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Abstract 

We study the asset pricing implications of an endowment economy when 
agents can default on contracts that would leave them otherwise worse off. We 
specialize and extend the environment studied by Kocherlakota (1995) and Ke­
hoe and Levine (1993) to make it comparable to standard studies of asset pricillg. 
We completely charactize efficient allocations for several special cases. We ill­
troduce a competitive equilibrium with complete markets alld with elldogellous 
solvency constraints. These solvellcy constraints are such as to prevent default 
-at the cost of reduced risk sharing. We show a version of the classical welfare 
theorems for this equilibrium definition. We characterize the pricing kernel, alld 
compare it with the one for economies without participation constraints : inter­
est rates are lower and risk premia can be bigger depending on the covariance 
of the idiosyncratic and aggregate shocks. Quantitative examples show that 
for reasonable parameter values the relevant marginal rates of substitution fali 
within the Hansen-Jagannathan bounds. 

1. Introduction 

Standard equilibrium asset pnclIlg models have problems reproducing some of the 
basic facts in the data. L A promising direction for improvement in this dimension has 
been to maintain standard preferences and allow for in complete risk sharing across 

*This paper has benefitted frorn cornrnents by serninar participants at the Penn Macro Lunch, N8W 
York University, CorneU University, NBER Surnrner Institute in Boston, Macroeconomics Meetillgs 
Northwestern, Federal Reserve Bank Chicago, Federal Reserve Bank Philadelphia, Federal Reserve 
Bank New York, University of Chicago, University of Iowa Conference on Heterogeneity, CEPR 
Conference in International Financiai Markets and Business Cycles, Econornetric Society Meeting 
in Pasadena. We would also like to thank the discussants George Constantinides, Michele Bolclrin, 
Harris Dellas, Harold Zhang and Ted Ternzelides at various events for their comments. 

lThe shortcornings of standard model versions are widely docurnented in studies such as Mehra 
and Prescott (1985), Hansen and Cochrane (1992). 



agents. Generally, in this class of models, financiaI markets are exogenously consid­
ered as incomplete. With agents having to carry some idionsynchratic risk, pricing 
kernels are more volatile than those of representative agent economies with the sallle 
aggregate consumption. One drawback of studies following this approach, when COlll­
pared with complete markets economies, is that they require more or less arbitrary 
assumptions about which set of securities is available. Model conclusions may in 
turn crucially depend on these assumptions. Another possible problem is tractabil­
ity. Because finding equilibria of these models involves solving a difficult fixed point 
problem, it has been very difficult to analyze the case of many assets or many agents. 
Additionally, previous quantitative studies with incomplete market models required 
highly persistent relative shocks, a feature not necessarily seen in the data. 2 In this 
paper, we study a class of models whose equilibrium, in general, entail limited risk 
sharing but that do not have some of these potential drawbacks. 

Our approach for limiting risk sharing builds on work by Kehoe and Levine (199:3) 
and Kocherlakota (1995).3 These authors present and study efficient allocations in 
endowment economies where pa-rticipation constmints ensure that agents would at no 
time be better off reverting permanently to autarchy. These participation constraints 
are motivated by an extreme form of limited liability. We imagine a world, where, if 
agents default on some debt, they can be punished by seizing some assets that they 
may own, but they can not be punished by garnishing their labor income. In such an 
environment, risk sharing may be effectively reduced because agents with low illcome 
realizations can only borrow up to the amount they are willing to pay back in the 
future. It is assumed, not modelled, that there is commitment to carry out these 
permanent punishments. 

We adapt this framework in various ways to make it more suitable for quanti­
tative asset pricing evaluation. In particular, we start by extending some results of 
Kocherlakota (1995) to environments where relative shocks and the growth rate of 
aggregate endowments are serially correlated. We proceed by characterizing efficient 
allocations. For the cases where full risk sharing is not possible, we show the existence 
and uniqueness of the invariant distribution of the relevant statistics. The main char­
acteristics of efficient allocations are: (i) when transiting to a particular state where 
both agents will be better off than in autarchy, they must equate their marginal rates 
of substitution, (ii) but if they, transit to a state where only one agent will be better 
off than in autarchy, this agents marginal rate of substitutioll will be higher. These 
properties of the efficient allocations are key for understandillg asset pricillg, sinee 
we show that in equilibrium the highest marginal rate of substitution plays a central 
role in pricing. Our characterization of the efficient allocations is simple enough to 
suggest computational algorithms that can be very fast and easy to implement. In 
fad, for simple cases we can completely characterize efficient allocations analytically. 
Our parametrization of the aggregate shocks has two desirable properties. First. it 

2See TeimeI' (1993), and Heaton and Lucas (1995) for numerical simulations with transitory shocks 
in two agents economies and Constantinides and Duffie (1996) for a structure with permanent relative 
shocks with a continuum of agents. Heaton and Lucas (1995) found a first order serial correlati,m 
for relative incomes around 0.5. 

3Earlier work in the souveraing debt Iiterature by Eaton and Gersovitz (1983) first formalized the 
main idea of this approach. 
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follows the asset pncmg literature and thus makes results comparable. Second. it 
makes clear that aggregate shocks will have effeds on the marginal rates of substi­
tution, over and above the effect that they have in eco no mies without participation 
constraint, only if they al'e correlated with idiosyncratic shocks. We also charaderize 
the type of parameters that will lead to very little risk sharing, by making autarchy' 
relative attractive. They involve low discount factors, low risk aversion, and persistent 
idiosyncratic shocks. We think that this is interesting beca use these values are at the 
opposite end of the ones required in variations of the representative agent lllodel to 
account for high premia and low interest rates. 

We introduce a new equilibrium concept that emphasizes the portfolio constraints: 
a competitive equilibrium with 80lvency constraints. In particular, we focus on CO ll­

straints that are tight enough to prevent default but allow as much risk sharing as 
possible. These endogenously determined solvency constraints, are agent and state 
specific and ensure that the participation constraints are fulfilled. This means that 
the amount of wealth that agents can carry to any particular date and event \Viii 
never be small enough to make them choose to default and to revert to autarchy. 

We show versions of the classical first and second welfare theorems for our equilib­
rium concept. Our decentralization differs from the one in Kehoe and Levine (H)9:~) 
where the participation constraints are included in the consumption possibility set,;. 
We think that our decentralization relates better with the existing literature in asset 
pricing, by focusing on portfolio restrictions.4 In any event, we show that both equi­
librium notions are closely related. We also study properties of the pricing kernel. 
One period contingent claims are priced by the agent with the highest marginal l"ate 
of substitution, which is the agent that is not constrained with respect to his holding 
of this asset. Thus the price of a contingent claim (an Arrow security) is equal to the 
highest marginal valuation across agents. Pricing of an arbitrary asset is accomplished 
by adding up the prices of the corresponding contingent claims (which, interestingly, 
does not need to coincide with the highest marginal valuation across agents). For 
the purpose of asset pricing, this framework has two advantages over the standard 
incomplete markets specifications: first, allocations do not depend on a particular 
arbitrary set of assets that is considered to be available. Anel second, with markets 
being complete any security can be priced. Finally, we find that interest rates are 
smaller, independently of the precautionary motive emphasizeel in the literature. 

We also engage in a simple numerical exercises for a first quantitative evaluation of 
this model. In particular, we analyze the variability of the relevant marginal rates of 
substitution for asset pricing. One motivation for conducting this exercise is that He 
and Modest (1995) have shown that among the most commonly considered frictions in 
asset pricing models, solvency constraints could potentially reconcile the variability of 
aggregate consumption with data on asset prices for reasonable values of risk aversion. 
More precisely, they use a version of the Hansen-Jagannathan bounds for complete 
market economies with solvency constraints following Luttmer (1991). In om study, 
we go one step further and present a moelel with endogenous solvency constraint,; 
and we find that for some reasonable parameters our economy passes the stanelard 
Hansen-Jagannathan test for low values of risk aversion. In particular, individual 

4See for example, He and Modest (1995), Luttmer (1991) among others . 
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income proce;;se;; are calibrated following Heaton and Lucas (1995) based on the PSID, 
relative risk aversion is required to be around 2 we need very low values of the diseount 
factor. We also experiment with more persistent proce;;se;; for the idiosyncratic shocks. 
motivated by the evidence in Store;;letten, Telmer and Yaron (1997), finding similar 
re;;ults for low risk aversion and higher discount factors. Our companion paper Alvarez 
and Jermann (1997) contains a more detailled analysis of the quantitative properties. 

