X] ~ a for consulllption at t = 1 anel an initial 
endo\\'ment ei (s) E Xl. At t = () agent i cliscounts future consulllption ,,'it h a eliscount factor 
3' > O. 

,-L'.'iumptioTl 2.2. For each agent i. 

(a) initial endO\\'luents are strictl~' positi\'P. i.e. fi, E R:,~ anel fi] (8) E s:':.. for each 8 E S. 

(b) the function .1'1 f---> [-I (.1' 1"") is contiuuou:". bOllndeel. coucaw anel ;.;trict I~' increasing for 
each o5. 

The actions of agents at the initial elate t = (J im'olw COllllllitlllents for fllture dates. Agents 
take into aCCOllnt the consequences of their choices. so decisiou lllaking has to be elescribeel 
retrospe('ti,'el~'. t hat is. b~' back,,'arel induction. 

2.1 Actions at date t = 1 

Ifan agent i chooses an action a = (.rn. &.0) in A' = XOX:=;' at t = O. then at t = 1. ifthe realizeel 
state of nature is 8. anel the comlllodit~, price is PI. he shoulel receiw the alllount "(PI . .5) . e 
of units of accounts anel cleli\'er the al1lount "(PI. 05) . o. FollO\\'ing Dllbe~'. Geanakoplos. anel 
51mbik (200:)). clefalllt is allo\\'ed in the sellse that agent i choose:" to deli\'er an alllount d) ? O 
that l1lay be 100\'er than his debt 'j(PI."")o) on asset j. As iu Dubey. Geanakoplos. anel Zal1le 
(199.j) (sep also Geanakoplos and Zallle (20(J2)) ,n~ assume t hat short-sales are backed b~' 

exogellOllS collateral requirements. For each asset j there exisb a collateral bllndle C) E ~:. 
that protects the bu~'ers of this asset (lenelers) in the seuse that pach hor)'()'H'l' ,\'hell he decides 
to sell at t = O an alllount o) of asset j. has to constitllte the bundlc Cjo} at t = O anel has 
to eleli\'cr at t = 1. state.'; and price PI. at least the lllinil1lUlll bet,,'een his prolllise '~(j)]. -")0) 

and the depreciateel ,'alue of the collateral. i.e. ri) ? Dj(p] . .';)0) \\'here 

(1 ) 

The onl~' reason that agents cleli\'er an~'t hing strict I~' a bO\'E' t he minil1lul1l bet\\'een t heir promise 
anel the clepreciateel ,'alue of the collateral is that the~' feel a disutilit~, Àj(.<;) E [O. +:x] frol1l 
defa uI t ing. 



The pa~'off from choosing a cons\llnption plau ,rI E Xl anel delin'ries d = (d)))EJ at state 
.<; wheu t 1)(' (,OIllIllOelit~' price is Pl' is gi\'en b~' 

(2) 

,,'here 1'(" I E Xl is exogeuousl~' specified with 1'(8) ;:::: 1L 1 ,3 

This possibilit~, of default implies that for each realization of pricejstate pair (Pl' s) at t = L 
there will b(' a deliwry rate ,,) E [O, 1] such that the units of account deli,'ered to the lenders 
of on(' unit of asset j is 

2.1.1 Budget set at date t = 1: Bj(pl,f';''<;'O) 

At date t = 1. giwn an action o = Cro, (j. o) choseu at t = (). if the state of nature i:-; 8. the 
comlllodit~, price is Pl aud the H'ctor of deliwry rates is " E X = [0.1]'1. then \"e deuote 
b~' Bj(Pl.f\.".OI the Imdget set defilled by ali pairs Crl.d) E Xl X D ,,'here .1'1 represellts a 
consumption bundle and d the "ector of eleliwries in D = IR:. satis~'ing the coustraint:" 

jll··l'lT LdJ :s.:;Pl· k~(s)+}~(.l'o+Co)]+ Lij(f\J'Pl.8)f)j' 
JEJ )EJ 

anel 
Wi(pl.s.o"rl.d) >-x 

\\·here Co i,; thE' cOlllmodity bundle defilled by 

Co = L CJOJ' 
jEJ 

( -±) 

(0) 

(G) 

Rfmork 2.1. If >-)(8) = +x for some asset j anel state s. then agent i is not allO\"ed to ddault 
in st ate 8 ,,'it h respect to hi,; debt on asset j. 

2.1.2 Demand at date t = 1: d\(Pl.f\.S.U) 

Assume that at t = (). agem i ha,; chosen au action o E Ai such that at t = 1 anel for the r('alizeel 
(Pl· f\. s) t he budget Bj (jJ 1 . f\ . .'i. ([) i,; 1l0l1-elll pty. Agent i "'iH choose among t he \'('etors (.1' 1. d) 

iu Bi (p 1· ,.. .... ,. ui t ho: .. ;(' ,,'hich lllaximize his payoff. \Ye denote b~' d\ (Pl. h'. ,';. (l) t he delllaud set 
defineel by 

argmax{ll'!(pl.s.u"rl.d) : (.rl.d) E Bj(Pl.f\.s.ol}. 

\\'e denote b~A fi (Pl. h'. S. (j) the extended realnumber 

'If F is a tinite ~pt then lF is the \'Pctor in 2. F defined by lF(f) = 1 for P\'Pry f E F. 
4If B;(Pl'/"".ol = O then \\'e let f'(Pl./-i.s.ul = -x. 

G 

(7) 

(8) 



2.2 Actions at date t = () 

At t = () agent i doe:- not knO\\' \\'hat \\'ill be at t = 1 the price PI. t11e \"ector of rate:- I-{ anel 
the stat(' s, \Ye assume that age11t i, after obsen'ing current prices (Po, q). fonus expectatio11s 
011 the realizatio11 of unC'ertainty represented by a probabilit~, measurC' 

tL'(po. q) E Prob(Pl x I": x S), 

The function tli is defined on the set ~o = {(po. q) E Po x Q : po' II + q . 1J = 1}. Follo\\"ing 
S\"ensson (1981). we distinguish uncertainty about future prices and deliwr~" rates from uncer­
tainty about future states. The former kind of uneertaillt~, is enelogenous in nature in t he sense 
that it is transmitted \"ia the indi\"idual actions, 

Assumption 2.:3. The correspondence til is eontinuous for the \wak topolog~" on probabilit~, 
measures. 

Remar/.: 2.2. It is prm'ecl i11 Green (1973. Remark 3.1) t11at the preYious assumption implies 
that t he correspondenee (Pu. q) f--> sUPP til (po. q) is 10\\'er semi-eontinuous, 

\Y11en no default is allo\\"C'd it is natural to assume t11at agents antieipatt' t11at for eaeli asset 
the deliwr~' rate will Iw equal to one. 

AS.'iumption 2.-1. \Yhe11 110 default is allO\\'ed. i.t'. \"hen /\~(!;) = +x for ewry agent i. asset j 
a11el state s. then 

'v'(f!().q). SUppt,l(pO.q) C F j x {l.d x S. (9) 

Obserw t11at for en'r\" .) > () ,,'e ha\"(' 

( 10) 

toget her \"it h 
(11) 

im pl~'i11g t 11a t 
[1(.Jpj. t, . .'i.o) = [I(pj. I-{."'u). (12) 

Therefore onl~" rE'lati\"e prices at t = 1 matter. \Ye assume that agents incorporate this i11 their 
belief. 

AS.';llInption 2.0. For ('\"('r\" signal (Po. q) E ~o at t = U. 

SUPPtL'(]iIl.q) C ~j x I": x S'. 

\\"l1ere ~j = {P! E F!: fi! . 1LI = 1} is tIl(' simpl('x in -:;J'I. 

2.2.1 Budget set at date t = O: BiJ(PII. q. t,l) 

(1:3 ) 

\Yhen agem i ehooses his aetion (I = (.to. e. o) at t = O. he nlUst check that this action 
is consistent ,,'it h t 11e possible future realizations of (]i!. I-{ • ..,) \"it h respeC't to his belief:- p I. 

Therefore. gi"en a l'Onllllodit~-;asset price (Pu, q) E ~o. t11t' budget set at t = O. denotecl b~' 
Br)(pu. q. pi) is the s('t of alI aetions (I = (.!'o. e. o) E AI satisf~'ing t11e constraints 

j!o' [.ro + Co] + q . () ~ j!o . ri) + q . o (1-1) 



anel 
(10 ) 

Runu,-/; 2.:L Giwn a nr~t period action o in the Imdget set B/1(po. q. fil). rhe function ....,. f-o 

[I (...., .. (J) r akes real "alues onl,' for r ho~e ....,. = (p 1. f,. ~) for ",hich Bl (...., .. (J) IS UOn-E'lllpry. III 

particular for rhose....,· in SUPP/t'(Po.q). 

Remor}; 2.-1. \\-Iwn defaulr is allo",ed for ewr~' ageut. e,-ery asset anel ar en'r~- statt'. i.e .. 
À~(S) < +x for ewr~' (i.j.s) iu I x J x S. tht'n the budget set Bl(Pl.n.~.a) is alwa~'s nou­

elllpt~· "'hatewr is the actiou a E Ai pre\"iously chosen. lndeed the pair (.rl. d) defined b~' 

ahn\~'s Iwloug to the Imelget ~et. It foIlO\,·s that the ser BlJ(po. q. fii) coincides "'ith the set of 
ali actions (J = (./"0. e. o) E AI satisfying the constraint (1-1). 

2.2.2 Demand at date t = O: d!l(PO' q. fii) 

A~Sl111H:' rhar ar t = (l. agem I ha~ cho~en an action (J in the budget set BiJ(plI' q.ll l
). A uect'ssary 

condition f(lr rhe se! di) (]I). n .. '. o) to be uon-elllpt~· is that ]lI belcmgs to tht' relati\"{' interior 
int ~ 1 of ~). Agems auticipate t his non-arbitrage condition on COllllllOdit,· pri("e~. 

