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Abstract Applied works on sustainability of the Brazilian public debt are usually limited to long-run
analysis. This work, instead, aims to identify short-term movements of the deficit-to-GDP time-series,
here called alert regimes, which would be a leading indicator of severe fiscal problems. The criterion
is based on the fact that a strong growth of the public deficit-to-GDP trajectory, even if transitory,
might raise debt-to-GDP ratio and default risk to such a high level that the government could face credit
restrictions. The econometrical approach was based on unit root tests with Markovian switching. The
results showed the relevance of allowing for time-varying transition probabilities, different volatilities
between regimes and explanatory economic variables, thus leading to such a large parameter space that
required estimation by the Markov Chain Monte Carlo method. We also proposed a criterion to set the
cutoff point for the transition probabilities. The main conclusion of the work was that, as of 2014,
Brazilian fiscal policy was very often on alert regime, even though showing a slight trend toward a
sustainable perspective regime at the end of the sample (May 2019), given the parameters then in force.
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1. Introduction

The traditional approach to analyze a country’s public debt sustainability is to apply stationarity tests
to the public deficit series as a proportion of the GDP. See, for example, Trehan & Walsh (1988),
Ahmed & Rogers (1995) and, for Brazil, Issler & Lima (2000).

Some authors criticize this approach and offer alternatives. For example, Bohn (1998) suggests a fiscal
reaction function to analyze debt sustainability, while Leachman et al. (2005) propose the estimation
of a stock-flow relationship and multicointegration tests for fiscal variables. Even though both methods
avoid limitations of the conventional approach, they, like other techniques found in the debt
sustainability analysis’ literature, share a common feature: a transversality condition that assumes an
infinite time horizon.

However, there may be subperiods in which the nominal deficit - as a proportion of the GDP - increases
persistently, making the debt-to-GDP ratio to reach a level that, even if transitory, may affect the fiscal
policy credibility. Leachman et al. (2005), for example, argues that if the debt-to-GDP ratio becomes
too high, fiscal authorities feel compelled to decrease the debt, even though the mentioned ratio presents
a stationary trajectory in the long run. Besides, it is worth noting that, beyond some indebtedness
threshold, there may be credit constraints and difficulties in financing the debt, making it virtually
impossible to be honored. See, for example, Tran (2018) and Campos & Cysne (2020c)*.
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These short run fluctuations were called “local non-stationarity” or “red flags” by Raybaudi et al
(2004). In this work, they are called “alert regimes”, meaning that they may anticipate a serious fiscal
deterioration, thus being a leading indicator for the fiscal authorities to implement corrective measures.
It is worth mentioning the important role of leading indicators to maintain fiscal sustainability, as
highlighted, for example, by IMF (IMF, 2002, 2003), World Bank (WB, 2005) and OECD (European
Commission, 2016)2.

Some recent works apply techniques that allow for “local” conclusions, by using time-varying models.
Campos & Cysne (2019a) estimated a dynamic Brazilian fiscal reaction function for the period between
2003 and 2016, considering that the fiscal authority response to debt changes is allowed to vary
throughout the study period. One of their conclusions is that the fiscal reaction has been falling, so that
the Brazilian public debt may be in unsustainable trajectory since 2014. The same authors, in a posterior
work, analyze separately this latter period of strong fiscal deterioration in the Brazilian economy and
expand the analysis until June 2018, alerting to a fiscal reaction signal inversion since 2017 (Campos
& Cysne, 2019b). With another approach, using multicointegration models with structural breaks, the
authors reach again to the same conclusion: a possible Brazilian fiscal unsustainability from 2014
onwards (Campos & Cysne, 2020a / 2020b).

Concerning the estimation of probabilities associated to local non-stationarity, Hall et al (1999)
proposed an appropriated version of the unit root test, incorporating Markovian transition initially
explored in Hamilton (1989). These authors used it to investigate bubbles in financial series. Other
authors found additional applications for this technique. Takeuchi (2010) investigated United States
external debt sustainability. Camacho (2011) analyzed the United States GDP series. Raybaudi et al
(2004) studied the current account deficit evolution in a set of emerging countries. Nevertheless, there
is no application of this method to alert for an imminence of a public debt unsustainability in the
literature, neither for Brazil nor for other countries, this being one of the contributions of this work.

2. Objectives

The main objective of the present work is to apply unit root tests with Markovian Transition to identify
alert regimes, defined as a fiscal state in which there is a high risk that the public debt becomes virtually
unpayable in a short horizon. The central idea is that a growth in the central government deficit-to-
GDP series, even if temporary, can lead the debt to a level such that are no longer financeable. The
opposite regime, under which there is no indication of a possible default, is called here “sustainable
perspective regime”.

The problem with conventional unit root tests is that, even if a series of public deficits can be classified
as stationary in a global sense (that is, when considering all the sample), it is possible that there are
subperiods of local non-stationarity, which might lead to a debt default. Locally non-stationary
movements, however, cannot be detected by conventional unit root tests. For example, positive and
negative variations in different subperiods may compensate each other, leading to a global stationarity
statistical diagnose of the series.

Another contribution of this work is to model the transition probabilities between regimes in such a
way that persistent deficit falls, even though defining local non-stationarity, do not be mistakenly
interpreted as alert regimes. This is important because a falling deficit means, in fact, a sustainable
perspective regime, since, in this case, the fiscal situation is under control. To solve this problem, we
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define criterions in order to make it possible to classify a locally non-stationary period as an alert regime
or a sustainable perspective one.

