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Abstract

We study the asset pricing implications of an endowment economy when
agents can default on contracts that would leave them otherwise worse off. We
specialize and extend the environment studied by Kocherlakota (1995) and Ke-
hoe and Levine (1993) to make it comparable to standard studies of asset pricing.
We completely charactize efficient allocations for several special cases. We in-
troduce a competitive equilibrium with complete markets and with endogenous
solvency constraints. These solvency constraints are such as to prevent default
-at the cost of reduced risk sharing. We show a version of the classical welfare
theorems for this equilibrium definition. We characterize the pricing kernel, and
compare it with the one for economies without participation constraints : inter-
est rates are lower and risk premia can be bigger depending on the covariance
of the idiosyncratic and aggregate shocks. Quantitative examples show that
for reasonable parameter values the relevant marginal rates of substitution fall
within the Hansen-Jagannathan bounds.

1. Introduction

Standard equilibrium asset pricing models have problems reproducing some of the
basic facts in the data.! A promising direction for improvement in this dimension has
been to maintain standard preferences and allow for incomplete risk sharing across

*This paper has benefitted from comments by seminar participants at the Penn Macro Lunch, New
York University, Cornell University, NBER Summer Institute in Boston, Macroeconomics Meetings
Northwestern, Federal Reserve Bank Chicago, Federal Reserve Bank Philadelphia, Federal Reserve
Bank New York, University of Chicago, University of lowa Conference on Heterogeneity, CEPR
Conference in International Financial Markets and Business Cycles, Econometric Society Meeting
in Pasadena. We would also like to thank the discussants George Constantinides, Michele Boldrin,
Harris Dellas, Harold Zhang and Ted Temzelides at various events for their comments.

1The shortcomings of standard model versions are widely documented in studies such as Mehra
and Prescott (1985), Hansen and Cochrane (1992).



agents. Generally, in this class of models, financial markets are exogenously consid-
ered as incomplete. With agents having to carry some idionsynchratic risk, pricing
kernels are more volatile than those of representative agent economies with the same
aggregate consumption. One drawback of studies following this approach, when com-
pared with complete markets economies, is that they require more or less arbitrary
assumptions about which set of securities is available. Model conclusions may in
turn crucially depend on these assumptions. Another possible problem is tractabil-
ity. Because finding equilibria of these models involves solving a difficult fixed point
problem, it has been very difficult to analyze the case of many assets or many agents.
Additionally, previous quantitative studies with incomplete market models required
highly persistent relative shocks, a feature not necessarily seen in the data.?> In this
paper, we study a class of models whose equilibrium, in general, entail limited risk
sharing but that do not have some of these potential drawbacks.

Our approach for limiting risk sharing builds on work by Kehoe and Levine {1993)
and Kocherlakota (1995).3 These authors present and study efficient allocations in
endowment economies where participation constraints ensure that agents would at no
time be better off reverting permanently to autarchy. These participation constraints
are motivated by an extreme form of limited liability. We imagine a world, where, if
agents default on some debt, they can be punished by seizing some assets that they
may own, but they can not be punished by garnishing their labor income. In such an
environment, risk sharing may be effectively reduced because agents with low income
realizations can only borrow up to the amount they are willing to pay back in the
future. It is assumed, not modelled, that there is commitment to carry out these
permanent punishments.

We adapt this framework in various ways to make it more suitable for quanti-
tative asset pricing evaluation. In particular, we start by extending some results of
Kocherlakota (1995) to environments where relative shocks and the growth rate of
aggregate endowments are serially correlated. We proceed by characterizing efficient
allocations. For the cases where full risk sharing is not possible, we show the existence
and uniqueness of the invariant distribution of the relevant statistics. The main char-
acteristics of efficient allocations are : (i) when transiting to a particular state where
both agents will be better off than in autarchy, they must equate their marginal rates
of substitution, (ii) but if they, transit to a state where only one agent will be better
off than in autarchy, this agents marginal rate of substitution will be higher. These
properties of the efficient allocations are key for understanding asset pricing, since
we show that in equilibrium the highest marginal rate of substitution plays a central
role in pricing. Our characterization of the efficient allocations is simple enough to
suggest computational algorithms that can be very fast and easy to implement. In
fact, for simple cases we can completely characterize efficient allocations analytically.
Qur parametrization of the aggregate shocks has two desirable properties. First, it

2See Telmer (1993), and Heaton and Lucas (1995) for numerical simulations with transitory shocks
in two agents economies and Constantinides and Duffie (1996) for a structure with permanent relative
shocks with a continuum of agents. Heaton and Lucas (1995) found a first order serial correlation

for relative incomes around 0.5.
3Earlier work in the souveraing debt literature by Eaton and Gersovitz (1983) first formalized the

main idea of this approach.



follows the asset pricing literature and thus makes results comparable. Second. it
makes clear that aggregate shocks will have effects on the marginal rates of substi-
tution, over and above the effect that they have in economies without participation
constraint, only if they are correlated with idiosyncratic shocks. We also characterize
the type of parameters that will lead to very little risk sharing, by making autarchy
relative attractive. They involve low discount factors, low risk aversion, and persistent
idiosyncratic shocks. We think that this is interesting because these values are at the
opposite end of the ones required in variations of the representative agent model to
account for high premia and low interest rates.

We introduce a new equilibrium concept that emphasizes the portfolio constraints:
a competitive equilibrium with solvency constraints. In particular, we focus on con-
straints that are tight enough to prevent default but allow as much risk sharing as
possible. These endogenously determined solvency constraints, are agent and state
specific and ensure that the participation constraints are fulfilled. This means that
the amount of wealth that agents can carry to any particular date and event will
never be small enough to make them choose to default and to revert to autarchy.

We show versions of the classical first and second welfare theorems for our equilib-
rium concept. Our decentralization differs from the one in Kehoe and Levine (1993)
where the participation constraints are included in the consumption possibility sets.
We think that our decentralization relates better with the existing literature in asset
pricing, by focusing on portfolio restrictions.* In any event, we show that both equi-
librium notions are closely related. We also study properties of the pricing kernel.
One period contingent claims are priced by the agent with the highest marginal rate
of substitution, which is the agent that is not constrained with respect to his holding
of this asset. Thus the price of a contingent claim (an Arrow security) is equal to the
highest marginal valuation across agents. Pricing of an arbitrary asset is accomplished
by adding up the prices of the corresponding contingent claims (which, interestingly,
does not need to coincide with the highest marginal valuation across agents). For
the purpose of asset pricing, this framework has two advantages over the standard
incomplete markets specifications: first, allocations do not depend on a particular
arbitrary set of assets that is considered to be available. And second, with markets
being complete any security can be priced. Finally, we find that interest rates are
smaller, independently of the precautionary motive emphasized in the literature.

We also engage in a simple numerical exercises for a first quantitative evaluation of
this model. In particular, we analyze the variability of the relevant marginal rates of
substitution for asset pricing. One motivation for conducting this exercise is that He
and Modest (1995) have shown that among the most commonly considered frictions in
asset pricing models, solvency constraints could potentially reconcile the variability of
aggregate consumption with data on asset prices for reasonable values of risk aversion.
More precisely, they use a version of the Hansen-Jagannathan bounds for complete
market economies with solvency constraints following Luttmer (1991). In our study,
we go one step further and present a model with endogenous solvency constraints
and we find that for some reasonable parameters our economy passes the standard
Hansen-Jagannathan test for low values of risk aversion. In particular, individual

4See for example, He and Modest (1995), Luttmer (1991) among others.



income processes are calibrated following Heaton and Lucas (1995) based on the P5ID,
relative risk aversion is required to be around 2 we need very low values of the discount
factor. We also experiment with more persistent processes for the idiosyncratic shocks.
motivated by the evidence in Storesletten, Telmer and Yaron (1997), finding similar
results for low risk aversion and higher discount factors. Our companion paper Alvarez
and Jermann (1997) contains a more detailled analysis of the quantitative properties.
The remainder of this paper is organized as follows. In section 2 we present the
model environment. Section 3 characterizes the constrained efficient allocations by
introducing a recursive representation, analyzing the extent of risk sharing, the long
run dynamics and the case of aggregate uncertainty. Section 4 introduces the com-
petitive equilibrium with solvency constraints, shows versions of the classical welfare
theorems, relates the equilibrium concept with the one by Kehoe and Levine and
analyzes the pricing kernel. In section 5, we present some quantitative asset pricing
implications by solving for efficient (and equilibrium) allocations for a simple case.