A'''''';{lmjit/OII 2.fi. For t'ach agem i. '\"(' ha\"e l/I (]lo. q. [iut ~d x !\- x S) = 1. 

Ir foIlO\,'s rhat. according to his bdiefs fll. tIl(' expecred utilit~· at t 
(J = (./"11. e. o) is gin'n b" 

() of t he aet ion 

( 1 (j ) 

,\"here n = (int ~l) X !\- X S' represents the rde"am ullcertaillty abour t = l. \Ye let dh(Po. (}. fil) 

1)(' tlw c!clllHnd ,.;er at t = () if r he COlllllloclit~"/ asset price i~ (]lu, q). denned b,' 

( 11) 

3 The equilibrium concept 

A family IJ)II. (j. a) "'ith (1'11. q I E ~(J anel a = (01 );",1 E AI is calleel a tl!nj!omry (quilibrilllTl at 
t = () gi\"C'u Iwlids J1 = (fil )1",1 if 

(ii) lllarkers clear ar t = (l. i.t'. 

L .r~) + Cd = L li) anel Lei = Ld 
i", I i", I i",1 i", I 

\\-e denote h~' Eq(J1. O) the set of telllporary equilibria at t = O giwn beliefs J1. 



Definition 3.1. A fomily J.L of btlifI., i." said trmpoT'Ury l'/(Jblf if thf set Eq(J.L. O) is TlOll-fmpty. 
i.f. if then uists a tunpoT'OT'y equilih"iu7l/ ot t = O gil'en J.L. 

A falllil~' (Pj,f-i.xj,d) \\'ith (Pj.f-i) E....).j x !\'. Xj = (.1']),":1 E Xl anel d = (d')i":l E DI i~ 
called a temporaT'y equilibT'iullI at t = 1 and state .'i gi\'en belief~ J.L anel action~ a taken at t = () 
if 

(ii-s) (,OIllIllOdit~, markets dear at t = l. i,e, 

L .r i
] = L f; (,,) + 1:,(.r!) + Cd) 

i": I ,,,=1 

(iii-s) financiaI lllarkets de ar at t = l. i.e. 

{ 

LI"=I dj 
<'_ LI":/lj(Pj.8)O' 
n) -

arbitrar\' 

\Ye denote b~' Eq(a. s) the set of tflnpOl'Ory lquilibr'iu at t = 1 and state ,'; giWll beliefs J.L and 
actions a takell at t = O. The set of lllarket clearing prices at state ,s anel tillle t = 1 dehned 
by the projectioll on ~j xl\" of the ~et Eq(a. s) is denoted b~' Pc(a. s). In other \\'orels. (pj. f-i) 

belongs to Pc(a.,s) if there exists a pair (xj.d) such that (pj. ""'.xj.d) belongs to Eq(a.,s). 
Our lllain purpose is to focu~ on beliefs that are sequentiall~' \'iable in the follo\\'illg sense. 

Definition 3.2. A fOTl7ily J.L = (fI' ),":1 of belifI., is 8lqulntiully l'iublr if tluT'( t.['i"t." (J sfqU({/n of 
tunpol'Ory tquilibri(J. i.(. thtn uist (Po, q. a) ([ ttllljJOT'OT'y rquilibrium ut t = () und (J tU7IjlOT'UT'y 
lquilibrill/ll ot t = 1 and t!1ch stut( 8. ginll thf pnl'ious fquilibrillfTI (lctiolls a. 

In other \\'on\:.;. a falllil~' of beliefs J.L is sequentiall~' \'iable if there exisb (Pu, q. a) satisf~'illg 

(a) Equilibrilllll at t = O. i.e. (jJ(). q. a) E Eq(J.L. O) 

(b) Equilibrilllll at t = l. i.e. Eq(a. 8) 't- 0 for ewry s E S. 

4 Arbitrage opportunities 

Our purpose in t his ~ection i~ to in\'estigate lIneler \\'hich ('ondition~ a famil,' /L of belieb i~ 
telllporar~' \'iable. i.e. the set Eq(J.L. (J) i~ nOll-elllpt~'. At the first period agenb COll~ll111e 

but abo traele assets. A. necessar~' conelition for a falllil~' of beliefs to be telllporary ,'iable is 
that t11ere are no arbitrage opportllnities at the hrst period. In a clifferellt ~etting (see e.g. 

Green (197:3). Grancllllont (1977). Hart (1974) and Hamllloncl (19x3)) the nOll-existence of 
arbitrage opportunities \\'as prowd to be aIso a ~ufficient conclition. This result is still ,'aliei 
in our frame\\'ork. \Ye prm'iele hereafter three diflerent conditions on prillliti\'E's \\'hich exclucle 
arbitrage opportunities. 
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4.1 Bounded short-sales 

.'\aturall.\' if ~hort-~alp~ are houndpd. therp are no arbitrage opportunitie~ a!ld \\'(' ('an prOH' 
that ('\'P1'\' f(\lllil~' of })('Ii('f~ i~ tplllporar~' \'iable, 

PropositiOl1 4.1. :-\~~llllle t hat for eacl! asset. ~hOl't -sale~ are bounded. i ,E'. t here exists 1)1 E 
?:.!.. sucl! tlwt :=:1 C ?,!.. x [O. <Dl Then e\'Pry family of belief~ is telllporar~' \'iahk. 

Tl!e proof is ba~ed on standard arguments. Details can be found in Appendix. 

4.2 Overlapping expectations 

"'hen short-sales are !lot pxogenousl~' bounded and if tl!ere are no bOlTO\\'iug ('()jbtraint~ (i,e, 

if t IH' colla tpral (' is zero) arbitrage opportunities lllay o('cur. \\'hen defaul t i~ not alkm'ed 
t hi~ has alj'('i\(I~' })('('n ~hO\\'n h~' G reen (19 7:j) anel G ranclmout (1977), O h\'iousl\'. if defa uI t is 
allO\\'ed t I!eu t IH' ~et of arhi tragp opportunities is c\'en larger. 

\\'p extcu<! tl!e reSlllts of Green (1973) and Granclmont (1977). prm'ing tilat if a falllil~' 

of he lieb ~a t i~fie~ nn ()\'erlêl pping expect a t ions condit iou and if defa uI t i~ not aIlO\\'('d. t lwu i t 
i~ telll porar\' \'ia ble. III ()j'(ler to define t I!e on'r1a ppiug expect ations condi t iOIl. \\'e nepd to 
intro<!ucc SOIll(' Ilotntious . 

.\'()fatioll ,LI. Gin'll a falllil\' I' of bpliefs. \\'e dellote b~") vl(ji().q) E Proh(S') the lllarginal 
prohabilit\' <kfilled }n' 

(IX) 

anel for ('\'('1'\' -" E ~llpp 1;1 (p(). !j). \\'e denote b\,(; 61 (Po. !j. 8) t he conelitional prohabili t~' in 
Proh( ~ 1 X !\') definec! b\' 

6/IJII)' (j . .. ,. rlp) X dh') = 1 1'/ (PI). q. dp) x (Ih· x {,.,}). 
LJI(fJ()·q·s) 

(19) 

Tlw pro})(lhilit~' I;/UII). q) repre~ent~ agellt i'~ subjectin' beliefs em ~tates anel dIIJI(). q.:-;) repre­
~E'nts agem i' ~ }wlieb a hout t hp realization of t he (,Olnl1lodit~, pricE' anel t he \'('ctor of deli\'er~' 
!'iHes. gin'll that the realized statp is -'. 

E.m TIIJ!1r -1.1. lu Dlltt a anel ~lorris (19971. it is ass1Ulled t hat ag('nt~ haw I!olllogenous }wliefs 
011 state~. i.e. there exists an objc('ti\'e probahilit\, /! E Proh(S) such that 

7(pU. q) E Pu x Q. vl(P(). q) = 1/ . 

...J."'UTllptiUII -1.1. A falllily J1 of beliefs has CJ\'erlapping l'xpectations if tlwre exists a Sllh~et " 
of S sllch t ha t 

• t I!e falllil~' (BI . j E J 1 lla~ rauk # J III ?,,::. x L \\'here B) (a. ( ) 

allel 

"\\'p shollld \\Ti!p /I" 

"\\'P shollld \\'ri!p 6" 

\/(Po.q). ~ C nSllppz/(po.q): 
i,=I 

lO 

A)(a.{) for eRch a E: ~ 

(20) 



.\rr(PO.(j) = ncoproLI supp6 1 (plJ. (j.a) 
iEJ 

has a non-empt~' relati\'e interior in ~I. 

(21) 

Theorem 4.1. Consider an eCOTlomy u'here default i5 Tlot allou·ed. lf a family J..t of beliefs hos 

m'erlopping expectations then it is tempomry L'ioble. 

ProoI For each 11 E N. we let :=:;] = {(e.o) E :=:1: O ~ III]}. Appl~'ing Proposition -1.1. there 
exists (PO.n.qn) anel a n such that (PO.n.qn.an) is an equilibriulll at t = O \\'hen im'estment 
strategies are restrictecl to :=:;)' Sim'e (PO.n. qn) E ~(l. passing to a subsequence if necessary. 
\\'e can assume that (PO.n. qn) conwrges to some (po. q) E ~u. Similarly. sim'e for each n we 
haw LiE! T O.n ~ LiEi ti)· passing to a subsequence if necessar~'. we can assume that (.tO.n ) 

conwrges to some .1'0' The main elifficult~· resides on prm'ing that the sequence (::;) = e;) - o;)) 
is bouneled. 

C/oim -1.1. The sequence (::;)) is boundecl. 