The remainder of this papel' is organized as follows. In section 2 we present the 
model environment. Section 3 characterize;; the constrained efficient allocations br 
introducing a recursive repre;;entation, analyzing the extent of risk sharing, the long 
run dynamics and the case of aggregate uncertainty. Section 4 introduce;; the COI11-

petitive equilibrium with solvency constraints, shows versions of the classical welfare 
theorems, relates the equilibrium concept with the one by Kehoe and Levine anel 
analyze;; the pricing kernel. In section 5, we present some quantitative asset pricing 
implications by solving for efficient (and equilibrium) allocations for a simple case. 

2. The environment 

We consider apure exchange economy with two agents.5 Agents' endowments fonow 
a finite state markov process, agents' preferences are identical and given by time­
separable expected discounted utility. We add to this simple environment partic­
ipation constraints of the foJIowing form: the continuation utility implied by an~: 
aJIocation should be at least as high as the one implied by autarchy at any time anel 

for any history. 
Formally, we use the following notation, i = 1,2 to denote each agent and we tl..-;e 

{z} to denote a finite state markov process z E Z = {ZI' ... , ZN} with transition matrix 
n. We use zt = (ZI, z2, ... , Zt) to denote a length t history of z. The matrix n generates 
conditional probabilities for aJI historie;; 7I'(ztJZo = z). We use the symbol~ for the 

, ' t partial order zt ~ zt for ti 2: t to indicate that zt is a possible continuation of z , that 
is, that there exists a history Z8 sueh that zt' = (zt, Z8) for .'J = ti -to We assume that ali 
the entrie;; of n are strietIy positive. We denote {c}, {ei} as the stoehastie process for 
consumption and endowment of each agents, hence {c} = {Ct(zt) : \;j t 2: O, zt E zt}. 
Household preferences are given by discounted expected utility. Thus, an agent's 
utility corresponding to the consumption process {c} starting at time t at history :::;1 

is denoted by U(c)(zt) and is given by: 

00 

We assume the following propertie;;, u(·) is strictly increasing, strictly concave, ('1 

and u'(O) = +00. The participation constraints that we study consist in restricting 
the consumption paths so that under no history the associated utility i., lower than 

5Throughout the paper we concentrate on the 2 agent case for the sake of lighter and cl8ar~r 
exposition. Except for the result on the uniqueness of the invariant distribution of the endogen,)us 
variabes it is straightforward to show that our results extend to the more general N-agent case . 
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the one corresponding to autarchy. Formally, we restrict atteutiou to cousulllption 
processes {Ci} that satisfy the following Participation Constraints: 

(2.1) 

where we define Ui as the utility of consuming the endowment forever starting today 
when the shock is Zt. Notice that U(ei)(zt) depends only on Zt because Ci(zt) is a 
function of Zt, which is first order markov. 

For the subsequent analysis we further specialize the environment with the follow­
iug assumptions: 

(i) symmetry, for any Z E Z there is a z* E Z such that ei(z) = ej(z*), j =I i and 
rr is such that Pr(Zt+l = z'IZt = z) = Pr(Zt+l = z"IZt = z*) for j,i = 1,2, 

(ii) homothetic period utility, u(c) = ~l~~ 
(iii) no aggregate uncertainty, el(z) + e2(z) = e, for ali Z E Z; this assumption is 

relaxed later in the paper. 

3. Constrained optimal allocations 

Constrained optimal allocations are defined as the processes {Ci} i = 1,2 that maxi­
mize period zero expected lifetime utility for agent 1, subject to resource balance anel 
the participation constraints for both agents, given some iuitial (time zero) promiseel 
expected lifetime utilíty to agent 2. For simplicity, from now ou, we drop the qualiti­
cation of "constrained" optimal allocations and we refer to thelll silllply as "optilllal 
allocations". Thus, optimal allocations solve the following maximizatiou problelll: 

V*(wo, Zo) == max {U(c)(zo)} 

Cl,t(Zt) + 02,t(zt) = e, 

U(Ci)(Zt) > r;i(zt) 'ri t ~ O, zt E zt 
U( C2)(ZO) ~ wo· 

The function V*(wo, 20) can be thought as the time zero utílity possibility fruutier. 
Now we turn to restate the previous problem recursively. We first present a functioual 
equation and then relate the fixed points of this functional equation to the function 
V*. 

T V(w, z) = max {U(C,) + fl.~ V(w(z'), z') ~(z'lz) } 

Cl,C2,{W(Z')} Z' E Z 

U(;-2) + (3 L w(z') 1r(z'lz) ~ w 
z'EZ 

w(Z') ~ U2(z') ali z' E Z 

5 
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V('U!(':::'),z');:: U1(Z') all z' E Z 

where the domain of the operator T V(w, z) are the pairs (w,.:::) such that 

(3.6) 

Notice that, as a difference with a more standard "Bellman equation" the domain 
of TV-and any of its fixed points--depends on the function on the R.H.S. V and 
hence it is not known a priori, that is, it has to be determined simultaneously with 
the function itself. 

It is straightforward to show that the function V* defined previously solves this 
functional equation. However, the functional equation has more than one solution, and 
hence it can not be a contraction. 6 In particular, autarchy is always a fixed point. To 
see this take any function v(w, z) with the following properties: for each .::: E Z, v(·,.:) 
is decreasing in w and v(U2 (z), z) = rJl(z), It is immediate to verify that v is a fixed 
ofT with the domain ofthe fixed point for each z given by a single point, Le., v(w,:::) is 
defined only on [U2 (z), U2 (z)], But, if in this case, V'(U1(z), z) > U2 (z) then T lms 
at least one other fixed point, namely V', This observation will "reappear" when we 
define the decentralized equilibrium and find that autarchy is always an equilibriulll. 

Even though the T operator L':l not a contraction it can be useful in computing \"'. 
Its usefulness comes from the foUowing result. Considering the operator t defined 
exactly like T in 3.1 except that the participations constraints for both agents :3.5 and 
3.4 are removed, and consider its fixed point V. The function V(" z) is the fuU risk 
sharing frontier when Zt = Z. The following proposition states the sense in which T 
is useful for computational purposes. 

Proposition 3.1. limn->oo TnV = V· pointwise. 

The proof uses standard arguments from Stokey and Lucas with Preseott (1989)./ 
Because V is easily computed, the previous proposition makes T useful for computing 
the fixed point V' and its associated policies. 

3.1. Risk sharing regimes 

Now we turn to the analysis of the stochastic process for {Wt+l} and {ci,d· Depending 
on parameter values there are three possible "regimes" for the process for {wt+d· In 
all of these cases, independently of the initial condition (w, z) with positive probability. 
after finite time, one of the following situations arises: 

1. There is fuU risk sharing for ever, 

2. Only limited risk sharing is possible, 

:3. Only autarchy is possible. 

6 It is easy to check that T does not satisfy one of the Blackwell sufficient conditions for a c,mtrac­
tion, namely discounting. That is T (V + a) could be bigger than TV + {3a for a constant a. sinc8 
the feasible set of choices for (w(z'» z'EZ is bigger for V + a than for V. 

7Detailled proofs are in the appendix . 
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By fuU risk sharing we mean that the aUocation is Pareto Efficient, in the standard 
sense ignoring the participation constraints, for some initial condition (wo, '::0)' Notice 
that there can not be fuU risk sharing for ali initial (w. z) since the participation 
constraint has to be violated for some, for instance, for (w, z), such that !LI < [TZ(z). 
In this simple environment, fuU risk sharing is characterized by resource feasibility 
and constancy of the ratio of the marginal utilities across agents for an}' time and 
history. Parameter values that produce the first case are not interesting for us sinc'e, 
for the purposes of asset pricing, its implications are the same as the representati\'e 

agent economy. 
We discuss briefly how one can check for each case. Kocherlakota (1995) presents 

sufficient conelitions for each case when the shocks are i.Ld. and symmetric across 
agents. We consider a slightly different case in the following proposition. 

Proposition 3.2. If there is no aggregate uncertainty and the endowments are sym­
metric, tben full risk sharing is possible if and only if 

Figure 1 illustrates the case when full risk sharing is possible for a range of w. 
When fuU risk sharing is not possible there are two cases, one case is where autarchy 
is the only feasible allocation that satisfies the participation constraints and the other 
is the one in which some other allocations satisfy the participation constraints. These 
are the cases that we are interested in, since they are not equivalent to a representative 
agent economy. Figure 2 illustrate the case when full risk sharing is not possible. 

Which case applies depends on how attractive autarchy is relative to some form of 
risk sharing, which in turn depends on the para meter values. These parameters are 
time preference, the degree of risk aversion, and the persistence and variability of the 
individual endowment. Full risk sharing is not possible if agents are very impatient, 
if agents are very risk tolerant, or if shocks are very persistent. More formally, 

Proposition 3.3. Consider a case where there is no aggregate uncertainty. alld there 
is symmetry in tbe endowments; let 

116 == 8I + (1 - 8) 11 

for 8 E (O, 1) , tben full risk sbaring is not possible in any of the following cases: 

(a) The time preference parameter, (3 is sufficiently snmll; 
(b) The relative risk aversion ')', is sufficiently small; anel 
(c) The persistence of 116,8 is sufficiently close to one. 

