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Abstract 

This thesis provides three original contributions to the field of Decision Sciences.  

The first contribution explores the field of heuristics and biases. New variations of the 

Cognitive Reflection Test (CRT--a test to measure "the ability or disposition to resist 

reporting the response that first comes to mind"), are provided. The original CRT (S. 

Frederick [2005] Journal of Economic Perspectives, v. 19:4, pp.24-42) has items in which the 

response is immediate--and erroneous. It is shown that by merely varying the numerical 

parameters of the problems, large deviations in response are found. Not only the final results 

are affected by the proposed variations, but so is processing fluency. It seems that numbers' 

magnitudes serve as a cue to activate system-2 type reasoning.  

The second contribution explores Managerial Algorithmics Theory (M. Moldoveanu [2009] 

Strategic Management Journal, v. 30, pp. 737-763); an ambitious research program that 

states that managers display cognitive choices with a "preference towards solving problems 

of low computational complexity". An empirical test of this hypothesis is conducted, with 

results showing that this premise is not supported. A number of problems are designed with 

the intent of testing the predictions from managerial algorithmics against the predictions of 

cognitive psychology. The results demonstrate (once again) that framing effects profoundly 

affect choice, and (an original insight) that managers are unable to distinguish computational 

complexity problem classes. 

The third contribution explores a new approach to a computationally complex problem in 

marketing: the shelf space allocation problem (M-H Yang [2001] European Journal of 

Operational Research, v. 131, pp.107--118). A new representation for a genetic algorithm is 

developed, and computational experiments demonstrate its feasibility as a practical solution 

method.  

These studies lie at the interface of psychology and economics (with bounded rationality and 

the heuristics and biases programme), psychology, strategy, and computational complexity, 

and heuristics for computationally hard problems in management science. 
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CHAPTER 1 
 

Introduction 

 

 

1. Introduction 

 

How do managers make decisions? How do they process the myriads of information 

constantly bombarding them from all angles, such as competitors, new technologies, new 

laws and regulations, internal politics, customer groups, and so on and so forth? How does 

this continuous bombarding of possibly unrelated information lead to a manager's coherent 

perception of a complex scenario, and a potential course of action for the future?  

 

These questions have recently gathered large momentum from studies at the interface 

between economics, organizational behavior, cognitive psychology, and computer science. 

We need to better understand, model, and predict human behavior, the subtle issues of 

cognitive psychology and the associated decision-making.  

 

These are some of the overarching questions motivating this thesis. But not the only ones. 

How can better decisions be made? In fact, how can optimum decisions be made in scenarios 

that lend themselves to clear mathematical models? How can we improve the tools of 

operations research and management science in order to construct decision-support systems 

that generate solutions that are close to the mathematical optimum, or that even achieve it? A 

second motivation of this work is brought by this overarching questions. 
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From economic theory to management to psychology to computer science and information-

processing, the decision sciences encompass vast fields of knowledge. In this thesis, we hope 

to present new studies that touch on some of the aforementioned issues, and provide small but 

solid contributions to the decision sciences.  

 

This thesis is formed by a series of independent essays. This is a format widely held in 

Universities across North America and Europe. It is also a format that has been gathering 

momentum in some Brazilian Schools, such as FGV's own EPGE. A series of essays enables 

a Doctoral candidate to concentrate on the topics in which he or she can bring the maximum 

scientific contribution, unbound to the constraints brought by a single topic within the 

confines of a single discipline. A series of essays enables scientific contributions to be 

brought to more than a single field of specialty.  

 

Naturally, this is not to say that this format is better, or worse, than the traditional thesis 

spanning one large topic. Our philosophy here is that the format of a thesis should be 

subordinated to its scientific content--never the other way around. If the scientific 

contributions are better presented through a monolithic manuscript, that is a perfectly valid 

form, and it may indeed be the best form for most theses. However, if and when the scientific 

content is better presented through self-contained, semi-independent essays, that is, perhaps, 

how it should be. Form should be subordinated to content. Form should not be a constraining 

force; demanding that scientific content be changed and revised in order to fit a form.  

 

2. Outline  
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Though this thesis is molded in the form of independent essays, there is one topic that 

permeates all studies. This overarching topic is Bounded Rationality, and the associated 

concepts of heuristics and search. Some of these heuristics are found in the psychological 

experiments of the heuristics and biases programme. But there is another meaning of the term 

heuristic, in which the term refers to the search processes involved in optimization models, 

such as genetic algorithms.  

 

The careful reader will see that there are links between the essays.  

 

Chapter 2 and Chapter 3 share the same theoretical foundations, based fundamentally on the 

heuristics and biases programme and on bounded rationality theory, as well as the same 

methodology. Both chapters collect evidence as a by product of psychological experiments. 

Chapter 3 also deals with computational complexity theory and problem complexity classes, 

such as P and NP. Still related to computationally complex problems, Chapter 4 presents a 

new heuristic based on Genetic Algorithm to solve the NP-hard Shelf Space Allocation 

Problem, a crucial and still open issue in marketing.  

 

As mentioned above, two key questions permeate this thesis. The studies presented in 

Chapter 2 and Chapter 3 are concerned with how decisions are made, and psychological 

experiments carefully demonstrate a number of new hypothesis concerning our cognitive 

abilities and limitations.  

 

In Chapter 2, we investigated the motives for high rate of errors committed, even by experts 

in mathematics, on the Cognitive Reflection Test (CRT), a brief three-item measure of “the 

ability or disposition to resist reporting the response that first comes to mind”, believing these 
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reasons may help us understand the interaction between intuition, information processing and 

reasoning on decision making. To achieve this goal, we manipulate the fluency of the CRT 

merely by changing its numerical parameters. These manipulations produce distinct 

metacognitive experiences of ease and difficulty with which the answers can be brought to 

mind and processed. We show that numbers processing fluency has an effect (i) on the 

perception of difficulty and (ii) on the rate of correct responses to CRT problems. The mere 

magnitude of numbers serves as a cue to System 2 type reasoning.  

 

In Chapter 3, we explore Managerial Algorithmics, a new research programme stating that 

managers display cognitive choices with a preference towards solving problems of low 

computational complexity. In this work we provide a first empirical test, through a set of six 

hypotheses, concerning whether managers (and non-managers) are able to distinguish among 

problem complexity classes. We present subjects with descriptions of seven decision-making 

scenarios, and ask them to rate and rank those scenarios by complexity. The results show that 

problem connotations exert more influence in the conceptualization process (i.e., framing 

effects), therefore managers cannot assess the computational complexity inherent in a task. 

We describe possible future refinements to this algorithmic theory, which may lead to a better 

understanding of managerial problem selection, problem reframing, and strategic choice. 

 

In Chapter 4, a second question is addressed: how can decisions be improved? We provide a 

new encoding that improves genetic algorithms as applied to a combinatorial optimization 

problem in marketing. An efficient allocation of products into a limited shelf space that 

results in the maximum profit is one of the main goals of retail managers. In this chapter, we 

propose a new Genetic Algorithm (GA) representation, based in order, for solving the Shelf 

Space Allocation Problem (SSAP), a critical marketing issue for maximizing a retailer’s 
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profit. In the proposed heuristic, chromosomes are the selection order of products that are 

transformed by a decoder function into binary product assortment decision variables. The 

SSAP, a NP-hard problem, is modeled as a multi-constrained knapsack problem. The 

heuristic is illustrated numerically by three randomly generated instances of SSAP. 

Computational results are compared against two standard Genetic Algorithms with binary 

representations. The first one utilizes a rejecting strategy and the other one a penalizing 

strategy to handle shelf space constraints. The proposed Order Based GA for solving the 

SSAP outperforms the two binaries GAs, suggesting the order representation as more suitable 

for approaching this problem.   

 

3. Summary 
 

The objective of this chapter is to introduce the reader to the content following on the 

subsequent chapters. As we have stated, the coming essays will deal with issues in cognitive 

psychology, decision-making, computer science, marketing and operations research. 

 

As we have stated, the overarching umbrella that touches in all studies conducted here is the 

concept of bounded rationality.  

 

Our studies barely touch the surface of the decision sciences. There is much to learn about 

human decision-making, and about how to improve it. Inasmuch as many questions remain 

open, we hope to provide small, but solid, contributions to this immensely important 

scientific field.  

 



  13 

We may now proceed to our first study, which deals with psychological processing fluency in 

the cognitive reflection test under manipulations of its numerical parameters.  
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CHAPTER 2 
 
 
 
 

The Cognitive Reflection Test: Effects of Numerical Parameters on 

Processing Fluency and Activation of System 2 Type Reasoning. 

 

 

 

1. Introduction. 
 

 

Frederick (2005) showed that a brief three-item measure of cognitive ability called Cognitive 

Reflection Test (CRT) has a huge importance on decision making: (a) regarding 

intertemporal preferences, in general, respondents with high CRT scores preferred to wait to 

larger rewards than immediately receive smaller ones, i.e., they are more patient, and their 

decisions implied lower discount rates; moreover (b) concerning risk preferences, 

respondents with high CRT scores were more willing to gamble (in the domain of gains), and 

more willing to accept a sure loss to avoid playing a gamble with lower (more negative) 

expected value (in the domain of losses). Indeed, the predictions of Prospect Theory 

(Kahneman and Tversky, 1979), that respondents will switch from risk aversion to risk 

seeking when the valence of a gamble changes from positive to negative, do not fit with high 

CRT score respondents. CRT, presented in Figure 2.1, is highly correlated with other IQ tests 

like Scholastic Achievement Test (SAT), Need for Cognition (NFC), Wonderlic Personnel 

Test (WPC) and American College Test (ACT). However, CRT comprises just three 

questions and was the only test related to the four decision making domains – preference for 
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patient option, expected value favors gamble, expected value favors sure gain and expected 

value favors sure loss - tested by Frederick (2005).  

 

Many recent empirical findings concern cognitive abilities and preferences. Christelis et al. 

(2009), for example, reported an association between cognitive abilities and stock ownership 

in 11 countries of Europe; Benjamin, Brown and Shapiro (2006) showed that high cognitive 

ability is correlated with more patient and less risk averse behavior; while Dohmen et al. 

(2007), controlling for personal characteristics, educational attainment, income, and measures 

of credit constraints, showed exactly the contrary, i.e, lower cognitive ability is associated 

with greater risk aversion, and more pronounced impatience. Regarding the association 

between cognitive abilities and behavioral biases, Barber and Odean (2001) reported that low 

cognitive skills are associated with overconfidence; and Oechssler et al (2009) showed that 

higher test scores on CRT are correlated with lower incidences of the conjunction fallacy and 

conservatism in updating probabilities, with no significant difference in respect to anchoring.  

 

Figure 2.1. Cognitive Reflection Test 

(1) A bat and a ball cost $1.10 in total. The bat costs $1.00 more than the ball. How 

much does the ball cost? _____ cents 

(2) If it takes 5 machines 5 minutes to make 5 widgets, how long would it take 100 

machines to make 100 widgets? _____ minutes 

(3) In a lake, there is a patch of lily pads. Every day, the patch doubles in size. If it 

takes 48 days for the patch to cover the entire lake, how long would it take for the 

patch to cover half of the lake? _____ days 
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Cognitive Reflection is defined as “the ability or disposition to resist reporting the response 

that first comes to mind” (Frederick, 2005, p. 35). According to Frederick (2005, p.27), “The 

three items on the CRT are “easy” in the sense that their solution is easily understood when 

explained, yet reaching the correct answer often requires the suppression of an erroneous 

answer that springs “impulsively to mind”. This first impression regarding the difficulty to 

suppress intuitive responses is consistent with the high rate of errors reported by Frederick: 

just 17% of the respondent sample (selected from top American universities) solved the three 

CRT questions correctly. Is there any reason for this behavior? Why do students from some 

of the best American universities commit this amount of errors in three trivial math 

problems? Frederick (2005, p.27) reported that “when asked to judge problem difficulty (by 

estimating the proportion of other respondents who would correctly solve them), respondents 

who missed the problems thought they were easier than the respondents who solved them”. Is 

there any effect of perception of difficulty on CRT results? Is there any difference on 

information processing that leads respondents to these CRT errors? 

 

To address those questions, which are important to understand the interaction between 

intuition, information processing and reason on decision making, we will look at the effect of 

perception of difficulty, accessibility and different information processing trajectories, 

namely the processing fluency construct (for a revision, see Schwarz, 2004), on CRT results. 

Previous research has found that processing fluency, manipulated by displaying CRT 

problems in two different types of print fonts, has a statistically significant effect on the rate 

of errors committed by CRT respondents (Alter et al, 2007). In the present study we 

manipulate the fluency of the CRT data input parameters, in order to produce distinct 

metacognitive experiences of ease and difficulty with which the answers can be brought to 
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mind and processed. We show that the fluency of CRT input parameters (numbers 

magnitude) has an effect on the reported CRT high rate of errors. 

 

2. Accessibility, Processing Fluency and Priming 
 

Accessibility, “the ease (or effort) with which particular mental contents come to mind”, is a 

central concept in the analysis of intuitive judgments and preferences (Kahneman, 2003, 

p.699). Yet, according to Kahneman (2003, p.699), “the determinants of accessibility 

subsume the notions of stimulus salience, selective attention, specific training, associative 

activation, and priming.” Judgment of difficulty of a decision making situation is influenced 

by the individual expertise and familiarity of the context. The Cuban World Chess Champion 

José Raoul Capablanca once remarked about his personal, subjective, experience: ‘‘I know at 

sight what a position contains. What could happen? What is going to happen? You figure it 

out, I know it!’’ In another occasion, talking about the numerous possibilities that less-skilled 

players usually consider on each board position, he bluntly remarked: ‘‘I see only one move: 

The best one.’’ Perhaps the reader may think that Capablanca was quite simply being 

arrogant. But there is evidence to the contrary, that expert decision-makers actually are biased 

towards very high quality choices. We believe that, in fact, Capablanca was telling us an 

important fact about expert human psychology and decision-making, which would later be 

documented in recognition-primed decision studies (see Klein, 1999). 

 

The concept of accessibility is related to the availability heuristic concept, which proposes 

that individuals estimate the frequency or probability of an event “by the ease with which 

instances or associations could be brought to mind” (Tversky and Kanheman, 1973, p.208). 

In fact, the second concept can be explained as a function of the first one, since the 



  18 

availability heuristic is based on an assessment of accessibility of instances or associations 

that comes to mind (Kahneman, 2003). Both concepts are concerned whether specific 

contents retrieval to mind are easier or harder. 

 

Schwarz and Vaughn (2002) showed that the concept of availability gives rise from two 

distinct sources of information: the recalled content and the experience of ease of recall. 

According to Schwarz (2004, p.337), “there is more to think than what comes to mind”, i.e., 

in judgment tasks people tend to trust the recalled content whenever the accessibility 

experience seems uninformative for the task at hand. In the context of discount and 

augmentation effects, Schwarz (2004, p.343) declares that the “use of accessibility 

experiences is relatively automatic and effortless, whereas their disuse is deliberate”.  

Consistent with this claim, and regarding the accessibility combined effect of rapid and serial 

operations, Kahneman (2003, p.700) asserts that “accessibility is a continuum, not a 

dichotomy”. Another important concept associated with availability and accessibility is 

processing fluency, which is concerned to information processing traits, as defined below: 

 

“Whereas accessibility experiences pertain to the ease or difficulty with which information can 

be recalled or relevant thoughts can be generated, processing fluency pertains to the ease or 

difficulty with which new, external information can be processed.” (Schwarz, 2004). 