Proof of Claim 4.1. Let On be the real lllun 1)(' r clefined b~' 

o TI = S U P { 1::;1 (j) I: (i. j) E I x J}. 

Assumc b~' \\'a~' of contradiction t hat (n TI) is not bounded. Passing to a subsequence if necessa1'~·. 
\\'e ('an assume that limn Cl n = +:x:. There exists 1,1 such that (passing to a subsequence if 
necessar~' ) 

B\' the choice of (Ctn)' there exists k E I such that ('" i= O . .\Iorem·e1' since asset lllarkets clea1' 
for each n. t he falllil~' (l,i) iE! is such t hat 

(22) 

Since o;) belongs to buclget set B!J(po.TI.(jn.J1I), it must 1)(' the case that for e\'e1'~' (pI.I].,,) in 

sUPP 1'1 (PO.II' (jll) 

() ~ PI ,[r~(s) + 2::>-1.)(8)::)11]' (2:3 ) 
)EJ 

In particular for e\'ery a E L. anel for ewry Pl ill Pro.i.:~'1 co supp 61 (PO.n. qTl) \H' ha\'e 

(2-1) 

Passing to the limit and using the lm\'er semicontinuit~· of sUPP 1'1, we get that for each a E L. 

VPI E .\a(]J(j, q). O ~]Jl . L A.)(a)l'j. 

)EJ 
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Sinc{' "\(T(fJI).q) hac; llOIl-empt~· l"('latin' illterior in ~l. \w cau fix a pricc" E illt~l "\(T(jJ().q).-; 

It nl1\,;t 1)(' tlH' ca,;c tllHt for each i. 

L A)((T)I'~ = () OI" ;;-. [L Aj((T)I'~] > o. (2(j) 

I 'Cc./ ) 'Cc.J 

"ia E L. L Aj(a)c) = O. 
j-c J 

Impl,"ing tlHlt for each i. 

L BJ1") = o. 
jE .J 

But the falllil~' (B,.j E .l) i,; of rauk #.1. Therefore for ('aeh i we haw {"I = (): contradiction. 
This emb t 11(' proof of t h(' daim. o 

Pa:--sillg to (\ suhseqllellc(, if llecessar~'. "'e cau assume t hat t here ('xi,;r,; (fi'. 0') E ::::1 ,;uch 
that the seqlleucc (:;,) cOllwrge,; to (H I 

- oi). Sim'c uo defalllt is allo"'ed. \"ithollt an" los,; 
of geIleralin·. \H' ca11 replacc ((1;,.0;,) b~' ([':::1]-' [.:::,]-). Thcreforc. \H' ca11 a:--Sllllle that the 
c;eqllellc(, (.rl).II' fi;,. o;,) COll\'prges to 01 = (J'~,. Hi • oi ). FollO\"illg Propo,;itioll 13.1 t he blldget 

correspOlHk11C(, i,; c!o,;cd. impl~'ing that 01 belong,; to BfJ(p(). q.I,I). 

To completp the proof of the theorem. it sutil< ec; to sho\\" that oi belong:-- to thc demand ,;et 

di, (p(). q. /" ). ""c omit t he st andard argHments ba:--ed on t he 10"'er semi-eontilluity of t he blldgpt 
set cOlTe,;p011dellCf' (Propo:--ition B.2 in Appendi::-.; anel the cOlltinuit~· of t I!e Iltilit,· fllllction 
"i( .. /,') (Propo,;itioll ('.2 iu Appmdix) ou the gl"aph of Bi( .. pl). O 

Ir i,; illl port allt to uotice t hat \"hen default is allm\'ed and no collateral i,; reqllired. t he 
ac;slll11ptiou of o\"(>rlappiug cxpectatious i" uo more sufficient. Illdeed. agents CaIl Pllrcha,;e and 
borrO\\' tht, ,;ame qllalltit~· of the same asset at the first period. This will 1)(' at no cost at 
t = () sillce there are uo collateral r('quirements. At t = 1 all agent \\·ho defalllr,;. he suft"ers 
a pellal t" ou hi:-- 11 t ili t~· 1m t t his may be com peusa ted by t he gaiu of II t ilit~· hOlll cOllslIming 
lnmdle,; iu,;tcad of 1)Cl~'iug his debt. ,re illustrate this point iu tl!e follO\\'illg examplc. In order 
to preclllde :--HCI! .w 11'- ([,./1 it T"l1I/( opport uni ties. i t is needed to illl pose more rc:-- trictions ou t he 
falllil\· of 1 H'liefs t han m'erla ppiug pxpcct a t ion,;. 

E.ra/llplr .. 1.:2. C'ou,;ider ,m (,COllOlll" \"ith ou(' state of uature at t = 1. i.t,. S = {,,}. oue as,;et. 
i.e. .J = {./} t ha t prclllli,;e:-- t n de li H'r t he 1 )]judIe 1 L (i.c. one uni t of eacl! COllllllOdi t~·) iu ,;t a te 

.', awl uo ('ollatcral reCjl1in'lllt'utS. i.e. C = O. \Yc a,;,;Ullle that the utilit~· fllllCtio11 C; ( .. -") of 
agent i i:-- difkrclltialJle alHl \ye denote b" Ilv[~t (x . .';) 11 the real number 

~lf .\ i~ iI ~lIh~('t oI' ...J.j. thel! int..'> , .\ i~ the interior 01'.\ for the relati\"e topolog\· in ...J.j. 
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Beliefs II1 of agent i are assullled to be defined b~' 

Ili(pu. q) =?~ .-\ v 

"'here ?i] is any probabilit~· on~] satisf~'iug supp?\ = ~l. vis the Dirac llleasure on {s} anel 
.-\ is the restrictioll of the Lebesgue measure on !\' = [O. I]. Obserw that the falllily /-L satisfies 
the owrlapping expectations assumption. \Ye claim that if elefalllt is a11o\Yeel anel if tllP elefalllt 
penalty is not large enollgh \Yith respect to the marginal utility. then agents hm'e incentiws to 
blly and se11 the same quantity of asset. leading to a self-arbitrage opportunity. 

Claim --1.2. If the elefalllt penalty .-\j(s) satisfies 

. I . 
.-\)(8) < 21Iv['{(x.s)11 

then /-L is not temporary ,'iable. 

Proof. Assume that there exists (po.q.a) in Eq(p.O) ,\"here (/ = (.rO.RI.d). It fo11o\\"s that 
there exist Borel measurable functions J:i : O - X] anel lli : n - D such that for ewry 
..-,' E SllPPIII(pUJj). 

anel 

"I(Po·q·(/·I/) = q(.r!l) + Ji l n-i("-".O'.J:l("-").ll("-"))lli(po.q.d .. ,,;). 

Fix i. anel let ãl be elefineel b~' 

Io = .1'&. (}' = RI + I anel ;:) = d + L 

\Ye claim that ã l belongs to BlJ(pu. q.l'i). Indeed. if ,,'e pose:'-

~ (..-,.) = J:~ (..-,') + h'lL anel DI = (lI 

then9 for en'r~·..-,' E supppi(pO.q). 

m("-").Di
(..-,')) E B;("-".ã i

), 

Lets deuote the difference ,'i(po.q.ãi.pi) _,'i(fJO.q.oi'lli) by ~P. Sim'e 

It implies that 

,'i(fJo.q.ãi'lli) ~ ['(~(Ib) + Ji / n-i("-".ãi.Jd"-").D("-"))f/'(jJ(j. q. (L') 
, ~2 

~ , • I ~ r ['; (.r i ( ..-,,) + f; . . ~) - c; (J: i ( ..-,' ). S ) II i (PII.(j. d..-,') - .-\) ( .~ ) ln 
~ r II'T{(x.sJII h·.-\(dh') - .-\)(s) > 0, l!\, 

,'i(fJo.q.ãl.I/) > ,'i(po.q.al'II ' ) 

,,'hich contradicts t he optimalit~· of (/ in Bll (Po. q. 11 i). 

KRecall that ",,' = (PI.I;.8). 

'JObsE'I'w that in thi" E'xample WE' ha"E' PI ,A)(,,) = 1 "incE' PI ;:: ~I anel A)(,,) = lL. 

1:3 

(21) 

(2~) 

(29) 
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4.3 Collateral requirements 

\\~hell no !>orrO\\'illf.'; cOllstraillb are illlpos('d, it is prowd in Green (19i;{, Exalllple 0,2) that 

a telllporar~' l'qllilibriulll at f = () IlJa~' IlOt exist elue to arbitrage opportunities. \\'e han' 
SllO\\'n tha t 1 I) a sufficient conditioll on a falllil~' of beliefs to be telllporar~' \'iable is t hat agents' 

expect ation:-; o\'erlap,l1 Thi:-; illlplies a kind of coordinat ion Iwt\\'een agenb and a cost Iy seareh 

for infornwtioll. As argued in Stahl (19~Gb) this result is essentiall~' negatiw since \\'hen agents' 

expeetatiolls are too di\'erse the~' llla~' not be temporary \'iable. 
To acldress this issue. Stahl (1985a) anel Stahl (198.5b) imposed restrictions on tracles: 

an instifutlOT/ul ('!fuT'ingh(JI/8E rpstrieb eael! indi\'iclual to a set of traeles that are sol\'pnt for 

all realization of UllCertaint~' in the support of the expeetations of the clearing hou:-;e. The 

fundalllent aI purpo:-;e of t he clearing house is to coordinate agents' expeet ations b~' reclucing t he 
search anel inforlllarie)I) costs. \\'e beliew t hat t his lllodel ean be challenged in s('wral aspeets. 