Remark 1. Using results tbat we derive (a), (b) and (c) can be strengthen to say 
that as (3 1 O, ')' 1 0,01' 8 i 1, not only full risk sharing is not feasible, but autarchy is 

tbe only feasible a110cation . 
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3.2. Optimal decision rules 

We will now characterize the optimal decision rules for V, a fixed point of the T 
operator. Let Wz'(UI,Z) and C;(UI,Z) denote the optimal decision rules for w(;::') 
and Ci respectively when the state is (UI,Z). The following properties of V and its 
associated policies are useful for the subsequent analysis. 

Proposition 3.4. Vis strictly decreasing and strictly concave on UI, furthermore it is 
differentiable in its interior. The optimal policy rules are single-valued and continuous. 
Finally, consumption is strictly monotone on z, i.e., 'iz, C2 (w, z) (C1(UI, z) resp.) is 
strictly increasing ( strictly decreasing resp.) in w. 

Next we examine the first order conditions for the maximization problem (which 
are reproduced in the appendix). From these conditions it follows that the optimal 
decision rules are such that if one agents will be constraint in a particular state in the 
future, then the other will be unconstrained. Thus we have, 

Proposition 3.5. If autarchy is not the only allocation satisfying the participatioll 
constraints, then iIUI = U 2 (z) we have V(w,z) > U1(z), and iIV(w,z) = [Jl(z) we 
have w > U 2 (z). 

Given our interest on the implications for asset pricing in decentralizations of these 
allocations we want to summarize some of the implications for the dynamics of the 
intertemporal marginal rate of substitution of the different agents. 

Proposition 3.6. If both agents are unconstrained for Zt+l then their marginal rate 
of substitution is equalized. Furthermore, iI Zt+ 1 = Zt = Z then we have W z (w, z) = w 
(the "450 -rule"). IIone agent will be constrained in zt+l then his marginal rate of 
substitution will be strictly smaller than the one for the other agent. 

Finally we present a result for optimal decision rules when Zt+1 =f:. Zt. We show 
that the decision rule W z ' (w, z) is strictly increasing in the interior of its range. Hence 
these decision rules are globally increasing, and may have (at most) two ftat segmellts, 
one for low values of its domain alld other for high values of it. Formally, 

Proposition 3.7. If(w, UI, z, z') are such that (i) Z =f:. z' (ii) UI < ü' and (iH) W z ' (liJ, z) 
and Wz'(w,z) are in the interior oIthe range ofWz'("z) i.e., l-Vz{ÜI,Z), Wz,(w,z) 
E (U2 (z'), V-1(., z')(U1(z))). Then Wz'(UJ, z) > Wz'(w, z). 

3.3. Long run dynamics : lnvariant distributions or w's 

Now we consider the invariant distribution of the {Wt+lJ zt+d processo To analyze 
it we add to the previous assumptions of no aggregate uncertainty and symmetric 
endowments a requirement that will be satisfied, roughly speaking, if the process for 
individual endowments is not negatively autocorrelated. Under these circumstallces 
we show that if there is only limited risk sharing, then there is a unique ergodic 
distribution for the {Wt+l, Zt+1} processo 

8 
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Let's denote the transition funetion for the proeess {Wt+l,Zt+l} generated by 
the probabilities IT and the optimal decision rule W (.) by P(G, z'lw, z) == Pr{ Wt_1 E 
G, Zt+I = z'l Wt = w, Zt = z; IT, W} for suitable chosen sets G ç D == [Illinz UZ(z). IlUlX z C\::)J. 
We wil\ assume that the Illatrix IT and the functions ei(') are sueh that Ui(-) is increa.'i-
ing in ei with this extra assulllption and the previous result that the optimal decision 
rule WZI(" z) is increasing and continuous on w, we show in the appendix that the 
transition function for {Wt+l, Zt+d is monotone and satisfies the Feller property. Fur-
therlllore we will show that for the no aggregate uneertainty, symmetric endowlllent 
case, if there is only limited risk sharing, the domains of the funetion V' (', z) for dif-
ferent Z are sueh that the markov proeess for {Wt+l, Zt+I} satisfies a Illixing conditioll 
whieh is sufficient to ellsure the uniqueness of the invariant distribution. 

The Ilext definition is one of the monotonicity requiremellts that we Illentioned. 

Definition 3.8. TI is monotone means that 7r (eZ,t+l ~ e'l eZ,t = e) is increasing in f 

for a11 e'. 

The following lemma, together with the compactness of D establish the existence 
of all invariant distribution for the proeess {Wt+I, Zt+ d . 

Lemma 3.9. Monotonicity and Feller Property :Assume that TI is monotO/le. 
Then the transition function for the process {Wt+l, Zt+ I} is monotone IUld satisf1es 
the Fe11er property. 

Now we turn to show that the proeess for (Wt+I. zt+d mixes high and low \'alues 
enough, so that it has a unique ergodie set. To do so we show a series of lellllllas 
that make the eonneetion between the domain of V (" z) for different values of z anel 
monotonicity properties. We introeluee the following assumption, 

Assumption: Monotonicity of Ui: the values of Z ,7r, and the funetion ei(') are 
sueh that : 

Notice that this assulllption is illlplied by Illonotonicity of TI. 
We denote the lower and upper bounds of the elolllains of the function V(";:) as 

L(z) anel H(z) respectively for eaeh z, that is 

L(z) == U2(z) and H(z) == V-1(.,Z)(U1(z)) for Z E Z. 

The next lemma states that we can order the lower anel upper bounds of the 
domains of V for different Z'8. 

Lemma 3.10. Monotonicity on Ui.If there is monotonicity on Ui then , L(z;) < 
L(Zi+d and H(Zi) < H(zi+d for a11 i = 1,2, ... N - 1 

The next lemrna makes the connection between the domain of V (', z) and the 
extent of risk sharing. This is the key insight of why there is enough recurrence so 
that there is a unique ergodie set . 
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Lemma 3.11. Domains ofV and risk sharing. Assume that there is monotonic­
ity on Ui , symmetry on the endowments and that there is no aggTegate uncertainty. 
then eflicient allocations have only limited rÍsk sharÍng if anel only if H (::d < L (z,y) . 

Now we are ready to state a formal definition of mixing that will ensure the 
uniqueness of the invariant distributión. 

Definition 3.12. Mixing: there is an c E [L(zJ), H(ZN)] anel é > O such that 

P ([c, H(ZN)] , zN I L(zd, zd 2:: é, anel P ([L(ZI), c] , ZI I H(ZN), ZN) 2:: 1:: • 

Finally the next lemma verifies that this property is satisfied, 

Lemma 3.13. Mixing. If there is monotonicity on Ui anel there is no aggregate 
uncertamty then the transition function satisfy mixing. 

Collecting the result from the previous five lemmas we have that by Theorem 12.12 
in Stokey and Lucas with Prescott (1989): 

Proposition 3.14. If there is monotonicity on Ui, monotonicity of rr, Syll1111dlT 
011 the endowments and no aggregate uncertainty, then there is a unique Íllmriant 
elistribution for the process {w, z}. 

Kocherlakota (1995) proves a result similar to this last proposition. The difference 
here is that we allow individual endowments to be autocorrelated. In addition, our 
characterization of the optimal decision mIes, that differs from Kocherlakota (1995), 
allows us to solve simple examples almost completely analytically. On the other 
hand, relative to Kocherlakota (1995), we have restricted ourselves in this section to 
the case of no aggregate uncertainty. However, in the next section, we argue that aU 
the previous results hold for a specification of aggregate uncertainty that is different 
from the one in Kocherlakota (1995). Namely, the aggregate growth rate is assumed 
to follow a markov chain. This specification while simplifying the analysis enormously, 
is also the most commonly used in quantitative asset pricing exercises, which is the 
focus of this papel'. 

3.4. Bounds on individual consumption 

The purpose of this subsection is to show that consumption of each agent is always 
bounded by the highest and lowest of the individual endowments of that agent. This 
is a very natural property of the optimal allocation that it will be used to obtain 
bounds for the marginal rate of substitution. We consider situations where there is 
some, but only in complete risk sharing, and we maintain our earlier assumptions of 
no-aggregate uncertainty, homothetic utility and symmetry. 