 

Processing fluency is an automatic source of information that has an effect on intuitive 

judgment tasks. Fluently processed stimuli are judged as more familiar and elicit a more 

positive affective response than a disfluently one (Song and Schwarz, 2009). As a result of its 

automaticity, individuals can not realize that the outcomes of a judgment were due to the 

processing fluency of the stimuli (Schwarz, 2004). Previous research has shown evidence that 

processing fluency serves as a positive experiential basis for judgments of preferences, liking 

and beauty (Winkielman, Schwarz, Fazendeiro, & Reber, 2003; Winkielman, Schwarz, Reber, 
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& Fazendeiro, 2003), judgments of risk (Alter and Oppenheimer, 2006; Song and Schwarz, 

2009), and for judgments of truth. For example people are more likely to endorse a statement 

as true when the color in which it is printed makes it easy rather than difficult to read (Reber 

& Schwarz, 1999; Werth and Strack, 2003),  or when the words rhyme (McGlone & 

Tofighbakhsh, 2000). 

 

A similar unconscious outcome is produced by priming mechanisms. Klein (1999) proposed 

a model of recognition-primed decision, in which experienced decision-makers would find 

themselves immersed in complex situations and rapidly take adequate courses of action. 

Decision-makers would rapidly perceive cues from any situation and retrieve from episodic 

memory similar situations (Tulving, 1983), which would bring assessments, diagnoses and 

plausible courses of action. Because priming mechanisms are automatic and unconscious 

(Bargh and Chartrand 1999, Bargh et al. 2001), these decision-makers reported doing "the 

obvious" action in different situations. This "obvious" course of action, Klein proposes, is 

brought from long-term episodic memory by priming mechanisms. Hence, decision-makers 

would not be selecting among distinct alternatives, but rather simply performing the 

automatically-provided action. It’s a plausible explanation to imagine that the high rate of 

errors found by Frederick (2005) on CRT results was mediated by processing fluency of the 

stimuli and by priming mechanisms and that the erroneous CRT responses (10, 100 and 24 

for CRT #1, #2 and #3 respectively) are brought to mind automatically and unconsciously as 

an “obvious” course of action. 

 

In the terminology of Stanovich and West (2000; 2002), the cognitive operations that are fast, 

parallel, effortless, associative and emotionally charged are called system 1 (referred to 

intuition), while the cognitive operations that are serial, controlled, effortful, slow and 
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deductive are denominated system 2 (referred to reason). Kahneman and Frederick (2002) 

used the CRT #1 – “bat and a ball” problem – to suggest that the cognitive self-monitoring of 

system 2 over system 1 is quite light, and many system 1 erroneous judgments are endorsed 

by system 2, which was supposed to be the situation in the CRT high rate of errors reported 

by Frederick (2005). Consistent with this proposition, Bargh and Chartrand (1999, p.476) 

state that “to consciously and willfully regulate ones own behavior, evaluations, decisions 

and emotional states requires considerable effort and is relatively slow.” Alter et al. (2007) 

shed light on what activates system 2, showing evidence that people engage in more 

systematic processing when facing difficulty or disfluency while reasoning than those that did 

not. In the experiment #1, Alter et al. (2007) asked participants to answer the three CRT 

problems in two types of fonts, one difficult-to-read (disfluent treatment) and other easy-to-

read (fluent treatment). As predicted, participants answered correctly more CRT questions in 

the disfluent treatment, i.e, they engaged in analytic processing to overcome their intuitions. 

 

By definition, the Cognitive Reflection Test is founded on the same automaticity that 

characterizes the concepts of accessibility, priming and processing fluency, and for this 

motive, it is reasonable to expect that these four constructs have some kind of interaction. We 

use an approach similar to that of Alter et al. (2007) in the present study, varying the fluency 

and difficulty of CRT numerical parameters, and we propose to test the supposed interaction 

between cognitive reflection, accessibility, priming and processing fluency through  the set of 

hypotheses below: 

 

 

Hypothesis 1: subjects do not perceive the CRTs as hard problems. 
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Hypothesis 2: there are differences in perception of difficulty between those who give the 

correct response for CRTs and those who give the erroneous responses. 

 

Hypothesis 3: there are differences in the perception of difficulty of CRTs when varying 

processing fluency of the numerical parameters for each problem. 

 

Hypothesis 4: the rational (disfluent) treatment will lead respondents to engage in more 

systematic processing, resulting on a high rate of correct answers for CRT problems. 

 

Hypothesis 5: the intuitive (fluent) treatment will lead respondents to trust their intuition, 

resulting on a high rate of incorrect answers for CRT problems. 

 

Hypothesis 6: there will be a high rate of system 1 errors, the impulsive ones (10, 100 and 

24 for CRT #1, #2 and #3 respectively), for the intuitive (fluent) treatment. 

 

In this study we use perception of difficulty as a proxy of accessibility and processing fluency. 

 

3. Method 
 

Overview 

  

The purpose of this experiment is to investigate the motives for the high percentage of errors 

on Cognitive Reflection Tests and the high frequency of incorrect “intuitive” answers (10, 

100 and 24 for CRT #1, #2 and #3 respectively) found by Frederick (2005). Accessibility of 

numerical parameters and the influence of perception of difficulty of each question seem to 
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betray CRT respondents.  Frederick (2005) reported that respondents who missed the 

problems thought they were easier than the respondents who solved them, and that 

respondents do much better on analogous problems that invite more computation. Following 

those clues, the idea of this study was to dig deeper in understanding the reasons for this 

behavior. In order to do that, basically, respondents were asked to solve three different 

versions of CRT (intuitive1, trivial and rational) and after that to asses the level of difficulty 

of each problem in a Likert-type scale of five points (1 – very easy; 5 – very difficult).  

  

Participants 

  

Participants were 275 (148 men, 127 women, mean age 20.74 years) undergraduate and M.Sc 

students of the Brazilian School of Business and Public Administration (FGV) and of 

Salvador University who participated voluntarily in the experiment.  

  

Materials and Manipulations 

  

To manipulate the magnitude (accessibility and processing fluency) of the numbers, three 

dissimilar questionnaires were elaborated using different CRT versions (intuitive, trivial and 

rational).  Each questionnaire was composed by one intuitive CRT question, one trivial and 

one rational, in a way that respondents answered only one version of each CRT question. 

Therefore the same respondent served as control group for one question and treatment group 

for the other ones. We used a between-subject design (Table 2.1 displays the treatments), 

where participants were randomly assigned to each of the three questionnaires (Q1, n = 98; 

Q2, n = 91; Q3, n = 86). Subjects who had missed values were eliminated. The CRT 

                                                 
1 We call “intuitive” the standard CRT version that served as a control group. 
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questions were intercalated with three Bongard Problems (Bongard, 1970; Linhares, 2000), 

visual classification problems, in order to avoid respondents perception of the question 

patterns and hence anticipation of the real objective of the study (triggering System 2). 

 

Table 2.1. Summary of treatments 

CRT Control (intuitive) Treatment 1 ( rational) Treatment 2 (trivial) 

#1 [1.10]; [1.0] [3.90]; [1.70] [0.03]; [0.01] 

#2 [20]; [20]; [20]; [5]; [5]   [3]; [8]; [12]; [7]; [2] [2]; [20]; [2]; [5]; [20] 

#3 [48]; [half] [17]; [one quarter] [2]; [half] 

CRT#1. A bat and a ball cost ____ in total. The bat costs ____ more than the ball. 

             How much does the ball cost? ___ cents 

CRT#2. If it takes ___ machines ____ minutes to make ____ widgets, how long would it take 

               ____ machines to make ____ widgets? _____ minutes 

CRT#3. In a lake, there is a patch of lily pads. Every day, the patch doubles in size. 

             If it takes ____ days for the patch to cover the entire lake, how long would it take for  the patch to cover ____ of the 

lake? _____ days 

 

Procedure 

  

Participants were told that the researchers were conducting an experiment regarding the level 

of difficulty of some specific problems. They were asked to individually fill out some 

demographic information, to solve the questions and to indicate in a five-point (1–very easy; 

5–very difficult) Likert-type scale the level of difficulty of each of the Bongard and CRT 

problems. To minimize suspicion and avoid bias, participants were told that there were no 

“deceptions or tricks” and that their honest opinion concerning problem’s difficulty was 

needed.  

  

In the beginning of the questionnaire, participants read an instructions paragraph explaining 

the objectives of the experiment and the scale to be used. Upon completion of the study, 

participants were debriefed. 
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4. Results and Analysis 
 

Table 2.2. Distribution of CRT answers 

Question Correct Impulsive Other 

CRT #1 - Bat and a Ball 8.25% 43.30% 48.45% 

CRT #2 - Widgets 53.70% 31.70% 14.60% 

CRT#3 - Lily Pads 43.68% 42.53% 13.79% 

 

 

To analyze Hypothesis 1, which states that subjects perceive CRTs as easy problems, we 

performed a t test to verify whether the perception of difficulty variable differs significantly 

for the scale mean point (3 – reasonable) just for the original (intuitive) version of CRT. The 

results support this hypothesis for the three CRT problems:  #1, N = 96, Mean = 2.04 versus 

3.0, t(95) = -10.11, p = 0.000;  #2,  N = 79, Mean = 2.44 versus 3.0, t(78) = -5.49, p = 0.000; 

#3, N = 90, Mean = 2.56 versus 3.0, t(89) = -3.46, p = 0.001. These results support the idea 

that the CRTs are familiar problems that demand low computation and for this reason 

possibly their “answers” supposedly quickly jump to mind, eliciting the sensation of low 

difficulty for the problems, despite the high rate of errors (91.75%; 46.34%; 56.32% for CRT 

#1, #2 and #3 respectively). 

 

Table 2.3. Descriptive Results 

Intuitive Rational Trivial 
CRT 

Mp 
N 

valid 
% 

Correct 
% 

Errors Mp N valid 
% 

Correct 
% 

Errors Mp 
N 

valid 
% 

Correct 
% 

Errors 

Perception 2.04 96    2.14 85   1.72 85   #1 

Answer     8.25 91.75     80.00 20.00     92.85 7.15 
#2 Perception 2.44 79    2.39 96   1.67 89   

  Answer     53.66 46.34     73.95 26.05     91.01 8.99 

Perception 2.56 90    2.82 79   2.35 92   #3 

Answer     43.68 56.32     41.25 58.75     84.21 15.79 
Notes: “Mp” refers to the perception of difficulty mean, “N valid” represents the number of valid observations, “% Correct” 

refers to the percentage of correct answers, and “% Errors” refers to the percentage of erroneous answers. Intuitive, Rational 

and Trivial are the three treatments groups used on the experiment. 
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To understand the effect of perception of difficulty on CRT results, we tested the intuitive 

version of CRT for differences in perception between those who gave the correct response 

and those who gave the erroneous ones (Hypothesis 2). We used perception of difficulty as a 

dependent variable and erroneous versus correct answers as a blocking factor. The results did 

not support Hypothesis 2 for any CRT problem: #1, correct (Mean = 1.50, SD = 0.756) 

versus erroneous (Mean = 2.09, SD = 0.930), t(94) = -1.74, p = 0.085;  #2, correct (Mean = 

2.52, SD = 0.890) versus erroneous (Mean = 2.35, SD = 0.919), t(77) = 0.846, p = 0.400; 

correct (Mean = 2.50, SD = 1.113) versus erroneous (Mean = 2.49, SD = 1.244), t(85) = 

0.039, p = 0.969. It means that CRT perception of difficulty does not vary between groups of 

subjects who gave correct or erroneous answers for each question. As we are using 

perception of difficulty as a proxy for information accessibility and fluency, another 

interpretation for these results is that does not seem to be much difference in data 

accessibility and fluency between those who gave correct or wrong answers for each CRT 

problem.  

 

Hypothesis 3 predicts that the magnitude of the numbers and processing fluency has an effect 

on the perception of difficulty of CRT problems. To test this hypothesis we used a one-way 

ANOVA for the three treatment groups presented in Table 2.1 (intuitive, trivial and rational), 

and used the perception of difficulty of each CRT problem as dependent variable. As 

expected, the magnitude of the numbers showed a main effect on perception of difficulty for 

all three problems. For CRT #1, the treatments were perceived accordingly, trivial (Mean = 

1.72) as easier, rational (Mean = 2.14) as harder and intuitive (Mean = 2.04) as intermediate, 

F(2, 263) = 4.86, p < 0.01. Scheffé post hoc test indicated the trivial and rational as two clear 

groups, and the intuitive one as non-well defined group. In CRT #2, the intuitive treatment 

was perceived as more difficult than the rational one, while the trivial was perceived as easier 
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(MeanTrivial = 1.67, MeanRational = 2.39, MeanIntuitive = 2.44, F(2, 261) = 16.11, p < 0.001). The 

same post hoc test indicated just two groups as well – trivial and the others (rational and 

intuitive). In CRT #3 the behavior was similar to CRT#1 regarding the perception of 

difficulty for each treatment (MeanTrivial = 2.35, MeanIntuitive = 2.56, MeanRational = 2.82, F(2, 

258) = 3.50, p < 0.05) and relating to post hoc test. It seems that processing fluency, 

accessibility and familiarity of the numbers influence the perception of difficulty of each 

problem, yielding different perception for the same problem (same structure) based on the 

magnitude of the input parameters.  

 

Consistent with Alter et al. (2007) the perception of difficulty and information disfluency 

seems to lead respondents to overcome their intuitions and engage in systematic processing, 

once the rate of correct answers for the rational treatment was higher than the intuitive one 

for CRT #1 and #2 (80% versus 8.25% and 73.95% versus 53.66%, respectively). This 

pattern was not replicated in CRT #3, where the rate of correct answers for the rational 

treatment was lower than the intuitive one (41.25% versus 43.68%). These results partially 

supported Hypothesis 4, which predicted that the rational treatment would motivate 

respondents to a more analytical problem solving, leading them to a high rate of correct 

responses.  As expected, the rate of correct responses for the trivial treatment was the highest. 

 

In the other hand, the standard CRT (fluent treatment) led respondents to believe in their 

intuitions, resulting on a higher rate of incorrect answers than the rational treatment for CRT 

#1 and #2 problems, partially supporting Hypothesis 5 (91.75% versus 20% and 46.34% 

versus 26.05%, respectively). As happened for Hypothesis 4, this pattern was not replicated 

in CRT #3, where the rate of incorrect answers for the intuitive treatment was lower than the 
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rational one (56.32% versus 58.75%). As expected, the rate of incorrect responses for the 

trivial treatment was the lowest. 

 

Regarding the rate of impulsive errors in the standard CRT, as reported in Table 2.2, for the 

overall respondents 43.30%, 31.70%, 42.53% committed the intuitive error in CRTs #1, #2 

and #3 respectively against 48.45%, 14.60% and 13.79% for other errors. This result supports 

Hypothesis 6, which predicted that would have a high rate of system 1 errors, the impulsive 

ones (10, 100 and 24 for CRT #1, #2 and #3 respectively), for the intuitive (fluent) treatment. 

Oechssler et al. (2009) also found a similar distribution of errors in the CRT answers. 