First. therc i:-; no axiolllatic derinttion of the clearing house':-; expectations. Second. illteriorit~, 

eondition:-; ou the support of agent< anel the clearing house's expeetation:-; are neecled. Finally. 

in oreler to chcck that the trade:-; of each agent are soh'ent \\'ith respeet to each realization of 
llncertaint" in the clearing l!Ouse':-; support. it requires a capacit~, oI' eomputRtion anel co:-;t:-; far 
I)f'~'()ncl \Y!w t i:-; reali:-;t ic. 

\\,p propo:-;e nll alternati\'e institutional restriction Oll nades \\,hieh does not :-;llffer f1'Om the 

pn'\'iolls c1nt\\,baeb. \\'e clailll that if assets are protected b~' collatcral. tlH'1l all~' falllil~' of 

beliefs is tClllporar" \'iable. 

Theorem 4.2. lI" tuel! (/sset j /8 pmfccfed b.l/ col1afual, i. é. if CJ #- O for ((J(I! j. fll( fi f 1'( rlf 

furnily of ll/litf' i" tt T71Jioror,1f I'iablt, 

Pmof. Let 3 ' be a C'ompact subset of ::::' sueh that the set of ali falllil~' of actions a \\'ith 

0' = (,r!), &'.0 ' ) -::= A' :-;atist\ing the lllarket dearing eonstraints 

L ,ri) + Co' = L E I) anel L&' = Lo' 
1:C f i:c f iEf l:cf 

lS a subser of Tl,:=f[.Y() X int 3l The existem'e of sueh a set is a direct cOllscquenee of the 
lllain assulllprioll: c) = () for l'aeh j. This is sufficienr to preclude existe]j('t' of arbitrage 

opportulliri('s allel en~ure that J.l i:-; relllporar~' \'iable. Indeed. \\'e can apph' Propositioll -LI 
to get thc ('xi:-;tcllc(, of an eqllilibrill111 (Po. (}. a) at t = () for the e(,ollolll~' \\'hicll inw:-;rlllellt 

~traregie:-;' :-;ct i:-; resrricteel tu S'. The imeriorit\' cOlldition together \úth rllt' ('onu\\'ir~' of 
r he u t ili r~' fll11ct iOll (J I ~ 1'1 (jJI). (1, (J I. f/') allo\\'s us to a ppl~' :"t alldarel arg1l111ellb to p1'O\'e r ha t 

(Pu. (j. a) is (\]:-;0 nu eqllilibrill111 at f = U for t he ini tial (llll('onst rained) eCOllOlll\'. O 

5 The need for default 

ASSlllll{' tlJat tlH're exisr:, a telllporary eCjllilibriulll at f = O. \\'hell agem:-; ('all borro\\' as:"ets 

anel default i:-; not allO\\'ed. ir nJa~' be the ea~e that for SOllle possible srate of uature at f = 1. 

lU For the part ieular as,.;et ,.;truet ure 01' eontract~ for SUT'f delin'r\' 01' eaeh good. thi,.; reslIlt \\'a,.; prO\'eel in Green 
(1 D-;-:3) (';te'te' al"o Granelmont (1 q-;--;-)), 

IISee aiso silllilar result" for "ecuritie" model in Hart (19-;- 4) anel HalllInonel (19::<3), 
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there does not exist a market clearing price. lu other ,,·ords. temporar~· \"Íable beliefs are not 
sequentially \"iable. \Ye pro"ide a sim pIe example of an econom~· ha\"ing a unique tell1porar~" 
equilibrium at t = O but for \\"hich no temporar~" equilibrium at t = 1 exists. 

Example 5.1. Consider an eCOnOlll~" ,,"ith two agents I = {il.i:?}. one good Lo = {lo} at 
t = O. t\\"o goods LI = {( I. {2} at t = l. Olle state of nature S = {d aud one market for sure 
deliwr~" of good li at t = l. i.e. there is one asset J = {j} \\"ith AJ(s) = l{lJ}. \Ye consider 
that there is no collateral requirements and that no default is allowed (i.e. Àj(s) = +x). Both 

agents haw the same utility functions. the same discount factor 3 i = 1 and the same initial 
endO\\"lnents 

and 
"h" E X. ["{ Cr) = .r(( d + .1'(( 2) 

\Ye choose the normalization 

anel 

Beliefs of agent i are elefined b~" the probabilit~"1:2 

!/ = Ói = FH Dirac{pl } + FL Dirac{pl } 
H L 

,,"here FH > O. F L > O and PH + PL = l. Obserw that suppÓ i = {PH.PL}. Each agent i 
expects that at t = 1 onl~" t\\"o prices are possible. \Ye denote b~" ~H = PH({Ú1pfl({!l anel 
~~ = Pr U 2) / Pr U d the price of good (2 in units of good {I. \Ye assume that 

(30) 

Obsern:, that this last condition implies that expectations O\"erlap in the sense of Green (197:3) 
and Grandmont (1917). Agent i 1 beliews that at period t = 1 the price of good (2 ,,"iH be 
higher than the price of good (1. Although agent i:2 assigns a non-zero probabilit~" to this ewut. 
he beliews that the opposite ma~" also happen. 

Assume that agent i has chosen a portfolio :::1 = (]i - oi at the first period t = 0.]:3 At t = l. 
gi"en a price ]Jl E ~1. the demand of agent i is gi"en b~" 

(:31 ) 

In arder to haw market clearing at t = l. i.E'. 

C~1 + (~2 E d~1 (PI. 8. ::;i) + (t12 (Pl. s. ::;1) 

the price Pl at t = 1 nlUst satisfies pJ!l!l = pj{l::.). \Ye prO\"e that giwu an appropriate choice 
of the parameters defining initial endO\nnents of both agents. the optimal choice of portfolio 
_11 of agent í l at the first period t = O willlead him to be baukrupt at t = l. i.e. 

Pl . [e~1 + A)(S):::'I] = PI . e~1 + pJ(fll::;i 1 < O 

12Since no default is allowed. e,·ery agent expect~ the \"ector of rate~ to be equal to l. 
l:l\\"hen there is no collateral requirements and ,,"hen no default is allo,,"ed. it j,.; no more needed to distinguish 

asset purchases and sales. 
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if the COllllll()dit~, priu' Pl i~ (1.1). illlPlying that f..L is not sequentiall~' \'iable. 

Fix a portfolio :: E ::::. r('cRll that for e\'er\' Pl E ~l. til{' iudirect utilit\' fi Ipi. -".::) is defilled 

[11 (piJ.!'l.::) = :: 

S· i, 1 I I' i 1 ~ lllce T: {< all( T: li > 1. ",e wn' ' 

[ i, ( i, ) 1 
o PLo . .'i.:: = _, :: 

I' 
~[ 

aud 

anel [ 1'( I' ) 
o Pi!'.'i.:: =::. 

Gin'll êl pair !1.q) \\'ith q > () of first perioel prices. the buelget set Btl(q.I") of ag('nt i at 
the first perioel t = () i~ the set of all COllSUlllptions .1'0 ? O auel portfolios :: E ~ such that 1G 

/' I 1 ...... i i ,/'u -+- q . :: ~ (() ane ::.;:::. - P L ,( . 

Obsern' t lwt for eRch q > O. \\'e l1<1\'e 

therefore \\'(' let f'lq) be the C/('IllRUel for the assC't. i.C'. 

J'(q) = {:: E?: 3,l'() E X o. (.1'0.::) E dh(q·l/ )}. 

It follO\\'s t ha t 

f' ( (j) = arglllax { (r/ - q I:: : q:: ~ (!I anel ::? -]/L . (~ } . 

Siu('(' agem i:2 helieH's t 1m t gooel 1:2 nw~' be lllurC' expC'usi\'C' t lwn good 11. i.e. T:~é < 1 \\'f' hm'e 
q'é > q'l = 1. O]N'rn' dwt if q do('s 1l0t Iwlollg to Ir/l.r/2) then both agellts \\'j]] go short or 
long toget lH'1' O!l t he asset. Ílll pl~'ing dwt Cf ('anuot 1)(' a lllarket cleariug pricC'. Cousider 110\\' a 
pric(:' q E I ri' : . rr.! ). The d(,lllalld~ ou t he êlsset are t hell gi H'll b~' 

anel 

1jIlld,,(>d. tlH' optilllal ('hoic" in\'()I\'E''"' .1'1 (i é) = O. 
l'Tor t h" pricf' });'. t h" opt illlal ('hoicE' of agent i 2 im'ol\'E's .1' 1 ({ 1) = O. 
l"Oh,,(']'\'P that if : '? -})'H . t' then autoll1aticall~' : '? -PI, . t'. 
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\Ye clailll that choosing appropriatel~' initial endmYlllents. there exists a unique lllarket clearing 
price. Illdeed. if ,,'e fix fi} > O anel ('~I E R.~~ such that 

1 < 

then the price q* = (~)2 /(pf . ('~I) is the unique asse! equilibriulll price at f = O. 
It follo\\'s that for each r.1 > O. the wealth (L,I] (r.d of agent i 1 at f = 1 and priee P1 = (1. "I) 

is gi\'en b~' 

ll'il("Jl = 1'1' e
i
/ + tl(q) = ("1 - "f )t~l(CZ). 

Relllelllber that the uni que possible lllarket clearillg price at f = 1 is pj 
price agent i l' wealth is 

u,i l (l) = (1- ,,~l)f~l < O 

illlpl~'ing that agent i 1 is bankrupt and his dellland is not defined. 

(1.1). But for this 

This exalllple il!ustrates that e\'en if there is some agreement alllong consumers about 
the prices \\'il! pre\'ail at the second period. 17 t his is not enough to guaralltee the existellC'e 
of an equilibriulll in the second period. In the abO\'e example. consumer i] unclertakes an 
extreme position in the forwarcl market. Ris positioll is accomlllodated b~' consumer i2 and 
an equilibrium ah\'a~'s exist::; at t he first period. The problem in t he seconel period arises from 
the faet that the unique second period price that could clear lllarkets does not belong to the 
support of consumer i l' S beliefs. At this price. consumer i 1 goes bankrupt anel no equilibrillln 
exists. 