Regarding modelling, we first follow Raybaudi et al (2004) and estimate a simpler specification
originally proposed by Hall et al (1999), with fixed transition probabilities. However, in order to allow
the method to distinguish between non-stationary falling and rising movements, as previously
mentioned, we propose an adaptation of the maximum likelihood algorithm used by Raybaudi et al
(2004), turning it into a two-stage method.

Second, following Takeuchi (2010), we used a variant of the Hall et al (1999) model, in which the
transition probabilities between regimes are allowed to vary over time. This model is called here VTP
(time-varying transition probabilities). Since this approach leads to a parametric space of much higher
dimension than that of the original version, it required the use of the Markov Chain Monte Carlo
(MCMC) method for estimation.

A positive aspect of the VTP model is to make it possible to represent the transition probabilities as a
function of explanatory variables, as, for example, public-debt-to-GDP ratio, output gap, interest rate
and other potentially relevant macroeconomic variables. This characteristic was explored in this work,
contributing to greatly improve the results.

As a third specification, the VTP model was adapted to allow for different volatilities under each
regime. This new specification is called VTP-VV (VV = Varying Variance). This change leads to a
significantly better fitting than the simple version of VTP model.

We also proposed a technique to set the cutoff point for the transition probabilities, in such a way to
distinguish between the alert regime from the sustainable perspective one.

In summary, the present work: 1) uses the unit root test with Markovian transition method to estimate
the probabilities associated to locally non-stationary regimes of the Brazilian general government
nominal deficit between 2001 and 2019; 2) quantifies the effects of explanatory variables on the
transition probabilities between local regimes; 3) modifies the original model allowing it to distinguish
between locally non-stationary subperiods in which the deficit series is decreasing (when the fiscal
situation is under control) from those in which this series is increasing persistently, identifying only
the latter as alert regimes; 4) considers time-varying transition probabilities; 5) considers different
volatilities for each regime; 6) compares the results of all specifications considered, using as
appropriate metric; 7) proposes a method to, from estimated transition probabilities, distinguish an alert
regime from a sustainable perspective one; 8) contextualizes the identified regimes, relating them with
the macroeconomic scenario over the study period.

The conclusion is that since 2014 the Brazilian fiscal policy was almost all the time in an alert regime.
However, at the end of the sample, given the parameters then in force, it is about to move to a
sustainable perspective regime.

3. Theoretical Model

This section presents the models to be used in this work: FTP (fixed transition probabilities), VTP
(time-varying transition probabilities) and VTP-VV (time-varying transition probabilities and
variance).
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The fiscal series will be denoted, hereinafter, as y, = revenue, x, = total expenses and b, = gross debt,
all of them expressed as a proportion of the GDP.

3.1 - FTP Model - Fixed Transition Probabilities
This model is based in Hall et al (1999) original formulation:
Ady = dys¢ + Po(1 —sp) + P3(1 — spde—g + omy (1)

where d; is the general government nominal deficit as a ratio to GDP; A is the difference operator; on;
is an error term (o is a constant and n~N(0,1), such that on, ~ N(0, 62)); and s; is an indicator such
that: s, = 0, if the system is in a sustainable perspective regime (locally stationary or non-stationary
with decreasing deficits); and s, = 1, if the system is in a locally non-stationary regime with increasing
deficits, that is, in the alert regime.

Note that, if s, = 0, the equation (1) becomes:

Ad; = ¢, + d3di—q +om, (2)

Otherwise, this is, if s, = 1, the equation (1) becomes:

Adt = d)l + Grlt (3)
Therefore, we can see ¢, as a parameter for the alert regime and, ¢, and ¢, as the parameters for the
sustainable regime.

The transition probabilities between these regimes are p =Pr(s;=1|s;.; =1) and q=
Pr(s; = 0|s;—; = 0), so that Pr(s; = O|s,_; = 1) = 1-p and Pr(s; = 1|s,_; = 0) = 1-q.

3.2 - VTP Model - Time-Varying Transition Probabilities

The VTP model uses the same specification as the FTP model (equation (1)), but allows for the
transition probabilities to vary over time. Besides, we also consider a set of explanatory variables,
denoted by a vector z,, which is supposed to determine the evolution of these probabilities. Therefore,
we have to express the dependency on z,, so that p and g are denoted as: p = Pr(s; = 1|si_1 = 1, %)
and q = Pr(s; = 0|si—1 = 0,Z,).

3.3 - VTP-VV Model - Time-Varying Transition Probabilities and Variance

Following Takeuchi (2010), the VTP model is now augmented with a parameter w, which allows for
possible distinct variances for each regime. The specification of this model is:

Ady = ¢ys¢ + Po(1 —sp) + P3(1 —sde—q + (1 + (DSt)l/ZUT]t 4)

The error term, in this case, is (1 + ws,)*/?om,. The only change in relation to equation (1) is that the
variance of the new error term is (1 + w)o?, if s, = 1. If s, = 0, the error term is o, - the same as
that of the original FTP model - with variance o2, as previously seen. We can see that, if s, = 0, the
equation (4) becomes:

Ady = ¢y + d3di—1 +om )
Otherwise, this is, if s; = 1, the equation (1) becomes:
Ade = ¢; + (1 + w)/?on, (6)

4. Estimation
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4.1 FTP Model

We estimated the parameters ¢, ¢, 3, o, p and g from the FTP model in (1) by two-stages maximum
likelihood. In the first stage, we assumed the Ad, conditional density, given Ad;_;,Ad;_,, ..., Ad;,
St, St—1, ---» S1, So, t0 be Normal. The conditional likelihood function was sequentially evaluated by an
iterative filtering algorithm (Hamilton, 1994).