 

 

5. General Discussion 
 

In the present study we show that: 

 

(i) Subjects do not perceive Cognitive Reflection Test as hard problems; 

(ii)  There are no statistically significant differences in perception of difficulty 

between those who give the correct response for CRTs and those who give 

erroneous ones; 

(iii)  There are differences in the perception of difficulty of CRTs when varying 

processing fluency (numbers magnitude) of the data input parameters for each 

problem; 

(iv) The rational (disfluent) treatment, defined by using numbers with imprecise 

magnitude as input parameters, led respondents to engage in more systematic 

processing, resulting on a high rate of correct answers for CRT problems; 
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(v) The intuitive (fluent) treatment, defined by using the standard CRT, led 

respondents to believe in their intuitions, resulting on a high rate of incorrect 

answers for CRT problems; 

(vi) There was a high rate of system 1 errors, the impulsive ones (10, 100 and 24 for 

CRT #1, #2 and #3 respectively), for the intuitive (fluent) treatment. 

 

Some of these results replicate previous research regarding Cognitive Reflection Test 

respondents’ behavior like the perception of CRT as easy problems, the high rate of errors in 

general and the high rate of system 1 errors (Frederick, 2005; Alter et al, 2007; Oechssler et 

al 2009), both in the standard version of CRT. On the other hand, the statistically 

insignificant difference in perception of difficulty between those who give the correct 

response for CRTs and those who give erroneous ones is not consistent with Frederick (2005) 

findings. Maybe this result was due to differences in the test method, since Frederick (2005) 

asked participants to estimate the proportion of other respondents who would correctly solve 

the CRTs, while we directly measured the perception of difficulty of the own respondent. 

 

We manipulated the fluency of the CRT numerical parameters, resulting in differences of 

perception of difficulty and in a higher rate of correct answers, i.e., respondents engaged in 

more systematic processing when faced with disfluent numbers. These results together are 

consistent with the effects of fluency on decision making, and are novel in the sense that, in 

general, fluency has been manipulated by subtle cues like print fonts, phonemically complex 

words, facial feedback manipulations, but, as far as we are aware of, never by using their 

numbers magnitude. In the terminology of Oppenheimer (2008), these findings suggest there 

is a kind of combined effect of retrieval and conceptual fluency involved in numerical 

magnitudes.  
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According to Oppenheimer (2008, p.240), fluency can influence judgment and decision 

making “by altering how information is represented and the operations that are performed on 

those representations”, i.e., fluency can activate a specific system of reasoning. Moreover, 

Alter et al. (2007, p.569) states that “Understanding when System 2 reasoning is likely to be 

used is therefore critical for understanding human judgment and decision making.” 

Accordingly we showed that numbers processing fluency has an effect on the perception of 

difficulty and on the rate of correct responses of CRT problems, consequently it seems that 

numbers magnitude serves as a cue to activate the System 2 reasoning. This advance is 

important, since few studies have been done in the study of numbers fluency on decision 

making. 

 

It’s very interesting to realize that fluency can influence judgment and decision making in 

various different ways. Consider CRT problem #2: “If it takes 5 machines 5 minutes to make 

5 widgets, how long would it take 100 machines to make 100 widgets?” Consider, now, a 

variation of the problem: “If it takes 9 women 9 months to give birth to 9 babies, how long 

would it take 100 women to give birth to 100 babies?” (Frederick 2005). In this second 

variation, of course, nobody should reply 100 months. Yet, they are, in essence, the same 

problem. So what is the differing feature of the cases? The fluency of the pregnancy situation 

helps us to overcome our intuitions and represent the problem in a way that avoids us to 

answer the wrong response. In fact, studies are advancing towards a better understanding of 

the cognitive mechanisms underlying judgment and decision making, but their subtleties 

assure us that we have a long way ahead of us. 
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For further research, it is interesting to investigate these effects on management in daily 

situations regarding numbers fluency magnitude treatment associated, for example, with 

accounting, financial and marketing decisions. Specifically, we see consumer behavior as a 

field with great potential to be influenced by processing fluency effects, and consequently is 

worth of academic investigation. 
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CHAPTER 3 
 

Managerial Algorithmics: framing effects on computational complexity 

 

 

 

 

 

 

 

1. Introduction 
 

How are strategic management problems conceptualized and dealt with?  When, and how, do 

managers decide to change a problem’s definition and structure?  Which insights from the 

cognitive and the computational sciences can lead us to more precise theories of managerial 

problem selection, formulation, and strategic choice?  These questions may be amongst the 

deepest ones facing strategic management, administration science, economic theory, and, on 

a broader philosophical scale, human rationality itself. In this work, we make a first 

experiment concerning a new theory of managerial problem selection and formulation:  

Managerial Algorithmics, a cognitive model of choice grounded in computational complexity 

theory (Moldoveanu, 2009a, 2009b).  Our objective is to test some of its premises and refine 

the theory, highlighting some promising avenues for further research.  

 

A brief outline of computational complexity is required. Computational complexity brings 

forth a framework for the precise classification of computational problems.  Some problems 

are easy, i.e., they are known to be solvable efficiently (informally: their worst-case running 

time remains under polynomial-time growth as a function of input size—see Garey and 
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Johnson, 1979). More complex problems are thought to require exponential time as a 

function of the input.  These two classes are respectively referred to as P and NP, and it is 

widely believed—though there is no accepted proof—that P is a proper subset of NP.  If that 

is true, then the hardest problems in NP are virtually intractable, as input size grows.  These 

problems are called NP-complete (when in binary decision form) or NP-hard (when in 

optimization form).  A precise mathematical formulation of these classes includes 

abstractions such as indeterministic machines, an infinite tape, an oracle that always tells the 

truth, and other mathematical objects that should not concern us here.  The theory is sound 

and it is important. The interested reader is referred to the classic introductory text of Garey 

and Johnson (1979)2, or to Papadimitriou (1994) for a more formal treatment.   

 

Managerial Algorithmics is a new research programme with a “model of cognitive choices 

that managers implicitly make among alternative problem complexity classes” (Moldoveanu, 

2009a, p. 737).  The model states that managers “prefer to conceptualize their predicaments 

in terms of P-hard problems over conceptualizing them in terms of NP-hard problems” (p. 

738)3. There is audacity in the theory; for it stands in contrast to Simon’s “satisficing model”, 

in which managers (and organizations) may approach computationally complex tasks, but 

with no strict demand for an optimum solution.  Simon coined his portmanteau of “satisfy” 

and “suffice”, satisficing, to contrast with the term widely used by management scientists: 

optimizing (Simon 1978).  Managerial Algorithmics, on the other hand, poses that managers 

                                                 
2 There are additional classes, such as EXPTIME or EXPSPACE which exhibit much higher complexity than 
NP-hard problems.  There are also problems that are simply incomputable (or undecidable), more on this below. 
3 It is hard to know precisely what is meant by “P-hard” in the original Managerial Algorithmics paper.  The 
first use of “P-hard”, by Sahni (1974), meant exactly what we currently call “NP-hard”.  "P-hard" cannot be 
analogous to "P-Complete" either, because a problem in the NC hierarchy may not be “P-hard” (while being 
solvable in polynomial time—see Cook 1985).  Given that a definition of "P-hard" in the original Managerial 
Algorithmics paper is lacking, we take it to mean "any problem in P for which a polynomial-time algorithm has 
been found".  We substitute, thus, the use of the term “P-hard” by the term “tractable”, while retaining “P-hard” 
when in quotes.   
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prefer tractable problems over NP-hard problems, with four possible reasons for the 

preference (Moldoveanu 2009a, p. 758—759):  

 

(i) Managers may not be “adequately trained in solving NP-hard problems”; 

(ii)  Managers may “develop an intuition for identifying and avoiding intractable 

problems”;   

(iii)  Managers might have a “mal-adaptive and nonresponsive fear of computational 

complexity”; or 

(iv) Managers may be “super-rational in the sense that they make cognitive choices on 

expected-net-present-value basis, choosing to solve NP-hard problems when 

salient decision variables are few in number (and computational costs are 

manageable) and switch to P-hard problem statements for situations in which 

salient variables are numerous”.   

 

As students of both computational complexity and cognitive science, we find the link 

between the fields seriously worthy of investigation.  The outline of this work is as follows:  

In section two, we develop six hypotheses with which to test some underlying premises of 

Managerial Algorithmics.  In section three, we present materials and methods used in the 

study; followed by results in section four.  Given the data obtained, section five refines 

Managerial Algorithmics theory, by proposing that focus should shift to Analysis of 

Algorithms, as opposed to Computational Complexity, and outlining some promising avenues 

for further research.  
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2. An empirical test of Managerial Algorithmics  
 
Do managers exhibit a “preference for P-hard problems over NP-hard problems”? This is an 

empirical question, and it presupposes that managers can discern between different problem 

complexity classes, the key hypothesis tested herein. Given our previous work in both the 

fields of computational complexity, studying the NP-hardness of industrial problems 

(Linhares and Yanasse 2002, Linhares 2009); and in cognitive science, studying strategic 

thought and abstract vision through psychological experiments and cognitive modeling 

(Linhares 2005, Linhares 2008, Linhares and Brum 2007, Linhares and Brum 2009, Linhares 

and Freitas 2009), we believe that an empirical experiment is warranted. 

 

In order to develop some ideas that can be tested and contrasted to with the ideas of 

Managerial Algorithmics, a trace of background may be valuable: we have been working on 

Hofstadter’s “computational temperature model” of problem formulation and solution, 

wherein one gradually develops an understanding of a scenario; this understanding is 

generally tied to some potential courses of action; and there can be fast changes in 

perspective if attempts at that course of action seem fruitless (Hofstadter and FARG, 1995). 

 

Hofstadter’s model involves what we call connotations: subliminar thoughts, perceptions, and 

neuromotor behavior active in any point in time.  Hofstadter is perhaps the principal scholar 

to have crossed the chasm between computer scientists trying to model cognitive decision-

making and those working in philosophical psychology—by developing the Fluid Concepts 

computational models (Hofstadter and FARG, 1995).  There are many contrasts between 

Hofstadter’s model and traditional approaches to modeling human cognition, but we will be 

concerned here mostly with the notion of connotations.  Consider, to take a simple but 

illuminating example, Hofstadter’s insightful remark on the representation of the number 2:  
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[A model of an intelligent machine] “will represent the number 2 not just by the two 

bits ‘10’, but as a full-fledged concept the way we do, replete with associations such as 

its homonyms ‘too’ and ‘to’, the words ‘couple’ and ‘deuce’, a host of mental images 

such as dots on dominos, the shape of the numeral ‘2’, the notions of alternation, 

evenness, oddness, and on and on...” (Hofstadter 1979, p. 678, reprinted in 1999). 

 

Connotations have brought significant advances to economic theory on the last decades.  An 

essential aspect of the concept of rationality is the principle of invariance (Tversky and 

Kahneman, 1986), which assumes that preferences are not affected by variations of irrelevant 

features of options or outcomes. However, Tversky and Kahneman (1981) posed that a risky 

prospect can be framed or described in different ways, for example as gains versus losses, 

yielding different associations and evaluations for the same situation, and violating the 

principle of invariance. The Asian disease problem is a classical example of violation of 

invariance due to framing effects. 

  

The Asian Disease Problem 

Imagine that the United States is preparing for the outbreak of an unusual Asian 

disease, which is expected to kill 600 people. Two alternative programs to combat the 

disease have been proposed.  Assume that the exact scientific estimates of the 

consequences of the programs are as follows: 

If Program A is adopted, 200 people will be saved.  (72%) 

If Program B is adopted, there is a one-third probability that 600 people will be saved 

and a two-thirds probability that no people will be saved.  (28%) 

Which one of the two programs would you favor? 
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In this version of the problem, a substantial majority of respondents favor Program A, 

indicating risk aversion.  Other respondents, selected at random, receive the mathematically-

equivalent manipulation: 

  

If Program C is adopted, 400 people will die.   (22%) 

If Program D is adopted, there is a one-third probability that nobody will die and a 

two-thirds probability that 600 people will die.    (78%) 

  

The majority of respondents now favors program D, the risk-seeking option.  The 

connotations of the words “die” versus “people saved” are extremely significant in the 

subjective, first-person point-of-view, sense.  These are not exercises restrained to university 

labs.  Connotations form part of the politician’s toolbox. In the 1970s, the Brazilian Amazon 

policy was referred to as “Integrar para não entregar” (a pun, meaning that the forest should 

be populated, or integrated, to avert foreign invasion, or surrendered).  Such an easy-to-

remember nationalistic slogan brought widespread acceptance to policies such as (i) the 

creation of BR-163 and BR-230 roads, and (ii) the dislocation of over 20 million people to 

the forest, ultimately causing colossal deforestation.  As the weekly The Economist (June 11 

2009) put it: “[from satellites…] the southern part of Pará state looks as if someone has 

dropped large fish skeletons on the jungle, as spines of deforestation push into the trees from 

either side of the roads”.  To this date, Brazilian weekly news sources still consider the forest 

under imminent threat of invasion.  

 

Or consider finally more well-known (and better debated) examples, such as “Accounting by 

Fair Value”, “Patriot act”, or “Tax Relief” (Lakoff, 1990).  One cannot argue against such 
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connotation-loaded policies without surrendering to an inferior moral position: who could be 

against any form of “relief”, or who could support accounting by “unfair values”?  

 

Words matter.  Their connotations shape our perception of problems and, by consequence, 

our predispositions towards strategic choices. 

 

Examples such as these have led to the idea of connotation theory: the cognition of managers 

(in fact, of all humans) should be deeply affected by the connotations involved in the words, 

in the phrasings, tones-of-voice, etc., of each particular situation (Linhares 2008).  The 

intuition of managers would lie in their ability to rapidly converge, from the multiple 

connotations cognitively active, to the state that is most appropriate, given the manager’s past 

experience (Linhares and Freitas, 2009). This theoretical position would predict that humans 

would see complexity with connotations associated with (i) high-stakes situations (large 

amounts of money, high responsibility, and life-or-death scenarios), (ii) time-pressured 

situations, and (iii) low-control situations (high oversight, social pressure, resource scarcity, 

etc.). Let us call these, by analogy to computational complexity theory, as hard connotations.    

 

Managerial Algorithmics predicts that subjects would view NP-hard problems as more 

complex than computationally easy problems—enabling, therefore, a preference for easy 

problems, whereas connotation theory would predict that managers should observe cues such 

as stress and high-stakes situations as intrinsically harder, irrespective to the computational 

complexity involved in tasks.  According to connotation theory, computationally complex 

tasks might be perceived as easy or trivial, should they involve low stakes scenarios; while a 

high-stakes situation involving even the simplest of computational problems (defined strictly 

by its innate complexity) would be perceived as more complex and demanding of managerial 
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attention.  The predictions of the connotation-theory model can be contrasted with the 

predictions of Managerial Algorithmics, and enable us to propose and to test experimentally 

the following set of hypotheses:  

 

Hypothesis 1: managers and non-managers can distinguish computationally complex NP-

hard problems from computationally tractable tasks. 

 

Hypothesis 2: there are significant differences between managers and non-managers in 

regards to their abilities to discern the computational complexity of problems. 

 

Hypothesis 3: given the exact same computational problem, presented through different 

connotations, managers and non-managers can identify the similarity in their complexity. 

 

Hypothesis 4: subjects can correctly distinguish an incomputable problem as harder than 

computable NP-hard problems. 

 

Hypothesis 5:  given computationally complex NP-hard problems with “easy connotations”, 

and computationally easy problems with “hard connotations”, subjects classify their 

complexity through their complexity rather than through the connotations involved. 

 

Hypothesis 6: even if presented in sequence, given the same managerial setting and the same 

complexity class, subjects can classify problems complexity irrespective to their connotations.  