Our seeondmain result is that default is ah\'a~'s su[ficient to guarantee that e\'ery temporar~' 
\'Íable belief is sequentiall,' \'Íable. 

Theorem 5.1. ASSl1lT1( fhot toeI! ogfnt i is allol1'ed to defol1lt in fl'ery stOtf ,'; and 07/ U'fT'.l! 

U;;8f:t j. i.f:. Àj(s) < +X. thfn fl'fT'.l! tfwporar.lJ l'iabl( belir:f is sequfTltially l'iubh. In other 

u'ords. for eceri! tunpoT'UT'y equilibriuTTI at f = U then /l'ill be o tempoT'UT'i! equilibT'ium ot t = 1 
at ony possibh state S. 

Proof. Let (po.q.a) be a temporar~' equilibriulll ,,'ith ai = (.rll.R/.d). \Ye fix a state.'i E S. 
Let C be a compaet subset of Xl x D such that the set of ali families (.1']' di )/",1 E [X x DjI 
satisf~'ing the constraints 

is a subset of (int C)1 '" here 

\Ye let f he the correspolldellce frolll c 1 x ~1 X l\' to itself defilled b~' 

f(X1. d.p\. h') = II ~l(]Jl. h'. 8) x ç(xil x \(d~p) 
iEI 

1 ~\\'hiC'h is a sufficient C'ondit ion to guarantee existence af a temporan' equilibriulll. see Green (19,:3 l. 

(32) 



~I (fll. h- . .';) = argmax{ W i (PI. s. 0/ .. 1'1. d) : (.rl. d) E B; (PI' h-. !;.(J/) n C}. (:3:3) 

~(XI) = argmax {PI . I}ri - Fi (8) - }~,(.rb + Co)]: Pl E ~I} (:3-1) 
iE! 

anel \(d.ji) = TI)'::J \)(d.p) \\"here 

1 
{ 2:iE! dj } 

\)(d.p) = 2:iE! lj(pl.S)Oi 

[o. 1] 

if 2:i'::] lj (Pl. s)d > O. 
(35 ) 

Claim 0.l. Tlle corresponelcnce f is uppcr semicontinuous \\"ith con"ex COlllpact anel non-elllpty 

"alues. 

Pmof of C/uim 5.1. Ir is ob\'ious that ç anel \ are upper semicontinuous \\"ith con"ex compact 
non-empt\· "alues. In ordel' to appl~' Berge's l\Iaximum Theorem to the corresponelence ~,i. 
\\"P onl\" haw to prow that tllP budget set corresponelence is continuous. Sim'e elefault i" 
allO\\"pd. for any (PI.h) E ~l x !\" the sN Bj(Pl.h.s.a/) nC is ahmys non-elllpt~". The upper 
sPlllicontinuity of (PI. h) f--+ Dj (Pl' h. !i. 0') n C i" ob\·ious. The lo\\"er semicontinuity follo,,"s 
fram tlle fact that for an~' (Pl. h-) E ~l X h". the set of all (xl.d) E C satisf~'ing the constraints 

(36) 

anel 
vjEJ. p·}~(C))oj<d) (3i) 

is ahnl~"S IlOIl-elllpt~·. Indeecl. "ince PI E ~I anel fi(s) E lR~_. \\"e hm"c PI . cHs) > O. implying 

tllat tlle cOllple (fI. ri) defined b\· 

'(I = O aud 

beloug" to t his set. [J 

Appl.\·iug Kaklltani's Fixed-Point TheorPlll. there exist a couple (Pl.h) E ~I x !\" allel a 
famil.\" (.r/l.rI');E! E C! such that 

Appl.\·ing stalldard argllll1pnts \H' call pro\'(' that (Pj.h.xl.d) E Eq(a.s). 

6 Viable beliefs without default 

(:3~ ) 

D 

\Ye praYielc hpl'eaftel' t\\·o franw\\'orks unclel' \\"hich it is possible to exhibit sequentially \'iable 
beliefs ewn if default is not allO\\·ed. \Ye assume throughout this sectiou that elefault is not 
allowecl. i.e. Àj( .... ) = +x. that assets are not backeel b~' collateral. i.e. C = O anel all gooels are 
perisha ble. i.p. }" = (). 
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6.1 Real solvency 

\Ye alread~- kuO\y tllat if short-:-;;elliug~ are exogeuou:-;;ly bouuded tllen all~- belief is temporar~­
,-iable. lu fact it i~ po:-;;:-;;ible to clloo"e among tlw exogenous bouncl:-;; a specific one ,,-hich ensure:-;; 
sequential ,-iability of belicf"s (ewu in tlle abseuce of default). 

Definition 6.1. H'e SUi! flwt nul sol1'(:7/("i! is imposed OT/ inl'r:stment strutegies if for el'fTi! 
agent i 

:=.i C {(e. o) E R.~ x lR~: A(s)o ~ e~ (s) + ..1(s)B. Vs E S} 

u'here ..1(8)0 = LJéCJ ..1j(s)oj. 

RemarÁ" G.l. Obsern> that if agent i is prudent in the :-;;ense that tlle probability t,1 (p(). q) has full 
support for some (po.q) E Po x Q. then for ewr~' actiou (.ri).fJl.d) E B()(po.q) the inwstment 
strategy (e z

• d) satisfies the real "olwncy con"traint 

In Sn'll:-;;soll (19xl) it is illlplicitly as:-;;umed tllat agen!,.; are prudeut. 

Theorem 6.1. 11 real soll'ene!} i.'; imj)():-;(:d on inl'f~, .. ;fl7lent strotegies or if agents are prudent. 
then (l'eT}! family of beliei', is sequulfially I'iablt. 

Proof. \Ye onl~- ueed to pron' that if (Pu, q. a) i~ telllporar~- equilibriulll at t = O. then for each 
state s there exi,,!"; a temporary equilibrium at t = l. Obserye that whateyer are the Hctions a 
chosen at t = O. the ne,,- initial endO\\"lllents of the economy at state sare giyen b~-

In particular ,,-e hm-e 

ViE1. fl(S.OI);?:O auel I>"(.';'(II)E2:~. 
i cc J 

The:-;;e conditions are "ufficient to prm-e existem'e of a cOlllpetiti,-e equilibriulll anel therefore 
tlle set Eq(s.a) is non-elllpt~-. O 

6.2 Agents with perfect foresight 

lu thi" sectiou. \\"E' consider that agent~ han' :-;;ubjcctin-' belief~ Ui E Prob(S) abollt tlw realiza­
tion of exogenolls llncertaint~-. 

Definition 6.2. A family of btlief', J.L is colled pufeet-forrsight If it is degenontr. common and 
self-fulfilling /TI tlu 8UI.se that there uist.'; (J function 

PI : p() x Q x 5 - P I 

sueh that 
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• if fhr jlrtu ('(('foI' (flll. q) opjwon; in tlu ll/al'kff ot t = O. each Ilqellf i ht!in'e!; thuf 

mllfmlffllt fo fhr 8fofr .';. olll.l/ fhf prin Pl(P().q. s) U'ill 0jipUlr of t = 1. IJ .. 

• th( r( r.l"l.';1" o fell/jlomr.ll fljuilibril1l71 (po. q. a) of f = () such fhaf lehofuo i.~ fhr' reuli::.u/ 

8foft .'; of f = 1. the I.rpu·tecl jJrlu PI (Po. q.") i" o jJo8sible morktt deoring jJrtc(. i. t. 

pJlPlJ·q·$) E Pel a . s ). 

ROl/orÃ.' G.::? Ob~erw that all~' ]wrfect-fore"ight famil~' of helief~ i~ seqllelltiall\' \'iable. 

Theorem 6.2. AS.';/lIII( thaf shorf-,'wlfs OT't buundul.11- lf tl'ai! aqeTlf giCf,'; jJo.sitil'f pmbobility 

to foeh I)()·'siblt "tafl of lIof/l(,(' i.r. ~llpp l/I = 5 for (ach i. th(,lI a prefecf-fol'(8ight fomil.l/ of 

b(liff~ ui.,f,. 

R un (j rÃ.' (i.:1. If \\'P eonsider Il1Ulléraire or nominal Rs~et:" t !len t he pre\'iOllS reslllt is st ill ntlid 
en'n \\'i t !JUlIt illl posing bOlllld~ on ~hort -~ale". 