In the second stage, we identified the {t,t + 1,...,t + Kk} subperiods in which there were a non-
stationarity trajectory with d; — d;_ < 0 (decreasing deficits), thus characterizing a controlled fiscal
situation, that is, a sustainable perspective regime. We then maximized again the likelihood function
under the restriction thats; = 0 fori = t,t+1,...,t + k.3

4.2 VTP Model

To estimate the VTP model in equation (4), we used the Markov Chain Monte Carlo (MCMC) method
with Gibbs Sampler algorithm, as described in the following 4.2.1 to 4.2.4 subsections.

4.2.1 Estimation of ¢4, §p,, ¢35 and o?

Let Y = (Ad,, ..., Adt)’, X; = (s, (1 —sp), (1 —s;)di—1) and X = (X,, ... X)". The procedure starts
by estimating o2 and ® = (¢4, ¢,, d3)’ in equation (1). Assuming a priori inverse gamma distribution

_ 2
02~IG(V7°,57°), the posterior for o is given by 62~IG (V°;n,5°+”Y2 Xl ) where |. || is the Euclidean
norm. We used here v, = 8, = 1, and n is the number of observations of the series used for estimation.
Assuming, then, a multivariate Normal priori distribution for &, denoted by ®~N(®,A402), its

— — — — _— _1 — — — _ —

posterior is given by N(®,A402),* where Ay = (Aq, gt X’X) and ® = Ay (Aq, '® + X’Y).
Finally, we take the means of the posteriori distributions as estimates of the parameters.

4.2.2 Estimation of {s,}3

First, be S;=(sq,..,5t) and S_; = (Sq, ..., St—1,St41, -, ST)-> Applying Bayes theorem, the
probability of the system to be at the s, regime (s; = 0 or 1), given Y and S_;, can be written as (to
simplify the notation, we omitted the conditioning on 0 = (¢4, d,, 3, 0)):

Pr(s¢|Yy, S_-)f(Ad¢yq, ..., Adyp|Yy, S_¢, st) )
f(Adeys,.,Adr|Ye, S_¢)

Pr(StlY, S—t ) ==

Since (Ad¢44, Adr), given S_;, is independent of s;, we have f(Adiq,...,Adr|Yy, S, s¢) =
f(Ad¢, 1. Adr|Y,, S_¢), and equation (7) becomes:

Pr(s¢lY,S_¢) = Pr(s¢|Y, S_) (8)
Applying the Bayes theorem again, one can write (for details, see Albert and Chib, 1993):

Pr(s¢|Yy, S—¢) = Pr(slse-1) Pr(5t+1|St)f(Adt|Yt—1,St) )
Then, using a backward procedure starting in t = T, we simulated values for s;; t=T, T-1, ...., 3, 2;

based on a Bernoulli distribution with transition probabilities in equation (9).

4.2.3 Estimation of s;
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From the expression for Pr(s,|p,, q2,s;) obtained by the procedure in subsection 4.2.2, and choosing
as a prior distribution for s;: Pr(s; =1) = nw and Pr(s; =0) = 1 —m, m € (0,1), we reach the
regime’s posterior distribution in t = 1 applying again the Bayes rule:

po7

Prisi=1ls2 =1 = A ad-mn

10
(1—-py)m 10

Pr(s; = 1[s, =0) = (1—py)n+q,(1—n)

Given Pr(s; = 1|s, = 1) and Pr(s; = 1|s, = 0), the values for s; were simulated from a Bernoulli
distribution. Then, we identified the {t,t+ 1,...,t + k} subperiods in which there were a non-
stationarity trajectory with d, — d;_x < 0 (that is, a sustainable perspective regime). Finally, making
s; = 0 over these periods, we reach the series {s.}].

4.2.4 Estimation of {p,}3 and {q,}3

To estimate the transition probabilities {p.}3 and {q.}Z, we define® a latent variable, s;:
St = Yo + YzZt + VsSe—1 + Ug (11)

where vy, is the vector of coefficient of the variables in z, and u,~N(0,1). The parameters in (11) are
estimated as follows: first, considering {s;}7 = {s¢}1~* (where the latter is the series obtained as in
subsection 4.2.3), we get prior estimates for both y = (y,, ¥z Ys) and its variance-covariance matrix
A,, from the estimation of a probit model based on equation (7)". These estimates are, hereinafter,

denoted by ¥ and Ky. The values for {s;}] are then generated by s; = 9, + 742 + ¥sS¢—1. Then, using

N (¥, Ky) as a prior for y = (yo, Yz Ys) and denoting by s* the vector (s3, ..., st) and by W the matrix

whose columns are the values of the explanatory variables in (11), the posterior distribution for y is

N(¥,A,), where &, = (4,1 + W'W) " and ¥ = A, (4; 'y + W's"). Then, using ¥ as the estimative

for y, we get {p.}3 and {q.}2 by doing Pr(s, = 1) = P(s; >0), as follows:

pr = Pr(s¢ = 1lsi—1 = 1,2) = Pr(uc = —¥o — V22 — Vsl2Zo) (12)
=1- cI)u|z(_\_/0 — Y22 — Vs)

q¢ = Pr(s¢ = 0[s—1 = 0,2,) = Pr(uc < —¥o — ¥72¢|Z)
= cI)u|z(_70 - V;Zt)

where @, is the conditional cumulated normal probability. Then, using the prior distribution in

subsection 4.2.3 (considering T = 0.5), we get Pr(s, = 1) fort=1,2, ..., T.

