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Abstract

Phylogenetic trees are a family of planar graphs that are generally used to represent certain
types of biological relationships, such as evolutionary relationships between species. This
family of objects has applications in epidemiology, forensic sciences and several other areas.
Therefore, it is essential to understand better the geometry of this family. This project
consists of presenting the most used tree concepts and studying in depth properties of
the phylogenetic tree space. We developed a survey that contains the main results of the
area in the same place with the presentation focused on future application. Furthermore,
we adapt the ideas of Song [15] to estimate the neighborhood with a fixed clade in the
operation rooted SPR.

Keywords: Mathematical Biology, Combinatorics, Phylogenetic Trees, Geometry.



Resumo

As arvores filogenéticas formam uma familia de grafos planares que geralmente sao
utilizados para representar certos tipos de relagoes bioldgicas, como por exemplo as relagoes
evolutivas entre espécies. Essa familia de objetos tem aplicacdes em epidemiologia, ciéncias
forenses e diversas outras areas. Por isso é essencial entendermos melhor a geometria
dessa familia. Este projeto consiste em apresentar os conceitos de arvores mais utilizados e
estudar mais a fundo propriedades do espaco de arvores filogenéticas. Desenvolvemos um
levantamento bibliografico (survey) que contém os principais resultados da drea em um
mesmo lugar com a apresentacao voltada para aplicacao futura. Além disso, adaptamos as

ideias de Song [15] para estimar a vizinhanga com um clado fixo na operacao rooted SPR.

Palavras-chave: Biologia Matematica, Combinatéria, Arvores Filogenéticas, Geometria.
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1 Introduction

During the last centuries, the only way to estimate evolutionary relations between
species was on a large scale of time, by fossil analysis or other manual methods. These
methods are, of course, scientific but more heuristic With the development of statistics and
computation, it is possible now to handle the loads of data available and try to estimate the
evolutionary tree using statistical methods. In this document we present basic theoretical

results of this newborn area of research.

Trees are graphs that are connected and have no cycles as subgraphs. And the way
phylogenetic trees are defined are basically giving a label for each leaf of the tree. We also
sometimes need the concept of passage of time in applications. So, usually rooted trees

are used.

The most common application of phylogenetic trees is the evolutionary relation
between species. But there are also applications in forensics science, epidemiology and
to represent other kinds of biological relations. That is why it is essential to understand
better the space of phylogenetic trees. This survey is geared towards developing the main
results of the area starting from the basic definitions. We will be mainly following the

presentation from Semple and Steel [14] through out this document.

One of the most acclaimed problems in the area is to estimate the evolutionary
tree (also called phylogenetic tree) of certain species from DNA samples of them, where
the amount of mutations accumulated between two vertices of the tree is measured by the
size of the edge between them. And from this phylogenetic tree it is possible to estimate
several other population quantities, such as size, growth and underlying structures (e.g.
[7] and [9]).

Nowadays, with COVID-19, this problem has become even more important, as it is
of interest to be able to trace the different lineages of the virus, its population and the
way it is distributed in the world. In this way, we could estimate, for example, where new

variants are more likely to appear.

The large-scale application of phylogenetic estimation algorithms depends funda-
mentally on an understanding of the geometry of space, which is still very incipient. The
main motivation for studying the space of phylogenetic trees then is to try to find more
efficient and mathematically accurate ways of estimating the phylogenetic tree from a
given sample of species. For this, it is extremely important to understand the structure of

this space of phylogenetic trees.

In chapters 2-4 we introduce certain types of trees and prove basic results about

them. In chapter 5 we introduce the concept of tree-shape which is basic but essential and
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we also introduce a counting technique using a group theoretical Lemma. In chapter 6
we prove one of the classical results of the area that gives an equivalent way to represent
X-trees and phylogenetic trees. In chapter 7 we introduce the concept of fully ranked trees
which could be very useful in application but very few results are known for them. In
chapter 8 we define the BHV space, where we start giving lengths to edges. In chapter
9 we define the most common tree rearrangement operations and present results about
the graph an operation induces naturally. In chapter 10 we calculate the neighbourhood
with a given clade of a rooted phylogenetic tree in the graph defined by the operation
rooted SPR. For that, we adapt the ideas of the calculation of the neighbourhood of a
phylogenetic tree in the rooted SPR graph by Song [15].

The figures without explicit source were made using the graphonline (https:

//graphonline.ru/en/) tool to draw the graphs.
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2 Trees and binary trees

Let n € N, we define [n] := {1,2,...,n}. Let also A be any set, then (ﬁ) ={BC
A:|B| =n}.

Definition 2.0.1. A (undirected) graph is a pair G = (V, E) where V is a set, whose

elements we will call vertices or nodes, and E C (‘2/) is a set of edges.

We will only consider graphs with a finite set of vertices. And often we refer to the
vertex set of a graph G by V(G) and to the edge set by E(G).

Some examples of graphs are the followings:

o Path: P, = ([n+1],{{1,2},{2,3},....{n,n+ 1}}).

Figure 1 — A path with 4 edges P;.

e Cycle: C,, = ([n], {{1,2},{2,3},..., {n—1L,n},{n,1}}).

Figure 2 — A cycle on 4 vertices Cy.

« Clique (or complete graph): K,, = ([n], ([Z])) )

« Tree (see Definition 2.0.5).
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Figure 3 — A clique on 6 vertices Kg.

Figure 4 — A tree.

From now on, we will use for short
uv = {u,v},
when referring to edges,
UrUg . . . UpUp+1,

when referring to the path

({uh s vun-i-l}v {{ula u2}7 {u27 U3}, BRI {un’ un-H}})a

and

UiUz ... URUY,

when referring to the cycle

({ug, ..y un b, {{ur, uak, {ug, ush, . oo {un_1,un}, {un, ui}}).

Definition 2.0.2. Let Gy = (Vi, E1) and Gy = (Va, Ey) be graphs. We say that G is
isomorphic to G, if there exists bijection ¢ : Vi — V4 such that uv € Ey if and only if
p(u)p(v) € E.

In fact, if two graphs are isomorphic we will consider them to be the same graph.
In some instances in the treatment that follows, it will be convenient to consider (proper)

subsets of a graph, which we do in Definition 2.0.3.
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Definition 2.0.3. Let G = (V,E) and H = (V', E’) be graphs. We say that H is a
subgraph of G if there is an injective function ¢ : V' — V such that o(u)p(v) € E

whenever uwv € E'.

In this case we can identify V' as a subset of V.

Definition 2.0.4. We call a graph G = (V, E) connected if for every u,v € V, G has a

path as a subgraph such that it starts at u and ends at v.

Finally we can define a tree.

Definition 2.0.5. We say that a graph T is a tree if it is connected and acyclic (has no
cycles as subgraph,).

Below we state some propositions related to trees that can be useful in the future.

But before that, to simplify the notations we shall make the following definition.

Definition 2.0.6. Let G = (V, E) be a graph. We define the neighbours of a vertex
veVtobe Nv)={ueV:uw € E}. And the degree of v in G is d(v) := |N(v)|.

The degree can be seen as a measure of connectivity of a vertex.

Proposition 2.0.7. Every tree T = (V, E), |V| > 2, has a vertex of degree 1.

We call vertices of degree 1 of a tree by leaves (or terminal nodes, or taza).

Proof. We will actually prove that every tree has at least 2 leaves. Let P = vy ... v, :=

({v1, ..., v}, {vivig1 1@ € [k — 1]}) be the path of maximum length contained in 7.

Suppose that d(v1) > 2, that is, there exists u € V such that uv; € E and u # vs.
If u # v; for every i € [k], the path wwv; ... vy of length k + 1 contradicts the maximality of

P. And if u = v; then vy ... v;_qv;v; is a cycle, which contradicts the fact that T is acyclic.
Then d(vy) = 1.

And by the same reasoning, d(vy) = 1.

That is, v; and vy are leaves of T'. O

Proposition 2.0.8. If a graph F' = (V, E) is acyclic (not necessarily connected) then it is

a disjoint union of trees. We call these graphs forests.

Proof. Tt is easy to see that the following is an equivalence relation in V:

u ~ v <= there is a path in F connecting u to v.
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We say that each element of V/ . is a connected component. In fact, by the definition

of the equivalence relation, for every U € V/. and
EU]:={w e E :u,ve U}

F[U] := (U, EY) is a connected graph.
Suppose by contradiction F[U] has a cycle. As U C V and E[U] C E, F would

have a cycle.

Then, for every U € V/., F[U] is a connected and acyclic graph, i.e., a tree. [
Proposition 2.0.9. A tree with n vertices has n — 1 edges.
Proof. Let’s prove by induction on n.

Case n =1 is trivial.

Suppose it is true for some n € N. Let T'= (V| E) be a tree with n + 1 vertices. By
the last proposition, there is a leaf v € V' of T'. Define 7" = TV \ {v}].

See that T” has n vertices and it is clearly acyclic by the same reasoning as in the

proof of Proposition 2.0.8.