Proof. ForeHe!J H'etor (]i.q) E PxQ \\'!lere P = PoxPj'" aucljl= (jJo.]ij) \\'it!JjI1 = (P1(S) 1,-:: . .,-. 
\\'E' denote 1)\, AI(p.q) tl!t' /TItn'fellljlorollmdget ~('t cldillE'd b\' ali H'etors (.r.H.c)) E X x:::: 1 

\dwre X = _\() x X t'. satist; .. ing t h(' ImdgE't C'on:"traints 

allC! for ('<leI! s E sU]>]> l/I 

1-10) 

\\'(' denote b\' ál (p. q) t lw intu'frmporul delllHud ddint'd b~' 

ál(jl.ql = arglllHx{\'~~II(,r) : (.I'.H.o) E AI(p.q)} (-11) 

(-12) 

F ollO\\'iug TI aducr ( 19721 \\'(' sa~' t ha t <l falllil~' (p. q. x. (). cP 1 of prie('s (jJ. (}) E P x C2. eonSUlll ptiou 
alloeatiou:1' = l.r l )I::C1 E Xl ,me! inH'stlllent allocations alloeation () = I&'.i E 1) anel cP = 
(d ),-::1 is all p(j\lilibrill111 of plans. prices and pric(' ('xpectation~ if 

• for eadl i. 1)'1. HI
• 0') E álljl. Cf) 
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\yl!ere Fi = (eiJ' E~) E X() x xt'. 
It ,,'as prowel in Radner (1972) that :"uch an equilibriulll of plans. price:" anel price expec­

tations exists. \Ye denote b~' PPE the set of prices anel price expectatiolls (p. q) E P x Q \\'ith 

(jJo.q) E ~() anel pJ(.s) E ~l for \\'hich there exi:"t:" a con:"llluption a11ocation x = (.r i L7'I E Xl 
anel inwstment a11ocations allocation () = (f)l)iEI anel cp = (d)i7'I sllch tilat (p.q.x.().cp) is an 
equilibriulll of plans. prices anel price expeetations. Anel ,,'e denote b~' PPEu the projection 

on ~o of the set PPE. For each (Pu, q) E PPEo. \\'e choose P I (Po. q) a wetor in PIS :"uch that 
(Po. Pl (pu. q). q) belongs to PPE. \Ye extenel this function arbitraril~' on the space ~u. \Ye can 

nO\\' construct a famil~' of belief:" MpI b~' posing 

\\'e claim that MpI is a perfect-foresight falllil~' of heliefs. \\'e iu fact pro"e that an~' price 
(Po, q) E PPEo is a temporary equilibrium price at f = O. Ineleed. let (p. q) E PPE anel 

fix a consumption a11ocation x = (:r i )iEI E Xi anel inwstlllent allocations () = (e l )iEI anel 
cp = (d)i7'I such that (p. q. x. (). cp) is an equilibrium of plans. prices and price expectations. 

Claim 6.1. The falllil,\' (Po. q. a) elefineel b\· ui = (.1'1). fP. d) for each i. is a telllporary equilibriulll 

at f = O.' 

The heliefs are COlTect in t he fo11O\\'ing sense. 

Clailll 6.2. For each .';. the famil~' (Pl (fJ(). q. 8). x] (8)) is a telllporary eqnilibriul1l at f = 1 giwn 
actions a. i.e. (pdPo.q . .';).x](s)) belongs to Eq(a . .)). 

\Ye olllit t he proofs of Claims 6.1 anel G.2 sinee t he\' fo11O\\' frolll stanelarel argument:-;o D 

Obserw that in oreler to haw perfeet-foresight beliefs. each agent i is requirecl to be able 
to compute the set PPE of equilibria of plans. prices anel price expectations. Illlplieitl,\'. it 
is assullleel that the distribution of agents' charaeteristics is COlllmon knO\\'leelge. 1'10re pr01)­

lelllatic is the assumption that agent:" lllust coordinate on choosing the same equilibriulll priee 

PIlPo.q.8) conditional to the eurrent prices (Po.q). 
HO\\'e\'er. there i:-; a particular case \\'here agents elo not neeel to kno\\' t he elistribution of 

ot heI' agents' eharaeteristics nor to eoordinate in choosing t he same eqnilibriul1l price in order 

to haw perfect-foresight beliefs. \Ye fu11~' anal,\'ze this case beIO\\'. 

Theorem 6.3. Assum( fllat thtrE art contingerlt ('onfructs for ((J('h good.1'J lf uer.ll C/gErlt giL'CS 
PO,sitil'E probabilit.ll to Euch jJos,sibh staft of notun und tllfn i.'i no mTlstruint OT) porffolios. 2u 

fhen fht fumil./! of beliEf, defind for aU (po· q) E ~() b.l/ 

i { l/i(.';) Dirac(q(.<;)/ Ilq(.';)II) 
I' (PU, q. ri.'; x dpll = 

arbitmr./! 

if q(s) #- O 

if q(s) = O 

1"In the sense that J = S x L and a~set ('''.1) pm';; aI t = I the "alue 011 the markpt of alie unit 01' good I if 
the realizecl state 01' nature is 8, In other worcb, 

if ,,' = ," 

if ,,,' =!= ", 

2°For each i '" I. \\"e haw ::::' = 12:;' x 12~ , 
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In othel' mmb. if each age!lt belie\'e:-; at t = () that the price at t = 1 awl state .'-; of the 
good { \\'ill ("()incide \\"it h t l!e price q! ".1 I ohseryed a t t = O of t he contract deliwl'ing goocl { at 
t = 1 cOlltingcnt to :-;tate s. then thi:-; famil.\· of bdief:-; is self·fulfilling. 

Pmof. \Ye !>O!TO\\' tllc notations introclllced in the proof of Theorem 6.2. \\"ith a contingent 
contracb for each good. there ah\·a.\"s exisb au equilibriulll of plans. prices and price expecta­
tions e"en if no constraints on short-sales are imposed. Obsen"e that by non-arbitrage. if (p. q) 
belong:-; to PPE then q(8) i:-; strictl.\" positin' for each s. anel 

1 
]il(.s) = -11--11(}(8). q( 8) 

~O\\" tlle n'st of the proof fo11O\\"s exactl.\" the arguments in tlle proof of Theorclll 6.2. O 

The re"lllt described in Theorelll b.:3 does not rel.\" onl.\" on the completenes:-; of the asset 
market. The :-;p('cific asset structllre of complete contingent cOlltracts. COllllllodit.\" b.\" COlll­
lllodit.\". i:-; abo cnlcial. Ind('ed. if therc is a cOlllplete :-;et of ArrO\\" secllritie:-;.21 then OIN'lTing 
prices at t = () doe" not cnnblc agellts to forecast a possible equilibriulll pricc for t = 1 \\"ithout 
knO\\"ing t)](' distrilmtion of charncteristics of t he ot her:-; anel coordinating on se!ccting a price. 

7 Concluding remarks 

This papel' aim:-; at a l'eappraisal of the illlplications of default and co11ateral in a setting that 
depart:-; from t he t radi t ional ra t ional pal'adiglll b.\" a11O\\"ing age!lts to he lcss "ophi:-;t ica ted. 
\Ye fonuulat(' and anal\'zc a t\\"()-period lllodcl that is in dose relatie)Jl \\"ith temporar\" equi­
libri1\lu lll()(kb. but it d('\"iates frolll them h.\" a110wing for durable goods. co11ateral and the 
possibilit.\· ()f d('fault. Temporar\" equilibl'iulll lllodeb \\"ere pre"iousl.\" criticized on the basis 
of illlposing stringe!lt restrictions 011 agents' expectations patterns as \\"ell as for not ])l"O\"iding 
a lllarket lllechalli:-;m to pre\"ent the eCOllOlll.\" frolll collapsillg due to expectation errors. This 
stlld.\" addn's"es thesc shortcolllings. Our lllain lllessage is that the reliance Oll co11ateral to 
s('cure 10mb allO\\"s llS to dispensc \\"it h rpstrictions on expect ations patterns (i.c. m"er!apping 
cxpectation collditiollS) to get equilibrilllll in the initial date. \\"hile the possibilit\" of default is 
ahnlY:-; sufticiellt to ellSUrE' equilibrium at future dates. 

\\"c pn'\"io\lsl\" lllldcr!üwd in Section (j.2 t ha t for t he st awlard llloclel of R adncr (1 ~JI2) t he 
perfpct fOrE'"igl!t approi1cl! is \"eIT delllanding" \\"p CCU! find in the literatllre nll'iations of the 
standard llH)(lel (asymllletric information. llllawarelles~. and time incon:-;istenc.\" of preference~ 
\\"it l! naiY(' agellts) for \\" hich t he assulllption of perfect fOH'sight lwcollles 1ll0rE' problematic. 
\\"p bridh" l!ighlight t hat onr equilibriulll concept is cOllsistellt \\"it l! t hese lllodels. 

21 That i~ J = ,' .. ; and t1lf' pa\-oH' of a.~~('t .' at t = I and "tate .,' i" I if .,' = .' and O ('\,,;('\\·h(']"('. 
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7.1 Asymmetric information 

In a recent paper Cornet and de Boisdeffre (2002) incorporate as~"mmetric inforlllation in 
a sequential asset l1larket lllodel in a Yer~" particular wa~" t hat de\"iates fram t he st andard 
lllodeling. In R adner (1979). each agellt kno",s not onl~" t he set of signals he lllay receiw but 
also the set of signals the other agents llla~" receiye. 22 In Cornet and ele Boiseleffre (2002) (sep 
also ele Boisdeffre (2006)) agent i recei\"es a pri\"ate infonnation signal representeel b~" a subset 
T C S about which states will not preyail at the seconel perioel t = 1. Therefore. when he 
chooses his action at t = O. he only considers that the states in Si = S \ Ti may realize at t = l. 
The main elifference with t he traditional modeling is t hat agent i is not aware of ",hich signals 
other agents llla~" receiw. But in this case. it is eliflicult to understand hO\," agents can forecast 
correctl~' commodity prices in t11e seconel period t = 1. Indeeel. in Cornet and de Boisdeffre 
(2002) and ele Boiseleffre (2006). it is assumeel that agents can forecast correctl~" prices for 
states in niE1SI. \Ye belieye that t11e consistenc~" of such an assumption is problematic. Our 
mo deI encompass aS~"lllmetric infonnation as defined by Cornet and de Boisdeffre (2002) since 
\,"e can assume that for each agent i there exists a set SI C S such that supp Vi (Po. q) = SI for 
each (]lo. q) E ~o. Giwn that for OUI" equilibrium concept agents are not requireel to know the 
characteristics of the others (the~" may haw beliefs about the characteristics of the others). uo 
incànsistenc~" problel1l arisps. 