Let's fix the following notation, 

f. -

~ -

. ei (Z) 
mm -­

i=I,2,zEZ e (z) , 

m_inC2 (U2 (Z),z) and 
z~Z 

arg min C2 (U2 (z), z) . 
zEZ 
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Proposition 3.15. Consumption is bounded by individual endowments, 

f. s:; C i (UI, z) s:; e 

for ali UI, z and i = 1,2. 

To shown this proposition we go to a series of simple lemmas, that are in the 
appendix. The intuition of the result is straightforward from the insurance aspect 
of the problem. In an efficient allocations in the "worst" possible case consumption 
of an agent can not be lower than the lowest individual endowment, because for this 
allocation to satisfy the participation constraint it will have to be followed by some 
future very high consumption, but this will require a pattern of consumptioll even 
more variable than autarchy. 

Remark 2. Notice tbat proposition ?? gives a suflicient condition for bound in the 
marginal rate of substitution, i.e. 

f37r (z'lz) (Ci (~/ (~':j' Z')) -'1 s:; f37r (z'lz) . (~)-'Y 

for any i = 1,2, and any UI, z, z'. 

3.5. Optimal allocations and growth 

We introduce aggregate growth in the same fashion as the specification of the aggre­
gate endowment process in Mehra-Prescott (1985) and in much of the quantitative 
consumption based asset pricillg literature. In particular, the growth rate of aggregate 
endowment, À(Zt+l), follows a finite state markov process described as follows: 

et+l = et' À(Zt+l) and ei~t = et' ai(Zt) for i = 1,2. 

For this case, we write e' = À(z') . e and the state for the corresponding functional 
equation-and hence value function and policies-is (UI, z, e). Also notice that the 
value of autarchy is expressed as Ui(e, z). In the appendix we present the functional 
equation for this case. 

When the period utility function is homothetic of the form u( c) = ~l~~ for some 
positive'Y (for simplicity lets a..'*lume that 'Y =f:. 1), then the value function V(·) anel 
the policies {C1 (·),C2 (·), W(·)} satisfy the following homogeneity property: 

Proposition 3.16. for any y > O and any (UI, z, e) : 

V(yl-'Y . UI, z, y' e) yl-'Y. V(UI, z,e) 

Ci(yl-'Y . UI, Z, y. e) = y. Ci(UI, Z, e) for i = 1,2 

W z /(yl-'Y . UI, Z, y' e) yl-'Y. Wz'(UI,Z, e). 

This simply means that in the growing economy, there is some homogeneity with 
respect to the (stochastic) leveI of aggregate income. We call redefille the economy so 
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that it has a constant aggregate endowment, but with common shocks to the discount 
factors of both agents. 

By using the homogeneity properties shown in the previous proposition the func­
tional equation for the economy with growth can be rewritten as : 

T V(úJ, z, 1) = max {U(é!) + f3 L V(~, z', 1) . /\(Z')l-"t 7f (Z'IZ)} 
z'<-:Z 

é!,é2, {~} z' E Z 

é!+é2:S1 

u(é2) + f3 L ~ . (À(Z,))l-"t 7f(z'lz) 2:w 
z'.:Z 

,~ 2: U2(z7:1) all z' E Z 

V(úJ(z'), z', 1) 2: U~1) alI z' E Z 

where the " hat " variables are defined in the appendix. 
Notice that the À(')' 7f(') and 'Y have to satisfy certain constraints so t hat in the 

economy with growth utility is finite. It suffices to assume that: 

max {f3 Lz'';z (/\(Z,))l-"t 7f(z'lz) : z E Z} < 1. Hence the functional equation for a 

growing economy is identical to the previous one except for the terms (/\(Z,))l-, 
multiplying the transition probabilities. In fact, by replacing the common con­
stant discount faetor f3 by a common discount factor that folIows a markov pl'Oces::> 
f3(z, z') == f3 (À(Z,))l-"t 7f(z'lz) , the two problems are exactly identical. Without los::> 
of generality one can then omit the argument e from the value function V and the 
decision rules {Ci , W}, since it is identically equal to one (it should be clear t hat 
this adjustment could have been made to the probabilities 7f, in which case the two 
pl'Oblems will be exactly identical). This transformation is similar to the standanl 
practice of "detrending" variables for the neoclassical growth mo dei following King. 
Plosser and Rebelo (1988). 

AlI the propositions shown in previous sections, appl'Opriately restated, with the 
new stochastic discount factor, will still be true. Because the pl'Oofs will be identical, 
except for details in the notation, we will not repeat them. This should not be 
surprising given that the shocks to the discount factor affect both agents identically. 
Clearly, a major benefit from this representation is that we wiU be able to compute 
this transformed stationary economy in exactly the same way as the economy with 
constant aggregate endowment. 

4. Decentralized equilibrium and welfare theorems 

In order to meaningfully analyze asset prices we propose a definition of a decentral­
ized market equilibrium for these economies. We define a competitive equilibrium 
as a Radner equilibrium with complete markets and with solvency constraints. The 
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securities are alI Arrow securities and each agent faces a constraint on the minimulll 
amount of the Arrow security holding. The idea behind these constraints is that 
by not alIowing agents to take large amounts of debt, default wilI be prevented. In 
general, these solvency constraints restrict the wealth that is carried to each state :;' 
differently, since the relative value of staying in the economy or going to autarchy 
should be different. 

4.1. Competitive equilibrium with solvency constraints 

The period t state zt price of one consumption good delivered at t + 1 contingent 
on the realization of Zt+1 = z' in terms of period t consumption goods is denoted 
by qt(zt, z'). The corresponding holdings for agent i at t of the Arrow security are 
denoted by ai,t+! (zt, z'). The lower limit on the holdings of the corresponding Arrow 
securities at time t is denoted by Bi,t+1 (zt, z'). A plan for the agent i is defined by 
a consumption process and a security process {ai,t+!, Ci,t} that satisfy the foIlowi ng 
budget constraint for an initial wealth ai,O 

L ai,t+! (zt,z') qt (zt,z') + Ci,t (zt) :::; ai,t(zt) + Ci,t(Zt) (4.1 ) 

z'EZ 

for alI t = O, 1, ... and for alI zt E zt, z' E Z. 
In each period agents are subject to the folIowing agent and event specific solvency 

constraint, 
ai,t+1 (zt,z') ~ Bi,t+1(Zt,Z') 

for alI t = O, 1, ... and for alI zt E zt, z' E Z. 

( 4.2) 

Definition 4.1. An equilibrium with Solvency Constraints {Bi,t+d-given tbe ini­
tial wealth of eacb agent ai,O and given the initial value of Zo- is a plan {Ci,t, ai,t+ I} , 
and a price process {qt}, such tbat (i) {ci,t,ai,t+d maximizes utility subjed to 4.1 
and 4.2 given {Bi,t+d and {qt} , and (ii) markets clear, i.e. 

for a11 t = 0,1, ... and for a11 zt E zt and 

for a11 t = O, 1, ... and for all zt E zt and z' E Z. 

It is easy to see that for given solvency constraints the sufficient first order condi­
tions for the maximization of the agent i problem are given by : 

Euler equations : 

with equality ir ai,t+! (z',zt) > Bi,t+l(zt,Z'), for ali t = 0,1, ... and for alI zt E zt 
and z' E Z, and 
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Tran.sver.sality Condition (see Stokey and Luca.;; (1989): 

t!!.n.;, L f3tu' (Ci,t (zt)) . [ai,t (zt) - Bi,t (zt)] . -rr (ztlzo) = O. (4,-l) 
z'EZ' 

Now we examine the classical welfare theorems anel the relationship with the 
equilibrium concept proposed by Kehoe and Levine. 

4.2. Decentralizing optimal allocations : Second welfare theorem 

In this section we charaderize the allocations that can be supported as a competitive 
equilibrium with solvency constraints. In particular, we decentralize (constrained) 
optimal allocations as an equilibrium with some solvency constraints, i.e. we state a 
version of the second welfare theorem. 

Given an allocation {ci.d for i = 1,2 ... ,I we start by defining candidate Arrow 
prices {q;}, Arrow-Debreu prices {Q;} ,initial wealth ai,O and solvency constraints 
{Bi,t} for decentralization of { ci,t} . 

Definition 4.2. Given an a11ocation {ci,t} the period t, event zt candidate Arrow 
prices of a security that pays one unit of consumptioll at t + 1 cOlltingent Oll Zt+ 1 = ;:,', 
in terms of cOllsumption at t are def1ned a..., 

[

'UI (c' (N t NI
))] • t I I 'i t+ 1 -,-

qt (z,z) == f3-rr(z Iz) max (( t)) 
'=1,2 Ui Ci,t z' 

(4.5) 

for all t, zt E zt and z' E Z. 