Let u,w € V\{v}. As T is connected, there is a path P = wu; ... upw is T'. Observe
that d(u;) > 2 for every i € [k], that is, u; # v. Then, P is also a path in 7.

Thus, 7" is a tree. By the induction hypothesis, |[E(T")| = n — 1. As d(v) = 1,
N(v) = {x} for some x € V, we have that

E=ET)U{zv} = |E|=n.
[l

Proposition 2.0.10. Let T' = (V, E) be a graph with n vertices. The following assertions

are equivalent:

(i) T is a tree.

(i) T is minimal connected, i.e., if we remove any edge of T it will no longer be connected.
(7ii) T is mazimal acyclic, i.e., if we add any edge to T it will have a cycle as a subgraph.
(iv) T is connected and have n — 1 edges.

(v) For any u,v € V there exists a unique path from u to v.

Proof. (i) == (ii) : If we remove any edge of 7' we would have n vertices but n — 2 edges.

So by the previous Proposition it can’t be a tree, that is, it now has a cycle or it is not
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connected anymore. Since T' is acyclic and we removed one edge, it can’t have a cycle.

Then it is not connected.

(17) = (i) : T is connected by definition. Suppose it has a cycle C' = ujus . . . ugu;.
Let 7" be T but with the edge ujus removed.

Given u,v € V(T"), because T is connected we have a path vgvy ... VU4 in T
where u = vy and v = v,,,,1. If this is not a path in 7" anymore, it is because there is an

i €{0,1,...,m} such that v;v; ;1 = ujus.
In the case v; = u; we can just construct another path from w to v by using the
rest of the cycle C, that is,

Vg ... .0ULUEL—7 - -U3Vjt1 - - UpUm+1-

In the case v; = uy it is similar.

Then, we have that T” is still connected, which contradicts the minimality of 7.
Thus, T' is a tree.

(1) = (4i7) is similar to the proof of (i) = (7).

(7i1) = (i) : By definition, 7" is acyclic. Suppose by contradiction 7" is uncon-
nected, that is, there are u,v € T such that there are no paths in 7' connecting u and v.
Define the graph 7" as T' but adding the edge uv.

Since, T is maximally acyclic, now we have a cycle uvu; ... ugu in 7. This cycle
clearly has to use the edge added, because T' is acyclic. But then we have that vu, ... uzu
is a path in 7" connecting v to u that doesn’t use the edge uv. Thus, it is also a path in T’

connecting u to v, which yields a contradiction.

(1) = (dv) is an immediate consequence of Proposition 2.0.9.

(tv) = (i) : Let’s prove by induction on n. Case n = 1 and n = 2 are trivial to
verify.

Suppose it is true for some n € N. Let T'= (V, E)) a connected graph with n 4 1

vertices and n edges. Suppose by contradiction it has a cycle C'.

It is easy to verify by a double counting that
21E(T)| = > d(v). (2.1)
veV
And since T is connected, d(v) > 1 for every v € V. Then
2n = > d(v)
veV

implies that there is a v € V' with d(v) = 1, because we have n+ 1 terms in the summation

(we can even find two vertices of degree one but it will not be necessary).



Chapter 2. Trees and binary trees 15

Now consider the graph 7" with vertices V' \ {v} and the edges E \ {zv}, where
N(v) = {x}, that is, we remove v from T'. Clearly v is not in C, because every vertex of
a cycle has degree at least 2. That is, C' is still a subgraph of 7”. But by the induction
hypothesis, since |V (T")| = n and |E(T")| = n — 1, we have that 7" is a tree, which gives a

contradiction.
(1) = (v): Suppose that there are two paths ux; ...zzv and uy; . .. y;v connecting

u to v. If x; # y; for every ¢ € [k], j € [l] then

UL, ... TEUYp - .- Y21 U

is a cycle.

Otherwise we can just construct in the same way a cycle on the first time the paths

intersect.
This is in contradiction with the fact that T is acyclic.

(v) = (i) : T is clearly connected by the hypothesis. Suppose by contradiction

that T has a cycle ujus . .. ugpuy with k£ > 3. Then we have two distinct paths between u;

and us:
Uy U2
and
UTUEUE—1 - - - U3U2,
which gives a contradiction. O]

Proposition 2.0.11. Let T = (V, E) be a tree. Every connected subgraph of T is also a

tree. We call a connected subgraph of T' a subtree.

Proof. Let T" = (V' E') be a connected subgraph of T As said before, we can assume
V'€V and E' C E. Then if T" has a cycle, this cycle is also in 7. ]

In many situations it is of interest to add orientation to a tree. We now define
an important object for the remainder of the presentation, namely the rooted tree. This
concept of root will allow us to define a natural partial order on the vertex set, which is

extremely useful to model the passage of time.

Definition 2.0.12. A rooted tree is a tree that has evactly one distinguished vertex

called root, usually represented by p.

As we may see, trees are very general objects. Usually, in applications it is enough
to restrict the maximum degree of the tree to 3. With that in mind, we make the following

definitions that look to these subfamilies of interest.
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Definition 2.0.13. A (unrooted) binary tree is a tree T' = (V, E) such that every vertex
of it has degree 3 or is leaf. Furthermore, a rooted binary tree is a tree T = (V| E) with
a vertex p € V of degree 2, chosen to be the root, and every other vertex of it has degree 3

or is leaf.

When it is clear we will use p for the root without explicit reference. Also define
the notation e(G) := |E(G)| and v(G) = |V (G)]| for short.

Definition 2.0.14. Let T = (V, E) be a binary tree (rooted or unrooted). We will denote
Iy :={veV:dv) >2} CV for the interior nodes on T and Cr =V \ Ir the leaves.

Proposition 2.0.15. Let n > 2. A binary tree T = (V, E) with n leaves has 2n — 2

vertices.

Proof. Recall that d(v) = 1 for every v € Cr and d(v) = 3 for every v € Ir \ {p}. Then,
by the identity (2.1) and using that e(T") = v(T) — 1 we have

20(T) — 1) = 3 d(v)

veV
=2 dw)+ > d()
veCT velr\{p}
=n+ (v(T)—n)3
= 3u(T) — 2n.
That is,
o(T) =2n—2.

]

Proposition 2.0.16. Let n > 2. A rooted binary tree T = (V, E) with n leaves has 2n — 1

vertices.

Proof. Remind that d(p) = 2, d(v) = 1 for every v € Cr and d(v) = 3 for every v € I\ {p}.
Then, by the identity (2.1) and using that e(7") = v(T) — 1 we have

20(T) ~1) = Y d(v)

veV
=d(p)+ Y. dv)+ > dv)
veCr velr\{p}
=24+n+wT)—n-1)3
=3v(T) —2n — 1.
That is,
v(T) =2n—1.
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We can now discuss the existence of partial orderings on the vertex set of rooted
trees, which will be important later. In particular, since trees are often used to represent

evolutionary relationships, it is convenient to define the ancestor of a node in a tree.

Definition 2.0.17. Let T' = (V, E) be a rooted binary tree. Given u,v € V' we define the
relation u = v whenever there is a path from p to v passing through u, in which case we

say u is an ancestor of v (or v is a descendant of u).

Proposition 2.0.18. < is a partial order relation in V.

Proof. In fact, we have that u < u, since the path from p to u ends at w.

Let w < vand v < u. As T' is a tree we have a unique path pu; ... uzur 1 from p
to u, where ugy = u. By v < u, for some i € [k + 1], u; = v, that is, pu; ...u; is path
from p to v. Again, the path is the unique path connecting p and v. Thus, by u < v, we
have that for some j € [i], u; = u. Finally we can conclude that j =i = k + 1 because

U = Ugy1; on other words, u; = v = u = Up1.

Now let © < v and v < w. If there is an equality in at least one of them, it is
trivial. It is also trivial if w = p, v = p or w = p. Suppose u < v and v < w with
u,v,w € V' \ {p}. This means that there is a path pu; ... uv passing through u (u; = u)
and a path pv; ... vw passing through v (v; = v). Again using that the paths connecting

two points are unique we have that
pUy ... UV = pU1 ... V; 17,

that is, pvi...vw = puy ... U1 U417 - .. URVVj41 . .. vw, Which is a path from p to w

passing through u. Therefore, u < w. O]

The following Proposition will give us a nice relation between the interior nodes
and the partial order of a rooted tree. Intuitively, it says that the interior nodes are exactly

the ones that are ancestor of at least one other vertex.

Proposition 2.0.19. Let T' = (V| E) be a rooted binary tree with at least 2 leaves. Recall
that Ip are the so called interior nodes, that s, the elements of V' with degree at least 2.
Then

Ir={z eV :yeV\{z}, =<y}

Proof. Define J={zx €V :3y eV \{z}, 2 <y} Let v € Ir.

In case v = p, let u be a leaf. Then, as 7" is connected, there is a path from v = p

to u and it goes through v since it starts at v, that is, p € J.