7.2 Unawareness 

In l\lodica. Rustichini. and Tallon (1998) (see also Kmmmura (2005)). agents l1la~" not be ablp 
to foresee all possible future exogenous contingencies (01' states of nature). For each agent i a 
subset SI C S reflects agent i's awareness. In contrast to Cornet anel de Boisdeffre (2002). they 
allo\," for the possibilit~" that the true "tate at t = 1 lllay not belong to the set niEI Si.23 In 
:'lodica. Rustichiui. anel Tallon (1998) it is assullled that agents are able to correctly forecast 
eleli\"er~" rates (or repa~"ment fractions) due to t he possibilit~" of bankruptcy of some agents. 
But to elo such a correct anticipation. they shoulel kno,," the characteristics of the other agents. 
in particular they should knO\," the collection of other agents' foreseen states. This ,,"oulel imply 
that each agent foresee the same set of states UiEI Si. Since in l\loelica. Rustichini. and Tallon 
(1998) it is assumeel that agents are forceel to honor their debts in the states the~" foresee. 
this also implies that the expecteel eleli\"er~" rate should be equal to one in each collectiwl~" 
foreseen state in UiEI SI. For that reasou. heterogeneous unforeseen contingencies seelllS to 
be rather problematic under the perfect foresight eqllilibriulll concept. Our model allO\,"s for 
unforeseen states.21 As pre\"iousl~". for our equilibrium concept agents are not required to knO\," 
the characteristics of t he ot h('rs (t hey llla~" haw belicfs about t he characteristics of t llE' ot hers). 
Therefore it is consistent \,"ith heterogeneolls llnforeseell contingencies. 

22Thi" is the reason \\"h~' the\' \\'ill be able to iufer information about others agents" signal through prices, 
2Cl.\ctually. the state of nature that materializes at t = 1 ll1a~' not e"en belong to U,,,! S/, 
241n contrar~' to :\Iodica. Rustichini. and Tallon (19!J8). \\"e do not make a difference bet",een states that are 

not foreseen and states \\'ith zero probabilit~" Indeed. as Hart (H17 -I). Green (197:3). Grandmont (1977) (anel 
man~' others) ",e elo not assume that agents are forced to honor their e1ebts for states to \\'hich the~' gi"e zero 
probabilit\,. 
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7.3 N aive agents with time-inconsistent preferences 

Let UI c1t'note t h(' ~pace uf ~trict I~' increasing. concm'e anel contillUOUS functions from X I to 2. 
t Iwn t he ser S' of exugenous 1ll1cert ainty ma~' be interpretecl as a ~u bset of t he space 

t hrough t he lllapping 

S U ] .... J .... J 
:= I x .~ I x.\. I 

\: s f----- {UI(s.·).eds).A(s)} 

\\·here UI I,.; .. ) = (ClI,,;,'))';:::]' etl") = 1('I(s)!i;:::] anel A(,<;) = (..lA')))"'.!' 
Hering" and Rhode I 20(JG) allm\' for naiye agents t hat ma~' haw tinH'-illConsistellt prefer­

ences. At t = 1 when .. , realizes. the lltilit~· "i (s . . ) that agent i actually ha~. ma~' differ from 
the utility C; ('''' .) he \HIS expecting at t = O. \Ye ('all incorporate this frame"'urk in our model 
b~' con~ideriug t hat t he set of exogeuous uncert aint~· is defineei b~' t he set Lél S x {(l. I} and t he 
mappiug ~ defined for ali .'; E S b~' 

Recall that /1' (fi(). q) represeuts agem i'~ belief~ about exogenou~ expectatiOlb. \\'hich i" llo\\' a 
probability 011 S x {O. I}. If the support SUpp/l'(jJ().q) is a sllbset of S x {O} tllen it means 
t ha t agcllt" are llai \'e anti llla\' IHl,ye t ime-incon~isteut preferellcTs. O bsern' tlla t ill our lllain 
existence [('sults (TlteorE'llb -1,2 aud 0.1) \ye elo not illlpose any condition on the ~upport of 
Vi (pn. q). Ther('fore \ye allm\' for tillle- illconsistE'llt preferen('('s, Ou t h(' ot her halld. in orel"r 
to prO\'e til(' existellce of perfect-foresight beliefs (Theorem G.:{). \w assll111E'd that agents' 
beliefs about exogenous ullcertaint~· haw full support. It ~eelllS to be difficlllt to ju~tify tilllE'­
illCOllSistt,1lt p[efe[ellCeS under perfect foresight. 

A Proof of Proposition 4.1 

Ler A' Iw H compHct sllbset of A' = XCi x:::: ' ~llch that tlle ~et of ali falllil~' of actions a = 10 1 li;:::! 

"'ith Oi = (,/,11' R'. 0') E A' satisf"ing the lllarket clearing constraints 

L ,/'il + Co' = L (L Hnd L H' = Lo' 
I:C: f I:C: f i:c:! I:::! 

IS a subs!'t of TI,,::! illt Ai. The existence of ~uch H set is a direct consequcn('(' of tlle Iwtill 
a~slll11pti()ll: the ,,~t ::::' is a sllbset of :.: x [O. <p 1

]. This is sufhciC'nt to prec!ude existellce of 
arbitrage ()pportllnities HlHl eUSllj"(' existellCE' of telllporar~·. 

\Ye let \ h(' the CO!T(,spollClcuce frolll ~() x TI,:::! AI to it~elf defiuecl In' 

\I(jill.q).a) = \\I(a) x II \'(j}CJ·q·(/) 

i:c:! 

( -1:3 ) 

2"Thp ~\'JIl"()1 O n'prp"E'll1~ PX!JPctatioll'" at t = O abollt \\'hat can happt'1l at t = 1 allel the "'\'lIlbol 1 rl'prp~Pl1b 
realization~ at I = I, 

2-1 

, 



• 

where \ o (a) io; t he set defined b~' 

(4-1 ) 

and for each i. \ i (PO' q. 01) is the set defineeI b~' 

arglllax {l'i (Po. q. 01. Jli): ai E B(;(po. q. t/) n Ai} . ( -1:) ) 

It is prowd in Proposition B.l that the correspondence BQ("I,I) has a closed graph. Since the 
set A i is com pact. i t follo\\"s t ha t t he correspondence (Po. q) f---- B6 (Po. q. I' i ) n A I is u pper semi­
continuous. It is prowel in Proposition B.2 that the correspondence (Po.q) f---- Bb(po.q.pl) 

is lO\\'er sellli-continuouo;. Choosing Ai large enough:2G ,,'e obtain that the corresponclcnce 
(po.q) f---- Bb(pO.q.Jli) nAi is lO\\'er semi-continuous. It is prowd in Proposition C.2 that the 
function (po.q.a) f----l'i(po.q.a.Jli) is continuous on gphBi(-.t,I). Appl~'ing Berge's l\laximul1l 
Theorem (see Aliprantis anel Boreler (1999. Theorel1l 16.31)) the corresponelence \1 is upper 
o;emi-continuous ,\'ith non-elllpt~' compact yalues. The concayity of a f---- 1 'I (Po. q. a. I' i) implies 
that the ,'alues of \ i are com'ex. It is straightforwarcl to check that \ () is upper semi-continuous 
,,'ith compact non-empt." anel com'ex ,'alues. Appl~'ing Kakutani's Fixeel Point Theorel1l. there 
exists (po. q) E ~o aneI (li E Ai for each i slIch that 

(-1G) 

It is nO\\' straightfol"\yard to prow that (Po, q. a) belongs to Eq(J-L. O). i.e. J-L is temporar~' yiable. 

B Continuity of the budget correspondence 

\Ye fix a falllily of beliefs J-L anel for notational simplicit.\·. the set B(\(po. q'l,i) is denoted b~' 
B() (Po. q). Fix an agent i. t he purpose of t his section io; to prow t hat t he buclget corresponeIence 
B() : ~o ~ A has a closed graph and is lo,,"er semicontinuous on the o;il1lplex ~o. 

Proposition B.I. The graph gph Bü of Bb elefineel b~' 

( -17) 

is closecl in ~o x A. 

Proof. Let (PO.II' (111) be sequence in ~o conwrging to (jJ(j. q) E ~o anel (o 1/) be a sequence in 
Ai conwrging to o E A' such that OI/ E B(J(po.lI' qn) for eac11 n. i.e. 

PU.II . [.1'0.11 + LOII ] + q. (e n - 0 11 ) (PU.n . fi) 

anel for ewr.\' (PI. h. 5) E sUPP 1'1 (PO.n. qll) t here exists ()n (P1 . h'. ,,) in D such that 

o (PI . k~ (5) + }~,(J·().n + LOn )] + LI j(hj·PI· s)ej.n - ()j.n(PI· h. 8). 

)EJ 

ll'In order to contain the action a' defined in the proof of Prop0f;itioll B.:2. 

2G 

(-1~ ) 

(-19 ) 



anel 
Xl('~) < +x or ll).n(P[. f\. s) ? p[ . A)(8)0).n. (:)1) 

\Ye haH> to pn)\"{' that (J bdong~ to B!J(po.q). Passing to the limit em (-1K) \n' obtaiu 

1)11' [.1'11 + Co] + q. (fi - o) ,ç po' fil' (:)2) 

:\,O\\·let (p].f\ . .s) iu SUpP/,I(p().q). Siuce the corresponclence "I is lo\\"er semi-cominuous. there 

exists a strict I~' increasing function ;; : N - N anel a sequence (Pl.n. f\ n. 8n ) in S1lpP ,,1 (PO.;I 11)' q ;1111) 

COlIH>rgiug to (p]. h'. 8). It follO\\'s from (-19) anti (:)0) t hat for each j t he seq1l('uce 

is bounckel. Passing to a subsequeuce if uecessary. there exists ll(p]. f\. 8) E D such that til(' 
pre"ious spq1lE'nce COll\'erges to ll(p]. h'. 8). ObselTe that the set S is fluite. Sinc(' (8 n ) conn'rges 
tu 8. for 1/ large puo1lgh ",e hem:' 8 n = .".;. Ir follO\\'s that passiug to the limit in (-19). (:)()) aud 
(:)1) \\'P obtaill that 

anel 

() ,ç 11] . [( I[ ( s) + 1:-r.1' o + C o)] + L i ~) ( h') . p] . :; ) fi) - ll) (p] . h' . . ~ ) . 
)7' J 

/\)(8) < +x or ll)(p]. h'. s) ?]l] . A)(8)0). 