2. The environment

We consider a pure exchange economy with two agents.> Agents’ endowments follow
a finite state markov process, agents’ preferences are identical and given by time-
separable expected discounted utility. We add to this simple environment partic-
ipation constraints of the following form: the continuation utility implied by any
allocation should be at least as high as the one implied by autarchy at any time and
for any history.

Formally, we use the following notation, i = 1,2 to denote each agent and we use
{2} to denote a finite state markov process z € Z = {21, ..., zv } with transition matrix
II. We use 2 = (21, 22, ..., 2;) to denote a length ¢ history of z. The matrix II generates
conditional probabilities for all histories 7(2f|29 = z). We use the symbol> for the
partial order 2t = 2t for ¢’ > t to indicate that 2t isa possible continuation of 2%, that
is, that there exists a history 2° such that 2t = (2%, 2°) for s = t'—t. We assume that all
the entries of I1 are strictly positive. We denote {c}, {e;} as the stochastic process for
consumption and endowment of each agents, hence {c} = {ce(2): ¥Vt 20, 28 € Z'}.
Household preferences are given by discounted expected utility. Thus, an agent's
utility corresponding to the consumption process {c} starting at time ¢ at history 2t
is denoted by U(c)(2") and is given by:

U(c)(z) = Z Z Bou (cers (2°77)) (2" 2).

s=0 zt+scZt+s

We assume the following properties, u(-) is strictly increasing, strictly concave, t
and u'(0) = 400. The participation constraints that we study consist in restricting
the consumption paths so that under no history the associated utility is lower than

5Throughout the paper we concentrate on the 2 agent case for the sake of lighter and clearer
exposition. Except for the result on the uniqueness of the invariant distribution of the endogenous
variabes it is straightforward to show that our results extend to the more general V-agent case.



the one corresponding to autarchy. Formally, we restrict attention to consumption
processes {c;} that satisfy the following Participation Constraints:

Ule)(2) 2 Ule) (=) = U z) YVt >0, 2t e Z¢, (2.1)

where we define U* as the utility of consuming the endowment forever starting today
when the shock is z;. Notice that U(e;)(2") depends only on z; because e;(z¢) is a
function of z;, which is first order markov.

For the subsequent analysis we further specialize the environment with the follow-
ing assumptions:

(i) symmetry, for any 2z € Z there is a z* € Z such that e;(2) = e;(2*), j # 7 and
IT is such that Pr(z41 = 2'|2, = 2) = Pr(2¢+1 = z"|zt =z*) for j,i= 1,2,

(if) homothetic period utility, u(c) = 61_—7

(iii) no aggregate uncertainty, e1(2) + ex(z) = e, for all z € Z; this assumption is
relaxed later in the paper.

3. Constrained optimal allocations

Constrained optimal allocations are defined as the processes {¢;} i = 1,2 that maxi-
mize period zero expected lifetime utility for agent 1, subject to resource balance and
the participation constraints for both agents, given some initial (time zero) promised
expected lifetime utility to agent 2. For simplicity, from now on, we drop the qualili-
cation of “constrained” optimal allocations and we refer to them simply as “optimal
allocations”. Thus, optimal allocations solve the following maximization problem:

V™ (wo, 20) = max {U{c)(20)}

c1,e(28) + ¢4 (2%) e,
U(e)(2Y) > U'z)Vt>0, e Zt
Ulez)(20) > wo.

The function V*(wyp, zp) can be thought as the time zero utility possibility frontier.

Now we turn to restate the previous problem recursively. We first present a functional

equation and then relate the fixed points of this functional equation to the function

V=,

T V{(w,2) = max {u(cl) + 0 Z V{w(z"),2") 7T(z’|z)} (3.1)
2'e€Z

c, e, {w(2)} '€ Z

ci+cx<e (3.2)

u(ex) + 06 Z w(2') m(2'|2) 2w (3.3)
' 2'€Z

w(2) > U%(2)all 2/ € Z (3.4)



V(w(z'),2"y> U ) allz' € Z (3.5)
where the domain of the operator T V(w, z) are the pairs (w, 2) such that
T V{(w,z) > U'(2) and w > U(z). (3.6)

Notice that, as a difference with a more standard “Bellman equation” the domain
of TV—and any of its fixed points—depends on the function on the R.H.5. V" and
hence it is not known a priori, that is, it has to be determined simultaneously with
the function itself.

It is straightforward to show that the function V* defined previously solves this
functional equation. However, the functional equation has more than one solution, and
hence it can not be a contraction.® In particular, autarchy is always a fixed point. To
see this take any function v(w, ¢) with the following properties: for each z € Z, v(-.2)
is decreasing in w and v(U?(2), 2) = U'(2). It is immediate to verify that v is a fixed
of T with the domain of the fixed point for each z given by a single point, i.e., v(w, 2) is
defined only on [U?(z), U%(2)]. But, if in this case, V*(U'(2), z) > U?(2) then T has
at least one other fixed point, namely V*. This observation w1ll ‘reappear” when we
define the decentralized equilibrium and find that autarchy is always an equilibrium.

Even though the T operator is not a contraction it can be useful in computing 17"
Its usefulness comes from the following result. Considering the operator T defined
exactly like T in 3.1 except that the participations constraints for both agents 3.5 and
3.4 are removed, and consider its fixed point V. The function V(-,2) is the full risk
sharing frontier when z; = 2. The following proposition states the sense in which T
is useful for computational purposes.

Proposition 3.1. lim, TV = V* pointwise.

The proof uses standard arguments from Stokey and Lucas with Prescott (1989).7
Because V is easily computed, the previous proposition makes T useful for computing
the fixed point V* and its associated policies.

3.1. Risk sharing regimes

Now we turn to the analysis of the stochastic process for {w;41} and {¢; }. Depending
on parameter values there are three possible “regimes” for the process for {we+1}. In
all of these cases, independently of the initial condition (w, 2) with positive probability,
after finite time, one of the following situations arises:

1. There is full risk sharing for ever,
2. Only limited risk sharing is possible,

3. Only autarchy is possible.

61t is easy to check that T does not satisfy one of the Blackwell sufficient conditions for a contrac-
tion, namely discounting. That is T(V + a) could be bigger than TV + fa for a constant @, since
the feasible set of choices for (w(z')) ,ic z is bigger for V + a than for V.

"Detailled proofs are in the appendix.



By full risk sharing we mean that the allocation is Pareto Efficient, in the standard
sense ignoring the participation constraints, for some initial condition (wp, 3p). Notice
that there can not be full risk sharing for all initial (w,z) since the participation
constraint has to be violated for some, for instance, for (w, 2}, such that w < U 2(2).
In this simple environment, full risk sharing is characterized by resource feasibility
and constancy of the ratio of the marginal utilities across agents for any time and
history. Parameter values that produce the first case are not interesting for us since,
for the purposes of asset pricing, its implications are the same as the representative
agent economy.

We discuss briefly how one can check for each case. Kocherlakota (1995) presents
sufficient conditions for each case when the shocks are i.i.d. and symmetric across
agents. We consider a slightly different case in the following proposition.