In case v € Ir\{p}, i.e., d(v) = 3. As T is connected, there is a path ugu; . . . ugpug1
from p to v, where ug = p and ug 1 = v. And d(v) = 2, that is, there is u € N(v) \ {u}.
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Moreover, if u = u; for some i € {0,...,k — 1}, we would have
UiUjg1 - - - UEVU

is a cycle in 7', which is a contradiction since T is acyclic.

Therefore,

pUL - . URVU
is a path from p to u passing through v, on other words, v < u. That is v € J.
This proves that I C J. Now let’s prove J C Ir to get the equality.

Let v € J, that is, there is a u € V' \ {v} such that v < u, on other words, there is
a path in T

pUL .. URVUYL . . U

from p to u passing through v. Then
{vk,u1} C N(v) = d(v) >2 = v € Ir.

]

We have already seen that a connected subgraph of a tree is also a tree. The next
definition will be essentially a way to define a subtree of a rooted tree to also be rooted.
Observe that this is very natural given the partial order. But it will be of interest to

restrict the definition to the subtrees that reach all of the descendants of its vertices.

Definition 2.0.20. Let v be a a vertex of a tree T. A rooted tree T' = (V', E') with root
vertez p' is a rooted subtree of T lying below (or subtended by) v if T' is a subgraph
of T such that V' is the set of descendant of p' in T, and p’ is a proper descendant of v,
that is, p' <p v and v # p'. In this context, we can also say that T is a subtree rooted

at p'.
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3 X-trees and phylogenetic trees

We now move on to define and describe X-trees and phylogenetic trees. They are
ways to put more structure in the previous definitions of trees that are more useful for
applications. Informally, a phylogenetic tree is a way to label the set of leaves, and an

X-tree labels the leaves and some other special interior nodes.

For example, in the application where phylogenetic trees are used to represent
evolutionary relationships, we want each leaf to represent a different specie or sample of

genome. So it is natural to create a way to differentiate between the leaves.

Definition 3.0.1. A X-tree is a pair T = (T, ¢), where T is a tree with vertex set V and
¢ X =V is a map with the property that for each v € V' of degree at most 2, v € ¢(X).
A X-tree is also called a semi-labelled tree, the function ¢ is usually called labelling

map and the tree T is called underlying tree.

It is also useful to create the concept of isomorphic X-trees to identify them to be

the same, as we did with graphs.

Definition 3.0.2. Let T = (11, ¢1) and Ty = (Ts, ¢2) be X-trees. We say that they are
isomorphic if there exists a bijection ¢ : V(T1) — V(13) inducing a bijection between
E(Ty) and E(T3) such that ¢3 = 1 o ¢.

Formally this time, define the set P(X) as the collection of equivalency classes of
X-trees. And without confusion, we identify a equivalence class of X-trees by any X-tree
in it.

For the next definition we will restrict our labels to the leaves.

Definition 3.0.3. A phylogenetic X -tree is an X-tree T = (T, ¢) with the property
that ¢ is a bijection from X into the set of leaves of T'. A phylogenetic X -tree is also called
a phylogenetic tree (on X ). Moreover, if T' is a binary tree, we say that T is a binary

phylogenetic X -tree.

Let’s count the number of these structures with a fixed number of leaves. For any
m € N odd with m = 2n — 1, define

n

m!l = [](2i - 1).

i=1

Given n € N, let B(n) be the collection of all binary phylogenetic [n]-trees. Define
also b(n) := |B(n)].
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Proposition 3.0.4 (Schroder [13], 1870). For all n > 3,
(2n —4)!

b(n) = (2n — 5!l = W

Proof. Let’s prove by induction. Clearly b(3) = 1.
Suppose that b(k) = (2k — 4)!! for some k > 3. Define the following function
V:B(k+1)— B(k)
as follows:

Let T = (T, ¢) be a binary phylogenetic [k + 1]-tree. Define W(7) = (1", ¢|ix)) by
removing the vertex v = ¢(k + 1), its neighbour x, the edges zv, zv; and xv,, where v,

and vy are the neighbours of z, and then adding the edge vy vs.

Firstly, see that z is not a leaf, otherwise {z,v} would be a maximal connected
component of the graph, contradicting the fact that the graph is connected. That is, we
removed exactly one leaf of the graph. And the edge viv, wasn’t already in T', because if
it was zvjvex would be a cycle Every vertex different from x, vy, v9, v remains unaltered,

since every edge we removed is not incident to it. Moreover, see that

Np/(v1) = Np(vi) U {va} \ {7}
and
Npi(vg) = Np(v2) U{vi} \ {},

i.e., their degrees remain the same. By the usual arguments, the graph remains acyclic

and connected. Then the function is well defined.

Now let 7 = (T, ¢) be a binary phylogenetic [k]-tree. If we want to get a binary
phylogenetic [k + 1]-tree whose image by W is 7 we need to add a leaf in the tree and
then label it k4 1. But, as we can’t change the degrees of the vertices, we’ll need to add a
parent for this new leaf in the middle of an edge of T'. More precisely, given zy € E(T),
define a new graph by adding v and v to the set of vertices, adding the edges uv, ux and
uy and removing the edge xy. Finally label v with k£ 4+ 1. And this is the only way of
getting graphs whose image by ¥ are T.

By the Proposition 2.0.15 we have that e(T") = v(T') — 1 = 2k — 3, that is,
UH(T)| = e(T) =2k — 3.

Then, we have that
Bk+1)= |U v (T)

TeB(k)
which implies

b(k + 1) = (2k — 3)b(k) = (2k — 3)(2k — 5)Il = (2k — 3)IL.
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Let 7 be an X-tree with |X| = n+ 1, and the underlying tree 7" is a rooted binary
tree. Since the root that has degree 2 must also be labelled in an X-tree, T has n leaves.
This motivates this slightly different definition, so that it will no longer be necessary to
label the root.

Definition 3.0.5. A rooted X -tree is a pair T = (T, ¢), where T = (V, E) is a rooted
tree with root vertex p € V and ¢ : X — V is a map with the property that for each
v e V\{p} of degree at most 2, v € ¢(X). A rooted X -tree is also called a rooted

semi-labelled tree (on X ).

And to define the rooted version of a phylogenetic tree we will only ask the root

not to be a leaf.

Definition 3.0.6. A rooted phylogenetic X -tree is a rooted X -tree T = (T, ¢) such
that ¢ is a bijection from X into the set of leaves of T and the root of T has degree at
least 2. Moreover, if T is a rooted binary tree with root p we say T is a rooted binary

phylogenetic X -tree.

In the next definition we make precise the concept of most recent common ancestor,

which is often used in phylogenetics.

Definition 3.0.7. Let T = (T, ¢) be an X -tree and let A C X. We will refer to the unique
vertex of T' that is the greatest lower bound on ¢(A) under the partial order <r, defined
as in 2.0.17, as the most recent common ancestor of A in T. It will be denoted by

lecar(A), or lca(A) when T is clear from the context.

Let’s now define some operations to remove or add a root to a rooted phylogenetic

tree and unrooted phylogenetic tree, respectively.

Definition 3.0.8. Given a rooted phylogenetic X -tree T = (T, ¢) with root vertex p, we

can get an associated unrooted phylogenetic tree T as follows:

o If the degree of p in T is at least 3, we just take TP to be T without distinguishing

p from the rest of the vertices.

e If the degree of p in T is 2 then, let N(p) be the neighbours of p, we take T to be
T but removing p and its incident edges and then connecting N(p). Formally, let T"
the underlying tree of T, then define

V(T') = V(T)\ {0}

and we define E(T") by taking all E(T) and removing all the edges incident to p and
add xy, where N(p) = {z,y}.
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The attentive reader has by now undoubtedly noticed that there must exist deep
relationships between the objects described so far. The following discussion formalises
these connections by establishing bijections between the various spaces one might be

interested in. These results will aid us in counting these objects later.

Firstly, let’s define the families we are deepening afterwards. Remind that we have
already defined B(n) to be the collection of all binary phylogenetic trees with label set [n]
and b(n) = |B(n)|.

Definition 3.0.9. For all n € N define:

e P(n) is the collection of all phylogenetic trees with label set [n];
e RP(n) is the collection of all rooted phylogenetic trees with label set [n;

e RB(n) is the collection of all rooted binary phylogenetic trees with label set [n);

Let’s now define natural maps from P(n + 1) to RP(n) and from B(n + 1) to
RB(n)

Definition 3.0.10. Let ¢p : P(n+ 1) — RP(n) be the map that deletes from a tree in
P(n+1) the leaf labelled n+ 1 and its incident edge, and then roots the resulting tree at the
remaining end-vertex of this edge. And let 1p : B(n+ 1) — RB(n) denote the restriction
of ¥p to B(n+1).

Then we have the following result

Proposition 3.0.11. pp and @p are bijections.

Proof. Let’s define a function ¢ : RP(n) — P(n + 1), such that for every 7 € RP(n), we
define ¥(7) € P(n+ 1) by adding one vertex v and adding the edge pv, so that d(v) =1

(v is a new leaf). Then we just stop distinguishing the vertex p and label v with n + 1.