These Arrow prices imply the following Arrow Debreu prices: 

Definition 4.3. Given Arrow prices {q;} the candidate time O A-D price of a unit 
of consumption contingent on the realization of zt at' time t are def1ned as follows, 

(4.6) 

Because of our interest in computing prices of asset that pay dividends in every 
period, such as consols and stocks, we are going to be looking for equilibria where the 
interest rate are high. In order to do so, we restrict attention to the allocations that 
satisfy the following property: 

Definition 4.4. We say that the ánpUed interest rates for the allocation {ci,t} are 
high if the value of the aggregate endowment, and thus of aggregate consumption. 
computed using the A-D candidate prices for the allocatioIl {ci,t} is f1nite : 

L L Qô (ztl zo ) (C~,t (zt) + C2,t (zt)) < +00. (4.i) 
t2':O z' EZ' 
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The following proposition states the conditions under which an allocation can be 
decentralized as a competitive equilibrium with solvency constraints. These solvellc,V 
constraints can be chosen such as not to be toa tight, so that they bind if anel only if 
the continuation utility is equal to the value of autarchy. This is a natural condition 
to ask for the solvency constraints, since the motivation for the constraints was to 
avoid default. That is, if the solvency constraint binds and the continuation utility 
would be strictly higher than the value of autarchy, the solvency constraint could be 
relaxed a bit, without "causing" the agent to elefault. Having relaxed the constraint, 
then most likely the agent will take a bjt more debt and will be better off. We imagine 
that if financiaI intermeeliaries are competing agaillst each other by taking prices as 
given but by being able to set the solvency constraints, then at an equilibrium this 
property will have to be satisfied. Indeed, the intermediaries that were to lend to a 
constrained agent would never be reimbursed. 

Definition 4.5. For an a11ocation {ci,t}, asset holdings {ai,t+!} and solvency con­
straints {Bi,t+1} we say that the solvency constraints are not to tight if they bind 
only wben the participation constraint binds. i. e., if for agent i at 8011 times t, and 
events zt E zt , z' E Z . 

a ( ",t "") - B ('" "") i,t+1 ~, ~ - il.+1 ~t, '" (4.8) 

if and only if 
U(ci) (z',zt) = U(ei) (z',zt). 

Reca11 tbat the notation for period t state zt continuation utility for agent I:; 

U (ci) (zt) . 

We can now state the conditions under which an allocation can be decentralized 
and then we get a version of the second welfare theorem. 

Proposition 4.6. Given anyallocation {ci,t} that satisfies : (a) resource feasibility 
at any time and event, (b) the participation constraints 2.1 for eacb agent at eadl 
time and event, (c) iftbe participation constraint of a11 agent does not bind tlJen this 
agent has the higher marginal rate of subl:>"'titution , i. e., for 8011 t ~ O and zt E zt . 
z' E Z then if agent i 

U ( c;) (z', zt) 

{3 u' (Ci,t+1 (zt, z')) 
u' (ci,t (zt)) 

> 

= 

U (ei) (z', zt) ===> 

max {3 , 'Ir Z Zt 
{ 

u'(Cit+1(zt,Z')) ('I )} 
j=I, .. 1 u' (c;,t (zt)) 

and (d) the allocation has high implied interest rates, then (i) there exi:,"'ts a process 
{Bi,t}, initiaJ wealth ai,O and an a...o:;set holding process {ai,t} SUelI that tlle plan 

{ai,t, ci} is a competitive equilibrium for the solvency constraint {Bi,t} and the initial 
wealth ai,O. Moreover (ii) the process for the solvency constraint {Bi,t} can be chosen 
so that the solvency constraints for botb agents satisrv 4.8 (are not too tight). 

The, almost, converse of the previous proposition is true : 
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Remark 3. Conditions (a), (b) and (c) of the previous proposition have to be sat­
isfied in any competitive equilibrium given solvency constraints tllat satisfy 4.8 (not 
too tight). 

As a corollary of the previous proposition we get the secolld welfare theorem. 

Corollary 4.7. Any constrained optimal alIocation that lIas high il11plied interest 
rates can be decentralized as a cOl11petitive equilibrium with solvency constmints 
where the constraints are not too tight. 

In the previous corolIary we have restricted ourselves to the case whel'e the opt.imal 
allocation satisfied the assumption that the implied interest rates are high. Now we 
give a sufficient condition under which that assumption is satisfied. 

Lemma 4.8. If preferences are homothetic and the folIowing inequality is satisfied 

(C)-' j3X;'7r (zlz) + j3 L f A;,'7r (z'lz) < 1 
z',pz 

for alI z E Z, then any optil11al allocation {ci,t} , generated by the optimal policies. 
ha..'i il11plied interest rate that are high. 

Later on we will develop some l'esults that will alIow lIS to show that if the ali oca­
tion {ci.t} is a constrained optimal alIocation where there is some risk shal'ing, then 
4.7 has to hold (the implied interest rate are high). 

We finally establish a result about autarchy. The result states that autarchy ean 
always be decentralized as an equilibrium with solvency constraints that satisfy 4.8 
(that are not too tight). 

Lemma 4.9. Define {Ca,i,t, qat, aa,i,t+1, Ba,it} as folIows : for alI t 2': O, Zl E zt, z' E 
Z 

Ca,i,t (zt) = Ci,t (Zt) , 

aa,i,t+l (zt, z') = Ba,it (zt) = O, 

q ( ",t "") at """, "'" j3 u' (Ci t+l (z')) ('I ) max ' 7r Z Zt 
i=1,2 U'(Ci,t(Zt)) 

and {Qa,t} are the A-D prices implied by {qat} as defined by?? Then {Ca,i,t, qat 1 aa,id 
is a competitive equilibrium with solvency constraints given {Ba,i,t+d and the initial 
conditions ai,O = O, i = 1,2. Moreover {Ba,i,t+d are not too tight. 

Remark 4. even though autarchy alIocations can always be decentralized, in general. 
they are not (constl'ained) eflicient allocations. This l'eslllt is anaIogolls to the [aGt 
stated above about muItiple Sollltions of the functional eqllation. That is, that the 
vaIue of alltarchy was aIways a sollltion of the Eunctional equation characterizing 
optil11al allocations. AIso notice that the implied interest rate in {Qa,t} cal] be ver,}' 
Iow and hence equation (4.7) may be violated. 
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4.3. 1st Welfare theorem and comparison with Kehoe and Levine equilib­
rium 

In this section we address two related issues, the comparison of our equilibrium ('011-

cept with the one proposed by Kehoe and Levine and whether the first welfare theorem 
holds for our equilibrium concept. 

Compared to our equilibrium concept the equilibrium in Kehoe and Levine (199:3) 
differs in that they include the participation constraints in the consumption possibility 
sets, as "apposed to our limits to borrowing (our solvency constraints). We thillk 
that our alternative elecentralization provieles a doser link with the literature on 
equilibrium asset pricing with borrowing and solvency constraints anel that it makes 
the form of the pricing kernel inunediate. In particular it allows us to use the results 
of Luttmer (1996) and He and Modest (1993). 

The problem for agent i in the Kehoe-Levine decentralization is 

s.t. Qo (Ci - ei) ::s; ai,O 
U (Ci) (zt) > U (ei) (zt) for ali t 2: O anel zt E zt 

where Qo is a non-negative linear function. 
Formally given Qo the dot product representation of the A-D prices is defined as 

follows. For any t and zt E zt define 

where ês (ZS) = O if s =j:. t anel ZS =j:. zt anel otherwise êt (zt) = 1. 

Definition 4.10. The A-D prices are said to have a dot product representation if 

Qo (c) = L L Ct (zt) Qo (ztl zo ) . 
t;::O z'"zt 

With this notation we can write the budget constraint of agent i as 

L L (Ci,t (zt) - ei (Zt)) Qo (ztl zo ) ::s; ai,O 
t;::O ztEZ' 

The corresponeling Arrow prices are defined as 

Q ( ",t ""I'" ) 
(

",t "")_ o ~,,, ~o 
qO,t ~ , ~ - Q (ti ) . o z Zo 

We set up this notation to show the following two results. First the implied Arrow 
prices in the Kehoe-Levine elecentralization are equal to the highest marginal rate of 
substitution across agents, like in our equilibrium with solvency constraints that are 
not too tight. Seconel, we can say that the allocations of an equilibrium with solvellcy 
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constraints correspond to the allocations of a K-L equilibrium. An immediate eon­
sequence of these results is that we can use the relationship between the equilibriulll 
with solvency constraints and the K-L equilibrium together with the first welfare the­
orem shown by Kehoe and Levine. Then we obtain a (qualified) version of the nr;,;t 
welfare theorem for our equilibrium concept. That is, allocations corresponding to 
an equílibrium for solvency constraints that satisfy 4.8 (solvency constraints not tuo 
tight) and 4.7 (that have high implied interest rates) are constrained efficient. 