Proposition 3.2. If there is no aggregate uncertainty and the endowments are sym-
metric, then full risk sharing is possible if and only if

we/2) > U?(2) for all 2.
1-8
Figure 1 illustrates the case when full risk sharing is possible for a range of w.
When full risk sharing is not possible there are two cases, one case is where autarchy
is the only feasible allocation that satisfies the participation constraints and the other
is the one in which some other allocations satisfy the participation constraints. These
are the cases that we are interested in, since they are not equivalent to a representative
agent economy. Figure 2 illustrate the case when full risk sharing is not possible.
Which case applies depends on how attractive autarchy is relative to some form of
risk sharing, which in turn depends on the parameter values. These parameters are
time preference, the degree of risk aversion, and the persistence and variability of the
individual endowment. Full risk sharing is not possible if agents are very impatient,
if agents are very risk tolerant, or if shocks are very persistent. More formally,

Proposition 3.3. Consider a case where there is no aggregate uncertainty, and there
is symmetry in the endowments; let

H5561+(1—6)H
for § € (0,1), then full risk sharing is not possible in any of the following cases:

(a) The time preference parameter, 3 is sufficiently small;
(b) The relative risk aversion 7, is sufficiently small; and
(c) The persistence of I1s, 6 is sufficiently close to one.

Remark 1. Using results that we derive (a), (b) and (c) can be strengthen to say
that as 3 | 0, | O,or 8 T 1, not only full risk sharing is not feasible, but autarchy is
the only feasible allocation.



3.2. Optimal decision rules

We will now characterize the optimal decision rules for V, a fixed point of the T
operator. Let W, (w,z) and Ci(w,z) denote the optimal decision rules for w(z’)
and ¢; respectively when the state is (w,2). The following properties of V' and its
associated policies are useful for the subsequent analysis.

Proposition 3.4. V isstrictly decreasing and strictly concave on w, furthermore it is
differentiable in its interior. The optimal policy rules are single-valued and continuous.
Finally, consumption is strictly monotone on z, t.e., ¥z, Ca(w,z) { Ci{w, 2) resp.) is
strictly increasing ( strictly decreasing resp.) in w.

Next we examine the first order conditions for the maximization problem (which
are reproduced in the appendix). From these conditions it follows that the optimal
decision rules are such that if one agents will be constraint in a particular state in the
future, then the other will be unconstrained. Thus we have,

Proposition 3.5. If autarchy is not the only allocation satisfying the participation
constraints, then if w = U?(z) we have V(w,2) > U(2), and if V{(w,z2) = U'(z) we
have w > U2(z).

Given our interest on the implications for asset pricing in decentralizations of these
allocations we want to summarize some of the implications for the dynamics of the
intertemporal marginal rate of substitution of the different agents.

Proposition 3.6. If both agents are unconstrained for 2. then their marginal rate
of substitution is equalized. Furthermore, if z,,, = 2, = z then we have W, (w,2) = w
(the “45%-rule”). If one agent will be constrained in 2,41 then his marginal rate of
substitution will be strictly smaller than the one for the other agent.

Finally we present a result for optimal decision rules when 2,4, # 2;. We show
that the decision rule W,/ (w, 2) is strictly increasing in the interior of its range. Hence
these decision rules are globally increasing, and may have (at most) two flat segments,
one for low values of its domain and other for high values of it. Formally,

Proposition 3.7. If(0,w, z, ') are such that (i) z # 2’ (ii) w < @ and (iii) W (0, 2)
and W, (w, 2) are in the interior of the range of W,:(-,2) ie., W,/(w,z2), W (w,z)
€ (U%(2"), V7I(-,2')(UY(2))) - Then Wyi(, 2) > Wi (w, 2).

3.3. Long run dynamics : Invariant distributions of w’s

Now we consider the invariant distribution of the {w¢+1, 2141} process. To analyze
it we add to the previous assumptions of no aggregate uncertainty and symmetric
endowments a requirement that will be satisfied, roughly speaking, if the process for
individual endowments is not negatively autocorrelated. Under these circumstances
we show that if there is only limited risk sharing, then there is a unique ergodic
distribution for the {we41, Z¢+1} process.



Let’s denote the transition function for the process {wi+1, %t+1} generated by
the probabilities ]| and the optimal decision rule W (-) by P(G, z'|w,2) = Pr{w,_; €
G, 241 = 2| wy = w, 2 = 2; [[, W} for suitable chosen sets G C D = [min, U?(z). max, [73(z)].
We will assume that the matrix [ and the functions e;(-) are such that U*(-) is increas-
ing in e; with this extra assumption and the previous result that the optimal decision
rule W (-, 2) is increasing and continuous on w, we show in the appendix that the
transition function for {wH.l, zt.,_l} is monotone and satisfies the Feller property. Fur-
thermore we will show that for the no aggregate uncertainty, symmetric endowment
case, if there is only limited risk sharing, the domains of the function V*(-, z) for dif-
ferent z are such that the markov process for {wy1, 2¢+1} satisfies a mixing condition
which is sufficient to ensure the uniqueness of the invariant distribution.

The next definition is one of the monotonicity requirements that we mentioned.

Definition 3.8. II is monotone means that 7 {e2+1 > €'| ex; = €) is increasing in ¢
for all €'.

The following lemma, together with the compactness of D establish the existence
of an invariant distribution for the process {w¢+1, 2t+1} -

Lemma 3.9. Monotonicity and Feller Property :Assume that Il is monotone.
Then the transition function for the process {wi+1, 241} Is monotone and satisfies
the Feller property.

Now we turn to show that the process for (w41, 2¢+1) mixes high and low values
enough, so that it has a unique ergodic set. To do so we show a series of lemmas
that make the connection between the domain of V (-, z) for different values of = and
monotonicity properties. We introduce the following assumption,

Assumption: Monotonicity of U*: the values of Z ,m, and the function e;(-) are
such that :

e2(2:) < ea(2it1) and U%(2;) < U%(2igq) fori=1,2,...,N — 1

Notice that this assumption is implied by monotonicity of IL
We denote the lower and upper bounds of the domains of the function V (-, 2) as
L(z) and H(z) respectively for each z, that is

L(z) = U%(2) and H(z) = V" 1(-,2)(U'(z)) for z € Z.

The next lemma states that we can order the lower and upper bounds of the
domains of V for different z's.

Lemma 3.10. Monotonicity on U'.If there is monotonicity on U' then , L(z;) <
L(z;41) and H(2;) < H(zi41) foralli=1,2,.N -1

The next lemma makes the connection between the domain of V (-, 2) and the
extent of risk sharing. This is the key insight of why there is enough recurrence so
that there is a unique ergodic set.



Lemma 3.11. Domains of V and risk sharing. Assumne that there Is monotonic-
ity on U; , symmetry on the endowments and that there is no aggregate uncertainty.
then efficient allocations have ouly limited risk sharing if and only if H(z) < L(zy) .

Now we are ready to state a formal definition of mixing that will ensure the
uniqueness of the invariant distribution.

Definition 3.12. Mixing: there is an ¢ € [L(z), H(zn)] and € > 0 such that
P([C’H(z/\/)] 1IN I L(zl)vzl) 2 €, and P([L(Zl)vc] y 21 | H(zN)’ 51\’) 2.
Finally the next lemma verifies that this property is satisfied,

Lemma 3.13. Mixing. If there is monotonicity on U; and there is no aggregate
uncertainty then the transition function satisfy mixing.

Collecting the result from the previous five lemmas we have that by Theorem 12.12
in Stokey and Lucas with Prescott (1989):

Proposition 3.14. If there is monotonicity on U, monotonicity of Il, symmetry
on the endowments and no aggregate uncertainty, then there is a unique invariant
distribution for the process {w, z}.

Kocherlakota (1995) proves a result similar to this last proposition. The difference
here is that we allow individual endowments to be autocorrelated. In addition, our
characterization of the optimal decision rules, that differs from Kocherlakota (1995),
allows us to solve simple examples almost completely analytically. On the other
hand, relative to Kocherlakota (1995), we have restricted ourselves in this section to
the case of no aggregate uncertainty. However, in the next section, we argue that all
the previous results hold for a specification of aggregate uncertainty that is different
from the one in Kocherlakota (1995). Namely, the aggregate growth rate is assumed
to follow a markov chain. This specification while simplifying the analysis enormously,
is also the most commonly used in quantitative asset pricing exercises, which is the
focus of this paper.