It is easy to see that v is an inverse function for pp and ¥|pm41) : B(n+ 1) —
RB(n) C RP(n) is the inverse function for ¢p. O

As an immediate corollary of the previous result with Proposition 3.0.4, we have
that

Corollary 3.0.11.1. For alln > 2,

(2n —2)!

[RB(n)| = (20 =) = - o

Now follows the definition of rooted phylogenetic subtree, where we keep a similar

definition to the regular rooted tree but asking for the labels of the subtree to agree.
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Definition 3.0.12. Let T = (T,¢) and T' = (1", ¢') be rooted phylogenetic trees on X
and X', respectively, where X' C X. We say that T is a rooted phylogenetic subtree
of T if T' is a rooted subtree of T lying below some vertex and ¢' = ¢|x.

And next is just a very natural way to decompose a rooted phylogenetic tree into
disjoint rooted phylogenetic subtrees. Observe that the proposition that follows is just to

formalize this intuition that it in fact partition the space.

Definition 3.0.13. Let T = (T, ¢) be a rooted phylogenetic X -tree with root p. Define
k =d(p) and N(p) = {p1,p2,---,px}- Let T; be a rooted phylogenetic subtree of T with
root p; for every i € [k]. We say that {T1, Tz, ..., Tx} is the standard decomposition of

T.

Proposition 3.0.14. Let T = (T, ¢) be a rooted phylogenetic X -tree with root p and
standard decomposition {T1, Tz, ..., Tr}. If T; is the underlying tree of T;, we have that

k
V(T)\{p} = U VI(T2),
i=1
with V(T1), ..., V(Tx) two by two disjoint sets.

Proof. In fact, see that T; is a rooted subtree of T' lying below p. Then by definition,
p <r v for every v € V(T;), v # p. That is, p; <r v for every v € V(Tj).

As p; p; are incomparable for i # j, V(T;) N V(T};) = 0. And, of course, for every
v e V(T)\ {p} all paths from p to v goes through one of the p;.

This means exactly that

VT)\{p} = U V(D).
[

Definition 3.0.15. Below we describe some families of phylogenetic trees that can be

useful:

e A caterpillar tree on n leaves is any binary phylogenetic tree for which the induced

subtree on the interior vertices is a path;

e A rooted caterpillar tree on n leaves is any rooted phylogenetic tree for which the

induced subtree on the interior vertices is a path with its root at one end of the path;

e A balanced tree of height h > 0 is a rooted phylogenetic tree, with n = 2" leaves,
each of which is separated from the root by exactly h edges;

e A star tree is a phylogenetic tree with no interior edges, and therefore with a single

interior node that is adjacent to all the leaves.
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Figure 5 — (a) Caterpillar tree; (b) Rooted Caterpillar tree;
Source: Semple and Steel [14].

(a) (b) ¢
b d
a e

a b~ "¢ d e f g h f

Figure 6 — (a) Balanced tree; (b) Star tree; Source: Semple and Steel [14].



25

4 Ranked trees and coalescent process

We have already seen that when we use rooted trees, it has an intrinsic concept of
time in it, where we could define for example ancestors. By time we mean how close is a
vertex to the root. But observe that a rooted tree does not give a natural way to compare
the time between two disjoint subtrees. That is, let 7 = (T, ¢) be a rooted phylogenetic
tree with the natural partial order <, if u and v are vertices that can not be compared
in this partial order we can’t say which is "closer" to the root. Sometimes in applications
it is need to have this concept of which vertices are closer to the root. And of course we

want it to be consistent with the partial order.

This motivates us to the following definition.

Definition 4.0.1. The pair (T, h) is called a ranked phylogenetic tree when T = (T, ¢)
is a rooted phylogenetic tree and h : I — [|I|], with I being the interior nodes of T, an

injective function that satisfies the following property:
v <7 vy — h(Ul) < h(Ug).

The function h is called rank function for T .

The ranked phylogenetic tree gives us a measure of the time relation between the
internal nodes that is more refined than the natural partial order of the underlying rooted
tree. It can be seen as an extension of the natural partial order of the internal nodes to a

total order.

Proposition 4.0.2 (Knuth 1997). Let T be a rooted phylogenetic tree and let I denote
the set of its interior nodes. For each v € I, let A\, denote the number of elements of I
that are descendants of v. Then, the number of rank functions for T is
]!
Moer Ao’

Proof. Let’s prove by induction on the number of internal vertices. In this proof we will
consider a rooted phylogenetic tree to be a slightly more general object, for which we don’t
ask for the root to have at least degree two and, nevertheless, consider the root to be an
internal node. This is just a technicality to make induction work without too many cases.
We also include the trees with one or two vertices as rooted phylogenetic trees and call

those two cases the trivial instances of rooted phylogenetic trees.
When there is only one internal node, it is the root and it is trivially true.

Suppose it is valid whenever the tree has at most n — 1 internal nodes, where n > 2.

Then, let T be a rooted phylogenetic tree and let I denote the set of its interior nodes
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with |/| = n. Roughly, the idea will be to delete the root and then apply the induction

hypothesis on each of the connected components.

Let {T1,...,Tx} be the standard decomposition of T, where 7; has root p; and
call T; its underlying tree. Define I; to be the internal nodes of T; and a; = |I;|, then

k

Suppose we have for each i € [k] a rank function h; for 7;. We want to construct a

rank function h : I — [n] for T that agrees with h; for each ¢, that is, if u,v € I; we have
h(u) < h(v) <= hi(u) < hi(v).

Then, our only freedom is to choose h(;) C [n] \ {1} for each i € [k], in such a way that
Uiep (L) = [n] \ {1}. That is, we have

n—11Y\ (n—1)!
ap .- ag o Hleai!

And by the induction hypothesis, for each i € [k] we have

possibilities.

(Ii!
H’UEIZ' AU

choices for h;. Then, the number of rank functions for 7 is

(n—l)ﬁ a! _ (n-=1!  nl
ar-rap) i Toern i Tloeyn A Moer A’

where for the first equality we just observe that {I; : i € [k]} are all pairwise disjoint and

for the second inequality we observe that Uf_, I; = I \ {p} with \, = n. O

Now we will define a coalescent sequence and observe that it is a natural way of

constructing ranked binary phylogenetic trees, called the coalescent process.

Definition 4.0.3. Let X be a label set with n elements. A coalescent sequence on X
is a sequence o, 1, ..., Tu_1 of partitions of X, where n = |X|, such that my consists of

the singleton subsets of X, m,—1 = X and, for alli € [n — 1],
7 = (mim1 \ {Ai—1, Bi—1}) U{Ai-1 U Bi_1},
for some distinct blocks A;_1 and B;_1 of m;_1.

Definition 4.0.4. Based on a coalescent sequence on X, the coalescent process con-
structs a particular ranked binary phylogenetic X -tree as follows. Let g, my, ..., m,_1 be
a coalescent sequence on X. Define Py to be the collection of rooted binary phylogenetic
trees that consists of a single vertex labelled by a single element of X. Thus, |Py| = | X|.
In general, for alli € [n — 1], define P; to be the collection of rooted binary phylogenetic

trees that are obtained from P;_1 by
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1. replacing the rooted binary phylogenetic trees on A;_1 and B;_1 with the rooted binary
phylogenetic tree whose maximal rooted phylogenetic subtrees are the rooted binary

phylogenetic trees with label sets A; and B;, and

2. denoting the root of the newly created tree by v;.

Let T denote the unique element of P,_1 and let h be the map from {vy,vq,... 0,1} into
[n — 1] defined by h(v;) =n —1 for alli € [n —1]. The pair (T, h) is the particular ranked

binary phylogenetic X -tree associated with the coalescent sequence mg, 71, ..., Tph_1 on X.

Remark. Fvery ranked binary phylogenetic X -tree is associated by the coalescent process

with exactly one coalescent sequence on X.

It turns out this equivalence between coalescent sequences and ranked binary
phylogenetic trees gives us a way of counting the number of ranked binary phylogenetic

trees.
Proposition 4.0.5. Given the label set X of size n, the total number of coalescent

”lif n+1—i4i\  nl(n—1)
el 2 o on—1 °

1=

sequences on X s

Proof. To define the set m; from m;_; we have to choose two sets in 7;_; among the

|mi—1] = n+ 1 — i sets. Then, the total number of coalescent sequences on X is

14\ IS (n+1—14)(n—1i)
II - 2n71
i(n+1—0) 15 (n — i)
2n—1
nl(n —1)!
on—1 '

Then we establish the following consequence of the previous two results:

Corollary 4.0.5.1 (Murtagh [10], 1984). The number of ranked binary phylogenetic trees

on a fized label set of size n is
nl(n —1)!
on—1 :



28

S Tree-shapes

Observe in figure 7 below that the two trees are the same (isomorphic) even after

permuting the labels of the leaves.

(a) Tree with labels A B C. (b) Tree with labels B A C.

Figure 7 — Two phylogenetic { A, B, C'}-trees that are isomorphic.

So, a question that might be of interest is how many different (rooted) phylogenetic
trees can we get with the same underlying tree? With this in mind we make the following

definition.

Given a X-tree T, we shall call its underlying tree T'(T).