Proposition 4.11. Let {c;}, i = 1,2, {Qo} be tlle allocations and A-D prices cor­
responding to Kelloe-Levine eqllilibrillm. Let qo be tlle corresponding Arrm\" prices. 
Tllen 

( 
t ') {f:?U' (Ci t+1 (zt,z')) , } 

qO,t ::: ,z = ~a~ f.' ,'(. (Nt)) 7r(z I:::e) . 
,-1,2 U C"t _ 

(-l.9) 

and if 

tllen 

( ~t "") _ f:?U'(Ci,t+1 (zt,z')) (",'1"') 
qO,t "', ~ - f.' , ( . (",t)) 7r - ~t . 

U C"t ~ 

Now we show that for any equilíbrium with solvency constraints if the implied 
interest rate are high and the constraints are not too tight then the implied A-O 
prices and consumption allocations constitute a K-L equilibrium. 

Proposition 4.12. Let {qt, Cit, ait+d be an equilibrium given tlle solvencJ· COll­

straints {Bi,t+d and tlle initial wealtll {aio} . Assume tllat tlle A-D prices {Qd ilIl­
plied by {qt} satisfies 4.7 (tllat tlle implied interest rates are lligll) and tllat tlle 
solvency constraints satisfy 4.8 (i.e. tlley are not too tigllt). Tllen tlle consumptioIl 
allocations {Cit} and tlle A-D prices {Qr.} constitute a K-L equilibrium. 

Proof. Sketch. In an equilibrium for given solvency constraints the consumption 
allocation is c1early feasible and if the solvency constraints are not too tight the 
consumption allocations satisfies the participation constraints for each agent at ali 
times and states. It only remains to be shown that given the A-O prices implied in 
{qt} the consumption allocation maximizes utility subject to budget and participation 
constraints. It will suffice to find non-negative shadow values (multipliers) associated 
with the budget constraints and participation constraints. We give an algorithm to 
define these multipliers as a function of the consumption allocation, Arrow prices anti 
participation constraints. Finally we verify that these multipliers together with the 
consumption allocation are indeed a saddle. We accomplish this by verífying the nr;,;t 
order conditions. A detaíled proof with the technical detaíls is in the appendLx .• 

Corollary 4.13. Let {qad be defined 8..'i tlle "autarch.y Arrow Prices", i.e. for all 
t 2: O, and zt E zt 

( 
t) u' (ei t+l (Zt+1)) 

qat Z, Zt+1 == ma~ j3 , (' (",)) 7r (Zt+llze) 
,=1,:2 U ei,t -t 

( 4.10) 
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Let {Qat} be tbe A-D price process computed using {qad. If autarchy interest rates 
are high, i.e., 

00 

L L Qat (zt) ler (Zt) + e2 (Zt)] < +00, ( 4.11) 
t=O zt",Z' 

tben autarcby is an eflicient allocation, and hence is tlle only feasible allocation. 

Proof. Recall that for Bi,t ::::: O autarchy is an equilibrium with solvency constraint 
that are not too tight. If 4.11 is satisfied, by definition, the implied interest rates are 
high. Then pl'oposition '??? implies that the consumption allocation and implied A-D 
prices of the equilibrium with solvency constrains constitute a K-L equilibrium. SÍnce 
the first welfare theorem holds for the K-L economy, this allocation is efficient. • 

Corollary 4.14. Autarcby is tbe only feasible allocation in eitl1er of tbe four cases: 
(i) tbe time discount factor fi is suificiently small, (ii) risk aversion 'Y is suificient/y 
small, (iii) tbe transition probability matrix is suificiently cIose to identitJ;, and (iv) 
tbe variance of tbe idiosyncbratic sbock is suificiently cIose to zero. 

The proof of this corrollary consist in showing that un~er the given condition the 
autarchy-value of endowment becomes finite, that is, autarchy interest rates are high. 
Related to these two corrollaries we will present in the last section of the papel' a 
simple example where aggregate endowment anel interest rates are constant. 

For completeness we add, without proof, a simple lemma, characterizing a c(-tse 
where perfect risk sharing is feasible. 

Lemma 4.15. Let {Ci,t} be tbe consumption allocation for an equilibrium with SO/­

vency constraints that are not too tigbt. Then if tbe marginal rates of substitutioIl 
are equalized, i. e. for all times t and events zt, z' 

tben tbe consumption allocation is unconstrained eflicient. Moreover if an allocation 
is unconstrained eflicient, it can be decentralized as an equilibrium witll so/vency 
constraints wllere tbe soIvency constraints never biIlds. 

We show that for any (constrained) optimal allocation where some risk sharing is 
possible, the implied interest rates are high. This result complements our statement 
of the second welfare theorem, that uses as an assumption that the implied intel'est 
rates are high. 

Proposition 4.16. Let {Git} be a (constrained) eificient allocation and Iet {Qd be 
its associated A-D price processo Tben, if some risk sharing is possible, so that for 
each t, zt, tbere is z' E Z sucb that one of tbe agent i' = 1,2 : 

( 4.12) 

tben 4.7 is satisfied (i.e. the implied interest rates are bigh ). 
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We finish the section with two remarks about the usefulness of these results. 

Remark 5. As alluded earlier in the paper, it is immediate to see that the results of 
this section on equilibrium characterization and welfare theorems hold for the case of 
any finite number of agents, not just two. 

Remark 6. The characterization of equilibrium, welfare theorems and optimal allo­
cations makes it very easy to construct optimal allocations that can be decentralized 
by guessing and verifying. For instance suppose that an allocation is (i) resource fea­
sible (ii) satisfies the participation constraints and (iii) every time that for an agel1t 
the participation constraint does not bind then this agent marginal rate of substitu­
tion is (weakly) higher than the one for the other agent. As a direct applicatiol1 of 
the previous result, if the implied interest rates for this allocation are high then tlH' 
allocation is (constrained) efRcient. The fact that we restrict ourselves to cases where 
interest rates are high is, in a sense, without cost. This is because we are interested 
in analyzing the price of infinitely lived securities. 

4.4. Properties of asset returns in economies with solvency constraints 

In this section we analyze some properties of the pricing kernels in economies with 
solvency constraints. We start by describing the pricing of securities that are more 
complex than Arrow securities. We then compare pricing implications in economies 
with and without participation constraints by considering interest rates, marginal 
valuations and risk premia. 

4.4.1. Pricing complex securities 

Instead of allowing agents to trade only Arrow securities (one-period contingellt 
claims) we want to let them trade any security, particularly multiperiod securities 
such as stocks and bonds. A straightforward extension of our framework alIows us to 
do this. 

We assume that at time t there is a set of securities that are traded. These 
securities may pay dividends at multiple dates. In this ca...;;e, agents face the following 
sequence of budget constraints : 

L ai,t+l,k' (zt,z') qt,k' (zt) + Ci,t(zt) 
k'EKt+l(zt,Z') 

< L ai,t,k(zt-l) [qt,k(zt) + dt,k (Zl)] + Ci,t(=t} 
k<õKt(zt) 

for all t = O, 1, ... and for alI zt E zt. Here qk denotes the price and dÁ' the 
dividend processes of a security k. We use J(t (zt) as the set of securities that could 
have possible been bought (or sold) at dates and states priors to t, zt. Analogously 
the set {J(t+l (zt, z') : z' E Z} contains the set of securities that can be bought (OI" 
sold) at time and state t, zt. In the folIowing definition of ](1 we exclude trivial ca-,;es 
of securities that have already matured or that have zero payout forever. 
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To have the same budget set than in the case with Arrow securities we Ileed 
two conditions: first that this set of securities be rich enough so that market~ are 
dynamically complete and second that the portfolio choice be restricted so that the 
value of an agent's portfolio be high enough in the different states. Specifically, for 
each period, a set of solvency constraints that limits the minimum value of Ilext 
period's portfolio for each state is defined as : 

[qt+l,k' (::;t,z') +dt+t,k' (zt,z')] ai,t+l,k' (::;1,::;') ~ Bi,t+l(::;t,.:') 

for ali t = O, 1, ... and for all ::;t E zt. Clearly, every portfolio of securities is just a 
portfolio of Arrow-Debreu securities, and Arrow-Debreu prices are simple pl'OduC'ts 
of the sequence of Arrow prices. Notice that, as of time t, this impose a set of #Z 
linear inequalities on the portfolio choice of each agent. 