3.4. Bounds on individual consumption

The purpose of this subsection is to show that consumption of each agent is always
bounded by the highest and lowest of the individual endowments of that agent. This
is a very natural property of the optimal allocation that it will be used to obtain
bounds for the marginal rate of substitution. We consider situations where there is
some, but only incomplete risk sharing, and we maintain our earlier assumptions of
no-aggregate uncertainty, homothetic utility and symmetry.
Let’s fix the following notation,

min -e—‘—(i)
i=1,2,262 e(z)’
mip C; (U*(2),2) and

9
I

R

argmin Cy (U2 (2), 2) .
argmin Cz (U* (), 2)

10



Proposition 3.15. Consumption is bounded by individual endowinents,
e< C’i(’w’z) <e
forallw,z and i =1, 2.

To shown this proposition we go to a series of simple lemmas, that are in the
appendix. The intuition of the result is straightforward from the insurance aspect
of the problem. In an efficient allocations in the “worst” possible case consumption
of an agent can not be lower than the lowest individual endowment, because for this
allocation to satisfy the participation constraint it will have to be followed by some
future very high consumption, but this will require a pattern of consumption even
more variable than autarchy.

Remark 2. Notice that proposition ?? gives a sufficient condition for bound in the
marginal rate of substitution, Ie.
) -

B (2]2) (C" S )) <Br(=12)- (

i

. N . . ~l
for any i = 1,2, and any w, 2, 2.

3.5. Optimal allocations and growth

We introduce aggregate growth in the same fashion as the specification of the aggre-
gate endowment process in Mehra-Prescott (1985) and in much of the quantitative
consumption based asset pricing literature. In particular, the growth rate of aggregate
endowment, A\(2:+1), follows a finite state markov process described as follows:

Etp1 = € /\(Zz+1) and e,-,‘t =€ - ai(zt) for i = 1,2

For this case, we write e/ = A(2’) - e and the state for the corresponding functional
equation—and hence value function and policies—is (w, z,e). Also notice that the
value of autarchy is expressed as U(e, 2). In the appendix we present the functional
equation for this case.

When the period utility function is homothetic of the form u(c) = Ell_;,: for some
positive y (for simplicity lets assume that v # 1), then the value function V(-) and
the policies {C1 (), Ca(-), W(-)} satisfy the following homogeneity property:

Proposition 3.16. for any y > 0 and any (w, z,€) :

V'™ w, z, y-e) = Y7 V(w, z,€)
Ci(y*™"w, 2, y-e) = y-Ci(w,z,e) fori=1,2
Wz:(yl‘"’ cw, 2, y-e) = Yy Wu(w,z,e).

This simply means that in the growing economy, there is some homogeneity with
respect to the (stochastic) level of aggregate income. We can redefine the economy so

11



that it has a constant aggregate endowment, but with common shocks to the discount
factors of both agents.

By using the homogeneity properties shown in the previous proposition the func-
tional equation for the economy with growth can be rewritten as :

T V(,2,1) = max {u(cﬁ) +8 Z V(w/(:\’),z', 1)- ,\(:')1_77r(:’|:)}
2'eZ
a,é,{w(z)} ez
G+ <l

w(@ +8 Y w(@) - (M) T n(]2) = @

z'eZ

w(z') > U2(z",1) all 2’ € Z
V(@(z), 2, 1) 2 Ul(z', 1) all 2’ € Z
where the “ hat ” variables are defined in the appendix.
Notice that the A(-), 7(-) and 7 have to satisfy certain constraints so that in the
economy with growth utility is finite. It suffices to assume that:

max {[3 ez AN TV w(2)2) 2 € Z} < 1. Hence the functional equation for a

growing economy is identical to the previous one except for the terms (/\(:’))1'7
multiplying the transition probabilities. In fact, by replacing the common con-
stant discount factor 3 by a common discount factor that follows a markov process
B(z,2") =8 (A(z"))! 77 m(2'|z) , the two problems are exactly identical. Without loss
of generality one can then omit the argument e from the value function V and the
decision rules {C;, W}, since it is identically equal to one (it should be clear that
this adjustment could have been made to the probabilities m, in which case the two
problems will be exactly identical). This transformation is similar to the standard
practice of “detrending” variables for the neoclassical growth model following King,
Plosser and Rebelo (1988).

All the propositions shown in previous sections, appropriately restated, with the
new stochastic discount factor, will still be true. Because the proofs will be identical,
except for details in the notation, we will not repeat them. This should not be
surprising given that the shocks to the discount factor affect both agents identically.
Clearly, a major benefit from this representation is that we will be able to compute
this transformed stationary economy in exactly the same way as the economy with
constant aggregate endowment.

4. Decentralized equilibrium and welfare theorems
In order to meaningfully analyze asset prices we propose a definition of a decentral-

ized market equilibrium for these economies. We define a competitive equilibrium
as a Radner equilibrium with complete markets and with solvency constraints. The
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securities are all Arrow securities and each agent faces a constraint on the minimum
amount of the Arrow security holding. The idea behind these constraints is that
by not allowing agents to take large amounts of debt, default will be prevented. In
general, these solvency constraints restrict the wealth that is carried to each state Y
differently, since the relative value of staying in the economy or going to autarchy
should be different.

4.1. Competitive equilibrium with solvency constraints

The period t state 2! price of one consumption good delivered at ¢ + 1 contingent
on the realization of 241 = 2’ in terms of period ¢ consumption goods is denoted
by ¢:(2¢,2'). The corresponding holdings for agent i at ¢ of the Arrow security are
denoted by a; ¢+1(2¢, 2'). The lower limit on the holdings of the corresponding Arrow
securities at time ¢ is denoted by B;1(2%,2'). A plan for the agent 7 is defined by
a consumption process and a security process {41, ci¢} that satisfy the following
budget constraint for an initial wealth a; o

Z aiee (25,2) @ (24,2") + ci (2%) < @ip(2f) + eie(2e) (4.1)
z'e€Z

forallt=0,1,... and for all 2t € Z%,2' € Z.
In each period agents are subject to the following agent and event specific solvency

constraint,
aip+1 (25,2) 2 Bipea (24, 2) (4.2)

forallt =0,1,... and for all 2* € Z%,2' € Z.
Definition 4.1. An equilibrium with Solvency Constraints {Bi +1}—given the ini-
tial wealth of each agent a; ¢ and given the initial value of zg— is a plan {ci ¢, Qitv1) s

and a price process {q;}, such that (i) {ci, @i +1} maximizes utility subject to 4.1
and 4.2 given {B; ++1} and {q;} , and (ii) markets clear, i.e.

et (2%) + ez (2f) = e(20)
forallt =0,1,... and for all 2t € Z' and
at,e1 (25 2)) + g4 (25,27) =0
forallt=0,1,... and for all 2 € Z* and 2’ € Z.

It is easy to see that for given solvency constraints the sufficient first order condi-
tions for the maximization of the agent 7 problem are given by :
Euler equations :

—q¢ (2, 2") o (ciy (2%)) + B (2']2) o (Cit+1 (#,2%)) <0 (4.3)

with equality if ai¢41 (2/,2%) > Bigs1(2%,2'), for all t = 0,1,... and for all ezt
and z' € Z, and
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Transversality Condition (see Stokey and Lucas (1989):

Hm Z B! (cie (2%)) - [air (2%) — Biye (27)] - 7 (2%]20) = 0. (4.4)

t— 00
z2te 7t
Now we examine the classical welfare theorems and the relationship with the
equilibrium concept proposed by Kehoe and Levine.

4.2. Decentralizing optimal allocations : Second welfare theorem

In this section we characterize the allocations that can be supported as a competitive
equilibrium with solvency constraints. In particular, we decentralize (constrained)
optimal allocations as an equilibrium with some solvency constraints, i.e. we state a
version of the second welfare theorem.

Given an allocation {c},} for ¢ = 1,2...,] we start by defining candidate Arrow
prices {¢;}, Arrow-Debreu prices {Q;} ,initial wealth a; ¢ and solvency constraints
{B;,} for decentralization of {c],}.