\Ye ha\"(' tlms pro\'Pd that (/ belong~ to Bj(p].h'.S). 

(:)-1) 

[J 

Proposition B.2. Th!:' correspolHif'uC(' (fl(l. q) f---> Bb(PlI. q. fll) is 100\'E'r semi-(,Olltiu1lous Oll ~II. 

Pmof. "'(' flrst pro\'(' that for ew1'y (po. q) E ~o. the1'e exists (j in AI anel a f1lllCtion 0 : n - D 
S1lch t ha t 

anti 

() < li] . l( I] (s) + 1:-1 .r(l + C;)] + L i j (f\). fi] • 8 )H) - 0) (p] . h'. -'). 

) 7'.J 

À~(.~) < +x or 0) (jl]. h.'. s) > p] . A)(.-;)o). 

Inclepd. let (f)I). 'I) E ~II. If 1)(1 =F O. then \H' posP 

(.rll.H.o) = (().O.()) auel 

(5G) 

(:) I) 

( ;jK) 

(:)9) 

• 
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If po = o then \H' haw q -j- o and ,,-e pose 

(7[).ê)~(o.o). e~,lJ Rnd ii(Pj.".S)~'[1+Pj.~.4J(S)l 
,,-here " > O is chosen such that 

1t then fo11ows from standard argulllents that the eorrespondenee Bu is 10wer semi-continuous 
on ~o. D 

C Continuity of expected utility functions 

\Ye reea11 that n = (int ~l) x I{ x 5 represents uncertaint~- at t 

purpose of this seetion is to prow that the indireet utilit~- functioll 
1. Fix an agent i. the 

defined by 

P : gphB!J ~]k 

P (Po, q. o) = l [i C.,;. (J )!li (pu, q. d .. ,;) 
Jí2 

is continuous on (gph Bu) n [~o x A]. \\-here A is a compaet subset of Ai. 
Obserw that if (po.q.o) be10ngs to gphBu then for ewry w' in the support of !11(pO.q) the 

budget set Bi (w'. o) is non-elllpt~- and 

P(w·.o) = sup{ll"i(w'.o .. r.d) : (,Ld) E B;(w·.o)} 

is \\-e11 defined. \Ye propose to extend the definition ofP to the pairs ( .. ,;.0) for \\-hich Bl(w·.o) 
is elllpt~-. For this purpose we introduce the fo11O\ying notation: 

.P (8) : = {j E J : À ~ ( 8) = + x } . 

At state 8. agent i is not a11myed to elefau1t on assets in .]i(s). \Ye extenel nO\\- the definitioll 
of fi to the space n x A by 

. { SU.P{lP( .. ,.:. o . . r. d): (.1'. d) E Bj(w'. (In 
[1( .. ,;.0) = 

-:1(,.<.;. o) 

if Bi(""'.0)-j-0 

if Bj(",,'.o) = 0 

where for ewry w' = (Pl. h-. s) anel o = (.ro. e. o) 

Pl' [E~(S) + 1~(J'o+Co)] + L\j(h',pl.S)eJ 
jEJ 

L \j(Pl.S)Oj - L DJ(Pl.S)Oj. 
jE.l'is) 

(GO) 

(GI) 



The fllll('tic, "is (OUtillllOlb ou n x A aud tll(' budget set Bi (w'. o) is U()ll-elllIH~' if alld 

olll~' if '.' (w', o; 'I In particular \H' hm'e tlH' follo\\'illg continuit~, result, 

C/aim (',1. TI lllllction [' is COntillllOIlS on {~i < O}, i,e. if ("",'//,0,,) IS H seqllenC'(' \\'ith 

,1(...,'",0/11 < () cUlln'rging to ( .. ,,:.0) with ,1(...,',0) < () then the seqllence (['("""1/,0,,)) cOllwrges 
to [' ( .. ,,:, (/), 

Appl~'illg Berge's .\laximlllll Theorelll, \\'(' obtain the following cOlltinuit~' result, 

Claim C.2. The fllnction [' is continuous on {~i ;:? O}. i,e, if ("""n.On) is a sequem'e with 

,1("""/I'On);:? () ('oll\'erging to (...,'.u) \\'ith "i(""",o);:? O then the sequem'e (['("""n'On)) conwrges 
to [' (w', (J), 

Pmof of C/oim C2. For each ( .. ,,:.0) E O x A the set B]("",'.u) is nOll-empt~' Hlld COIl"ex, but 

sinc'e p E int~I, the set Bi(jII.S.U) is also compact, It is ob\'ious that the lmdget set C'orre­
spolldence B; is llpper-selllicontinllOus Oll O x ."L .\loreowr. sillC'e (~ (.'i) is strict I~' positiw, \W' 

can pro\'e follO\\'illg standard argulllents that the blldget set correspol1clence Bi is abo lo\\'er­
semicontillllOllS, Applyillg the Berge's .\laximllm Theorelll. the flll1ctioll [' is C'ontinllous on 
n x A. 

Proposition C.1. The fllnctic)]) [' is boulldecl and contilluOllS 011 O x A. 

Proof. The bOlllldedlless of [' follO\\'s frolll t IIC' bOllndecllless of CÁ;, ,I', d I f--. Tl" ( .. <.;. (I. .1'. ri I 011 

(int~]) x A X XI X D, \\'e pron' Ilm\' that [' is continuous 011 n x A, Let ("",'/1,01/) ]>e a 
seqllence cOllH'rgillg to (...,', (/), 

If '.'(""".(J) > U, thC'1l for n large ellough \\'t' haw ~'("""n'u,,) > (J. illlpl~'illg that tlle result 
then follO\\'s from Claim C,2, 

If ,1("",'.0) < O, then for n large C'lIollgh \\'E' haw "(w'/I.on) > O, illlpl~'illg that the reslllt 
t hen follO\\'s from Claim C ,L 

AssunH' nm\' t ha t "( "",', o ) 

(.I']. ri) E B; ("",'. o) sllch that 
U, It follO\\'s that Bi(""",o) #- 0. in particlllar there exists 

[' ( w', ([) = 11' i ( "",'. ([ .. 7' ] . ri) . 

Sinc'e (,/'],dl E Bi("",'.o) \H' lllUSt I1m'e 

1 I1 ' ,r 1 :::; 1'] , [( ~ ( ..,) + L (,to + C o J] + L ' j ( h' j • P J • .'i) e j - L ri) 
jEJ jEJ 

and 

'\j E .]'(,.;1. ")(jII,"')Oj = rlj alld \:fj tt .]'(,<;), Dj(1'J,.'i):::; ri)' 

III particular it follO\\'s t hat 
() :::; li] '.1'1 :::; ,I (w'. o), 

But sim'e ,1(w'.O) = () it implies that 

Since 1'1 E int ~I it implies that .r) = U, Therefore 

(G2) 

( ();3 ) 

(G-1) 



The sequence (P(w·n.on)) is boundeel. passing to a subsequence if necessary we can assume 
that the sequenc'e ([I(";"'n.On)) COll\'erges to some real number ~;X' \Ye propose to prow that 
~x = P(w',o), 

\Ye split the set N in t,,'o parts 

(65 ) 

If the set N< is illfillite, passing to a subsequence if necessary. we can assume that N< = N, 
It fo11ows that P(w'n.an) = ~:i(w'71.an)' Passillg to the limit. we obtain ~:~ = -:,i(";"'.a). Sillce 
~i(..;.,·.a) = O = P(w'.a). it implies that ~JX = P(w'.a). 

~O\\' assume that the set N< is finite, For ri large enough. ~:i(..;.,'n.an);? O. In particular 
there exists (.r1.n,dn ) E Bi(w·n.on) such that 

Sinc'e A is compact. passing to a subsequence if necessar~'. \\'e can assume that (.r1.n' dn ) 

com'erges to (.1']. d). The corresponelellce Bi is upper semi-continuous. then passing to the 
limit we obtain 

and 
Vj E Ji(s). ij(p].s)Oj = dj anel Vj rt Ji(s). Dj(PI's)::; dJ , 

In particular i t fo110\\'5 t ha t 
() ::; ]JI ' .1'] ::; ": 1 (w'. o), 

But sinc'e -: 1 (w'. o) = O it implies t11at 

Since PI E int ~I it implies that .1'1 = O. Therefore 

\Ye are nO\\' read~' to pro\'e the main result of this section. 

Proposition C.2. The fUllction P is continuous on (gph B[)) n [~() x Aj. 

(66) 

(6i) 

(68) 

D 

Proof. Let (bn.an)nE:; be a sequence in ~(J x A conwrging to (b.a) E ~(J x A. Fix i E I and 
define by 

together ,,'ith 

29 



For each /I E n \\"e han' 

F1(bll.u n ) = j' fll("<':)PII(d,,<.:) . 
. \2 

\Ye clailll tItar tIte falllil~' {fll }nE: conn'rge:'i continuously to f. Indeed. let (""'I! )IIE: be a 
sequence in n com'erging to "-,-', Sim'e [i is continuous on r2 x A. t he sequeucC' {f I! ("': 11 ) } 

cOll\'erges to [("-,-') . 
.'\O\\' \H' can apply Graudlllont (1972. TIteorelll A.3) to get that the s('quenct' {P(b ll . ali)} 

cOll\'erges to 

D 
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