We want to make two points by introducing securities different than Arl'Ow securi­
ties. First, a rather trivial one, that the pricing of any security (under the conditiom; 
stated above) can be obtained by pricing the corresponding portfolio of Arl'Ow securi­
ties. Second, even though in equilibrium the price of an Arrow security must be equal 
to some agent marginal rate of substitution, the price of a more complex security 
may be higher than the marginal valuation of both agents, as it is shown in the next 
section. 

4.4.2. Prices and marginal valuations 

We find that given the type of friction-solvency constraints-the prices of securitieó 
with non-negative payoffs are bigger than the valuation of any of the agents if there 
is only limited risk sharing. Superficially, this result may seem to imply an arbitrage 
opportunity, in the sense that the prices are too high for everyone, but recall that 
agents can short sell only limited amounts of securities.8 

Assume that k is a security available at time t , Le. k E f(t (::;t) and that 

dt+s,k (::;t+S) ~ O for ali oS > O. 

Let us denote the price of this security for the equilibrium with solvency constraints 
by qt,l and the marginal valuation of agent i by MV;,t,k were the marginal valuation 
is defined as 

M (",t)-"'{3s'" (t ",S)U'(Ci,t+S(zt,zS)) (",sl·~) 
Vi,t,k '" = ~ ~ dt+s,k z, '" u' (c. (::;t)) 7r '" "'t . 

8>0 zSEZs ',t 

This quantity measures the marginal change in utility, in terms of time t consumption, 
produced by an increase in the agent i consumption proportional to the dividends of 
security k at each future date. When agents are never constrained, or equivalently 
for the case of perfect insurance we have that for all i, 

qk,t (zt) = MV;,t,k (zt) . 

In our environment we have the following result, 

8We thank George Constantinides for hihglighting this point. 
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Lemma 4.17. In an equilibriu1l1 witl1 solvency constraints wl1en tl1ere is on1.1" 1imited 
risk sl1aring, then 

qk t (zt) ~ max IvIV; t z (z.t) 
I i=1,2' I 

for all agents i, securities k,times period t = 0,1, .. , and states ::;t E zt. With strict 
inequality for an agent i if he is eonstrained at Iea."t onee between t and t + s. 

The proof of this lemma follows directly from the fact that Arrow prices are equal 
to the larger marginal rate of substitution of the two agents. 

Notice that since we assume that the dividends are non-negative, holding a bit 
more of security k can never lead to default in the future if the original plan did 
not already contemplate default. One may therefore be tempted to conclude that in 
equilibrium qk,t (zt) = maxi=1,2 MV;,t,z (zt). The misleading part of this conjecture 
is that this equality holds only for Arrow securities and not for general securities that 
pay in different states, since the pricing kernel is defined by the max across agents nf 
the marginal rate of substitution, state by state. That is, the agent whose marginal 
rate of substitution equates the price of the Arrow security in a given state lIlay not 
price the Arrow security in a different state. 

4.4.3. Interest rates 

As a general property, interest rates are slIlaller in economies with participatioll OI" 

solvency constraints than in corresponding economies without such constraints. More­
over, as opposed to the findings in some application of incomplete markets economies. 
this effect does not rely on the precautionary savings motive (convexity of the mar­
ginal utility). 

Proposition 4.18. Given Wt, Zt, the priee of a one-period bond is higher in an eCOll-

01l1y with participation eonstraints than in the corresponding eeonOIny without these 
Gonstraints. With constraints binding at Iea."t onee, the priee of a one-period bond is 
strietly higher. 

The proof of this properties follows directly from the fact that for each state :,' 
the pricing kernel in a participation constraints economy equals the larger of the two 
agents' intertemporal marginal rate of substitution. In fact, the price of any Arrow 
security is weakly higher. In the appendix we include the pl"oof for both cases with 
and without aggregate uncertainty. 

4.4.4. Risk premium: Aggregate and idiosyncratic shocks 

A major issue for any "heterogenous-agent" asset pricing framework is the mechanism 
through which idiosyncratic shocks can generate a risk premium for claims contingent 
on the aggregate shock, that is, the market risk premium. We provide here a look 
at this issue by deriving sufficient conditions under which the economy with idiosyn­
cratic shocks generates a risk premium on a one-period risky strip identical to the 
representative agent economy that does not have idiosyncratic shocks. 
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We consider the risk premium for one-period risky strips, defined atõ 

where dt+1 is the payout, (which we restrict to be a fraction of t+ 1 aggregate output), 
Pt is the price of this strip and Bt is the price of a one-period risk-free bond. This is 
sOllletillles called the "multiplicative excess return of the one-period risky strip" over 
the risk-free rate. We choose this prelllium as opposed to the equity premium for 
its tractability. lndeed, the equity premium is a weighted SUIll of the entire influite 
sequence of strips, one for each horizon. Our hope is that this premiulll behaves 
at least qualitatively similarly to the entire equity premium in the cases we look at 
nu merically. 

Proposition 4.19. li the idiosyncratic and the aggregate SllOCks are independent. 
and ii the aggregate shock is iid, then tbe multiplicative premium on a one-perioel 
risky strip with payout contingent on tbe aggregate output is tbe same il1 an eCOIlOlll)" 
witb anel witbout participation constraints. 

In the appendix we present the proof of the proposition anel a formal eleflnition of 
ieliosyncratic anel aggregate risk. The extra assumption that the aggregate shock i:; 

i.i.d. is elue to the fact that the aggregate shock is expressed in rates of change anel 
the idiosyncratic in leveIs. At any rate, quantitatively, the assumption of i.i.d. growth 
rates of aggregate consumption is not a bael first approximation. 

5. Quantitative implications: An example 

In oreler to illustrate moelel mechanisms at work anel in oreler to get a very first idea 
about the quantitative potential of our moelel for explaining asset returns, we present 
here some calibration results. We consieler a model version with two agents and two 
shocks anel no aggregate uncertainty. We completely characterize the optimal allo­
cations anel we look at the implications for consumption and Hansen-Jagannathan 
bounels. This is also an illustration of how we can compute the solutions for such 
lllodels by solving a silllple system of nonlinear equations insteael of functional equa­
tions. This is not only orders of magnitude faster, but also basically eliminatetõ the 
numerical approximation error. The ma in point here is to illustrate moelel meeha­
nisms, for a more thorough quantitative analysis see Alvarez anel Jermann (199i). 
However, even this example suggests that powerful limitations on risk sharing oeeur 
in the reasonable parameter region. 

5.1. Characterizing optimal allocations 

We will show that with two symmetric agents and two shocks, anel with no aggregate 
uncertainty, the ergodic set for (w, z) anel the associateel consumption take a very 
simple formo Namely, after a reversal of z, consumption wiII depenel exclusively on 
the current value of z, with w aIso exclusively a function of the current state Z. \Ve 
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derive this result below, and use it to fully characterize optimal allocatiolls in a single 
equation. 

To derive a very simple representation of the decision rules we use two properties. 
First, if z' = z, then the optimal policy io;; the 4.')0 line as we have shown before. The 
second property we use is presented below. 

Definition 5.1. We say that decision ruies are "Bat" after a reversru oE the SllOCk. 

z' =I z, iE: 
Wz,(w, z) = [l2(Z2) == W(Z2) iE Z' = Z2 and z = ZI 

Wz,(w, z) = \/-1(., ZI) (U1 (ZI») == w(zd iE z' = ZI and z = Z2. 

In order to demonstrate this propositioIl we start by showing the followillg two 
lemmas: 

Lemma 5.2. Sufficient conditions for Bat decision rules after reversal. If 

then the decision ruies after reversru are Bat. 

Lemma 5.3. bnplication of Bat decision rules after a reversal. If the decision 
ruies after reversru are Bat, tben OTV(W(ZI), zd/âw > OTV(W(Z2), Z2)j{JW. 

The result that the optimal decision rules are flat after reversal follows by the 
combination of the previous two lemmas with the result that limn->oo T n i' = \"'. 
that is, in each iteration, the operator T preserves the properties of the optimal 
decision rules. Starting from the ful! risk sharing frontier li, the first lemma applies 
and we have flat decision rules for reversal. Then in the fol!owing iteration derivatives 
are ordered as required by the second lemma. 

Combining these results, Figure 3 plots the decision rules Wz,(w, z) as a function 
of w and z. Clearly, whatever the initial starting point for (w, z), after one reversal 
of the shock, continuation utility and consumption, w(z) and c(z), will move forever 
between only two values, depending OIl the given state z. 