(13)

43 VTP-VV

Adapting the procedure in subsection 4.2 for time-varying variances requires redefining® Y* =Y o

1 1 1 1 1
(1+sw)° 2 and X* = X o (1 + s©)°"2, where (1 + sw)° "z = ((1 +5,w) 72, ., (14 sTa))_E). The

posterior distribution of o2 is the same as in subsection 4.2.1. Considering for w a priori @~IG (% %)

. . . . . . G T 2 o~ ~
where @ = w + 1, its posterior distribution is IG (”T"w ) where Y and X are the values of
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Ad; and X, corresponds to s, = 1. Given w, o and the prior distribution of ®, N(®,A40?), its
posterior distribution is N(®, A02), where Aq = (A3 + X*'X) ™ and & = Ay (Ay'® + X*'Y*) ?

5. Data Sources

We used the following fiscal variables for the general government: revenue, total expenses (including
debt interest) and gross debt, all of them collected on the National Treasury’s'® website and expressed
as a ratio to the GDP. For some models, we also used some other macroeconomic series as explanatory
variables, specifically: annualized Selic rate (this is the basic interest rate in Brazil), output gap, net
external liabilities and risk premium (EMBI+), all of them collected on the Brazilian Central Bank’s'!
website. Figure 1 presents gross debt and nominal deficit (= total expenses - revenue) for the general
government, as a proportion of GDP, in the study period (Nov/2001 — May/2019).

The Figure shows 3 subperiods of persistent rise in nominal deficit-to-GDP ratio: the first, from the
beginning of the series to the end of 2003; the second, from mid-2008 to the end of 2009; the third,
from 2014 to the beginning of 2016, when the series reverts its trajectory, although the debt-to-GDP
ratio continues to rise up to the end of the sample.

The technique used in this work allows to identify which of these subperiods may, in fact, be classified
as alert regimes, and, besides, how long each one of them may have lasted.

The following brief description of the Brazilian economy evolution over the study period aims to help
in understanding the mentioned rising movements of deficit-to-GDP ratio.

The first subperiod, from 2001 to the end of 2003, was marked by a persistent growth in nominal
deficit, as a consequence of internal shocks - such as an energy crisis in 2001 - and external shocks,
such as the "Argentine contagion™ (which reduced flows to Brazil) and the terrorist attacks of
September 11 (which strongly impacted international markets). The result for Brazil was an increase
in country risk and in the Selic rate (which impact debt interest payments), thus increasing nominal
deficit, despite the fiscal adjustment effort.

From 2004 to 2008, we see an economic policy focused on controlling inflation and public debt. The
nominal deficit decreases throughout the period, as a consequence of successive primary surpluses and
falling interest rates (thus reducing debt interest payments).

In 2008, the whole world was affected by a financial crisis, and Brazil was not an exception. This
explains the second movement of increasing deficit, from mid-2008 to the end of 2009. After this
period, however, the country adopted a series of incentives to economic activity, which contributed to
a kind of fiscal recovery, even though temporary.

As of 2014, however, there was a deterioration in public accounts, with a significant increase of
spending, as well as in the gross debt of the general government. From 2016 on, a new administration
implemented a fiscal adjustment to control public spending, such as to establish a limit (called ceiling)
for expenses, in addition to controlling the inflation and reducing the Selic rate, thus allowing the
deficit-to-GDP ratio to revert its trajectory.

6. Empirical Results
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6.1 FTP Model

Table 1 reports the parameter estimates for the FTP model in equation (1). With the results from table
1, we are able to write a specific equation for each regime. Remember that the final estimates for the
coefficients are the means of the posteriori distributions. For the sustainable perspective regime
(s; = 0), we write the equation as:

For the alert regime (s, = 1), the model becomes:
Ad; = 0.583 + 0.478n, (15)

Finally, the estimated transition matrix can be represented as the following:

0.576 0.424
0.012 0.988

Pr(s; = 0|s; = 0) Pr(s; = 0|s; = 1)

(16)
Pr(s; = 1|s; = 0) Pr(s; = 1|s; = 1)

The matrix above indicates that the transition probability from the sustainable perspective regime to
the alert regime is moderate!? (0.424). On the other hand, once the system is in the alert regime, the
probability of staying is very high (0.988) and the estimated average length of stay is 1/(1 —p) =
1/0.012, approximately 83 months or 7 years.

This estimated average length of stay in the alert regime seems to be overestimated. A possible
explanation is that imposing constant transition probabilities should limit the identifiability of the
method, especially when there are two alert regimes very close to each other. In this case, these regimes
may be identified as a single one, since there is not the required flexibility to allow distinguishing the
end of the first alert regime from the beginning of the next one. This aspect will be clearer when we
use time-varying models. The evolution of the alert regime probability is presented in Figure 2.

The probability falls in the beginning of the sample and reverts its trajectory in 2006, when it initiates
a smooth growth, until stabilize on the highest level (around 0.8) between the start of 2014 and the end
of 2015. Then, the alert regime probability starts to fall, reflecting the gradual improvement of the
fiscal situation at the end of the study period.

Besides, we can observe that, although the most critical period from 2014 to 2015 (over which the
deficit rises strongly) was properly captured by the model, some other critical movements were not
identified. For example, the model does not react adequately to the deficit growth in the beginning of
the sample, indicating a decrease of the alert regime probability, when we would expect it to increase.
Although this problem can be explained by the possible instability of the method in the beginning of
the study period (a typical characteristic of filtering algorithms), another example of unexpected result
is the growth of the alert regime probability from 2006 to 2008, while the deficit series decreased.