 

Rejection of these hypotheses seems plausible, as even bestselling books have fallen prey to 

the trickeries involved in computational complexity: Goldratt and Cox (1992; see also 
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Blackstone 2001) suggest, for example, that to optimize production in a facility under 

constraints, managers should prioritize items with higher throughput per constraint time.  

This does not necessarily lead to the optimum solution, as we have recently found out, for the 

problem is NP-hard (Linhares 2009).  There are also numerous cases in which complexity 

has remained an open problem for decades (Garey and Johnson 1979). 

 

We may now present the material and methods involved in the investigation of these 

hypotheses.  

 

3. Method 
  

Overview 

  

The purpose of this experiment is to test some premises of managerial algorithmics, i.e, that 

managers prefer to engage in solving tractable problems over NP-hard problems. In order to 

study that, seven scenarios were constructed using three classes of computational complexity 

problems (tractable, NP-hard and Incomputable) in a way that manipulated the connotations 

involved:  for example, some computationally simple problems were framed with hard 

connotations (life-and-death decisions, high-stake situations, deadlines, stress), and 

computationally difficult problems were framed as low-stakes or high-control situations. 

Respondents were asked to indicate in a seven-point Likert-type scale the level of complexity 

of each of the seven problems4. To investigate if there are differences in complexity 

                                                 
4 No formal definition of complexity was given to subjects, due to the following reasons:  first, there is a 
tradeoff between respecting real managerial nature and respecting the abstract constructions of computational 
complexity theory. Is it reasonable to expect managers to be aware of abstractions such as Turing machines, 
Stephen Cook's theorem, polynomial and exponential growth, worst-case bounds, Richard Karp's proofs, Big-O 
notation, polynomial-time reducibility structures and proofs, and so on and so forth? We find that unlikely: as 
managers live in a context in which decisions must be made at a fast pace in which these structures are not the 
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perception between managers and non-managers, managerial experience was used as a 

blocking factor (i.e., groups of managers, versus non-managers/students). As a final 

manipulation, in the end of the experiment, respondents were asked to construct a problem 

rank in inverse order of complexity. 

  

Participants 

  

Participants were 73 (54 men, 19 women, mean age 28,43 years) undergraduate, M.Sc. and 

International M.Sc. students of the Brazilian School of Business and Public Administration 

(FGV) who participated voluntarily in the experiment5. The M.Sc. students with no 

managerial experience were eliminated from the sample. Therefore, demographics for the 

group of managers was (N = 36; 26 men and 10 women, mean age 35,05; mean professional 

experience 13,8 years); and for the group of non-managers was (N = 37; 28 men and 9 

women; mean age 22; mean professional experience 0,84 year). 

  

Materials and Manipulations 

  

Seven scenarios were constructed using three categories of computation problems: One 

incomputable problem, five NP-hard computable problems and one tractable problem. The 

                                                                                                                                                        
highest priority (Mintzberg 1968). A proper, unambiguous, definition of tractable and NP-hard problems 
demands all these mathematical constructs and therefore does not reflect the furious pace of work in real 
managerial settings (Mintzberg 1968). Finally, a skeptical reader might argue that “time-complexity” would be a 
better description, but that still would not respect computational complexity. Computational complexity is much 
more vast than the time-complexity disparity between the P and NP classes might imply:  consider, for example, 
the NC hierarchy or the PSPACE class, which concern parallelization and space complexity, respectively.   
5 The school is considered the 1st in Management and the 3rd among all academic areas in all of Brazil, 
according to the Brazilian Ministry of Education’s 2008 Report), suggesting that respondents may have a higher 
than average performance than those in other Brazilian institutions.  We strongly conjecture that these results 
hold both in industry and world-class universities (apart from subjects trained particularly in the theory and 
mathematical proofs of NP-Completeness).  We invite readers to rank problems before looking at their 
computational complexity. 
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problem statements used, alongside problem definitions, complexity and references are 

shown in Table 3.1.   

Table 3.1. Decision making scenarios. 
Problem statement Comments on computational 

structure  
References 

A: You are the head of a world-renowned lab, working 
on a secret project.  You have received the following 
information:  “Professor, we are having difficulties in 
solving a problem.  We have a computer program, 
called ALPHA, that is taking too long to run.  We need 
you to develop a second program that will tell us how 
long ALPHA will take to conclude its processing.  
Your program will receive ALPHA’s code and input 
data. Unfortunately, program ALPHA is top-secret and 
we cannot inform you what it does.  All we need is to 
know how long ALPHA will take to conclude 
processing.” You have US$4.6 million to hire the best 
programmers and lease (or buy) supercomputers, 
should you wish so.  You have complete and absolute 
freedom to select the team, equipment involved, and 
how to manage the project.  Nobody is authorized to 
interfere with your choices. 

It is impossible to compute whether a 
given program P working on a given 
input I will ever terminate.  This is 
beyond the ability of computation.  
Computational complexity 
researchers do not even consider 
these issues—they belong to the 
field of computability.  

Known as the 
Halting problem:  
Undecidable (or 
incomputable).  
NP-hard problems 
are computable 
and have 
complexity of an 
infinitely lower 
scale than this one. 
(Turing 1936) 

B: You walk into a toy store, and are suddenly 
awarded with their lucky winner prize!  At first you 
don't believe it, but you have really won a very large 
amount of money to spend however you wish.  The 
only rule is that you spend all the money, with no 
change left. 

Given a set S of integers, and a 
number T, is there a subset of S 
(prices) whose sum is exactly T 
(prize)? (integers can be obtained 
from currency by multiplying by 
100). 

Subset sum 
problem: NP-hard 
(Karp 1972) 

C: You are a new 6-month UN intern, and you've been 
ask to arrange a large oval table in which 
representatives from many countries will seat next to 
each other.  You are given a list of countries that have 
waged war against each other and your instructions are 
to "Do not let any two countries that have fought wars 
against each other seat side by side".  You are also 
asked to develop a procedure for future interns to avoid 
this uncomfortable situation. 

Given a graph G=(V,E), find a 
sequence of traversing the graph that 
visits each vertex exactly once.  
(Nations map to vertices; edges link 
the nations that have never waged 
war against each other). 

Hamiltonian cycle: 
NP-hard (Garey 
and Johnson 1979) 

D: You are the head of the Apollo 13 mission, 
launched in April 11th 1970 to the Moon. However, 
two days later an explosion has deteriorated the 
spaceship, and it is returning to Earth.  The spaceship 
lost most of its energy supply and it could lose it all.  It 
is up to you to solve this problem and save the 
astronauts from death.  Each type of equipment, when 
turned on, wastes an amount of energy that depends on 
the equipment previously turned on.  You know the 
corresponding amounts and you must find a sequence 
of turning the machines on that does not empty the 
spaceship's energy. You have the entire NASA team at 
your disposal.  The whole world is watching and 
knows the astronauts will die if you don't succeed.  
Time is running out. 

Given a complete weighted graph 
G=(V,E,f), with f:E�R, find a 
minimum weight Hamiltonian path. 
(Vertices correspond to equipment, 
weight of edges measure energy 
expenditure between the 
equipments). 

Weighted 
Hamiltonian Path 
(transformable 
also to Traveling 
Salesman Problem 
with additional 
city having zero 
distance to all 
others): NP-hard 
(Gutin & Punnen 
2002) 

E: You are the head of the Apollo 13 mission, and you 
were responsible for successfully bringing back the 
astronauts alive.  For budgetary planning for future 
missions, and also for personal curiosity, you would 
like to find out the sequence (of turning the machines 
on) that would waste the maximum possible energy. 

Given a complete weighted graph 
G=(V,E,f), with f:E�R, find a 
maximum weight Hamiltonian path. 
(Vertices correspond to equipment, 
weight of edges measure energy 
expenditure). 

Taxicab Ripoff 
problem, or 
Maximum TSP: 
NP-hard (Gutin & 
Punnen 2002) 

F: You are the chief economist of a twenty-six billion 
dollar fund. Your responsibilities are to apply the 
Capital Asset Pricing Model (CAPM) and the 
mathematical formula of Nobel Laureates Black and 
Scholes (1973).  You have no control of the prices in 

Computable in polynomial time. P-hard, discussed 
previously in 
(Moldoveanu 
2009a); Black and 
Scholes (1973) 
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your portfolio: They fluctuate at the whim of the 
market and can change on a heartbeat, and you have to 
report results to the CEO and board of directors every 
week. 
G: You have to fire people in order to cut your 
personnel budget in a specified amount of the order of 
many millions of dollars.  If you do not cut the 
specified amount in one week, you will lose your job.  
If you cut more than the specified amount, the unions 
will also ask the CEO for your job. 

Given a set S of integers, and a 
number T, is there a subset of S 
(salaries) whose sum is exactly T 
(amount specified)? (integers can be 
obtained from currency by 
multiplying by 100) 

Subset sum 
problem: NP-hard 
(Karp 1972) 

 

 To manipulate the problems level of complexity, the computationally simple problem F was 

framed with hard connotations (high-stake situations, low control, deadlines, stress), and 

computationally demanding problems like B, C and E were framed through easy connotations 

(as low stake situations). Problem A is much harder than any problem in any complexity 

class; it is incomputable, or undecidable (Turing 1936): while NP-hard (and even more 

complex) problems are computable, Problem A simply is not.  Managerial Algorithmics 

presupposes that subjects would be able to perceive computationally complex problems as 

more challenging than computationally easy ones, therefore managers should have the ability 

to perceive the real structure of the problems, irrespective to framing and connotations 

manipulations–addressing Hypotheses 1, 2, 4 and 5.  Our approach is rather like Kahneman’s 

test of the invariance principle. 

  

To assess the impact of hard connotations and framing effects in the exact same 

computationally complex problem (Hypothesis 3), problems B and G (NP-hard problems 

known as Subset Sum, a special case of Knapsack) were framed in opposite ways; the first 

one through easy connotations, and the last one through hard connotations. The same was 

conducted in problems D and E, within the managerial context of the well-known Apollo 13 

mission. Problem D is known as weighted Hamiltonian path; problem E is known as the 

“taxicab ripoff problem” (also “maximum TSP”). Since both are NP-hard, this manipulation 
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can show us whether or not connotations do indeed interfere in problem complexity, even 

when problems are presented in sequence (Hypothesis 6). 

  

Procedure 

  

Participants were told that the researchers were conducting an experiment regarding the level 

of complexity of some specific decision-making scenarios. They were asked to individually 

fill out some demographic information, to indicate in a seven-point (1–very easy; 7–very 

difficult 6) Likert-type scale the level of complexity of each of the seven scenarios, and at the 

end to rank problems in inverse order of difficulty. To minimize suspicion and avoid bias, 

participants were told that there were no “deceptions or tricks” and that their honest opinion 

concerning problem complexity was needed (the additional ranking manipulation also 

checked for bias and lack of understanding of the task).  

  

The questionnaires were administered in regular classes of undergraduate, M.Sc., and 

International M.Sc. courses on management of FGV during the month of June, 2009. In an 

initial part of the questionnaire, participants read an instructions paragraph explaining the 

objectives of the experiment and the scale to be used. Upon completion of the study, 

participants were debriefed. 

  

4. Results 
 

To analyze the data, nonparametric tests were used, which are robust against normality 

violations, given that the results of Shapiro-Wilk and Kolmogorov-Smirnov normality tests 

                                                 
6 The terms “easy” and “difficult” here refer to “computationally easy” or “computationally hard”, respectively. 
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rejected the null hypothesis for 6 out of 7 problems. For the first task, the Mann-Whitney test 

(Mann and Whitney, 1947) and Wilcoxon Signed Ranks test (Wilcoxon, 1945) were used, 

while, for the second task, Friedman (1937) and Kendall’s W test (Kendall and Smith, 1939) 

were chosen. 

 

Table 3.2.  Average problem level of complexity for Managers vs Non-Managers  

Non-Managers Managers Mann-Whitney Test  Difficulty 

Level N = 37 N = 36 (Two-sided ) 

Problems Median Mean SD Median Mean SD 

Managers vs Non-

Managers 

A 4,00 4,27 1,61 3,00 3,67 1,84 p  =  0,138* 

B 2,00 1,86 1,00 1,00 1,61 0,99 p =  0,202* 

C 3,00 3,00 1,51 3,00 3,11 1,56 p =  0,718* 

D 6,00 5,81 1,22 6,00 5,78 1,49 p =  0,786* 

E 4,00 3,76 1,50 3,00 3,50 1,80 p =  0,719* 

F 6,00 5,43 1,14 5,00 4,67 1,72 p =  0,062* 

G 5,00 4,76 1,40 4,50 4,53 1,86 p =  0,662* 

* p > 0,05 

 

 

Table 3.2 presents average problem level of difficulty and the Mann-Whitney test for 

managers and non-managers. Managers considered Problem F (Tractable) as difficult (MeanF 

= 4,67), Problem A (halting problem, Incomputable, hardest of all) as easy (MeanA = 3,67), 

Problem C (Hamiltonian Cycle – NP-hard) as easy (MeanC = 3,11), Problems B and G (both 

subset sum, NP-hard) as easy (MeanB = 1,61) and as difficult (MeanG = 4,53), respectively. 

Problem D (Weighted Hamiltonian Path, NP-hard) and Problem E (Taxicab Ripoff, NP-

hard) were described using the same managerial context and presented in sequence, but the 

first one was perceived by managers as difficult (MeanD = 5,78), while the last one as easy 

(MeanE = 3,50). As will be presented in the next paragraphs, Wilcoxon Signed Ranks test 
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account for significant differences between the means of all problems. The non-managers 

group’s perception of complexity was similar. These results reject hypothesis 1, that 

managers (and non-managers) can distinguish computationally complex NP-hard problems 

from computationally tractable problems. The comparison between managers and non-

managers using a two-sided Mann–Whitney test showed no significant differences (p > 0,05) 

for any problem (Problem A, p  =  0,138; Problem B, p  =  0,202; Problem C, p  =  0,718; 

Problem D, p  =  0,786; Problem E, p  =  0,719; Problem F, p  =  0,062; Problem G, p  =  

0,662). These results reject hypothesis 2, i.e, there are no significant differences between 

managers and non-managers in regards to their abilities to discern the computational 

complexity of problems.  

  

To test the second task, a construction of a rank in an inverse order of complexity level, a 

Friedman test was used, a kind of analysis of variance based on medians rather than means. 

As hypothesis 2 had been rejected, the whole sample was used together in the second task 

analysis. The null hypothesis that all the ranks are the same was rejected (χ
2 = 213,717; df = 

6; p = 0,000). It means that the ranks elaborated by the respondents were consistent, so the 

differences on each problem rank were significant. To check the level of concordance for the 

elaborated rank, a Kendall’s W test was used. The null hypothesis of no agreement was 

rejected (Kendall’s W = 0,488; p = 0,000). The coefficient of concordance ranges from 0 (no 

agreement) to 1 (complete agreement), so the result suggests the rank level of concordance 

was medium. 
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Table 3.3. Friedman and Kendall tests – mean ranks (N = 73) 

Mean Rank Kendall Test Friedman Test 

Rank D 1,81 

Rank F 2,95 

Rank G 3,33 

p = 0,000* p = 0,000* 

Rank A 3,96  

Rank E 4,31  

Rank C 5,29 

W = 0,488**  

 

Rank B 6,36   

* p < 0,01 

** Kendall’s coefficient of concordance 

 

Table 3.3 displays the final rank as a result of the experiment second task. Problems B and G 

had the same computational complexity (both are subset sum, NP-hard) and were framed in 

opposite ways, the first through easy connotations whereas the second was presented through 

hard connotations. The treatment was effective: Problem G was seen as the third most 

complex and Problem B as the seventh. The problems’ difference in level of complexity were 

consistent also by Wilcoxon7 Signed Ranks test  (MeanB = 1,74 – easy vs MeanG = 4,64 – 

hard; Wilcoxon Signed Ranks test, p = 0,000). These results reject hypothesis 3, i.e, given the 

exact same computational problem, presented through different connotations, managers (and 

non-managers) cannot classify their complexity in the same class. 