Definition 4.2. Given an allocation {c],} the period t,event z* candidate Arrow

prices of a security that pays one unit of consumption at t+1 contingent on 2z, = 2.
in terms of consumption at t are defined as

w (e}, 41 (25, 2")
* t 7\ — ! 1,041 ’
2, 2) = B (2'|2) max . 4.5

@ (+4,+) = or (<] )?=1,2[ ' (e, (24) )
forallt,zt € Z* and 2’ € Z.

These Arrow prices imply the following Arrow Debreu prices:

Definition 4.3. Given Arrow prices {q;} the candidate time 0 A-D price of a unit
of consumption contingent on the realization of 2 at time t are defined as follows,

Q(; (ztlzo) = 05(207 Zl) : q; (Zo, 21,22) e q;—l (:t—l’ zt) . (4'6)

Because of our interest in computing prices of asset that pay dividends in every
period, such as consols and stocks, we are going to be looking for equilibria where the
interest rate are high. In order to do so, we restrict attention to the allocations that
satisfy the following property:

Definition 4.4. We say that the implied interest rates for the allocation {Cf,c} are
high if the value of the aggregate endowment, and thus of aggregate consumption.
computed using the A-D candidate prices for the allocation {C:t} is finite :

33 Q6 (etleo) (e, (2F) + 3, (2Y)) < +oo. (47)

t>0 zteZt

14



The following proposition states the conditions under which an allocation can be
decentralized as a competitive equilibrium with solvency constraints. These solvency
constraints can be chosen such as not to be too tight, so that they bind if and ouly if
the continuation utility is equal to the value of autarchy. This is a natural condition
to ask for the solvency constraints, since the motivation for the constraints was to
avoid default. That is, if the solvency constraint binds and the continuation utility
would be strictly higher than the value of autarchy, the solvency constraint could be
relaxed a bit, without ”causing” the agent to default. Having relaxed the constraint,
then most likely the agent will take a bjt more debt and will be better off. We imagine
that if financial intermediaries are competing against each other by taking prices as
given but by being able to set the solvency constraints, then at an equilibrium this
property will have to be satisfied. Indeed, the intermediaries that were to lend to a
constrained agent would never be reimbursed.

Definition 4.5. For an allocation {c{’t}, asset holdings {ai¢+1} and solvency con-
straints {Bi 1} we say that the solvency constraints are not to tight if they bind
only when the participation constraint binds, t.e., if for agent ¢ at all times t, and
events 2 € Z' ,2' € 7 .

aie41 (25 2") = Bigg (2¢,2") (4.38)

if and only if
Ulc) (,2%) = U () (¢, 2Y).
Recall that the notation for period t state z' continuation utility for agent i is

U(e}) ().

We can now state the conditions under which an allocation can be decentralized
and then we get a version of the second welfare theorem.

Proposition 4.6. Given any allocation {c},} that satisfies : (a) resource feasibility
at any time and event, (b) the participation constraints 2.1 for each agent at each
time and event, (c) if the participation constraint of an agent does not bind then this
agent has the higher marginal rate of substitution , i.e., for allt > 0 and 2* € Z' ,
z' € Z then if agent 1

U(c))(2,2") > Ule)(2,2") =

w' (el (24,2) max { u (]t+1(~,~)) " }
g u' (¢f , (24)) B d u' (e, (21)) 7 (2']2¢)

and (d) the allocation has high implied interest rates, then (i) there exists a process
{B”}, initial wealth a;p and an asset holding process {a*t} such that the plan
{a1 £ Ci } is a competitive equilibrium for the solvency constraint {B; .} and the initial
wealth a; 9. Moreover (i) the process for the solvency constraint {Bht} can be chosen
so that the solvency constraints for both agents satisfy 4.8 (are not too tight).

The, almost, converse of the previous proposition is true :



Remark 3. Conditions (a), (b) and (c) of the previous proposition have to be sat-
isfied in any competitive equilibrium given solvency constraints that satisfy 4.8 (not
too tight).

As a corollary of the previous proposition we get the second welfare theorem.

Corollary 4.7. Any constrained optimal allocation that has high implied interest
rates can be decentralized as a competitive equilibrium with solvency constraints
where the constraints are not too tight.

In the previous corollary we have restricted ourselves to the case where the optimal
allocation satisfied the assumption that the implied interest rates are high. Now we
give a sufficient condition under which that assumption is satisfied.

Lemma 4.8. If preferences are homothetic and the following inequality is satisfied

BXVm (2)2) + B Z (%)_7 AMm(2)z) <1
2'#z

for all z € Z, then any optimal allocation {C;‘ t} , generated by the optimal policies.
has implied interest rate that are high.

Later on we will develop some results that will allow us to show that if the alloca-
tion {c},} is a constrained optimal allocation where there is some risk sharing, then
4.7 has to hold (the implied interest rate are high).

We finally establish a result about autarchy. The result states that autarchy can
always be decentralized as an equilibrium with solvency constraints that satisfy 4.8
(that are not too tight).

Lemma 4.9. Define {Ca,i,t; qat, @a,i,t+1, Ba,it} as follows : for all t > 0, dtezt e
Z

Ca,i,t (zt) = €t (ze),
Qg i t+1 (Zt,zl) = Ba,it (:t) =0,
U (ei,e+1 (2'))

(2|2
i=1,2 uw (Ci,t (Zg)) ( &)

It
)
=2
&
"

t !
Gar (2%, 2')

and {Qq +} are the A-D prices implied by {a:} as defined by ?2. Then {Ca,it, dat, Ga,it }
is a competitive equilibrium with solvency constraints given {Bg, i t+1} and the initial
conditions a;p = 0, i = 1,2. Moreover {B,; +1} are not too tight.

Remark 4. even though autarchy allocations can always be decentralized, in general.
they are not (constrained) efficient allocations. This result is analogous to the fact
stated above about multiple solutions of the functional equation. That is, that the
value of autarchy was always a solution of the functional equation characterizing
optimal allocations. Also notice that the implied interest rate in {Qa:} can be very
low and hence equation (4.7) may be violated.
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4.3. 1% Welfare theorem and comparison with Kehoe and Levine equilib-
rium

In this section we address two related issues, the comparison of our equilibrium con-

cept with the one proposed by Kehoe and Levine and whether the first welfare theorem

holds for our equilibrium concept.

Compared to our equilibrium concept the equilibrium in Kehoe and Levine (1993)
differs in that they include the participation constraints in the consumption possibility
sets, as opposed to our limits to borrowing (our solvency constraints). We think
that our alternative decentralization provides a closer link with the literature on
equilibrium asset pricing with borrowing and solvency constraints and that it makes
the form of the pricing kernel immediate. In particular it allows us to use the results
of Luttmer (1996) and He and Modest (1993).

The problem for agent ¢ in the Kehoe-Levine decentralization is

max U (¢;) (20)

st. : Qo (C,; -_— 6,') <ap
U(cs) (zt) > Uley) (zt) for all t > 0 and z' € Z*

where Qg is a non-negative linear function.
Formally given Qo the dot product representation of the A-D prices is defined as
follows. For any t and 2* € Z* define

Qo (2l20) = Q(9)
where &, (2°) = 0if s # ¢ and 2° # 2" and otherwise & (') = 1.

Definition 4.10. The A-D prices are said to have a dot product representation if

Qo ()= > e (2") Qo (s)20).

t20 2tc 2t

With this notation we can write the budget constraint of agent 7 as

33 (ene () —ei (20) Qo (")) < aio

>0 zte 2t
The corresponding Arrow prices are defined as
t
Qoi(2,2)= —"F< 7~ -
() =%
We set up this notation to show the following two results. First the implied Arrow
prices in the Kehoe-Levine decentralization are equal to the highest marginal rate of

substitution across agents, like in our equilibrium with solvency constraints that are
not too tight. Second, we can say that the allocations of an equilibrium with solvency
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constraints correspond to the allocations of a K-L equilibrium. An immediate con-
sequence of these results is that we can use the relationship between the equilibrium
with solvency constraints and the K-L equilibrium together with the first welfare the-
orem shown by Kehoe and Levine. Then we obtain a (qualified) version of the first
welfare theorem for our equilibrium concept. That is, allocations corresponding to
an equilibrium for solvency constraints that satisfy 4.8 (solvency constraints not too
tight) and 4.7 (that have high implied interest rates) are constrained efficient.