Again, the main problem identified in Figure 2 is the alert regime length. For example, if we establish
a criterion in which probabilities higher than 0.5 indicate an alert regime, the Figure 1 indicates that
the fiscal policy would be in this regime since 2007 and up to the end of the sample. In this case, the
alert regime would cover the last two thirds of the sample. This may explain the significance of the p
estimate only at the 0.1 level.

All these problems may be due to a possible specification error, particularly the constant probabilities
assumption. This is precisely the motivation to investigate an alternative form in which the probabilities
are time-varying, as VTP model in subsection 6.2.
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6.2 VTP Model

In this section, we present the results for the model in equation (1), but now considering time-varying
transition probabilities. This model, besides allowing dynamics in the transition probabilities, allows
for incorporating variables to explain their evolution. Among all the explanatory variables considered,
only z; (gross debt stock as a ratio to GDP), z, (output gap), and z; (interest rate, or Selic), resulted
significant at the usual levels®®,

Table 2 reports the parameter estimates for the VTP model. To set the means and standard deviations
of the priori distributions reported in the table, we used: for the parameters ¢4, ¢,, ¢5 and o2, the FTP
model’s estimates reported in table 1; for y,, v;,,, v, and ys, we use the procedure explained in
subsection 4.2.4.

From the results from Table 2, we are able to write a specific equation for each regime. Remember that
the final estimates for the coefficients are the means of the posteriori distributions. For the sustainable
perspective regime (s; = 0), we write the equation as:

Ad; = 0.024 — 0.128d,_; + 0.391n, (17)
For the alert regime model (s; = 1), the model becomes:

Ad; = 0.376 + 0.391n, (18)
The results from table 2 also make it possible to reach, using equation (11):

s; = 0.031 4+ 0.957s{_; + 0.044z,; — 0.029z,; + 0.052z3; + u; (19)

and the estimated probabilities that the economy is in an alert regime: P(s; = 1) = P(s{ =0), and
P(s; = 0), otherwise, as described in subsection 4.2.4. Equation (19) indicates that two variables, of
the four considered, positively contribute to the alert regime’s probability (z,, = debt-to-GDP ratio
and z5; = interest rate). The effects of these variables are not only theoretically clear (since they impact
risk premiums and debt charges), but also empirically confirmed by the statistical significance of the
coefficients.

On the other hand, the output gap, z,;, contributes negatively, possibly reflecting some fiscal reaction
to the economic cycles throughout the study period. It is worth highlighting, however, that its
coefficient was statistically significant only at the 0.1 level.

As the next step, we computed the transition probabilities for t =1, 2, ..., T, from equations (12) and
(13). Then, in order to reach estimated mean length of each regime, we calculated a matrix with the
average transition probabilities, which is given by:

Pr(s; = 0|s; = 0,z,) Pr(s; =0|s; =1,z)

(20)
Pr(s; = 1|s; = 0,z;) Pr(s; = 1|s; =1,2)

0.046 0.954

‘ 0.837 0.163

We can see that the average transition probability from the sustainable perspective regime to the alert
regime (0.163) is much lower than in the fixed transition probabilities model (0.424), and become
statistically significant not only at the 0.1 level, but also at the 0.05 one. On the other hand, once on the
alert regime, the probability of remaining in it is 0.954, which leads to an estimated average length of
stay of 1/0.046 = 21,74 months, almost 2 years. The long average length of each regime reflects the
strong autoregressive estimated component (0.957) in equation (19). Nevertheless, this average length
of stay, although high, is much lower than that obtained from the FTP model (almost 7 years). The
evolution of the alert regime probability for the VTP model is presented in Figure 3.
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The Figure indicates a much more sinuous trajectory of the probability of staying in the alert regime
relatively to FTP model (compare to Figure 1), which, in fact, was expected, since the transition matrix
was allowed to vary over time. In addition, the VTP model captures a much greater alternation between
sustainable perspective and alert regimes.

Contrasting the estimated probabilities with the evolution of the nominal deficit/GDP and of the
debt/GDP over time, we observe that the apparently more critical periods, in which there is a sudden
and persistent increase in the nominal deficit, are captured.

For example, in contrast to the FTP model, we observe that the VTP model captures better the rising
in the deficit-to-GDP ratio at the beginning of the study period, indicating an initial increase in the
probability of the alert regime. In fact, the sharp deficit increase -combined with high levels of
indebtedness - is a situation compatible with an alert regime.

It is important to compare FTP and VTP model results, from the perspective of the economic context.
The estimated probabilities of alert regime given by FTP model, in Figure 1, indicates a permanent
worsening of the Brazilian fiscal situation from 2006 to the worst period in 2014-2015. However, we
know that is was not what occurred, in fact.

Besides, the sharp deficit increase in the 2008-2009 period is now reflected in a fast increase of the
alert regime probability, as expected. This probability decreasing in 2010 also makes sense, as the
slightly increasing from 2011 to 2013 and, mainly, the strong growth in 2014, thus coinciding with the
fiscal deterioration in the Brazilian economy.

Now we set an objective criterion to define the regimes, classifying as alert regimes the subperiods in
which the respective probability crossed a given threshold, this is, P(s; = 1) > k, where k is a
threshold. The results for some values of k are in Table 3.

The results provided by the VTP model seem to be more consistent, indicating 2 or 3 alert regimes,
depending on the chosen threshold. In particular, there is a distinction of two recent regimes, one
referring to the 2008/2009 global crisis and the other referring to the increasing fiscal deterioration
since 2014. Besides, all thresholds, except for k = 0.5, led to 2 alert regimes, and, in all cases, the
second alert regime starts in 2014, as expected.