 

Problem A (halting problem, Incomputable) was considered by the respondents the fourth 

hardest, after Problem D (Weighted Hamiltonian Path, NP-hard), the first one, Problem F 

(tractable), the second one, and Problem G (subset sum, NP-hard), the third one. The 

problems’ level of difficulty (MeanA = 3,97 – easy vs MeanD = 5,78 – hard, Wilcoxon Signed 

Ranks test, p = 0,000; MeanA = 3,97 – easy vs MeanF = 5,05 – hard, Wilcoxon Signed Ranks 

                                                 
7 A two-tailed Wilcoxon Signed Ranks test was used to check for differences between problems level of 
complexity (p < 0,05). 
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test, p = 0,000; MeanA = 3,97 – easy vs MeanG = 4,64 – hard; Wilcoxon Signed Ranks test, p 

= 0,019) were consistent with the ranks. These results reject hypothesis 4 that subjects can 

correctly distinguish an Incomputable problem as harder than computable NP-hard problems. 

Hypothesis 5 was rejected also: Problem F, computationally, the easiest one, was perceived as 

difficult (MeanF = 5,05 – hard), indeed it was classified as harder than four NP-hard 

problems (G, E, C, B) and even harder than the incomputable problem (A). The differences in 

level of difficulty were significant (MeanF = 5,05 – difficult vs MeanG = 4,64 – hard, 

Wilcoxon Signed Ranks test, p = 0,044; MeanF = 5,05 – hard vs MeanE = 3,63 – easy, 

Wilcoxon Signed Ranks test, p = 0,000; MeanF = 5,05 – hard vs MeanC = 3,05 – easy, 

Wilcoxon Signed Ranks test, p = 0,000; MeanF = 5,05 – hard vs MeanB = 1,74 – easy, 

Wilcoxon Signed Ranks test, p = 0,000; MeanF = 5,05 – hard vs MeanA = 3,97 – easy, 

Wilcoxon Signed Ranks test, p = 0,000). The results clearly suggest that, given 

computationally complex NP-hard problems with “easy connotations”, and computationally 

easy problems with “hard connotations”, subjects classify their complexity through the 

connotations involved rather than through a computational complexity lens. 

 

Problems D and E, both NP-hard, were presented in sequence and described in the same 

context, the first one as a high-stakes scenario and the last one as a stable scenario. Their 

ranks were different, subjects considered Problem D as the hardest and Problem E as only the 

fifth one in the rank. The same occurred in the level of difficulty (MeanD = 5,79 – hard vs 

MeanE = 3,63 – easy, Wilcoxon Signed Ranks test, p = 0,000). Such results rejected 

hypothesis 6, i.e, even if presented in sequence, given the same managerial setting and the 

same complexity class, subjects classify problems’ complexity through their connotations. 
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5. Conclusion 
 
In this first empirical test of Managerial Algorithmics, we show specifically that: 

(i) Managers cannot distinguish computationally complex NP-hard problems from 

computationally tractable problems;  

(ii)  There are no significant differences between managers and non-managers in 

regards to their abilities to discern the computational complexity of problems; 

(iii)  Given the exact same computational problem, presented through different 

connotations, managers (and non-managers) cannot classify their complexity in 

the same class; 

(iv) Subjects cannot correctly distinguish an Incomputable problem as harder than NP-

hard problems; 

(v) Given computationally complex NP-hard problems with “easy connotations”, and 

computationally easy problems with “hard connotations”, subjects classify their 

complexity through the connotations involved rather than through the 

computational demands; and finally that; 

(vi) Even if presented in sequence, given the same managerial setting and the same 

complexity class, subjects classify problems complexity through their 

connotations. 

 

These are negative results for the presupposition that managers may “prefer to conceptualize 

their predicaments in terms of P-hard problems over conceptualizing them in terms of NP-

hard problems” (Moldoveanu 2009a, p. 738). Yet there are plenty of provocative 

observations in Moldoveanu (2009a) that demand proper explanation—and herein may rest a 

promising avenue for research on Managerial Algorithmics: the high number of managerial 
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problems in which he has argued that are dealt with through low computational demands is of 

interest and may indeed require further study. 

 

One crucial point is this:  Computational complexity studies the intrinsic nature of problems, 

regardless of the solution method attempted at their solution.   A common misconception in 

the literature is the notion that Computational Complexity is the study of solution methods.  

Consider an NP-hard problem, such as subset-sum.  It can be approached by branch and 

bound methods, greedy algorithms, genetic algorithms, tabu search, neural networks, GRASP, 

and a host of other methods. Each of these methods has its own particular computational 

demands, in both worst-case scenarios and average-case scenarios. The performance study of 

particular solution methods is confined to the related field of Analysis of Algorithms.  But 

NP-completeness, after proved, is a finding orthogonal to the computational demand of each 

approach.   

 

Suppose a manager has to solve an NP-Hard problem akin to the TSP, like the Apollo 13 

mission had. How can they “interpret their predicaments in terms of a different problem”? By 

not applying themselves to the exact nature of the problem, the mission would have been a 

failure.  Managers may, of course, choose their solution methods (The Apollo 13 mission 

could have used thousands of different methods to find good solutions to their NP-hard 

problem). But managers cannot choose to change or ignore the exact nature of the problems 

they face.  This is why we state that focus must be shifted from "Computational complexity" 

(the study of properties of problems) to "Analysis of algorithms" (the study of properties of 

solution methods).   
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Quotes such as “A precise way to characterize problem statements is by examining the 

algorithms that generate satisfactory solutions to them” (Moldoveanu 2009b, p.58) conflates 

these two separate areas into one.  For example, take the TSP (or any NP-Hard problem).  

Their defining characteristic is that there is no algorithm that generates a satisfactory 

solution to it. Does this mean there is no precise way to characterize the TSP problem 

statement?  Hardly at all; the problem can be characterized and its complexity computed 

without having any satisfactory algorithm for it.   If Managerial Algorithms is to turn into a 

promising research area, focus must be shifted from the study of properties of problems 

("Computational complexity") to the study of properties of solution methods ("Analysis of 

algorithms"). 

 

Managers may not be able to distinguish between computational complexity classes and 

reframe problems accordingly; yet, they still have a host of available cognitive approaches. 

For the TSP, for example, Graham et al (2000) found out that subjects use hierarchical 

representations in their approach to small Euclidean TSPs (less than 50 cities).  

 

A promising avenue of study is brought by Hofstadter’s concept of the parallel terraced scan 

(Hofstadter and FARG, 1995).  It is nothing short of a detailed, empirically refutable, 

psychologically plausible computational model on how problems are continuously reframed 

in one’s mind. In this theory, a cognitive variable of temperature both provides feedback on 

the quality and aesthetics of a possible solution and as to whether reframing should be 

attempted.  Hofstadter and colleagues proposed cogent explanations not only to the reframing 

of problems, but also to the ubiquitous ability of analogy-making (Hofstadter 2001), in which 

links amongst previously distant semantic concepts are discovered, a topic that is increasingly 

relevant for strategic management (Gavetti et al, 2005).  We believe this is a fruitful line of 
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enquiry; to better understand them we are extending these cognitive models of problem 

reframing and analogy-making to a simple strategic interaction scenario: the game of chess 

(Linhares, 2005; 2010; Linhares and Brum, 2007; 2009; Freitas and Linhares, 2009). 

 

Finally, Hofstadter’s concept of temperature might be able to account for human intuition.  

Numerous scholars have studied how managerial intuition is a crucial cognitive ability 

involved in both fast decision-making and in the rapid judgment of the merits of strategic 

choices (Mintzberg, 1968; Klein, 1999). In problems in which a manager’s exhibits large 

experience, temperature should drop rapidly and a solution be achieved through fast 

computation. But intuition is sometimes deceiving: a sudden temperature drop might also 

explain some of our heuristics and biases involved in, for example, the cognitive reflection 

tests (Kahneman, 2003, Frederick, 2005, Silva and Linhares, 2007). One thing is certain:  

Managers have a striking ability to not only solve problems and to reframe them when 

necessary, but also to solve them faster and faster as more experience with similar problems 

is acquired.  This provides tight constraints on the types of algorithmic architecture we must 

study:  computation time must be inversely correlated to experience acquired in the problem 

domain.   

 

When do managers reframe problems?  Which variables influence such reframing?  Which 

variables influence managers’ choice to attend to particular problems, de-prioritizing others?  

Managerial Algorithmics is an ambitious line of research in some of the deepest questions in 

strategic management. In this work, we show that managers are unable to distinguish 

computationally complex problems from computationally easy ones. Despite these negative 

results, our proposal is of a constructive nature and we suggest that the theory can be refined 

in three ways:  (i) first, by moving focus from the field of Computational Complexity to the 
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field of Analysis of Algorithms; (ii) Secondly, by considering the connotations involved in a 

problem’s presentation; (iii) finally, by considering the types of approaches involved in 

models such as Hofstadter’s, which might account for problem reframing, managerial 

intuition, and the ability to find opportunities through analogies and through the perception of 

promising avenues in the exploration of a shifting landscape. Paradoxically, by letting the 

presuppositions of computational complexity aside, much may be gained in Managerial 

Algorithmics Theory. 
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CHAPTER 4 
 

A New Evolutionary Approach to Shelf Space Allocation Problem 

 

 

 

1. Introduction 
 

Managing shelf space is a critical issue for retailers, for many reasons: i) in a supermarket, all 

products offered are exposed and the product has to sell itself (Hansen and Heinsbroek, 

1979); ii) product location has a large impact on sales (Dreze et al, 1994); iii) retailers can 

decrease cost and increase profit by managing shelves well (Hwang et al, 2005); iv) retailers 

can raise consumer satisfaction by reducing the likelihood of out of stock products (Fancher, 

1991;Lim et al, 2004); v) there is consumer attention deviation relating to products, due to the 

height level of the shelf (Nierop et al, 2008); vi) “an attractive layout of the products could 

increase impulse purchases” (Bai, 2005. p. 2); vii) “in the present competitive market, the 

inventory/stock is decoratively displayed through electronic media to attract the customers 

and thus to push the sale” (Maiti and Maiti, 2006, p. 327); vii) “although the average size of a 

store has continued to increase, it has not kept pace with the overwhelming number of new 

product introductions” (Borin et al, 1994, p. 359); viii) managing shelf space well demands 

mixed strategies that combine low-cost with differentiation, potentially resulting in a 

retailer’s significantly improved financial performance (Yang and Chen, 1999; Helms et al. 

1992). 

 



  54 

The task of managing shelf space means the selection of which products to stock (assortment) 

and how much shelf-space to allocate those products (Borin et al, 1994). This problem is far 

from easy. Given the rising variety of products and the scarceness of shelf space on retail 

stores, the complexity of the equation escalates.  This problem can be modeled as a well 

known NP-hard problem named multi-constrained knapsack problem (Anderson and Amato, 

1974; Martelo and Totti, 1990; Yang, 2001). The knapsack problem has many applications 

like cargo loading, project selection, processor allocation in distributed system, cutting stock 

or capital budgeting. In its simplest form, the knapsack problem (also known as the burglar 

problem) can be described as follow: 1) the burglar is given a knapsack, that has a weight 

limit; 2) he has to carry some items; 3) each item has a determined value; 4) the goal is to 

choose the collection of items which result in a maximum value and respect the limit capacity 

of the knapsack. If we have n items, m knapsacks and w capacities, we get a multi-

constrained knapsack problem. The Shelf Space Allocation Problem (SSAP) is similar to the 

multi-constrained knapsack problem, since the SSAP aim is to get the maximum profit by 

allocating n products in m shelves, respecting the capacity limit of the shelves.   

 

Scholars are obviously aware of the importance in managing shelf space and many 

optimization methods, such as Simulated Annealing, Geometric Programming, Nonlinear 

Programming, Integer Programming, Tabu Search, Squeaky Wheel Optimization, Greedy 

Search Approach and Genetic Algorithm (GA) have been used to solve the SSAP (see Table 

4.1 for a summary).  In this context, researchers have strived to deliver the best optimization 

model to support managing shelf space, although, given the significance of this topic to the 

success of a retailer, there are few academic studies in this subject. For example, Yang and 

Chen (1999) performed a comprehensive study on shelf space allocation and management 

and merely 12 references were cited, of which 5 date to the seventies. 



  55 

 

The SSAP is a NP-hard problem, therefore is very difficult to get the optimum solution via 

analytical approaches. For this reason methods that look for an approximate optimum 

solution via numerical optimization techniques like Genetic Algorithm play an important role 

in this context (Maiti and Maiti, 2006). Genetic Algorithms are search methods based on the 

Darwin’s ideas of natural selection and evolution. From an initial population of individuals, 

mutation and crossover operators are applied, producing offspring. The offspring which has 

the best fitness dominates the population, leading to a superior solution. The representation of 

a problem into chromosomes is a crucial part for a successful implementation of a GA. For 

solving the Shelf Space Allocation Problem, the binary representation, which decision 

variables representing assortment of products are a collection of bits (genes) 1s and 0s have 

been proved to be suitable (Urban, 1998; Hwang et al, 2005). This kind of implementation 

was the GA representation originally conceived by John Holland (1975), when developed the 

theoretical foundations of this field. 

 

In the present study we propose a new Genetic Algorithm representation based in order for 

solving the SSAP, which chromosomes are selection order of products, that are transformed 

into binary product assortment decision variables.  The Shelf Space Allocation Problem is 

modeled as a multi-constrained knapsack. The heuristic has been illustrated numerically by 

three randomly generated instances of SSAP. Computational results are compared against 

two standard Genetic Algorithms with binary representation. The first one utilizes a rejecting 

strategy to handle constraints, which infeasible solutions are discarded, and the other a 

penalizing strategy, that infeasible solutions generating a penalty to be subtracted from the 

objective function. The proposed Order Based GA for solving the SSAP outperforms the two 

binaries GAs, showing the order representation to be more appropriate for this problem. 
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2. Summary of Previous SSAP Models 
 

The initial studies approaching the shelf space importance for retailers are dated to the sixties 

and seventies, and their focus was basically to find out the shelf space impact on sales, 

instead of optimize the shelf layout (Brown and Tucker, 1961; Cox, 1970; Curhan, 1972). 

Anderson and Amato (1974) developed one of the first shelf space allocation optimization 

models, based on a Fixed Charge Problem heuristic, which simultaneously searched for the 

specific brands, amongst many, that should be displayed, and the amount of retail product-

display area that should be assigned to these brands, in order to maximize the retail 

institution's profit. Hansen and Heinsbroek (1979) proposed a similar model that takes into 

account space-elasticity of sales and requires a minimum shelf allocation for each product. 