Proposition 4.11. Let {¢;},7 = 1,2,{Qo} be the allocations and A-D prices cor-
responding to Kehoe-Levine equilibrium. Let qo be the corresponding Arrow prices.
Then

! t !
SNy U (Ci,H-l (: y < )) N
o (+:2) = ey {ﬁ e () TS (49
and if
U(ei) (24,2") > U (e:) (2%, 2)
then

u' (cier1 (2°,27)
qo.t (Z ’Z,) =P u’l(Ci ¢ (2%)) ™ (=)

Now we show that for any equilibrium with solvency constraints if the implied
interest rate are high and the constraints are not too tight then the implied A-D
prices and consumption allocations constitute a K-L equilibrium.

Proposition 4.12. Let {q:,Cit,ai+1} be an equilibriuin given the solvency con-
straints {B; ;11} and the initial wealth {ai,}. Assume that the A-D prices {Q:} im-
plied by {q;} satisfies 4.7 (that the implied interest rates are high) and that the
solvency constraints satisfy 4.8 (i.e. they are not too tight). Then the consumption
allocations {c;;} and the A-D prices {Q.} constitute a K-L equilibrium.

Proof. Sketch. In an equilibrium for given solvency constraints the consumption
allocation is clearly feasible and if the solvency constraints are not too tight the
consumption allocations satisfies the participation constraints for each agent at all
times and states. It only remains to be shown that given the A-D prices implied in
{q:} the consumption allocation maximizes utility subject to budget and participation
constraints. It will suffice to find non-negative shadow values (multipliers) associated
with the budget constraints and participation constraints. We give an algorithm to
define these multipliers as a function of the consumption allocation, Arrow prices and
participation constraints. Finally we verify that these multipliers together with the
consumption allocation are indeed a saddle. We accomplish this by verifying the first
order conditions. A detailed proof with the technical details is in the appendix. ||

Corollary 4.13. Let {q.:} be defined as the “autarchy Arrow Prices”, i.e. for all
t>0, and 2t € Z¢

2 s} = max gl Gt o)) 110
ot (2, 241) = 31=1113~>§[3 W (e (20) T (2e41]2t) (4.10)
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Let {Qqat} be the A-D price process computed using {Qat} . If autarchy interest rates

are high, i.e.,
o0

ST Qae (2" [en (20) + €2 ()] < +oo, (4.11)

t=0 2teZt

then autarchy is an efficient allocation, and hence is the only feasible allocation.

Proof. Recall that for B;; = 0 autarchy is an equilibrium with solvency constraint
that are not too tight. If 4.11 is satisfied, by definition, the implied interest rates are
high. Then proposition ?7?? implies that the consumption allocation and implied A-D
prices of the equilibrium with solvency constrains constitute a K-L equilibrium. Since
the first welfare theorem holds for the K-L economy, this allocation is efficient. W

Corollary 4.14. Autarchy is the only feasible allocation in either of the four cases:
(i) the time discount factor 8 is sufficiently small, (ii) risk aversion 7 is sufficiently
small, (iii) the transition probability matrix is sufficiently close to identity, and (iv)
the variance of the idiosynchratic shock is sufficiently close to zero.

The proof of this corrollary consist in showing that under the given condition the
autarchy-value of endowment becomes finite, that is, autarchy interest rates are high.
Related to these two corrollaries we will present in the last section of the paper a
simple example where aggregate endowment and interest rates are constant.

For completeness we add, without proof, a simple lemma, characterizing a case
where perfect risk sharing is feasible.

Lemma 4.15. Let {c; .} be the consumption allocation for an equilibrium with sol-
vency constraints that are not too tight. Then if the marginal rates of substitution
are equalized, i.e. for all times t and events 2,2’

W (e (Z4) oo (e ()
wles (@) " =G @)

then the consumption allocation is unconstrained efficient. Moreover if an allocation
is unconstrained efficient, it can be decentralized as an equilibrium with solvency
constraints where the solvency constraints never binds.

m(2lz),

We show that for any (constrained) optimal allocation where some risk sharing is
possible, the implied interest rates are high. This result complements our statement
of the second welfare theorem, that uses as an assumption that the implied interest
rates are high.

Proposition 4.16. Let {ci;} be a (constrained) efficient allocation and let {Q.} be
its associated A-D price process. Then, if some risk sharing is possible, so that for
each t, 2, there is 2z’ € Z such that one of the agent i’ = 1,2 :

Ut (i) (2,2') > Ut (er) (2%, 2'), (4.12)

then 4.7 is satisfied (i.e. the implied interest rates are high ).
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We finish the section with two remarks about the usefulness of these results.

Remark 5. As alluded earlier in the paper, it is immediate to see that the results of
this section on equilibrium characterization and welfare theorems hold for the case of
any finite number of agents, not just two.

Remark 6. The characterization of equilibrium, welfare theorems and optimal allo-
cations makes it very easy to construct optimal allocations that can be decentralized
by guessing and verifying. For instance suppose that an allocation is (i) resource fea-
sible (ii) satisfies the participation constraints and (iii) every time that for an agent
the participation constraint does not bind then this agent marginal rate of substitu-
tion is (weakly) higher than the one for the other agent. As a direct application of
the previous result, if the implied interest rates for this allocation are high then the
allocation is (constrained) efficient. The fact that we restrict ourselves to cases where
interest rates are high is, in a sense, without cost. This is because we are interested
in analyzing the price of infinitely lived securities.

4.4. Properties of asset returns in economies with solvency constraints

In this section we analyze some properties of the pricing kernels in economies with
solvency constraints. We start by describing the pricing of securities that are more
complex than Arrow securities. We then compare pricing implications in economies
with and without participation constraints by considering interest rates, marginal
valuations and risk premia.

4.4.1. Pricing complex securities

Instead of allowing agents to trade only Arrow securities (one-period contingent
claims) we want to let them trade any security, particularly muitiperiod securities
such as stocks and bonds. A straightforward extension of our framework allows us to
do this.

We assume that at time t there is a set of securities that are traded. These
securities may pay dividends at multiple dates. In this case, agents face the following
sequence of budget constraints :

Z ai e p (2527 Qi (") + ci(2")

k'eKepn (z‘,z')

< Z @i x(2t71) [Qt,k(zt) +dy ke (21)] + e 1(21)

ke K, (2%)

for all t = 0,1,... and for all 2* € Z!. Here ¢ denotes the price and d; the
dividend processes of a security k. We use J{; (2*) as the set of securities that could
have possible been bought (or sold) at dates and states priors to ¢, 2t. Analogously
the set {Ky4q (2%,2') : 2' € Z} contains the set of securities that can be bought (or
sold) at time and state ¢, 2*. In the following definition of K we exclude trivial cases
of securities that have already matured or that have zero payout forever.
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To have the same budget set than in the case with Arrow securities we need
two conditions: first that this set of securities be rich enough so that markets are
dynamically complete and second that the portfolio choice be restricted so that the
value of an agent’s portfolio be high enough in the different states. Specifically, for
each period, a set of solvency constraints that limits the minimum value of next
period’s portfolio for each state is defined as :

Z [qeep (25,2) + dewr,p (28, 2)] aiesr e (55,2") 2 Bipea(25,2)
k'eA',+,(z¢,z’)

for all t = 0,1,...and for all 2t € Z'. Clearly, every portfolio of securities is just a
portfolio of Arrow-Debreu securities, and Arrow-Debreu prices are simple products
of the sequence of Arrow prices. Notice that, as of time ¢, this impose a set of #Z
linear inequalities on the portfolio choice of each agent.