It is worth mentioning that, by allowing the transition probabilities to be time-varying, the model has
greater flexibility (in relation to the FTP version), which probably allowed it to better adjust to the
observed variations in the actual fiscal variables. Additionally, using macroeconomic variables to
explain the evolution of the transition probabilities may also have been contributed to correct represent
the transition probabilities. The effects of variables such as the indebtedness level and the interest rate
are not only theoretically clear (since they impact risk premiums and debt charges), but also empirically
confirmed by the statistical significance of the estimated coefficients. Another aspect to be observed is
that the output gap was also significant, although only at the 0.1 level, thus reflecting some fiscal
reaction to economic cycles over the sample.

We also highlight that, in almost all cases in table 3 (except for k = 0.5), the alert regime ends before
the final of the sample, indicating a return to the sustainable perspective regime.

6.3 VTP-VV Model

In this section, we present the results for the model in equation (4), which considers not only time-
varying transition probabilities, but also possible different variances for each regime, which requires
an incidental parameter w. To establish the means and standard deviations of the priori distributions,
we used, for all parameters except w, the estimates from the VTP model in table 2. The w’s priori mean
was determined separately, based on the ratio of the variances of the regimes in table 3 (by taking the
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average between the results for the four values considered for the cutoff k). Table 4 reports the
estimates.

Regarding the posteriori means in table 4, almost all of them are statically significant at the same level
as that observed in table 2. The o2 estimate was the exception: even though significant only at the 0,1
level in the VTP model, it became significant at the 0.05 level.

The estimate of w is significant at the 0.05 level, indicating that there is a significant difference between
the volatilities of the regimes, thus justifying the VTP-VV modelling.

From the results of the table 4, we can write a separate model equation for each regime. For the
sustainable perspective regime (s; = 0), the model with estimated coefficients is:

Ad; = 0.093 — 0.284d,_; + 0.324n; (21)
Whereas for the alert regime (s; = 1), the model becomes:
Ad; = 0.432 + 0.281n, (22)

Observe that the sustainable perspective regime is slightly more volatile than the alert one. The latent
variable for the transition probabilities, defined in equation (11), becomes:

S;:k = 0.028 + 0.9715:_1 + 0'05321t — 0'042Z2t + 0.096Z3t + U¢ (23)
The signal and magnitude of the coefficients are similar to those in equation (19).
The average transition probabilities, computed from equations (12) and (13), were:

Pr(s; = 0|s; = 0,z;) Pr(s; =0|s; =1,z) 0.846 0.154
= (24)
Pr(s; = 1|s; = 0,z;) Pr(s; = 1|s; =1,2) 0.029 0.971

The results indicate that the average transition probability from the sustainable perspective to the alert
regime (0.154) is lower than that in the equation (20), for the VTP model (0.163). On the other hand,
once the system enters the alert regime, the probability of staying in it increased from 0.954 in the VTP
model to 0.971 in the VTP-VV model. As a consequence, the estimated average length of an alert
regime was estimated at 1/0.029 = 35 months, almost 3 years, more than that obtained from the VTP
model. This result seems to be the most consistent with the periods of fiscal deterioration in Figure 1.
The Figure 4 shows the evolution of the probability of an alert regime in the VTP-VV model.

The VTP-VV model shows a trajectory similar to the VTP model, illustrated in Figure 3, but with
greater volatility. Besides, at the end of the sample, the probability of staying in the alert regime is
bigger than the estimated for that model. This may be consequence of the greater flexibility and
adaptability of the VTP-VV model, thus indicating that the mean length of staying in the alert regime
may have been underestimated in the VTP model. Nevertheless, it depends on whether it will be the
final model selected (section 7).

The identified alert regimes, as a function of the cutoff adopted, are reported at table 5.

Contrasting to the Figure 1, a cutoff around 0.6 seems to be the most reasonable results. However, this
point will be further exploited in section 8. Comparing also with table 3, the time-varying variance
allows us to identify, for cutoffs k = 0.5 and 0.6, that the fiscal policy in still in the alert regime at the
sample of the study period (in the VTP model it occurred only for k = 0.5, however this cutoff lead to
3, and not 2, alert regimes). If the volatility of the alert regime is, in fact, lower than that of the
sustainable perspective one, this result seems to make sense, because the exit from the alert regime
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identified in the case of the VTP model may have been only a consequence of an overestimated
volatility.

Another interesting aspect, is that the alert regime probability in both VTP and in the selected VTP-
V'V models, depends on economic variables that also resulted significant in the fiscal reaction functions
estimated in Campos and Cysne (2019a, 2019b), mentioned in section 1. The only variable that resulted
significant in these functions but not in this work was the net foreign liabilities. Nonetheless, the
interpretation of these effects on the alert regime probability is indirect, given the non-linear
specification used.

7. Model Selection

We have seen that the VTP-VV model showed a more flexible evolution of the transition probabilities,
allowing it to possibly capture the smaller volatility of the alert regime and a higher probability
associated to the alert regime at the end of the study period.

However, to verify if the VTP-VV model presents statistical advantage over the simpler VTP and FTP
models, it is necessary to establish a formal comparison of the results. For the two-by-two comparison,
we use the well-known Bayes factor (BF), given by

~_PMi|Y) _ P(Y|M)P(My) _ P(Y|My)
YT P(Mj[Y) T P(Y|M))P(M)  P(Y M)

(25)

In which Y is the dependent variable in equations (1) and (4), and P(Y | M;) and P(Y| M]-) are the
marginal likelihood functions for the M; and M; models respectively™*.