Definition 5.0.1. Let T be a phylogenetic X -tree. We say that the tree shape of T is the

tree but ignoring the labels of the leaves.

More formally, we say that the phylogenetic X -trees Ti = (T, ¢1) and To = (T, ¢2)
are shape equivalent if T} is isomorphic to Ts. If this we consider rooted phylogenetic

X-trees we also need that this isomorphism takes the root of Ty to the root of T,.

We call the equivalence classes of this equivalence relation the tree shapes.

Now, we want to estimate how many (rooted) phylogenetic trees have the same

tree shape. With this purpose, we can apply the following well-known technical result.

Lemma 5.0.2 (Burnside’s Lemma). Let G be a finite group and M a finite set. Consider
the group action ¢ : G — Bij(M). For every m € M, define the orbit of m as

O(m) :={¢(g)(m) : g € G}

and define the stabilizer of m as

Gm:={g € G:¢(g)(m) =m}.
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Clearly, G,, is a subgroup of G. Then

Om)| = (G G,) = ||(i|\

Proposition 5.0.3 (Hendy-Little-Penny [6], 1984). Let T be a (rooted) phylogenetic
[n]-tree with tree shape T. The number of (rooted) phylogenetic X —trees with tree shape T
is \

— n!

T =5,

= e

where G is the set of permutations of [n| that leaves T unchanged.

Proof. 1t is an immediate application of the previous lemma with M being the collection of
(rooted) phylogenetic [n]-trees with tree shape 7, G = S,,, that is, the group of permutations

of [n] and the group action is a permutation of the labels. O

Quite surprisingly we got this precise counting result immediately from the group
theoretical Lemma. And then it is enough to estimate the size of G+ which is given by the
following results. Those results are a bit technical and the proof can be seen at [6]. But
the most important idea of the proof is to reduce the problem of counting the number of
rooted phylogenetic trees with a given tree shape to estimating the size of G, which can

be done by counting techniques.

Proposition 5.0.4. Let T be a rooted phylogenetic tree. Let also I(T) be the set of
interior nodes of T. For each v € I(T), let D(v) denote the collection of mazimal rooted

phylogenetic subtrees that lie below v. Now, let’s impose the rooted shape equivalence relation

on D(v) and let ny(v),na(v), ... denote the sizes of the resulting equivalence classes. Then,
Grl= 11 IIniv)
vel(T) 1

For the next corollary we will need the following definition. This appears naturally

when trying to estimate n;(v) for rooted binary phylogenetic trees.

Definition 5.0.5. For a rooted binary phylogenetic X -tree T, we say that v € I(T) is a

symmetry vertex if the two maximal rooted subtrees lying below v have the same shape.

For example, the vertex which is the most recent common ancestor of A and B in
figure 7 is a symmetry vertex, but in this case it is quite trivial, since the subtrees lying

below it are just the leaves A and B.
Corollary 5.0.5.1. If T is a rooted binary phylogenetic tree with tree shape T we have
|GT| = 23(7)7

where s(T) is the number of symmetry vertices of T. Moreover, the number of trees in

RB(n) having shape T is n!275().
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For the unrooted case we will need one more definition.

Definition 5.0.6. A central edge in an unrooted phylogenetic tree is an edge for which
the two rooted subtrees obtained by deleting this edge have the same shape. Note that a

phylogenetic tree can have at most one central edge.

Proposition 5.0.7 (Hendy et al '84). Let T be a phylogenetic tree. For each v € I(T), let
A(v) denote the collection of mazximal rooted phylogenetic subtrees of the rooted phylogenetic
subtree obtained from T by distinguishing v. Now, let’s impose the rooted shape equivalence
relation on A(v) and let ni(v),n2(v),... denote the sizes of the resulting equivalence

classes. Then,

Grl =2 T [Im).

vel(T) i
where ¢(T) is the number of central edges of T (0 or 1).
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6 Splits and Split-Equivalence Theorem

In this section we will establish a connection between X-trees and certain types of
bipartitions of X. We will see also that it will define a natural partial order on the space
of X-trees. Then we will adapted the ideas to do something similar for the rooted X-trees.
These results are central in the study of the X-tree space. They were first introduced by
Buneman (1971) [3].

We will also observe that, with small effort, this connection can easily be extended

for phylogenetic trees.

Let’s start with a definition that will be extremely important in this context.

Definition 6.0.1. An X-split is a partition of X into two non-empty sets. We denote the
X -split whose blocks are A and B by A|B or B|A.

Associated with an X-tree, we will define a natural collection X-splits.

Definition 6.0.2. Let T = (T, ¢) be an X -tree and let e € E(T). By the Proposition 2.0.10
item (ii), T'\ e has two connected components. If Vi and Vy are the vertices of these two
connected components, then ¢~1(V1)|¢~1(Va) is an X —split and we say it corresponds
to e. Observe that ¢~ (V1)|¢~1(Va) corresponds to mo other edge of T. We denote by %(T)
the collection of X -splits that correspond to the edges of T, and refer to the X -splits in
X(T) as the X -splits of T or induced by T .

Our next job will be to characterize these collections of induced X-splits. For that,

we will need the following definition.

Definition 6.0.3. A pair of X-splits A1|B; and As|By are compatible if at least one of
the sets Ay N Ay, A1 N By, B1 N As, and By N By is the empty set.

Observe that there will be actually exactly one empty set between those four sets.

This is more easily seen using the following trivial equivalence:

Proposition 6.0.4. A,|By, As|Bs are compatible if and only if either Ay C Ay (i.e.,
B, C Bl) or Ay C By (Z'.(i., Ay C Bl)

A remarking fact that will be proved in the next theorem is that two X-splits
Ay|By, Ay|By € 3(T) are compatible.

The following theorem due to Buneman [3] will characterize these collections of
induced X-splits.
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Theorem 6.0.5 (Splits-Equivalence Theorem). Let ¥ be a collection of X -splits. Then,
there is an X-tree T such that ¥ = X(T) if and only if the splits in ¥ are pairwise

compatible. Moreover, if such an X -tree exists, then, up to isomorphism, T is unique.

We will prove this theorem in a hand-wavy but intuitive way. It is easy to make it
into a formal proof (see [14] p.44-46). As in the book of Semple and Steel [14], we will not

follow the proof of Buneman, since it would be more extensive.

Proof. Suppose that ¥ = (7)) for some X —tree T = (T,¢). Let A1|B;, As|Bs € ¥ be
the X —splits induced by the edges e; and es, respectively.

See first that, by Proposition 2.0.10, T\ e; has two connected components T} and
T7. Let X;|X] be the X —split correspondent to e;.

See that ey is, in fact, contained in one of the parts, i.e., it is not and edge between
a vertex of V(T7) with a vertex of V(77). Suppose by contradiction that es = 25y, with
xo € V(T1) and y, € V(T7). Let ey = x1y; with x; € V(T1) and y; € V(T7). As there is a
path P in T from z; to xo and a path P’ in 7] from y; to y», we can construct a cycle
in 7" connecting the disjoint paths P and P’ using e; and ey, which contradicts T" being

acyclic. Thus we can suppose without loss of generality that e; € E(T7).

Therefore, again by Proposition 2.0.10, 77 \ es has two connected components T5
and Ty. Moreover, we can assume that e; NV (Ty) # (. Let Xy = ¢~ (V(T3) N ¢(X])) and
X3 = ¢ 1 (V(T3) N ¢(X7)), that is, X5/ X3 is a X{-split. Then X;| X, U X3 is a X —split

correspondent to e;.

By construction, we have Ty, T, and T3 are all pairwise disjoint. This implies in
particular that X; N X5 = 0.

See also that X7 U X5| X3 is the split correspondent to es.
This finally shows that the splits in 3 are pairwise compatible.
Conversely, suppose that ¥ is a collection of pairwise compatible X —splits.

We will need the following technical but simple lemma whose proof can be seen in
Semple and Steel [14].

Lemma 6.0.6. Let A|B be an X —split. Suppose that T = (T, ¢) is an X —tree such that
A|B & %(T) but A|B is compatible with each X —split in X(T). Then there exists a unique
vertex v of T such that, for each component (V',E') of T \ v, either ¢~ (V') C A or
¢~ 1(V') C B.

We will proceed by induction on the size of ¥. If |¥| = 0 then there is a unique
X-tree T such that X(7) = X, which is the tree with only one vertex, and this vertex
labeled X.
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Now, suppose that k > 0 is such that for every || = k a collection of pairwise
disjoint X —splits there is a X —tree T such that ¥ = 3(T).

Let |X| = k+1 be a collection of pairwise disjoint X —splits and let A|B € ¥. By the
induction hypothesis, there exists a unique X —tree 7' = (17", ¢') with X(77) = X\ {A|B}.
And by the previous lemma, there is a vertex v of 7' such that every connected component
of 7"\ {v} has labels contained in either A or B.