We want to make two points by introducing securities different than Arrow securi-
ties. First, a rather trivial one, that the pricing of any security (under the conditions
stated above) can be obtained by pricing the corresponding portfolio of Arrow securi-
ties. Second, even though in equilibrium the price of an Arrow security must be equal
to some agent marginal rate of substitution, the price of a more complex security
may be higher than the marginal valuation of both agents, as it is shown in the next
section.

4.4.2. Prices and marginal valuations

We find that given the type of friction—solvency constraints—the prices of securities
with non-negative payoffs are bigger than the valuation of any of the agents if there
is only limited risk sharing. Superficially, this result may seem to imply an arbitrage
opportunity, in the sense that the prices are too high for everyone, but recall that
agents can short sell only limited amounts of securities.’

Assume that k is a security available at time ¢ , i.e. k € K, (z*) and that

dis,x (27°) 20 for all s > 0.
Let us denote the price of this security for the equilibrium with solvency constraints

by ¢, and the marginal valuation of agent 2 by MV, were the marginal valuation
is defined as

"o o )
MV x (zt) = Z'BS Z o (zt’zs) (. (%, 2 ))W(zs|3t) )

s>0  z2%€2Z° W (Ci’t (:t)

This quantity measures the marginal change in utility, in terms of time ¢ consumption,
produced by an increase in the agent ¢ consumption proportional to the dividends of
security k at each future date. When agents are never constrained, or equivalently
for the case of perfect insurance we have that for all ¢,

Gkt (Zt) = MVi,z,k (Zt) .

In our environment we have the following result,

S$We thank George Constantinides for hihglighting this point.
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Lemma 4.17. In an equilibrium with solvency constraints when there is only limited
risk sharing, then
Akt (zt) 2 ma); MV, ., (Z"L)

i=1,

for all agents 1, securities k,times period t = 0,1, .., and states z* € Z*. With strict
inequality for an agent i if he is constrained at least once between t and t + s.

The proof of this lemma follows directly from the fact that Arrow prices are equal
to the larger marginal rate of substitution of the two agents.

Notice that since we assume that the dividends are non-negative, holding a bit
more of security k can never lead to default in the future if the original plan did
not already contemplate default. One may therefore be tempted to conclude that in
equilibrium g, (2*) = max;—y 2 MV;; . (2*). The misleading part of this conjecture
is that this equality holds only for Arrow securities and not for general securities that
pay in different states, since the pricing kernel is defined by the max across agents of
the marginal rate of substitution, state by state. That is, the agent whose marginal
rate of substitution equates the price of the Arrow security in a given state may not
price the Arrow security in a different state.

4.4.3. Interest rates

As a general property, interest rates are smaller in economies with participation or
solvency constraints than in corresponding economies without such constraints. More-
over, as opposed to the findings in some application of incomplete markets economies.
this effect does not rely on the precautionary savings motive (convexity of the mar-
ginal utility).

Proposition 4.18. Given w;, 2, the price of a one-period bond is higher in an econ-
omy with participation constraints than in the corresponding economy without these
constraints. With constraints binding at least once, the price of a one-period bond is
strictly higher.

The proof of this properties follows directly from the fact that for each state 2’
the pricing kernel in a participation constraints economy equals the larger of the two
agents’ intertemporal marginal rate of substitution. In fact, the price of any Arrow
security is weakly higher. In the appendix we include the proof for both cases with
and without aggregate uncertainty.

4.4.4. Risk premium: Aggregate and idiosyncratic shocks

A major issue for any “heterogenous-agent” asset pricing framework is the mechanism
through which idiosyncratic shocks can generate a risk premium for claims contingent
on the aggregate shock, that is, the market risk premium. We provide here a look
at this issue by deriving sufficient conditions under which the economy with idiosyn-
cratic shocks generates a risk premium on a one-period risky strip identical to the
representative agent economy that does not have idiosyncratic shocks.



We consider the risk premium for one-period risky strips, defined as

Eidi

B
Pt tsy

where d;.1 is the payout, (which we restrict to be a fraction of t+1 aggregate output),
P, is the price of this strip and B, is the price of a one-period risk-free bond. This is
sometimes called the “multiplicative excess return of the one-period risky strip” over
the risk-free rate. We choose this premium as opposed to the equity premium for
its tractability. Indeed, the equity premium is a weighted sum of the entire infinite
sequence of strips, one for each horizon. Our hope is that this premium behaves
at least qualitatively similarly to the entire equity premium in the cases we look at
numerically.

Proposition 4.19. If the idiosyncratic and the aggregate shocks are independent.
and if the aggregate shock is iid, then the multiplicative premium on a one-period
risky strip with payout contingent on the aggregate output is the same in an economy
with and without participation constraints.

In the appendix we present the proof of the proposition and a formal definition of
idiosyncratic and aggregate risk. The extra assumption that the aggregate shock is
i.i.d. is due to the fact that the aggregate shock is expressed in rates of change and
the idiosyncratic in levels. At any rate, quantitatively, the assumption of i.i.d. growth
rates of aggregate consumption is not a bad first approximation.

5. Quantitative implications: An example

In order to illustrate model mechanisms at work and in order to get a very first idea
about the quantitative potential of our model for explaining asset returns, we present
here some calibration results. We consider a model version with two agents and two
shocks and no aggregate uncertainty. We completely characterize the optimal allo-
cations and we look at the implications for consumption and Hansen-Jagannathan
bounds. This is also an illustration of how we can compute the solutions for such
models by solving a simple system of nonlinear equations instead of functional equa-
tions. This is not only orders of magnitude faster, but also basically eliminates the
numerical approximation error. The main point here is to illustrate model mecha-
nisms, for a more thorough quantitative analysis see Alvarez and Jermann (1997).
However, even this example suggests that powerful limitations on risk sharing occur
in the reasonable parameter region.

5.1. Characterizing optimal allocations

We will show that with two symmetric agents and two shocks, and with no aggregate
uncertainty, the ergodic set for (w,z) and the associated consumption take a very
simple form. Namely, after a reversal of z, consumption will depend exclusively on
the current value of 2z, with w also exclusively a function of the current state 2. We
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derive this result below, and use it to fully characterize optimal allocations in a single
equation.

To derive a very simple representation of the decision rules we use two properties.
First, if 2/ = 2, then the optimal policy is the 45° line as we have shown before. The
second property we use is presented below.

Definition 5.1. We say that decision rules are “flat” after a reversal of the shock.
2z, if:
Wor(w,z) = U%(22) = W(2) if 2’ = 20 and 2 =
Wo(w,2) =V (o, 21) (U (1)) = w(21) if 2 = 5 and 2 = 2.

In order to demonstrate this proposition we start by showing the following two
lemmas:

Lemma 5.2. Sufficient conditions for flat decision rules after reversal. If
oV (Vo z) (UN(=21)) , 21) /Ow > AV (U%(2), 22)/Ow
then the decision rules after reversal are flat.

Lemma 5.3. Implication of flat decision rules after a reversal. If the decision
rules after reversal are flat, then 8TV (0(21), 21)/ 8w > 8TV (w(22), 22)/ Ow.

The result that the optimal decision rules are flat after reversal follows by the
combination of the previous two lemmas with the result that lim,_ .o TV = V",
that is, in each iteration, the operator T preserves the properties of the optimal
decision rules. Starting from the full risk sharing frontier V, the first lemma applies
and we have flat decision rules for reversal. Then in the following iteration derivatives
are ordered as required by the second lemma.

Combining these results, Figure 3 plots the decision rules W,:(w, 2) as a function
of w and z. Clearly, whatever the initial starting point for (w, z), after one reversal
of the shock, continuation utility and consumption, W(z) and ¢(z), will move forever
between only two values, depending on the given state 2.