Curhan (1972) defined space-elasticity of the sales as the ratio of relative change in unit sales 

to relative change in shelf space. Corstjens and Doyle (1981) were the first to propose a 

comprehensive shelf space allocation model that considered the interdependence between the 

main and cross-space elasticity demands and cost effects of the products. The model 

considered yet four sets of constraints: store capacity, availability, control of lower and upper 

bound limits, and non-negativity. Their model was solved using a geometric programming 

technique. 

 

Since then, many models have been developed in order to help managers improve financial 

performance of retailers (for a review, see Yang and Chen, 1999). Table 4.1 summarizes the 

four decades history of models and optimization techniques in the realm of shelf space 

allocation. Let us take a screening on the application of Genetic Algorithms to solve the 

SSAP. 
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Table 4.1. Shelf space allocation optimization papers 

Paper Shelf descriptors 
Estimated 
shelf  effects? Optimization method 

Maximum number of 
items in application 

Anderson and Amato (1974) Shelf Space No Heuristic+Fixed Charge 
Problem 

 

Hansen and Heinsbroek (1979) Shelf Space No Heuristic+Knapsack 24 

Corstjens and Doyle (1981) Shelf space Yes Geometric programming 5 (Product groups) 

Corstjens and Doyle (1983) Shelf space Yes None 4 (Fictitious products) 

Bultez and Naert (1988) Shelf space Yes Nonlinear programming 
heuristic 

20 

Drèze et al. (1994) Shelf space and shelf 
allocation 

Yes Integer programming 235 

Borin et al. (1994) Shelf space Yes Simulated Annealig 18 

Borin and Farris (1995)     

Urban (1998) Shelf Space No Greedy heuristic + 
Genetic Algorithm 

54 

Yang and Chen (1999) Shelf space and shelf 
number 

No Nonlinear integer 
programming 

6 

Yang (2001) Shelf space and shelf 
number 

No Heuristics+knapsack 10 

Lim et al. (2004) Shelf space and shelf 
number 

No Tabu search, Squeaky 
Wheel Optimization 

100 

Hwang et al. (2005) Shelf space and shelf 
location 

Yes Gradient Search 
Heuristic + Genetic 
Algorithm 

16 

Maiti and Maiti (2006) Shelf space Yes Contractive Mapping 
Genetic Algorithm 
(CMGA) 

5 

Nierop and Franses (2008) Shelf space and shelf 
location 

Yes Simulated Annealig 407 

This study Shelf Space and shelf 
number 

No Order-based Genetic 
Algorithm 

30 

Adapted and updated from Nierop and Franses (2008) 

 

Urban (1998) presented a shelf space allocation model that incorporates the effect of 

displayed inventory on demand. This model utilizes a combination of Greedy Heuristic and 

Genetic Algorithm. The GA implementation was quite basic, using profit maximization as 

objective function and a binary representation was used to stand for the product assortment 

combination decision variables, in a form of a vector string Z = (1, 0, 1 ,0, 0, 1), where 1 

means the product is included, and 0 means the product is excluded. Hwang et al (2005) 

developed an integrated shelf space allocation and inventory control model, based on a 
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combination of Greedy Heuristic and Genetic Algorithm. Again, in the GA implementation, 

the chromosome was encoded as a 1-0 binary string representing the product items selected, 

and the fitness (objective) function is the retailer’s total profit. Maiti and Maiti (2006) 

proposed a different approach to solve a shelf space allocation and multi-item inventory 

model of breakable items, where items are either complementary or substitute. They used a 

Contractive Mapping Genetic Algorithm (CMGA) technique to optimize the model. In this 

method, movement from old population to new population takes place only when average 

fitness of new population is better than the old one Michalewicz (1996). In the Maiti and 

Maiti (2006) model, the chromosome is represented by a ’K dimensional real vector’ X=(x1, 

x2, .... xK), where x1, x2, .... xK represent different decision variables of the problem such that 

constraints of the problem are satisfied. 

 

As far as we are aware of, the Genetic Algorithm approach presented in this study is original 

and different from previous approaches to the SSAP. As will be detailed ahead, the 

chromosome representation is the product selection order (a permutation list of products), 

which is decoded in a feasible solution binary string, representing the product assortment 

decision variables. Since the GA doesn’t search in the solution space, this kind of approach is 

called indirect GA or hyper-heuristic – in fact what evolves is a strategy that makes possible a 

construction of a good quality solution. 

 

3. Genetic Algorithms   
 

Genetic algorithms are search methods based on the Darwin’s ideas of natural selection and 

evolution. The seminal work that established the theoretical foundation of this method was 

developed by Holland (1975) and his students and colleagues at the University of Michigan 
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(Goldberg, 1989). From an initial population of individuals, an evolutionary process, i.e., 

reproduction by means of application of crossover and mutation operators, offspring are 

generated with hereditary material of his parents until the occurrence of  a “survival of the 

fittest individual”. In the context of optimization, individuals are candidate solutions and are 

encoded in a chromosome, that means a bit string representing decision variables. The fittest 

individual is in fact the best solution to a given problem – the objective function optimum. A 

standard procedure for a genetic algorithm is given below. 

 

procedure genetic_algorithm 

t = 0 ; first generation 

initialize P(t) ; generate an initial population; 

evaluate P(t); evaluate fitness of individuals in the population; 

repeat 

t = t + 1 ; next generation; 

select P(t) from P(t-1); select parents from the population; 

recombine P(t) ; mate parents to produce children; 

evaluate P(t) ; evaluate fitness of the children; 

until a satisfactory solution has been found. 

 

Encoding the problem representation into a chromosome is a crucial aspect for a successful 

implementation of a GA. A standard GA utilizes a finite-length bit string composed by 1s and 

0s in a form (X1, …, Xn). These bits encoded the decision variables of candidate solutions, 

which are the genetic material that will be recombined until the fittest individual has been 

found. The reproduction or recombination can be done through two basic operators: 

crossover and mutation. The first one exchanges genetic material of two parent chromosomes, 

producing offspring as a perfect recombination of the hereditary material. In order to produce 

offspring, the second operator performs a change in one or more bits of the chromosome 

according to a predefined probability called mutation rate.  
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Figure 4.1 Representation of binary chromosome 

j 1 2 3 4 5 ... n-1 n
x[j] 0 0 1 1 0 ... 1 0 

 

To deal with constrained optimization, as the Shelf Space Allocation Problem demands, the 

GA has to be able to handle constraints, given that it is very likely that genetic operators 

produce offspring chromosomes as infeasible solutions. Michalewicz (1996) developed  a 

classification of procedures that can be used to face the problem of infeasible solution in 

constrained problems: 

  

- rejecting strategy: infeasible solutions are discarded from the population of 

individuals; 

- repairing strategy: infeasible solutions are repaired and with some probability 

substitutes the original individual; 

- modification of genetic operators: utilizes specialized operators to maintain feasibility 

of individuals in the population; 

- penalizing strategy: determines a penalty to a chromosome proportionally to the 

degree of constraint violation – this penalty impacts the objective (fitness) function. 

 

In GAs, the function that evaluates fitness of individuals in the population search for the most 

apt chromosome for a given problem, i.e., that with maximum fitness. In general the fitness 

function is the objective function which the model desires to optimize. For the SSAP the 

fitness function is the retailer profit maximization. 
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Follow below the advantages of a GA, according to Maiti and Maiti (2006):  

(i) deal with continuous or discrete parameters; 

(ii) do not require derivative information; 

(iii) simultaneously search from a wide sampling of the cost function; 

(iv) deal with a large number of parameters; 

(v) are well suited for parallel computers; 

(vi) work with parameters having extremely complex surfaces; they can jump 

out of a local minima; 

(vii) provides a set of near-optimum solutions, not just a single solution; 

(viii) may encode the parameters so that the optimization is done with the 

encoded parameters; 

(ix) work with numerically generated data, experimental data or analytical 

functions. 

 

4. SSAP Model Formulation 
 

The Shelf Space Allocation problem is like a Multi-constrained Knapsack Problem, 

except for the policy constraints that can be implemented in the former. Our model 

description will be based on Yang’s (2001) model, considering the SSAP as a knapsack 

variant. A retailer has m shelves to display n product items determined by the product 

assortment decision. The length of shelf k is Tk and each face of product i is ai long.  The 

profit per facing of product i displayed on shelf k is pik which is assumed to be linear with 

xik, the allocated amount of product i on shelf k. The amount of facings of product i are set 

to be Qi. We don’t consider the constraints of minimum shelf allocation for each product, 

and the control of lower and upper bound either. In this study, the length of shelf k, Tk, is 
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defined as a number of standard product facings, correspondingly xik, the allocated 

amount of product i on shelf k, is given by the allocated quantity of standard product 

facings. The objective function to be optimized for is the entire profit of the retailer (P).  

 

 

subject to 

 

 

 

 

 

Nomenclature of the model parameters 

m number of shelves 

n number of products 

Tk the length of shelf k 

ai the length of each face of product i 

pik the profit per facing of product i displayed on shelf k 

Qi The amount of facings of product i 

xik the allocated amount of product i on shelf k 

P the entire profit of the retailer 

N the set of natural numbers 
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4.1 Solution Algorithm 
 

To solve the SSAP, an Order-based Genetic Algorithm is proposed, in which, instead of 

using a binary representation to choose the products for the assortment, the chromosome is 

formed by an ordered list of product selection. A decoder routine is responsible to translate 

the selection strategy into a binary string (1: product included; 0: product excluded), 

representing the product assortment decision variables. In this way, the permutation of the 

product items forms the GA search space. What’s interesting is that SSAP has shelf capacity 

constraints (Tk) which is not put in order requisites. For this reason, depending upon the work 

of the decoder routine, all generated solutions are feasible.  The model receives m , n, ai , pik, 

Qi, and Tk as data input parameters. The parameter Qi is global, i.e, a priori it’s not associated 

with a particular shelf. The amount of facings of product i to be allocated in one shelf k is 

calculated proportionally to the profit per facing of product i displayed on shelf k ( pik ). 

 

Representation. The chromosome is represented by a vector contained an ordinal list of each 

product in a form Z = { 1, 5, 10, 4, …, 7}, which means that the products allocations will 

occur in this order for each shelf. The evolution is based on the search for the best product 

allocation order contained in the fitness individual. 

 

Figure 4.2 Representation of an order based chromosome 

 

 

Initialization. The model receives m , n, ai , pik, Qi and Tk as data input parameters. All this 

values, except m and n, were randomly generated, as can be seen in Table 4.2. To simulate 
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realistic settings, the randomly generated instances of SSAP were defined with scarceness of 

shelf space. 

 

After the model receives the initialization parameters, some transformations are required: i) 

Qi is transformed in amount of standard product facings; ii) the amount of facings of product i 

to be allocated in one shelf k is calculated proportionally to the profit per facing of product i 

displayed on shelf k ( pik ). 

 

Regeneration principle. Instead of mate all individuals of a population at once, producing a 

whole new generation of offspring, our approach utilizes the steady-state strategy as 

generational replacement. In this technique only one individual is substituted at a time. 

 

Reproduction. Order-Based genetic algorithms need specialized reproduction operators, since 

a direct swap in an ordered list during a crossover recombination can produce illegal 

offspring. The same behavior can occur in a standard mutation operation. To avoid this 

behavior, we utilize order uniform crossover and mutation by rearrangement as the 

reproduction operators (Davis, 1991). The former selects genes randomly from one parent, 

finds their place in the other parent, and copies the remaining genes into the second parent in 

the same order as they appear in the first parent.  This preserves some of the sub-orderings in 

the original parents while creating some new sub-orderings. In the second operator, a new 

offspring is generated by swapping the positions of some genes in the chromosome.  The 

number of swaps performed is increased or decreased proportionately to the increase and 

decrease of the mutation rate setting – a range between 0 and 1.  
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Handling constraints. All individuals, products ordered list encoded in a chromosome, are 

feasible solutions, since there is no order constraint in the SSAP. The decoder routine is 

responsible for convert all generated offspring into feasible solutions. 

 

Decoder routine. For each generated individual, a decoder routine translates the product 

selection order into binary decision variables, representing product assortment, additionally 

respecting the capacity constraints of the shelves. 

 

decoder () 

For each item of the product ordered list do 

 Set the corresponding decision bit for 1 (product included); 

 For each shelf do 

Accumulates the equivalent amount of product facings reserved for this 

shelf; 

If  Accumulated amount of product facings violates shelf capacity 

constraint then  

Set the corresponding decision bit for 0 (product excluded); 

Exit For each; 

End If 

 End For each 

 If decision bit is equal 0 then 

  For each shelf do 

  remove the corresponding amount of product facings for the last step; 

  End For each 

 End If 

End For each 

return product assortment decision variables bit string; 

End. 
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Fitness function. As showed in the standard GA, the fitness function is calculated for each 

individual of the population and in the present model receives the value of the objective 

function. Our approach utilizes the entire profit of the retailer as the objective function (P). 

   

 

 

Outline of the algorithm. Additionally to the representation and the specialized operators, 

the main difference between the proposed order-based GA and the standard binary GA is the 

presence of the decoder subroutine. Below follows an outline of the algorithm showing the 

needed changes in the standard GA: 

  

procedure order_based_GA 

t = 0 ; first generation 

initialize P(t) ; generate an initial population; 

decoder(); decode the ordered list into a binary string decision variable; 

evaluate P(t); evaluate fitness of individuals in the population; 

repeat 

t = t + 1 ; next generation; 

select P(t) from P(t-1); select parents from the population; 

recombine P(t) ; mate parents to produce children; 

decoder(); decode the ordered list into a binary string decision variable; 

evaluate P(t) ; evaluate fitness of the children; 

until a satisfactory solution has been found. 

 

5. Computational Results and Analysis 
 

5.1. Method 
 

To test the efficiency of the proposed approach, randomly generated problems were solved. 

All generated problem instances of SSAP were elaborated with scarceness of shelf space in 
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order to simulate a realistic scenario. It’s important to outline that there is no benchmark 

instances of SSAP, since doesn’t have a definitive model to allocate shelf space (Lim et al, 

2004). The Order-Based GA results were compared against two standard GAs with binary 

representation. The first one utilizes a rejecting strategy to handle constraints, in which 

infeasible solutions are discarded, and the other a penalizing strategy, that infeasible solutions 

generating a penalty to be subtracted from the best profit. The penalty is calculated based on 

the difference between the total amount of standard facings allocated to product i on shelf k 

and the length of shelf k, Tk . In fact, the objective function of the Binary GA will be changed 

to reflect the penalty function effect in the best profit result, as follow: 

 

 

 

 

 

A total of 225 experiments (3 SSAP instances x 25 experiments x 3 heuristics) were 

performed. A normal distribution was used in the random function to ensure the problems 

generated by chance were general enough. Table 4.2 shows the parameterization explored 

and the Appendix A the proper SSAP used instance. Relating to the Genetic Algorithms 

parameters, after pre-test, mutation rate was set to 0.1, crossover rate to 0.5 and 1,000 

generations were used as a stop condition. Based on literature and in pre-test we selected 50 

as the initial population size. For example, Khuri et al (1994) solved successfully many 

Zero/One Multiple Knapsack Problems using initial population of 50 individuals. 
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Table 4.2. SSAP instance’s parameters values 
Parameter Value Range 
(n, m) (10,4), (15, 5), (30, 5)  
ai Random(0, 10)  
Li Random(0, 50)  
Tk Random(t1, t2) t1 = 300, 900                   

t2 = 500, 1200 
pik Random(0, 2)   
 

The greatest profit of the problem and the number of generations for the best solution of the 

heuristic were utilized as efficiency criteria of the proposed model. Despite the utilization of 

elapsed time to finish the simulation by many SSAP optimization papers as a quality criterion, 

we chose not to use it. The reason for this decision is the hardware infrastructure dependency 

that this metric has. Using the model number of generations to converge for the best result 

instead of CPU Time permit us to make comparisons of the proposed model between, for 

example, a PC based experiment and a distributed high performance computing simulation. 