From that, we define a X —tree 7 = (T, ¢) by putting an edge v,v, in the place of
v. Precisely, we will put v4 connecting to the neighbours of v that are in components of
T"\ {v} with label set contained in A and vp connecting to the neighbours of v that are
in components of 7"\ {v} with label set contained in B. And then finally we define ¢ as
follows:
¢'(x), if ¢'(z) # v,
P(z) = Qva, if ¢'() =v and x € A, (6.1)
Vg, if ¢'(z) =v and z € B.

Then it is enough to verify that 3(7) = X. That is simple and left for reader. Observe

that the uniqueness (up to isomorphism) of 7 comes easily from the uniqueness of 7. [

Now, we want to establish a connection between phylogenetic trees and certain
kinds of collections of X —splits. Fortunately this can be done in a simple manner. For
that we will need the following definition, and then it will follow easily from the more

general X-tree case.

Definition 6.0.7. For a finite set X, let ¥,.,(X) denote the set of X -splits A|B such
that min{|A|, |B|} = 1. The elements if ¥..,(X) are called the trivial splits of X.

A characterization of the collections X-splits which are induced by phylogenetic

X-trees will be a consequence of the following simple Proposition.

Proposition 6.0.8. For any X-tree T we have an associated phylogenetic X -tree T’
defined by X(T") = X(T) U Xppin(X).

Observe that every trivial split is compatible with every X-split. So, the above
Proposition implies that a collection ¥ of pairwise compatible X-splits is induced by a
phylogenetic X-tree 7T if and only if ¥, (X) C X.

The "if" part is trivial to see. And the "only if" part is as follows:

For every vertex which is internal or with more than one label we add leaves and

pass the labels to the leaves.

With the Splits-Equivalence Theorem we will now define an partial order in the

space of X-trees and, in particular, in the space of phylogenetic X-trees.
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Proposition 6.0.9. Consider the collection P(X) of all X -trees. In this set, define the
relation <, where for elements T, T € P(X), T < T if 3(T) C X(T"). We have that the

following assertions are true:

(i) < is a partial order in P;
(it) the mazximal elements of (P(X), <) are the binary phylogenetic X -trees;

(ii7) for all subsets P of P(X), P has a unique greatest lower bound X(T) in P(X) under
< with the property that
(T)= (1 =(T).
T'eP

There is a very nice discussion of how to characterise the collections of X —trees

with a unique least upper bound. This is of interest since a least upper bound of a collection
can be seen as a "refinement" of the X-trees contained in it. If we think of the X —trees
representing evolutionary relations, it can be seen as a X —tree that agrees with the

evolutionary relations of each of the X —trees in this collection.
For precise results on that see Semple and Steel [14] p.48.

As we said before, the Splits-Equivalence Theorem gives us an equivalence between
X-trees and pairwise compatible collections of X-splits. We also saw that we can do
something similar with phylogenetic X-trees. Now, our goal will be to get a similar
equivalence but for the rooted X-trees. With that in mind, let’s define hierarchies on X

and cluster of a rooted X-tree.

Given a rooted X-tree with root p, we will use the intrinsic partial order to try to

find this equivalence structure. In this context the following definition is natural.

Definition 6.0.10. Given rooted X -tree T = (T, ¢) with root p, for a vertexu € V(T)\{p},
define
Cluy= U ¢ (v).

v u<pv
For each vertex u € V(T') \ {p}, the set C(u) is called a cluster of T and we shall denote
the set of clusters of T by H(T).

Observe that given uy,us € V(T) \ {p}, if u1 <7 uy then C(uz) C C(uy) and,
changing the roles of u; and ws, if u; >7 uy then C(u;) C C(ug). This follows immediately
from the fact that u; <; uy implies that the induced subtree rooted at u, is a subtree of

the induced subtree rooted at wu;.

Moreover, another property we have in this collection H(7) is that if u; and us
are not comparable in the partial order <, then C'(u;) N C(uz) = (), since the induced

subtree rooted at wu; is disjoint from the induced subtree rooted at us.
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A collection of subsets of a set with these properties we will call a hierarchy. And

these properties can be summarized as follows:

Definition 6.0.11. Let M be a finite set. A collection H of non-empty subsets of M is
called hierarchy on M if it satisfies the property that, for all A, B € H,

ANBe {0 A B}

By the above, it follows:

Proposition 6.0.12. Let T = (T, ¢) be a rooted X -tree with root p. The set H(T) is an
hierarchy on X.

In fact, given a hierarchy H we are able to construct a rooted X-tree 7 such that
H(T) = H. Finally, let’s state and prove the theorem that will be seen as an analogue of

the Splits-Equivalence Theorem for rooted X-trees.

Theorem 6.0.13 (rooted Splits-Equivalence Theorem). Let H be a collection of non-empty
subsets of X. Then, there is a rooted X -tree T such that H = H(T) if and only if H is an
hierarchy on X. Moreover, if there is such a rooted X -tree, then, up to isomorphism, T is

unique.

The "only if" part is done in the previous Proposition. The "if" part can be proved
directly in an easier fashion when compared to the Splits-Equivalence Theorem. One other
approach is using the Splits-Equivalence Theorem. But for that we would need to know
how to relate pairwise compatible collections of X-splits and hierarchies. See Semple and

Steel [14] pages 51-53 for how to prove it in both of these approaches.
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7 Fully ranked trees

Remind that our strongest reason for studying these objects is modelling evolu-
tionary relations between species. And the main problem we’re focused on is trying to
estimate the evolutionary tree of species by some sample of different genomes of them.
Observe that by using the ranked phylogenetic trees studied before we have a natural
way to model this for the case where all the samples are taken approximately at the same
time. The main interest of this section is trying to develop a structure that can be used to

model even when the samples are taken in different times.

The approach is extending the rank function to the leaves. This will create lots of
nontrivial restrictions in our space of these kinds of trees. Even counting the number of
such trees we’ll be much harder as we’ll see. We will follow the definition of Gavryushkina,

Welch and Drummond [4] for fully ranked trees.

Definition 7.0.1. A fully ranked tree is a pair (T,h) where T = (T, ¢) is a binary
rooted phylogenetic tree, with I being its interior nodes and X being its label set, and
h:V(T) = [l] with |I| <1< |V(T)| is a surjective function such that

e vy <p vy implies h(vy) < h(vq) and

o h(v1) = h(vg) implies v = vy or vy,ve € V(T)\ I.

Define also a pre-ranking function A from X to on to [[h(¢(X))|] such that for
all 1,29 € X

o h(¢(21)) < h(p(x3)) implies h(x1) < h(x) and

o h(d(x1)) = h($(w2)) iff h(x1) = h(wy).

Intuitively, if h(z1) < h(z,), the leaf ¢(x,) is older than ¢(zs). So a collection of
sampled genomes will give us this pre-ranking function h and, in this case, our main task is
to estimate the phylogenetic tree and the “extended" ranking function h that is compatible

with B, i.e., the last two items in the definition above need to be satisfied.

Few results are known in this context. A first problem to approach motivated but

the above discussion is the following:

Given a function i : X — [m], m < |X|, how many fully ranked X —trees have h
as a pre-ranking function. Of course, this depends only on the numbers n; = ffl(i) for
every i € [m], that is, it does not depend on the h and X specifically. As in [4], let’s call it

this number F(ni,...,n,). No formula for that number is known. Gavryushkina, Welch
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and Drummond [4] introduced an algorithm for finding F'(n4,...,n,,) that takes O(nm)

steps, where n = | X| = -7, n;. This elucidates on how this problem is much harder.

Let R(k) be the number of ranked binary phylogenetic trees with k leaves, which by
the Corollary 4.0.5.1 we have a closed formula. Their algorithm uses the simple recursive

formula below and some standard computation techniques.

F(nl, ey My —2, My —1 + ’L) (71)
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8 Tree-base metrics (BHYV space)

In this section we will allow the edges to have different lengths. This way we can
represent time elapsed between two coalescence events. This is done at the cost that the

space is now continuous and much more complex.

Definition 8.0.1. A metric (rooted) X -tree is an X-tree T = (T, ¢) and a function
[ E(T) — Rs¢ where l(e) > 0 for every interior edge e. We say that [(e) is the length of
the edge e.

Let’s now define the space of all metric rooted [n]-trees BHV,,, called BHV-space,
and then derive some useful properties of it. For the unrooted case it is the same thing, as
we can just transform a rooted X-tree into an unrooted X-tree adding a leaf at the root.

This was done by Billera, Holmes e Vogtmann [2] in 2001.

Definition 8.0.2 (BHV-space [2]). Consider a tree T, with interior edges ey, ..., e, of
lengths 1y, ..., 1. respectively. If T is binary, then r = n — 2; otherwise r < n — 2. The
vector (ly,...,1.) specifies a point in the positive open orthant (0,00)". To each other point
in this orthant, we associate the unique metric [n|-tree which is combinatorially the same
as T but has different edge lengths, specified by the coordinates of that point. Points on
the boundary of the orthant, i.e., length vectors with at least one coordinate equal to zero,
correspond to metric [n|-trees which are obtained from T by shrinking some interior edges

of T to 0; thus each point in the orthant [0,00)" corresponds to a unique metric [n]-tree

A rooted [n]-tree has the mazximal possible number of interior edges (namely n —2),
and thus determines the largest possible dimensional orthant, when it is a binary tree;
in this case the orthant is (n — 2)-dimensional. The orthant corresponding to each tree
which is not binary appears as a boundary face of the orthants corresponding to at least
three binary trees; in particular the origin of each orthant corresponds to the (unique) tree
with no interior edges. We construct the space BHV,, by taking one (n — 2)-dimensional
orthant for each of the (2n — 3)!! possible binary trees, and gluing them together along their

common faces.