This characterization suggests that in order to find the optimal allocations under
the invariant distribution we can simply solve the following system of the two promise
keeping conditions:

@(21) = w(E(21)) + Brid(z1) + B(1 — 7)id(2), and

W(22) = u(e(z2)) + Brd(22) + B(1 — m)w(z1),

in addition to the known boundary value w(2;) = U%(2;), and the symmetry condition
?(z1) = e — ¢(22). This system can be written as a single equation in the single
unknown uy = u(c(22)):

uy = h(up) = (1- ,6()§1——,B?’r,[;7r -1 U2(z2) - él(lT—ﬁ—Zlf(uZ) (5.1)
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with f(ug) = u (e —u™! (uz)) = uw(?(21)). Equation 5.1 has at most two solutions.
To see this, notice that A is the sum of a constant minus the function f multiplied
by positive constant. f is the static utility possibility frontier, hence it is strictly
decreasing and strictly concave, hence h is strictly increasing and strictly convex.
The solutions of 5.1 are the intersection of the identity with &, so there could be
at most two intersections. We also know that there is at least one solution: the
autarchy value uy = u (e (22)) is always a solution of 5.1. This claim follows form
the fact that the autarchy values have to satisfy resource feasibility, promise keeping
and w(zg) = U?(23)." Whether the other solution of equation 5.1 characterizes the
efficient allocation depends on whether it satisfies

u(e/2) < up < u(ez2z)), that is
ef2 < T(z2) < eaza).

If it violates the condition that uz > u(ez(22)), then the corresponding allocation is
more variable so it cannot be efficient (it violates the bounds for consumption shown
in proposition 3.10.). One way to check whether the solution that is different from
autarchy implies e/2 < ¢(22) < e2(z2) is to check that the slope of h at autarchy is
larger than 1, i.e. h' (u(ez(22))) > 1. This follows because the convexity of h implies
that the smaller fixed point crosses the identity with a slope less than one. Indeed,
if autarchy is the larger fixed point, the lower fixed point implies some risk sharing,.
because then the agent gets less than autarchy utility in it his good state. Simple
calculations show that the derivative of h is given by

ﬂ(l_ﬂ-) IU-
“-pn’ )
B(l—m)u (e—u‘l(uz))
(1-Bm) o (w1 (ug))

We collect these results in the following proposition,

h’ (’I.Lz)

Proposition 5.4. Assume that full risk sharing is not feasible. Equation 5.1 has at
least one solution and at most two. We denote them by (ug,uzn) where we assume
that uy < ugs. The period utility of autarchy is always a solution, i.e. u (e2(22)) = uan
for either k =l or h. If ugy = u (ez(2z)) then autarchy is the only feasible allocation.
If upp, = u (e2(22)) then the efficient allocation is characterized by (z2) = u™" (ua).
A necessary and sufficient condition for €(z2) = u~" (ug) is given by

B(1—7) o (e2 (21))
(= pm) w(ea () =

We include a result about interest rates and the extent of risk sharing.

Lemma 5.5. Autarchy is the only feasible allocation if and only if autarchy interest
rates are non-negative.

9Except in a knife edge case, equation 5.1 has two solutions. This knife edge case occurs when
parameters cross the region where some risk sharing is feasible to the region where only autarchy
satisfies the participation constraints.



5.2. Calibration and results: the Hansen-Jagannathan bounds

The 2 by 2 case without aggregate uncertainty allows us to focus entirely on the effects
of limited risk sharing. We calibrate individual income following Heaton and Lucas
{1994) based on a large sample from the PSID. In particular, the log of an agent’s
income, relative to the aggregate, that is In(y;/ Y y;), is stationary with a first order
serial correlation of 0.5 and a standard deviation of 0.29 for annual data. Initially

_we set 3 = 0.65 and explore the effect of risk aversion for consumption and for asset
pricing implications, we will explore the quantitative effects of 3 below.!?

Figure 4 presents consumption of agent 2 as a function of risk aversion. For
low risk aversion, agents do not share income risk because autarchy is sufficiently
attractive to prevent any borrowing and lending. As risk aversion increases, autarchy
becomes relatively less attractive, risk sharing starts to take place and consumption
itself becomes less volatile. When risk aversion equals 4.5, income risk is fully shared
and consumption is constant.

Hansen and Jagannathan’s volatility bounds for stochastic discount factors pro-
vide a concise and widely used diagnostic device.!! The idea is, that, assuming the
existence of an arbitrage free pricing kernel, data on asset returns can be used to
construct a lower bound on the unconditional standard deviation of this kernel, for a
given unconditional mean. Candidate kernels obtained from theoretical model struc-
tures can then be compared to this benchmark. Figure 5 presents test results for
kernels generated by our model. It can be taken as a clear success that the model
is able to generate kernels that fall inside the HJ-bound for risk aversion coefficients
around 2, whereas the representative agent economy fails this test for such values of
risk aversion.!? This positive finding also confirms empirical results by He and Mod-
est (1991) that show that solvency constraints can pass a similar type of volatility
bound test for aggregate consumption data. A close look at this picture reveals the
two-sided role of the risk aversion coeflicient. As in most of the asset pricing liter-
ature, increasing risk aversion increases the volatility of the pricing kernel, because
for a given consumption process marginal utility is more volatile. In our framework
however, as seen above, the extend of risk sharing and thus the consumption process is
endogenous. The highest volatility for the pricing kernel is achieved with very limited
risk sharing.

If we were to choose 3 > 0.65 as this is usually done in the literature, risk sharing
would be limited for lower coefficients of risk aversions and the volatility of the pricing
kernel would no longer be above the minimum bound imposed by the given HJ-bound.
An alternative calibration, with 8 > 0.65 and for which pricing kernels are sufficiently
volatile to be inside the admissible HJ-region could be achieved with higher serial
correlation of the individual endowments. For instance, setting the first order serial

i, 6=
]

. . 0.75 0.25 0.641
10The parameters for this case are the following: I1 = [ 0.25 0.75 }, ! = [ 0.359
0.359
0.641

L1 For a detailled survey of applications of this test see, for example, Cochrane and Hansen (1992).
21ntroducing aggregate uncertainty would of course generally give further volatility to the pricing
kernel and help it pass the test.
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correlation at 0.95, we have now that for a more common 3 = 0.90, risk sharing
is limited for risk aversion coefficients sufficiently large to generate volatility in the
pricing kernel as shown be the Figure 6 and 7.

An alternative way of thinking about our model framework is to take it as a two-
country open economy, where relative income shocks are rather small. This seems
of some interest given that the literature on sovereign debt, in particular the widely
cited paper by Eaton and Gersovitz (1981), have studied the same mechanism of
lack of commitment of the debtor country.!® Figure 8 presents consumption for the
case where the log of relative income volatility is a mere 3% annually.!* This can be
taken as the order of magnitude of country specific shocks to GDP. The endogenous
limitations in risk sharing do appear to be even more powerful in this case given that
they occur for a much wider range of risk aversion coefficients. In this last example
we can clearly see that the fact that autarchy is less of a punishment with low income
volatility ends up reducing risk sharing in equilibrium.

6. Conclusions

We have presented a framework for analyzing asset prices where endogenous solvency
constraints may end up limiting risk sharing. After characterizing allocations with
participation constraints in a recursive framework we proposed a concept of market
equilibrium with explicit endogenous portfolio constraints. We derived the classical
first and second welfare theorems and studied the pricing kernel that emerges in this
setup. Among the general properties we show that interest rates in the environment
with solvency constraints are lower than in the corresponding representative agent
economy without the usual need for precautionary saving. Finally, a simple quanti-
tative example shows that powerful limitations to risk sharing occur in the relevant
region of the parameter space.

We view this paper as a first step in exploring asset pricing relationships in econ-
omy where the possibility of defaults limits risk sharing. In a companion paper we
have start examining the quantitative side. We are interested in the first moments
such as the mean risk free rate and the equity premium that have attracted so much
attention in the recent literature on equilibrium asset pricing. We are also interested
in the business cycle behavior of excess returns and the term structure that have been
documented empirically.

13Eaton and Gersovitz (1981) present a partial equilibrium framework with a given world interest
rate where the borrower can default if continuation utility is below the autarchy value.

0.75 025 | 0515
14 ; ine: T = = 1
The parameters for this case are the following: Il = 0.25 075 |’ B8 =0.65¢" = { 0.485 }
2 0.485
ec =
0.515
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