The first step was to compare the FTP (M3) and the VTP (M,) models. The corresponding Bayes factor

was BF,; = 8.74 x 107, indicating the VTP’s superiority. Then, we calculated P(M;|Y) = 132;3
23

1.00, which leads to the VTP selection, indicating that the transition probabilities should be modeled
as time-varying.

IR

The next step was to compare the VTP and the VTP-VV (M;) models. The resulting Bayes factor was

BF;, = 2.21 x 10° and P(M;]Y) = % = (.00, indicating the VTP-VV superiority. This was,
12

therefore, the chosen model.

Finally, once the VTP-VV model proved to be better than the simples VTP specification, we conclude
that the volatility of the alert regime is, in fact, lower (0.281 vs 0.324 of the sustainable perspective
one), having being overestimated in the VTP model. We also confirm that both the mean length of
staying in the alert regime and the probability of staying in this regime at the end of the sample were
underestimated in the VTP model.

Nevertheless, we are not still able to confirm that the fiscal policy is in the alert regime at the end of
the sample. It depends on the optimal threshold k so that, if P(s; = 1) > k, we can define objectively
an alert regime, thus allowing us to determine in which of the regimes is the fiscal policy for each
instantt=1, 2, ..., T. We determine Kk in section 8.

8. Regime Definition
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Once the VTP-VV chosen as the optimal model, the next step is to determine the cutoff point k such
that P(s; = 1) > k, in Figure 4, define an alert regime. We use the measure:
212—-L

Cr(k) = z |5t(k) — Ot-p41e4L-1 (26)
L

where s; is 0 or 1, in accordance with the estimated regime considering the cutoff point k and
O¢—r+1¢+1—1 1S the proportion of times that, between instants ¢ — L + 1 and t + L — 1, both deficit debt
ratios to GDP ratio are increasing. Note that these movements are indicative of fiscal problems. As
they contribute to reduce the absolute distance between S, and 6;_;+1¢+.-1, We have to choose the

value of k that leads to a minimum C; (k).

We assume, initially, L = 2 (meaning 2 deficit variations between t — 1 and t + 1). Foreach k € (0,1),
a value of C was calculated, reaching its minimum at k = 0.627, as we can see in Figure 5. For analysis
of robustness, we also considered other values for L (3,5,7, and 9) and found that all of them led to the
same k, as illustrated in Figure 5.

Finally, we applied the estimated threshold, and the identified regimes are in Table 6 and Figure 6.

An important result is the persistence of the alert regime from June 2014 to the end of the sample, with
a brief interruption between October and December of 2018. In this short period, both the nominal
deficit and the debt fell, which may explain this oscillation. We highlight that, between January and
April 2019, the nominal deficit also fell, but the debt increased. In May 2019, we can observe both
falling again, but, since this happened only in the last observation, there was not enough evidence to
identify an actual exit from the alert regime. Indeed, turning to Figure 4, we observe an oscillation, at
the end of the study period, around the threshold between regimes (even though the system remains in
the alert regime, according to the criterion), which may be explained by the gradual reduction in
nominal deficit and stabilization of the debt-to-GDP ratio as of 2016 (see Figure 1)*°.

The Figure 1 also shows that, at the end of the sample, the Brazilian public debt, even though still
growing, seems to tend to stabilize at around 80% of GDP. On the other hand, in a recent work, Campos
and Cysne (2020c) estimate that the level beyond which the Brazilian central government public debt
could become unpayable is between 92,44% and 93,74% of GDP. Thus, unless the debt-to-GDP ratio
had been growing at the same rate as that of 2014-2016 (what did not occur), the risk of reaching those
critical level tends, in fact, to decrease at the end of the sample, thus explaining the proximity to the
threshold and the possible transition of the alert regime to the sustainable perspective one.

Our findings agree with other recent works about fiscal sustainability, like Campos and Cysne (2019b),
based on a fiscal reaction function, and Campos and Cysne (2020b), using multicointegration models
with structural breaks, both also finding a possible Brazilian fiscal unsustainability from 2014 onwards.

9. Conclusions

This work defines an alert regime as a leading indicator of severe fiscal problems, based on short term
movements of the general government nominal public deficit trajectory expressed as a proportion of
GDP. A strong growth of this series, even if temporary, might raise debt-to-GDP ratio to such a high
level that the government could no longer finance it, thus leading to credit restrictions. The opposite
situation, in which the fiscal situation is under control, is here called a sustainable perspective regime.

Unlike the conventional techniques to analyze fiscal sustainability, the method of unit root tests with
Markovian transition is adaptive to identify locally non-stationary movements in a time series, not only
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because of its fast adjustment speed, but also due to its greater power to detect short critical subperiods.
Therefore, it is much more effective to set up an appropriate alert indicator of imminent fiscal problems.

We considered three different models and showed that, in general, more flexible specifications led to
better results than simpler ones. In particular, the most complex alternative, assuming time-varying
transition probabilities and different volatilities for each regime, was the model that led to the best
results. Both the time varying transition probabilities and the use of explanatory macroeconomic
variables clearly made it possible to get a better fitting to the observed fiscal variables over the sample.
The estimation of the large parameter space was possible by the Markov Chain Monte Carlo method.

We also proposed a criterion to set the cutoff point for the transition probabilities, as the criterion to
distinguish between the alert regime from the sustainable perspective one. The final model identified
two main alert regimes: one referring to the 2008/2009 global crisis and the other referring to the
increasing fiscal deterioration as of 2014. The main conclusion was that, since 2014, the Brazilian fiscal
policy was almost all the time in an alert regime. However, at the end of the sample, it is about to move
to a sustainable perspective regime, depending on the efficacy of fiscal adjustments from that point on.
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1. An alternative approach is that, the higher the debt-to-GDP ratio — even if it is kept in sustainable
levels — the higher the exposition to sudden changes to the macroeconomic environment. For example,
a sudden GDP falling could lead this indicator to a fast transition to an unsustainable level. For further
discussion on this approach, see Ball et al (1998).