In summary, this choice allows us to abstract the technological infrastructure, as well as 

present the proposed model in a more general form, which enables future research to compare 

and contrast results to those presented here in. 

 

It is important to state that the convergence for the best solution is the opposite for the well 

known concept of premature convergence in GA, which means the loss of genetic variation in 

the course of evolution, resulting in suboptimal solutions. According to Michalewicz (1996), 

the main reasons for the premature convergence to a local optimum are that the algorithm 

coding can move the GA to operate in a different search space from the expected, and the 

limited number of iterations and population size can preclude the GA to achieve sufficient 

diversity to produce optimum solutions. 
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5.2. Results and Analysis 

 

Table 4.3 shows detailed results for the 10 products x 4 shelves instance of SSAP. We can 

see that the Order-Based GA found the best profit result in all observations, whilst the 

standard Binary GA just found it occasionally and the Binary GA with Penalties didn’t find it 

in none of the 25 experiments. The number of generations needed to find the best solution 

was especially lower than the 1.000 generations stop condition in the largest part of the 

observations for the three heuristics. It means that the number of generations was sufficient 

for the good evolution of the proposed model, moreover the initial population size of 50 

individuals was enough as well. 

 

The best result for this instance was obtained in the twelfth experiment of the Order Based 

GA, in which the referred heuristic reached the greatest profit in the lowest generation. The 

worst one for this method was the sixteenth simulation that the model waits 120 generations 

to converge for the best solution. In the Binary GA with Rejecting Strategy, the best result 

was achieved in the sixth experiment. It could be seen that the former heuristic converged for 

the best profit 10 times faster than the last. The Binary GA with Penalties had the worst 

performance. 
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Table 4.3. SSAP : 10 products x  4 shelves    

 Order Based GA 
Binary GA - Rejecting 

Strategy 
Binary GA - Penalizing 

Strategy 
Experiment Gen. Time Result Gen. Time Result Gen. Time Result 

1 86 2 1241,48 299 2 1241,48 226 2 1373,73 
2 18 2 1241,48 247 4 1206,50 237 2 1373,73 
3 8 2 1241,48 228 2 1241,48 150 2 1373,73 
4 24 2 1241,48 111 2 1206,50 265 2 1373,73 
5 14 3 1241,48 216 2 1164,72 122 2 1373,73 
6 14 3 1241,48 69 2 1107,54 314 2 1373,73 
7 40 3 1241,48 151 2 1241,48 150 2 1373,73 
8 45 2 1241,48 156 2 1200,78 122 2 1373,73 
9 45 2 1241,48 192 2 1206,50 250 2 1373,73 

10 55 2 1241,48 157 2 1107,54 164 2 1373,73 
11 31 2 1241,48 120 2 1107,54 251 2 1373,73 
12 7 2 1241,48 214 2 1241,48 251 2 1373,73 
13 15 2 1241,48 541 2 1241,48 206 2 1373,73 
14 49 2 1241,48 931 3 1191,04 264 2 1373,73 
15 50 2 1241,48 696 2 1241,48 150 2 1373,73 
16 120 2 1241,48 206 7 1200,78 206 2 1373,73 
17 9 2 1241,48 114 2 1241,48 150 2 1373,73 
18 24 2 1241,48 218 2 1241,48 204 2 1373,73 
19 37 2 1241,48 699 2 1206,50 108 2 1373,73 
20 10 2 1241,48 160 2 1241,48 201 2 1373,73 
21 22 2 1241,48 155 2 1206,50 206 2 1373,73 
22 20 2 1241,48 105 2 1107,54 382 2 1373,73 
23 39 2 1241,48 178 2 1200,78 159 2 1373,73 
24 55 2 1241,48 139 2 1107,54 224 2 1373,73 
25 19 2 1241,48 212 2 1241,48 252 2 1373,73 

Notes: “Gen.” Column represents the number of generations to converge to the best solution, “Time” column represents the 

elapsed time in seconds to achieve the best solution, and “result” column corresponds to the best profit. 

 

It seems the 15 products x 5 shelves instance of SSAP was the most difficult problem for the 

three tested heuristics. The number of generations to converge for the best solution was a 

little higher if compared with the other two problem instances for all GAs. Again, the Order 

Based GA reached the greatest profit in all experiments, with the best result obtained in the 

generation 22 of the simulation 9. The binaries GAs also achieved the best solution, although 

the generation was higher than the obtained by Order Based GA for both methods.  
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Table 4.4. SSAP: 15 items x  5 shelves           

 Order Based GA 
Binary GA - Rejecting 

Strategy 
Binary GA - Penalizing 

Strategy 
Experiment Gen. Time(s) Result Gen. Time(s) Result Gen. Time(s) Result 

1 167 3 2463,80 434 2 2313,36 213 2 2367,38 
2 305 3 2463,80 188 2 2367,38 164 2 2463,80 
3 270 3 2463,80 335 2 2463,80 322 2 2406,20 
4 303 3 2463,80 156 2 2236,81 464 2 2406,20 
5 252 3 2463,80 510 2 2367,38 271 2 2463,80 
6 355 3 2463,80 195 2 2367,38 991 3 2262,43 
7 688 5 2463,80 771 2 2367,38 786 2 2436,09 
8 187 3 2463,80 277 2 2206,17 232 2 2463,80 
9 22 2 2463,80 245 2 2367,38 173 2 2313,36 

10 153 2 2463,80 269 2 2463,80 176 2 2463,80 
11 163 2 2463,80 327 2 2436,09 409 2 2436,09 
12 134 2 2463,80 860 3 2436,09 352 2 2214,79 
13 155 2 2463,80 242 2 2463,80 222 2 2340,25 
14 219 3 2463,80 259 2 2367,38 787 2 2463,80 
15 58 2 2463,80 245 2 2367,38 501 2 2436,09 
16 23 2 2463,80 302 2 2367,38 625 2 2436,09 
17 151 2 2463,80 267 2 2367,38 280 2 2463,80 
18 577 5 2463,80 753 2 2406,20 738 2 2141,10 
19 232 3 2463,80 226 2 2367,38 214 2 2463,80 
20 102 2 2463,80 260 2 2463,80 234 2 2406,20 
21 191 3 2463,80 242 2 2463,80 735 2 2436,09 
22 111 2 2463,80 262 2 2309,61 238 2 2436,09 
23 219 3 2463,80 214 2 2436,09 234 2 2463,80 
24 745 5 2463,80 301 2 2406,20 805 2 2367,38 
25 200 3 2463,80 172 2 2436,09 170 2 2236,81 

Notes: “Gen.” Column represents the number of generations to converge to the best solution, “Time” column represents the 

elapsed time in seconds to achieve the best solution, and “result” column corresponds to the best profit. 

 

In the largest randomly generated instance of SSAP, 30 products x 5 shelves, the Order Based 

GA didn’t reach the best profit in 2 out of 25 experiments. The proposed approach converged 

for the best solution in the eleventh generation. In the other hand, the Binaries GA just 

achieved the best result in 3 and 4 out of 25 experiments for the rejecting and penalty 

strategies respectively. These results suggested that for large instances of SSAP the 

difference in performance between the proposed approach and the two others heuristics is yet 

greater.  
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Table 4.5. SSAP: 30 products x  5 shelves           

 Order Based GA 
Binary GA - Rejecting 

Strategy 
Binary GA - Penalizing 

Strategy 
Experiment Gen. Time(s) Result Gen. Time(s) Result Gen. Time(s) Result 

1 94 2 5704,82 473 2 5678,43 700 3 5689,57 
2 45 2 5704,82 642 2 5689,57 646 2 5681,92 
3 81 2 5704,82 509 2 5704,82 580 2 5687,16 
4 60 2 5704,82 549 2 5689,57 487 2 5704,82 
5 80 2 5704,82 489 2 5693,75 632 3 5689,57 
6 74 2 5704,82 579 2 5672,41 487 2 5678,43 
7 87 2 5704,82 486 2 5653,98 899 3 5665,11 
8 98 2 5704,82 473 2 5693,75 674 3 5704,82 
9 55 2 5704,82 470 2 5681,92 458 2 5678,43 

10 30 2 5704,82 565 2 5678,43 479 2 5646,75 
11 109 3 5704,82 790 3 5704,82 516 2 5704,82 
12 138 3 5704,82 501 2 5693,75 493 2 5693,75 
13 243 4 5693,75 501 2 5687,16 473 2 5693,75 
14 39 2 5704,82 967 3 5689,57 501 2 5643,25 
15 92 2 5704,82 502 4 5693,75 726 3 5687,16 
16 17 2 5704,82 458 2 5704,82 627 2 5689,57 
17 148 8 5693,75 598 2 5693,75 452 2 5693,75 
18 71 2 5704,82 501 2 5672,18 414 2 5681,92 
19 118 3 5704,82 536 2 5672,18 402 2 5590,20 
20 11 2 5704,82 475 2 5693,75 487 2 5672,18 
21 77 2 5704,82 587 2 5687,16 544 2 5681,92 
22 277 4 5704,82 490 2 5693,75 563 2 5704,82 
23 150 3 5704,82 471 2 5681,92 461 2 5630,59 
24 91 2 5704,82 897 3 5681,92 502 2 5693,75 
25 95 3 5704,82 502 2 5667,71 504 2 5643,25 

Notes: “Gen.” Column represents the number of generations to converge to the best solution, “Time” column represents the 

elapsed time in seconds to achieve the best solution, and “result” column corresponds to the best profit 

 

In Figure 4.3, the convergence for the best solution comparisons between the three algorithms 

for every one instance of SSAP are illustrated.  In all tested instances, in average, the 

convergence of the Order-Based GA for the best profit was faster, showing the efficiency of 

this kind of representation in dealing with SSAP complexity. The main difference in this 

criterion between the heuristics could be seen in the largest problem, 30 products x 5 shelves, 

where in average the proposed approach was 5 to 6 times faster than the two others. 



  73 

 

Figure 4.3 GA Convergence Comparisons 
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Notes: The graphs present the best solution convergence comparison between the three algorithms. Generations are 

displayed on the y-axis, experiments are showed on the x-axis and the data series are the convergence for best solution. 
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Again, it seems the 15 products x 5 shelves instance of SSAP was the hardest one indistinctly 

for all experienced heuristic, since even the proposed heuristic took almost one thousand 

generations (745 generations on the experiment 24)  to converge for the best solution in one 

of the experiments. Additionally, in some executions, such as experiments 2 and 4, the Order-

Based GA was outperformed by the Binary GAs in the number of generations to converge for 

the best profit. Although, if we take into account the greatest profit criteria, it’s clear that the 

Order Based GA had the best performance in reaching the peak profit in 100% of the 

experiments as can be seen in Table 4.6. 

 

In the 10 products x 4 shelves instance of the SSAP, the Order-Based GA kept up with a 

significant difference in number of generations to converge for the best profit in relation to 

the others two tested heuristics. In the worst case, the convergence occurred in 120 

generations for the proposed heuristic against 931 and 382 generations for the Binary GA 

with rejecting strategy and for Binary GA with penalizing strategy respectively (see Table 4.3 

for more details). Analyzing the average, presented in Table 4.6, the efficiency distance is 

still greater: 34,24 for the proposed heuristic; 250,56 for Binary with rejecting and 208,56 for 

Binary with penalizing. For the profit criteria, the result is the same. The proposed heuristic 

reached the best profit 100% of the experiments, while the others arrived at the best profit 

below 50% of the times. 
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Table 4.6. Profit and Generation Analysis                             

  (n, m) (10, 4)  (15, 5)  (30, 5) 

Algorithm 
Avg 

Profit 
SD 

Profit 

% 
Best 

Result 
Avg 
Gen. 

SD 
Gen.   

Avg 
Profit 

SD 
Profit 

% Best 
Result 

Avg 
Gen. 

SD 
Gen.   

Avg 
Profit 

SD 
Profit 

% Best 
Result 

Avg 
Trial 

SD 
Gen. 

Order Based 1241,48 0,00 100% 34,24 26,28  2430,80 0,00 100% 239,28 183,5  5703,94 3,07 92% 95,20 61,62 
Binary with Rejecting 1197,72 50,56 40% 250,56 216,96  2382,62 67,77 28% 332,48 190,606  5686,19 12,27 12% 560,44 133,24 
Binary with Penalty 1373,37 0,00 0% 208,56 64,35   2391,56 91,01 32% 413,44 254,917   5677,25 27,40 16% 548,28 114,39 

Notes: the Profit and Generation Analysis Table shows a summary of the results obtained in the experiments related to the two criteria used for assessment of the algorithms quality. The “Avg 
Profit” column represents the mean profit, “SD Profit” column represents the profit standard deviation, “% Best Result” column represents the percentage of the experiments that the heuristic 
reached the best profit, “Avg Gen.” column corresponds to the mean number of generations to converge for the best profit, “SD Gen.” column stands for the generation standard deviation, and 
“(n, m)” line represents the set of problem instance composed by number of products and number of shelves, respectively. 
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Table 4.6 presented a summary of profit and generation analysis for the simulation. There 

were 73 out of 75 experiments where the Order Based GA reached the best solution: 100% of 

the cases for the first two SSAP instances and 92% of the simulations for the largest one. The 

two binaries GA had a poor performance finding the greatest profit, which means the 

proposed approach has a better accuracy. Result for the average profit show the same 

outcome, i.e., the Order Based GA was more efficient in reaching the best solution for all 

three instances of the problem. Average generation for each heuristic confirmed the behavior 

illustrated in Fig 4.3., which is the new presented approach converge faster for the best 

solution. The two criteria defined for the model assessment demonstrated that the Order 

Based GA outperforms the two Binaries GAs used as comparison methods. It suggests that 

the order based representation is more suitable than the binary to solve instances of the Shelf 

Space Allocation Problem. 

 

6. Conclusion 
 

An efficient allocation of limited shelf space by products that produce the maximum profit is 

one of the main goals of retail managers. For this reason, solving the NP-hard Shelf Space 

Allocation Problem is a critical issue for the success of retailing management. In this study, 

the SSAP was modeled as a Multi-constrained Knapsack Problem. An Order Based Genetic 

Algorithm, in which chromosomes are selection order of products that are transformed by a 

decoder function into binary product assortment decision variables, was proposed to solve the 

SSAP. As far as we are aware of, the Genetic Algorithm approach presented in this study is 

original and different from previous approaches to the SSAP. 
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The heuristic has been illustrated numerically by three randomly generated instances of SSAP. 

Computational results are compared against two standard Genetic Algorithms with binary 

representation. The first one utilized a rejecting strategy and the other a penalizing one to 

handle shelf space constraints. The proposed Order Based GA outperforms the two binaries 

GAs in the predefined assessment criteria (number of generations for the best solution and 

greatest profit), suggesting the order representation to be more suitable than the binary for 

solving the Shelf Space Allocation Problem. Another important distinctive feature of the 

presented approach is that it always generates feasible solutions, since the GA doesn’t search 

in the solution space, to which the constraints belong. In this case, what actually evolves is a 

strategy that makes possible a construction of high quality solutions. 