Remark. It is preferable in the literature to fix the length of the leaves. If we added this

information in the space it would just be BHV,, x (0,00)" instead.

Remark. We will change our interpretation of an element of this space according to
what is more convenient at the time. That is, sometimes it will be the metric [n|-tree and

sometimes it will be a point in an orthant.

Next we will study structural properties of this space.
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Firstly, observe that there is a natural way of defining distance d in this space. Let
T==U,....0), T =(,...,ll,) € BHV,. If T and T are both in the same orthant, their
distance will be just the Euclidean distance. If 7 and 7" are in different orthants, we can
join them by a sequence of straight segments, with each segment lying in a single orthant;
we can then measure the length of the path by adding up the lengths of the segments. In
this case, we define the distance between 7 and 7’ to be the minimum of the lengths of

such “segmented” paths joining the two points.

Definition 8.0.3. A path giving the smallest distance between two points is called a

geodesic.

An essential property of this space is the following.

Theorem 8.0.4 (Billera-Holmes-Vogtmann [2], 2001). The metric space (BHV,,,d) has a

unique geodesic connecting any two points.

For that, it is proved that it is a C AT'(0)-space, that is, it has non-positive curvature.

More formally:

Definition 8.0.5. We say that a metric space (X,d) is a CAT(0)-space if given any three
points a, b and ¢ in X, with distances d; = d(b,c), dy = d(a,c) and d3 = d(a,b), form a
“comparison triangle” in the Fuclidean plane with vertices ag, by and co with side lengths
dy = d(by, ), do = d(ag, co) and d3 = d(ag, by). If x is a point on the geodesic from a to b,
at distance d from a, find the corresponding point xo on the straight line from aq to by at
distance d from ag. Then d(x,c) < d(zo, o).

And then the following result can be applied to conclude the Theorem 8.0.4.

Theorem 8.0.6 (Gromov [5], 1987). If (X,d) is a CAT(0)-space then it has a unique

geodesic connecting any two points.

Another essential property is that there is a fast algorithm for computing the
geodesics of this space. The faster known algorithm to compute the geodesics distance

was done by Owen and Provan [11] in 2011.

Observe also that there is a natural way of defining a ranked tree from a metric
rooted tree, since we can see the edge lengths as the passage of time between two coalescence

events.
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9 Tree rearrangement operations

In this section, we will see ways to explore the space of binary phylogenetic X-trees.

For that we will define the operations NNI, SPR and TBR and see their main properties.

Each rearrangement operations will define a graph with the vertex set being the
set where it can be applied, e.g., NNI defines a graph where a vertex is a X-tree. We'll see

that this is a nice way of studying those spaces.

In the following definitions, let 7 = (T, ¢) be a binary phylogenetic X-tree and

e = uv is an edge of T.

Definition 9.0.1 (Nearest neighbour interchange (NNI)). Suppose that ¢’ = vv' is an
interior edge of T adjacent to e, where they intersect at the vertex v. Let T" be the binary
tree obtained from T by deleting e, adding an edge between u and a vertex that subdivides an
edge with end vertex v' in T \ e (interchanging to subtrees across €'), and then suppressing
any resulting degree-two vertices. The binary phylogenetic X -tree T' = (T",¢), where
¢ (x) = ¢(x) for all x € X, is said to be obtained from T by a single nearest neighbour
interchange (NNI) operation.

Figure 8 — NNI operation; Source: Semple & Steel [14]

Definition 9.0.2 (Subtree prune and regraft operation (SPR)). Let T" be the binary
tree obtained from T by deleting e (pruning a subtree), adding and edge between an end
vertex u of e and a vertex that subdivides and edge in the component of T \ e that does not
contain u (regrafting the subtree), and then suppressing any resulting degree-two vertices.
The binary phylogenetic X -tree (T, ¢'), where ¢'(x) = ¢(x) for all x € X, is said to be
obtained from T by a single subtree prune and regraft (SPR) operation

€ —_—

“ SPR “
) o)

Figure 9 — SPR operation; Source: Semple & Steel [14]
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Definition 9.0.3 (Tree bisection reconnection operation (TBR)). Let T" be the binary tree
obtained from T by deleting e, adding and edge between a vertex that subdivides and edge of
one component of T'\ e and a vertez that subdivides an edge of the other component of T'\ e,
and then suppressing any resulting degree-two vertices. If a component of T'\ e consists
of a single vertex, then the added edge is attached to this vertex. The binary phylogenetic
X-tree (T", @), where ¢/ (x) = ¢(x) for all x € X, is said to be obtained from T by a single

tree bisection reconnection (TBR) operation.

O~ DESCD
¢ TBR /

(A8 OB

Figure 10 — TBR operation; Source: Semple & Steel [14]

Clearly any NNI operation is a particular type of SPR operation and any SPR
operation is a particular type of TBR operation. This previous observation will be important
since for some properties it will be enough to prove for NNI operations and then argue that
SPR and TBR operations are just a sequence of NNI operations. The next Proposition is

an example of how this argument will work.

Proposition 9.0.4 (Robinson [12], 1971). Let 7,7’ € B(n). Then, T’ can be obtained
from T by a sequence of NNI operations and, therefore, by a sequence of SPR or TBR

operations.

Theorem 9.0.5 (Allen and Steel [1], 2001). Let T € B(n). Then, the number of elements
of B(n), apart from T, that can be obtained by

(i) a single NNI operation is 2(n — 3) and

(7i) a single SPR operation is 2(n — 3)(2n — 7)

As a direct implication of the last theorem, we observe that the number of elements
of B(n) that can be obtained by a NNI or a SPR operation on 7 doesn’t depend on the
shape of 7. However, in the case of a single TBR operation on 7 the number of such

elements is dependent on the shape of 7. Nevertheless, we can show the following result.

Proposition 9.0.6. Let T € B(n). Then, the number of elements of B(n), apart from T,
that can be obtained by a single TBR operation is O(n?).

Each of these operations induces a graph which we call Gyyr, Gspr and Grggr
with vertex set B(n) and we have an edge in G between T and 7’ whenever we can

get from T to 7' with a single I’ operation, where F' represent any of the operations
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defined previously (F = NNI,SPR,TBR,rNNI,rSPR,rTBR). Observe that these
graphs implicitly depend on n, which is the number of leaves. And then we can also
define the distances induced by the graphs. Let’s call by dr the distance respective to the

operation F'.

A natural question is to determine the degree of a vertex in these graphs. See that
Theorem 9.0.5 and Proposition 9.0.6 can be restated as degree bounds on the graphs

Gnn1, Gspr and Grpp.

Another interesting problem is to determine the diameter of those graphs.

Definition 9.0.7. Let G be a graph with induced metric d. We define the diameter of G
as

di = d
iam(G) Jmax (u,v)

Theorem 9.0.8 (Li-Tromp-Zhang [8], 1996). The diameter of the graph Gy is ©(nlogn).

Theorem 9.0.9 (Allen and Steel [1], 2001). The diameters of the graphs Gspr and Grgr
are ©(n).

These last results give a nice and, most of the times, satisfying description of the
structural properties of these graphs. Observe that up until now we are only dealing with
unrooted binary trees. But, as we mostly use rooted binary trees to model evolutionary
relations, it is desirable to have similar operations and properties for this case. The problem
is that trying to define a useful operation for the rooted binary trees is a little bit more
subtle. The main operation for the rooted case is the rooted SPR (rSPR) which we will
describe below following the definition given by Song [15] in 2003.

Definition 9.0.10. There are three kinds of rooted SPR operations that can be performed
on rooted binary trees. Let T (resp. T') denote a rooted tree before (resp. after) an rSPR
operation. The notation T \ U denotes the part of T obtained from removing the vertices
of the rooted subtree U and all the edges incident to it. The three SPR operations are as

follows.

1. Choose an edge uv € E(T') not adjacent to the root of T to prune. Assume v < u,
where <p is the natural partial order of T, and call U the subtree rooted at u lying
below v. Choose an edge of T'\ U to regraft U and delete v.

2. Let Uy and U, be the two subtrees lying below the root of T, and let e; and e,
respectively, be the edges which join their roots to the root of T. The edge ey is cut
to prune Uy, and Uy is regrafted onto a pre-existing edge in Uy. The edge ey gets
removed and the degree-3 vertex in Uy where ey used to be incident gets replaced by a

degree-2 vertex, which becomes the root of T".
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3. Choose an edge uv € E(T) not adjacent to the root of T to prune. Again assume
v <7 u, where <7 is the natural partial order of T, and call U the subtree rooted at
u lying below v. Create a new edge from u to the root of T and subdivide this edge
with a vertex. This added vertex will be the root of T".