2. See also Wyplosz (2007) and Savai (2018).

3. The BFGS method, both restricted and unrestricted versions, were adopted for optimization in both
stages.

4. For details about how to obtain the posteriori distribution, we recommend to see Albert and Chib
(1993).

5. The “-t” subscript means “all instants of time, other than t”, that is: 1, 2, ..., t-2, t-1, t+1, t+2, ..., T.

6. Filardo and Gordon (1998) proposed a similar procedure, but they did not used a z: vector of
explanatory variables. Therefore, they did not need to estimate a probit model to generate prior
estimates for y and A,, as we have done here.
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7. s, is supposed to be zero.
8. Is the Hadamard product, meaning that the multiplication is done element by element

9. The convergence was verified using a measure proposed by Geweke (1992): the difference between

i i ideri i ; . _ 91—g2
the average of the estimates in each step, considering two subperiods, standardized: CD = WAL
(the formulas for the ©(g;) and ¥(g,) can be found in the mentioned paper). All CD values here were
smaller than 1.5 in magnitude, as required.

10.www.tesourotransparente.gov.br/temas/estatisticas-fiscais-e-planejamento/estatisticas-fiscais-do-
governo-geral.

11. www.bcb.gov.br/acessoinformacao/dadosabertos.
12. Note, however, that the p estimate is significant only at the 0.1 level.

13. The other variables considered were: net foreign liabilities, inflation, implicit interest rate, terms of
trade and risk premium (EMBI). All of them presented no significant results, even at the 0.1 statistical
level.

14. The priori distributions P(M;) and P(M;) are the same in the Bayes factor.
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Figure 1. Gross Debt (DEBT, left axis) and Nominal Deficit (DEFICT, right axis) of the General
Government, as a ratio to GDP (Nov/2001 - May/2019)
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Figure 2. Alert Regime Probability (PROB, right axis) under the FTP Model
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Figure 4. Alert Regime Probability (PROB, right axis) under the VTP-VV Model
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Figure 6. Graph of S; (S; = 1 for an alert regime and S; = 0 otherwise)
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Table 1. Results for FTP Model
Parameters Estimates Standard error
d1 0.583*** 0.160
b2 0.015* 0.008
O3 -0.452** 0.211
G2 0.228* 0.129
p 0.576* 0.324
q 0.954** 0.046
Significance levels: 0.01 (***), 0.05 (**) and 0.1 (*).
Table 2. Results for VTP Model
Priori Posteriori
Parameters Mean Standard error Mean Standard error
1 0.583 0.160 0.376** 0.165
02 0.015 0.008 0.024* 0.014
03 -0.452 0.211 -0.128** 0.061
o2 0.228 0.129 0.153* 0.084
Yo 0.043 0.117 0.031*** 0.009
Y21 0.098 0.023 0.044*** 0.014
Yz2 -0.084 0.045 -0.029* 0.017
Yz3 0.041 0.019 0.052** 0.025
Ys 0.934 0.413 0.957*** 0.299

Significance levels: 0.01 (***), 0.05 (**) and 0.1 (*).

Table 3. Alert Regimes — VTP Model (criterion: P(s; = 1) > k)
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Criterion for the Number of Alert Regimes Beginning of the Alert End of the Alert
occurrence of an alert Regime Regime
Nov/2001 Nov/2002
P(s;=1)>05 3 Aug/2008 Oct/2010
Apr/2011 May/2019
Oct/2008 Nov/2009
P(s; =1)> 06 2 Jan/2014 Apr/2018
Nov/2008 Oct/2009
P(sy=1)>07 2 Jun/2014 Jan/2018
Jan/2009 Sep/2009
P(sy=1)>08 2 Dec/2014 Dec/2016
Table 4. Results for VTP-VV
Priori Posteriori
Parameters Mean Standard error Mean Standard error
01 0.376 0.165 0.432** 0.181
d2 0.024 0.014 0.093* 0.052
03 -0.128 0.061 -0.284** 0.139
o’ 0.153 0.084 0.105** 0.051
® -0,101 0.049 -0,026** 0.012
Yo 0.031 0.009 0.028*** 0.010
Yz1 0.044 0.014 0.053*** 0.018
Yz2 -0.029 0.017 -0.042* 0.025
Y23 0.052 0.025 0.096** 0.041
Ys 0.957 0.299 0.971*** 0.254

Significance levels: 0.01 (***), 0.05 (**) and 0.1 (*).

Table 5. Alert Regime Probabilities — VTP-VV Model (criterion: P(s, = 1) > k)

Criterion for the

Number of Alert Regimes

Beginning of the Alert

End of the Alert Regime

occurrence of an alert Regime

Oct/2008 Jan/2010
P(s; =1) > 0.5 2

Aug/2013 May/2019

Nov/2008 Oct/2009
P(s;,=1)>06 2

May/2014 May/2019

Dec/2008 Sep/2009
P(s,=1)>0.7 2

Oct/2014 Apr/2018

Apr/2015 Jul/2015
P(s,=1)>0.8 2

Sep/2016 Jun/2017
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Table 6. Alert Regimes — Model VTP-VV (criterion: P(s; = 1) > 0.627)

Number of Alert Regimes Beginning of the Alert Regime End of the Alert Regime
Nov/2008 Oct/2009
3 Jun/2014 Sep/2018
Jan/2019 onwards
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