This characterization suggests that in order to find the optimal allocatioIls under 
the invariant distribution we can simply solve the fol!owing system of the two promise 
keeping conditions: 

W(zt} = u(c(zt}) + {37rw(zt} + (3(1 - 7r)W(Z2), and 

W(Z2) = U(C(Z2» + ,67rW(Z2) + (3(1 - 7r)w(zd, 

in addition to the known boundary value W(Z2) = U2(Z2), and the symmetry condition 
c(zt} = e - C(Z2)' This system can be written as a single equation in the single 
unknown U2 = U(C(Z2»: 
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with f(u2) == u (e - u- 1 (U2)) = U(C(Zl))' Equation 5.1 has at most two solutiollS. 
To see this, notice that h is the sum of a constant minus the functioll .f multiplied 
by positive constant. .f is the static: utility possibility frontier, hell('e it is striet l.v 
decreasing and strictly concave, hence h is strictly increasing and strictly com·ex. 
The solutions of 5.1 are the intersection of the identity with h, so there could be 
at most two intersections. We also know that there is at least one solution: the 
autarchy value U2 = u(e2 (Z2)) is always a solution of 5.1. This claim follows form 
the fact that the autarchy values have to satisfy resource feasibility, promise keeping 
and W(Z2) = U2(Z2).9 Whether the other solution of equation 5.1 characterizes the 
efficient allocation depends on whether it satisfies 

u(e/2) 

e/2 

<U2 S u(e2(z2)), that is 

< C(Z2) < e2(z2)' 

If it violates the condition that U2 > u(e2(z2)), then the corresponding allocation is 
more variable so it cannot be efficient (it violates the bounds for consumption shown 
in proposition 3.10.). One way to check whether the solution that is different from 
autarchy implies e/2 < C(Z2) < e2(z2) is to check that the slope of h at autarchy is 
larger than 1, i.e. h' (u(e2(z2))) ~ 1. This follows because the convexity of h implies 
that the smaller fixed point crosses the identity with a slope less than one. lndeed. 
if autarchy is the larger fixed point, the lower fixed point implies some risk sharing. 
because then the agent gets less than autarchy utility in it his good state. Simple 
calculations show that the derivative of h is given by 

= 

{:1(1-7r).fl( .) 
(1 - {:17r) U2 

{:1 (1 - 7r) u' (e - u - 1 (U2)) 
(1 - {:17r) u' (u- 1 (U2)) 

We collect these results in the following proposition, 

Proposition 5.4. Assume that full risk sharing is not feasible. Equation 5.1 has at 
lea'lt one solutian and at most twa. We denote them by (U21, U2h) wbere we assume 
tbat U21 S U2h. The periad utility af autarchy is always a solutian. i.e. u (e2(z2)) = lL2k 
for eitber k = l ar h. If U21 = u (e2(z2)) tben autarcby is tlle only feasible a11ocation. 
If U2h = u (e2(z2)) tben the efHcient allocation is characterized by c (Z2) = u- 1 (ll:2d· 
A necessary and sufHcient condition for c (Z2) = u -1 (u2d is given by 

{:1 (1 - 7r) u' (e2 (zt)) 
(1 - {:17r) u' (e2 (Z2)) ~ 1. 

We include a result about interest rates and the extent of risk sharing. 

Lemma 5.5. AutarcllY is tbe only feasible allocation if and only if autarcby interest 
rates are non-negative. 

9Except in a knife edge case, equation 5.1 has two solutions. This knife edge case occurs when 
parameters cross the region where some risk sharing is feasible to the region where only autarl'hy 
satisfies the participation constraints. 
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5.2. Calibration and results: the Hansen-Jagannathan bounds 

The 2 by 2 case without aggregate uncertainty allows us to focus entirely on the effects 
of limited risk sharing. We calibrate individual income followillg Heaton and Lucas 
(1994) based on a large sample from the PSID. In particular, the log of an agent's 
income, relative to the aggregate, that is ln(yd LYj), is stationary with a first order 
serial correlation of 0.5 and a standard deviation of 0.29 for annual data. Initially 

. we set {3 = 0.6."> and explore the effect of risk aversion for consumption and for asset 
pricing implications, we will explore the quantitative effects of {3 below. lO 

Figure 4 presents consumption of agent 2 as a function of risk aversion. For 
low risk aversion, agents do not share income risk beca use autarchy is sufficiently 
attractive to prevent any borrowing and lending. As risk aversion increases, autarch~; 
becomes relatively less attractive, risk sharing starts to take place and consumption 
itself becomes less volatile. When risk aversion equals 4.5, income risk is fully shared 
and consumption is constant. 

Hansen and Jagannathan 's volatility bounds for stochastic discount factors pl'O­
vide a concise and widely used diagnostic device. 11 The idea is, that, assuming the 
existence of an arbitrage free pricing kernel, data on asset returns can be used to 
construct a lower bound on the unconditional standard deviation of this kernel, for a 
given unconditional mean. Candidate kerneL" obtained from theoretical model struc­
tures can then be compared to this benchmark. Figure 5 presents test results for 
kel'llels generated by our model. It can be taken as a clear success that the model 
is able to generate kernels that fall inside the H.J-bound for risk aversion coefficients 
around 2, whereas the representative agent economy fails this test for such values of 
risk aversion. 12 This positive finding also confirrns empirical results by He and Mod­
est (1991) that show that solvency constraints can pass a similar type of volatility 
bound test for aggregate consumption data. A close look at this picture reveals the 
two-sided role of the risk aversion coefficient. As in most of the asset pricing li ter­
ature, increasing risk aversion increases the volatility of the pricing kernel, beca use 
for a given consumption process marginal utility is more volatile. In our framework 
however, as seen above, the extend of risk sharing and thus the consumption process is 
endogenous. The highest volatility for the pricing kernel is achieved with very limited 
risk sharing. 

If we were to choose {3 > 0.65 as this is u8ua11y done in the literature, risk sharing 
would be limited for lower coefficients of risk aversions and the volatility of the pricing 
kernel would no longer be above the minimum bound imposed by the given H.J-bound. 
An alternative calibration, with {3 > 0.65 and for which pricing kernels are sufficiently 
volatile to be inside the admissible H.J-region could be achieved with higher serial 
correlation of the individual endowments. For instance, setting the first order serial 

10 [ 075 0.25] 1 [0.641 ~ 2 
The parameters for this case are the following: n = 0:25 0.75 ,c = 0.359 J ' c = 

[ ~:~:i ] . 
11 For a detaiUed survey of applications of this test see, for example, Cochrane and Hansen (1992). 
12lntroclucing aggregate uncertainty would of course generally give further volatility to the pricing 

kernel anel help it pass the testo 
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correlation at 0.95, we have now that for a more common fi = 0.90, ri'3k sharing 
is limited for risk aversion coefficients sufficiently large to generate volatility in the 
pricing kernel as shown be the Figure 6 and 7. 

An alternative way of thinking about our model framework is to take it as a two­
country open economy, where relative income shocks are rather slllall. This seems 
of some interest given that the literature on sovereign debt, in particular the wielely 
cited paper by Eaton and Gersovitz (1981), have studied the same mechanism of 
lack of commitment of the debtor country.13 Figure 8 presents consumption for the 
case where the log of relative income volatility is a mere 3% annually.14 This can be 
taken as the order of magnitude of country specific shocks to GDP. The enelogenous 
limitations in risk sharing do appear to be even more powerful in this case given that 
they occur for a much wider range of risk aversion coefficients. In this last example 
we can clearly see that the fact that autarchy is less of a punishlllent with low income 
volatility ends up reducing risk sharing in equilibriulll. 

6. Conclusions 

We have presented a framework for analyzing asset prices where endogenous solvency 
constraints may end up limiting risk sharing. After characterizing allocations with 
participation constraints in a recursive framework we proposed a concept of Illarket 
equilibriulll with explicit enelogenous portfolio constraints. We derived the dassical 
first and second welfare theorellls and studied the pricing kernel that emerges in this 
setup. Alllong the general properties we show that interest rates in the environlllent 
with solvency constraints are lower than in the corresponding representative agent 
econollly without the usual need for precautionary saving. Finally, a simple quanti­
tative exalllple shows that powerful limitations to risk sharing occur in the relevant 
region of the parameter space. 

We view this paper as a first step in exploring asset pricing relationships in eeon­
omy where the possibility of defaults limits risk sharing. In a companion pape r we 
have start examining the quantitative side. We are interested in the first moments 
such as the mean risk free rate and the equity premium that have attracted so much 
attention in the recent literature on equilibrium asset pricing.We are aIso interested 
in the business cycle behavior of excess returns anel the term structure that have been 
documented empirically. 

13Eaton and Gersovitz (1981) present a partial equilibrium framework with a given world int8r8st 
rate where the borrower can default if continuation utility is below the autarchy value. 

14 • . [0.75 0.25'1 6 1 [0.515 1 
The parameters for thJS case are the followmg: TI = 0.25 0.75 J ' f3 = O. 5, e = 0.485 _ • 

2 [0.485] 
e = 0.515 . 
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