M I I3 14 15
1 SPR | SPR
Root
Root
I lh I3 14 15 n Iy ts 2 Iz f I3 4 15 I
I 1> T

Figure 11 — 1. T'— T3; 2. T — Ty; 3. T — T5. Source: Song [15]

Remark. Another shorter way of defining this operation is the following. Add a vertex v~
adjacent to the root and undistinguish the root, making an unrooted binary tree. Do any
SPR operation on this tree, resulting on an rooted binary tree U. Call the unique neighbour
of v~ in U by p, delete v~ and its incident edge from U and distinguish p as the root,

generating this way T'.

This is a more concise but less clear way of describing the operation. And often in
the literature a "root" binary tree appears with a hanging edge in the root to make it easier
to visualize the operations. For example in the following figure taken from Whidden and
Matsen [16].

We can similarly define the graph G,spr with vertex set RB(n) where we connect
two vertices if we can get from one to the other by one rSPR operation. The following
theorem gives bounds on the neighbourhood of a vertex. It is actually stronger than stated,
but this version is simpler. We will deepen in his proof and his actual statement in the

next chapter.
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3

Figure 12 — rSPR operation. Source: Whidden and Matsen [16]

Theorem 9.0.11 (Song [15], 2003). Let T € V(G,spr) be a rooted binary phylogenetic
X-tree with n leaves. Then

(3 = o(1))n® < [Negann(T)] < (4+ 0(1))n.

See that the graphs Ggpr and Gy are regular, that is, every vertex has the same
degree. And this is not true anymore for the graph G,spg. This elucidates a rough idea of

why the problem is harder for the rooted case.
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10 The size of the neighbourhood with a
given clade

In the application of estimating the evolutionary tree of some sampled species,
sometimes we might want to model some previous knowledge about the species relation.
For example, if we knew that a given rooted subtree or a clade (see definition below) must
be present in the phylogenetic tree, we still want to be able to calculate the neighbourhood
of a vertex in the graph G,spr with this given subtree or clade. This is in fact the main

result of this chapter and the novelty of this document.

This result might also be of interest when helping us understand how some Markov
chains behave in the space of phylogenetic trees. Usually Markov Chain Monte Carlo
(MCMC) algorithm is applied in this space of phylogenetic trees with the neighbourhood
of the rooted SPR graph. It might be of interest to "project" the Markov Chain in the

space of clades to understand better how it is investigating the space.

Let T be a rooted tree with root p. Let v € V/(T') \ {p} be an internal node, define
v(v) to be the number of vertices different from p and v that is in the unique path from p

to v.

The result of Song [15] about the size of the neighbourhood in the rooted SPR
graph is stated precisely below. His result will be the basis in which we will develop the

next results.

Theorem 10.0.1 (Song [15], 2003). Let T = (T, ¢) be a rooted phylogenetic tree with root

p and n leaves. Let It be the internal vertices of T. Then

[Nespr(T)l =2(n—2)2n—5) =2 3 7(v).

vEIlp

Let ¢ C X, we define Si(c) to be the collection of phylogenetic X-trees with a
rooted phylogenetic subtree 7' = (7", ¢') that has labels ¢, that is, ¢'(c) is the set of leaves
of T'. If T € Si(c) we say that T has the clade c.

Let T € Si(c) we want to estimate the size of
UC(T) = NrSPR(T) N 51(0)
as Song [15] did for the neighbourhood in the G,spg.

In fact we will be able to adapt his result to this setting.

Theorem 10.0.2. Let T = (T, ¢) € Si(c) and T' = (T',¢') the rooted subtree of T with
leaves exactly ¢(c). Let v € Ir\ ({p} UV (T")) an internal node such that v(v) =: k is
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mazimum possible in the set It \ ({p} UV (T")). Consider l,, € V(T)\ V(T") the leaf that

is adjacent to v. Then

\UT)| = |UAT = 1) +2(4n — k — 7 — 4|c|).

Figure 13 — Base-tree to proof of Theorem 10.0.2; Source: Song [15]

Proof. Observe in Figure 13 that the tree 7" could be a subtree of ¢, a subtree of u; for

some i € [k] or in the place of the leaf I;.

Analysing the following cases which were also considered by Song [15] will be

enough to prove the theorem.

In the case k > 1:

(I) There are |U(T — l,,)| nonequivalent SPR operations which do not directly involve

eq or e, (i.e., neither cutting them nor regrafting onto them).

(IT) The edge e, can be detached from T and regrafted onto any edge except for e, , ey,
e. and the edges of 77 to yield a new tree in U,(T). There are e(T) —3 —e(T") =

2n — 2|c| — 3 nonequivalent such SPR operations.

(ITI) The edge e. can be detached from T and regrafted onto any edge except for e, ,
€, €, €q ,er and E(T') to generate a tree in U.(T) which has not already been
accounted for in (I) or (II). There are 2n —2 — 5 — e(T") = 2n — 2|¢| — 5 such SPR

operations.

(IV) Any edge in the subtree ¢ can be detached from t and regrafted onto either e, or e,
except if 7" is a subtree of t. There are 2e(t) — 2¢(T")11c; such operations which

generate nonequivalent trees in U(T'), where 1, is 1 if 77 C t and 0 otherwise.

(V) For j =1,2,....,k—1,if s; > 1, any edge in the subtree s; can be detached from

s; and regrafted onto either e, or e., except if 7" is a subtree of s;. Also, e; can be
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detached from T' and regrafted onto either e, or e.. There are a total of

23 (e(s;) + 1 - e(T") L)

=1

nonequivalent such SPR operations.

(VI) If s > 1, any edge in the subtree s; can be detached from s; and regrafted onto
either e, or e., except if 7" is a subtree of s;. There are 2e(s;) — 2e(1") 15, such
SPR operations. (Note: detaching ej and regrafting it onto either e, or e. generates

a tree already included in (II).)

(VII) The edge e, or e. can be detached and regrafted onto the root. This contributes 2 to
|Ue(T)]

(VIII) The edge e, can be detached and regrafted onto either e, or e, to yield a tree in
U.(T) which has not already been included above. This contributes 2 to |U.(T)|.

In the case that £ = 0 we separate in the following cases:

(I") There are |U.(T — In)| nonequivalent SPR operations which do not involve e, or e,

directly.

(IT") An edge in the subtree ¢ can be detached from t and regrafted onto either e, or e,
except if 7" is a subtree of ¢. That is, there are 2e(t) — 2e(T") 17, nonequivalent

such operations.

(III’) The edge e, can be detached from 7" and regrafted onto any edge to the left of the
root, except for the edges E(T"). So, it 7" C t, there are e(T) —3—e(1") = 2n—1-2|c|
such operations. And if 7" is in the place of [;, there are e(T) — 3 = 2n — 1 — 2|¢|

such operations.
(IV’) Likewise, the edge e, can be detached from T and regrafted onto any edge to the

left of the root. Again, in every case, there are 2n — 2|c| — 1 such operations.

And in both cases the number of operations sum up to
Ue(T)] = |UT = )| + 2(4n — k — 4c| = 7).
m

Theorem 10.0.3. Let ¢ C X, with |c| < |X|=n, T = (T,¢) € Si(c) a rooted phylogenetic
tree with root p and T' = (1", ¢') the rooted subtree of T with labels exactly c. Let I1 be
the internal vertices of T and define I = Ir \ (V(T")U p). Then

U(T)| = INespr(T') + 2(n = |e] = 1)(2n = 2|c[ = 3) = 2> _4(v).

vel
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Remark. Observe that by the Song’s result [15] we have a formula for |N,spr(T")|
depending only on the heights of the vertices of T .

Remark. Observe that if ¢ has size one, every neighbour of T has the clade c. In fact,

if we take |c| = 1 in the previous theorem we get exactly the formula of Song [15] for
[Nespr(T)| = [Ue(T)|-

Proof. First observe that m := |I| = n — |¢| — 1. Order the vertices in I so that

V(vm) < - < y(v2) < (vr).

Now w will successively perform subtract operations in the order
_lla _l2a R _lmv

where [; denotes a leaf incident with v; in 7 — 4_!) I, and [; is not in 7.

Observe that in the end of the subtractions we will have the subtree 7" of the clade
c and a leaf both connected to the root In this case, the only operations that preserve
the clade ¢ is a rooted SPR operation restricted to the tree 7'. That is, we have exactly

|N.spr(T")| possible operations.

And by iterating the formula in Theorem 10.0.2, we get
\UT)| = |Nyspr(T |+2Z (n+1—1)—~y(v;) —4le| = 7).

Thus,
[Ue(T)] = [Nespr(T')| +2(n — |c[ = 1)(2n — 2|c[ — 3) — 2 ;v(w)-

]

Natural next steps following this result would be to study the structure of the

rooted phylogenetic trees that maximizes and minimizes |U.(7)| and % And also

find which are these maximum and minimum values.
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