 

In further research, additional retailer management policies besides to others realistic settings 

can be incorporated to the model, such as the presence of complementary or substitute 

products, as well as integrate the model with the product demand and stock management.   
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CHAPTER 5 
 

Conclusions and Directions for Future Research 

 

From economic theory to management, to psychology, to computer science, and information-

processing, the decision sciences encompass vast fields of knowledge. Some rapidly growing 

areas of research can be found by looking at some of its key questions:  

 

How do humans make decisions?  

How can better decisions be made?  

 

In this concluding chapter, we will outline a summary of the topics that this thesis has 

explored, and the contributions brought forth herein.  

 

Though this thesis is molded in the form of independent essays, there is one topic that 

permeates all studies. This overarching topic is Bounded Rationality, and the associated 

concepts of heuristics and search. Some of these heuristics are found in the psychological 

experiments of the heuristics and biases programme. But there is another meaning of the term 

heuristic, employed in chapter 4, which rests at the interface of operations research and 

marketing. In this study, the term heuristic refers to the search processes involved in genetic 

algorithms.  

Let us proceed to a summary of the studies presented and the findings obtained:  
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In Chapter 2 we investigated the motives for high rate of errors committed, even by experts in 

mathematics, on Cognitive Reflection Test (CRT), a brief three-item measure of “the ability 

or disposition to resist reporting the response that first comes to mind”, believing these 

reasons may help us understand the interaction between intuition, information processing and 

reasoning on decision making. To achieve this goal, we manipulate the fluency of the CRT 

merely by changing its numerical parameters. These manipulations produce distinct 

metacognitive experiences of ease and difficulty with which the answers can be brought to 

mind and processed. We show that numbers processing fluency has an effect (i) on the 

perception of difficulty and (ii) on the rate of correct responses of CRT problems.  It seems 

that the mere magnitude of numbers serves as a cue to System 2 type reasoning.  

 

Six hypotheses have been tested, concerning the effect of processing fluency as a trigger to 

System 2 type reasoning. The results follow below: 

(i) Subjects do not perceive Cognitive Reflection Test as hard problems; 

(ii)  There are no statistically significant differences in perception of difficulty 

between those who give the correct response for CRTs and those who give 

erroneous ones; 

(iii)  There are differences in the perception of difficulty of CRTs when varying 

processing fluency (numbers magnitude) of the data input parameters for each 

problem; 

(iv) The rational (disfluent) treatment, defined by using numbers with not precise 

magnitude as input parameters, led respondents to engage in more systematic 

processing, resulting on a high rate of correct answers for CRT problems; 
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(v) The intuitive (fluent) treatment, defined by using the standard CRT, led 

respondents to believe in their intuitions, resulting on a high rate of incorrect 

answers for CRT problems; 

(vi) There was a high rate of system 1 errors, the impulsive ones (10, 100 and 24 for 

CRT #1, #2 and #3 respectively), for the intuitive (fluent) treatment. 

 

We manipulated the fluency of the CRT numerical parameters, resulting in differences of 

perception of difficulty and in a higher rate of correct answers, i.e., respondents engaged in 

more systematic processing when faced with disfluent numbers. These results together are 

consistent with the effects of fluency on decision making, and are novel in the sense that, in 

general, fluency has been manipulated by subtle cues like print fonts, phonemically complex 

words, facial feedback manipulations, but, as far as we are aware of, never by using numbers 

magnitude. In the terminology of Oppenheimer (2008), these findings suggest there is a kind 

of combined effect of retrieval and conceptual fluency involved in numerical magnitudes.  

 

According to Oppenheimer (2008, p.240), fluency can influence judgment and decision 

making “by altering how information is represented and the operations that are performed on 

those representations”, i.e., fluency can activate a specific system of reasoning. Moreover, 

Alter et al (2007, p.569) states that “Understanding when System 2 reasoning is likely to be 

used is therefore critical for understanding human judgment and decision making.” 

Accordingly we showed that numbers processing fluency has an effect on the perception of 

difficulty and on the rate of correct responses of CRT problems, consequently it seems that 

numbers magnitude serves as a cue to activate the System 2 reasoning. This advance is 

important, since few studies have been done in the study of numbers fluency on decision 

making. For further research, it is interesting to investigate these effects on management in 
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daily situations regarding numbers fluency magnitude treatment associated, for example, with 

accounting, financial and marketing decisions. Specifically, we see consumer behavior as a 

field with great potential to be influenced by processing fluency effects, and consequently are 

worth of academic investigation. 

 

In Chapter 3, we explored Managerial Algorithmics, a new research programme stating that 

managers display cognitive choices with a preference towards solving problems of low 

computational complexity. In this work we provide a first empirical test, through a set of six 

hypotheses, concerning whether managers (and non-managers) are able to distinguish among 

problem complexity classes.  We present subjects with descriptions of seven decision-making 

scenarios, and ask them to rate and rank those scenarios by complexity.  The results show that 

problem connotations exert more influence in the conceptualization process (i.e., framing 

effects), therefore managers cannot assess the computational complexity inherent in a task.  

We describe possible future refinements to this algorithmic theory, which may lead to a better 

understanding of managerial problem selection, problem reframing, and strategic choice. 

 

In this first empirical test of Managerial Algorithmics, we show specifically that: 

(i) Managers cannot distinguish computationally complex NP-hard problems from 

computationally tractable problems;  

(ii)  There are no significant differences between managers and non-managers in 

regards to their abilities to discern the computational complexity of problems; 

(iii)  Given the exact same computational problem, presented through different 

connotations, managers (and non-managers) cannot classify their complexity in 

the same class; 



  82 

(iv) Subjects cannot correctly distinguish an Incomputable problem as harder than NP-

hard problems; 

(v) Given computationally complex NP-hard problems with “easy connotations”, and 

computationally easy problems with “hard connotations”, subjects classify their 

complexity through the connotations involved rather than through the 

computational demands; and finally that; 

(vi) Even if presented in sequence, given the same managerial setting and the same 

complexity class, subjects classify problems complexity through their 

connotations. 

 

These are negative results for the presupposition that managers may “prefer to conceptualize 

their predicaments in terms of P-hard problems over conceptualizing them in terms of NP-

hard problems” (Moldoveanu 2009a, p. 738). Yet there are plenty of provocative 

observations in Moldoveanu (2009a) that demand proper explanation—and herein may rest a 

promising avenue for research on Managerial Algorithmics: the high number of managerial 

problems in which he has argued that are dealt with through low computational demands is of 

interest and may indeed require further study. 

 

When do managers reframe problems?  Which variables influence such reframing?  Which 

variables influence managers’ choice to attend to particular problems, de-prioritizing others?  

Managerial Algorithmics is an ambitious line of research in some of the deepest questions in 

strategic management. In this work, we show that managers are unable to distinguish 

computationally complex problems from computationally easy ones. Despite these negative 

results, our proposal is of a constructive nature and we suggest that the theory can be refined 

in three ways:  (i) first, by moving focus from the field of Computational Complexity to the 
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field of Analysis of Algorithms; (ii) Secondly, by considering the connotations involved in a 

problem’s presentation; (iii) finally, by considering the types of approaches involved in 

models such as Hofstadter’s, which might account for problem reframing, managerial 

intuition, and the ability to find opportunities through analogies and through the perception of 

promising avenues in the exploration of a shifting landscape. Paradoxically, by letting the 

presuppositions of computational complexity aside, much may be gained in Managerial 

Algorithmics Theory. 

 

An efficient allocation of limited shelf space by products that produce the maximum profit is 

one of the main goals of retail managers. In Chapter 4, we propose a new Genetic Algorithm 

(GA) representation, based in order, for solving the Shelf Space Allocation Problem (SSAP), 

a critical marketing issue for maximizing retailer’s profit. In the proposed heuristic, 

chromosomes are selection order of products that are transformed by a decoder function into 

binary product assortment decision variables.  The SSAP, a NP-hard problem, is modeled as 

a multi-constrained knapsack problem. The heuristic has been illustrated numerically by three 

randomly generated instances of SSAP. Computational results are compared against two 

standard Genetic Algorithms with binary representation. The first one utilizes a rejecting 

strategy and the other a penalizing one to handle shelf space constraints. The proposed Order 

Based GA for solving the SSAP outperforms the two binaries GAs, suggesting the order 

representation to be more suitable for this problem. 

 

Another important distinctive feature of the presented approach is that it always generates 

feasible solutions, since the GA doesn’t search in the solution space, to which the constraints 

belong. In this case, what actually evolves is a strategy that makes possible a construction of 

high quality solutions. As far as we are aware of, the Genetic Algorithm approach presented 
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in this study is original and different from previous approaches to the SSAP. In further 

research, additional retailer management policies besides to others realistic settings can be 

incorporated to the model, such as the presence of complementary or substitute products, as 

well as integrate the model with the product demand and stock management.   

 

As mentioned above, two key questions permeate this thesis. The studies presented in 

Chapter 2 and Chapter 3 are concerned with how decisions are made, and psychological 

experiments carefully demonstrate a number of new hypothesis concerning our cognitive 

abilities and limitations.  

 

In Chapter 4, a second question is addressed: how can decisions be improved? We provide a 

new encoding that improves genetic algorithms as applied to a NP-hard combinatorial 

optimization problem in marketing.  

 

Our studies barely touch the surface of the decision sciences. There is much to learn about 

human decision-making, and about how to improve it. Inasmuch as many questions remain 

open, we hope to have provided a small contribution to this immensely rich and crucially 

important scientific endeavor.  
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APPENDIX A 
 

SSAP Randomly Generated Instances 
 

 
SSAP 1: 10 products  x  4 shelves 
 
  Profit Per Facing - Pik  
  Shelves ( m ) 
  1 2 3 4 

1 0,7365541 0,1519092 0,2222796 0,0968643 
2 0,6802268 1,6179207 0,1129944 0,2945296 
3 1,581683 0,8467015 1,7922953 0,8411289 
4 1,9254396 0,2483442 0,35653 1,8696929 
5 1,6881033 0,5936056 1,6172678 0,5624464 
6 1,1339503 1,151211 0,2805911 0,7274928 
7 0,5451372 1,5460232 0,5379812 1,3961991 
8 1,3672969 1,0464418 0,3107053 0,170801 
9 0,3111537 1,2043989 1,4442648 0,711688 

P
ro

d
u

ct
s 

( 
n

 )
 

10 0,1114791 0,2069381 0,9778314 0,8646977 
 
Length of shelf K - Tk          

1 2 3 4 k       
290 300 360 315 Tk       

           
Length of each face of product i - ai        

1 2 3 4 5 6 7 8 9 10 i 
5 2 2 6 9 8 9 1 9 3 ai 

           
The amount of facings of product i - Qi        

1 2 3 4 5 6 7 8 9 10 i 
17 8 47 23 12 29 44 21 12 45 Qi 

 
 
 
The amount of facings of product i on shelf k 
 m    
n 1 2 3 4 

1 62 13 19 8 
2 8 19 1 3 
3 59 31 67 31 
4 81 10 15 78 
5 14 5 13 5 
6 50 51 12 32 
7 24 68 24 61 
8 10 8 2 1 
9 9 35 42 21 

10 19 34 163 144 
 337 276 361 388 
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SSAP 2: 15 products  x  5 shelves 
 
 
  Profit Per Facing - Pik   
  Shelves ( m ) 
  1 2 3 4 5 

1 1,9225903 0,3571401 1,5505115 1,4892073 1,2084014 
2 0,028414 1,4709095 0,5219424 0,076824 1,8558248 
3 1,7541829 1,7063006 0,9940669 1,9190339 0,8891696 
4 0,500067 0,2680466 0,0610064 0,5118092 0,3758826 
5 1,082435 0,4169615 1,9107412 0,0334576 1,3947626 
6 1,3433011 1,1477607 1,8558567 1,3787952 0,4136159 
7 1,9549838 1,9073767 1,9081939 1,2277307 1,2172921 
8 0,0692698 1,1200311 0,1453769 1,9108795 0,715462 
9 1,8237516 1,0810629 1,5960087 0,4437414 0,6123397 

10 1,7454842 1,6042672 0,2460623 1,7178319 0,7316475 
11 1,7916306 1,2775119 0,8583749 1,13113 0,893745 
12 0,7152289 1,4873866 0,3638747 1,0883198 0,0824488 
13 0,9427919 1,5229583 0,6625238 0,0320533 1,9375837 
14 0,3109406 0,766677 1,4391656 1,0889321 0,4545725 

p
ro

d
u

ct
s 

( 
n

 )
 

15 0,2508987 0,6456722 0,7854198 0,2097223 1,5098327 
 
 
Length of shelf K - Tk          

1 2 3 4 5 k      
373 435 433 304 346 Tk      

           
Length of each face of product i - ai        

1 2 3 4 5 6 7 8 9 10 i 
3 3 4 8 8 6 10 4 6 8 ai 

           
11 12 13 14 15 i      
9 4 9 7 7 ai      

           
The amount of facings of product i - Qi       

1 2 3 4 5 6 7 8 9 10 i 
30 40 31 33 11 34 18 10 5 40 Qi 

           
11 12 13 14 15 i      
22 32 8 50 17 Qi      

 
 
 
 
 
 
 
 
 
 
 



  94 

 
 
 
 
 
 
The amount of facings of product i on shelf k 
 m     
n 1 2 3 4 5 

1 27 5 21 21 17 
2 1 45 16 2 56 
3 30 29 17 33 15 
4 77 41 9 79 58 
5 20 8 35 1 25 
6 45 38 62 46 14 
7 43 42 42 27 27 
8 1 11 1 19 7 
9 10 6 9 2 3 

10 92 85 13 91 39 
11 60 42 29 38 30 
12 24 51 12 37 3 
13 13 22 9 0 27 
14 27 66 124 94 39 
15 9 23 27 7 53 

 479 514 426 497 413 
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SSAP 3: 15 products  x  5 shelves 
 
  Profit Per Facing - Pik   
  Shelves ( m ) 
  1 2 3 4 5 

1 1,3856759 1,6572196 1,7137309 1,267283 1,6492528 
2 0,998014 1,3668856 1,3608838 0,4306299 1,2142729 
3 1,8507539 0,8191792 0,7810616 0,3823012 1,1211436 
4 1,9170676 1,7776017 0,7229641 1,3060677 1,3335513 
5 1,3101823 1,8542226 1,5408359 1,7323217 1,6651672 
6 1,6067224 0,7123853 0,9569735 0,705222 0,0488517 
7 1,0183016 0,6496539 0,5885005 0,7810153 0,597652 
8 1,3926878 1,4489209 0,5930986 0,8026387 1,3677425 
9 1,4617512 0,8889747 0,1904369 1,9469509 0,7738916 

10 1,080854 0,9143844 0,8157178 0,1646574 0,8302938 
11 1,9560999 1,4844653 1,713595 0,3959445 0,6230299 
12 0,4706174 0,1292288 1,7241884 1,5087732 0,0918772 
13 1,5841005 0,9046257 1,3597091 0,3498363 1,6300674 
14 1,6567986 1,3665253 1,5386341 0,8415505 0,0302543 
15 0,5246094 1,0437823 1,2795334 0,5292967 0,7561869 
16 0,9844734 1,5151329 0,576785 0,0929513 1,4363577 
17 0,8559038 1,3038927 0,1511793 0,4954097 1,4841641 
18 1,1764999 0,8629357 0,7525548 1,9959418 1,2899478 
19 1,065245 1,9303981 0,884923 1,5829289 1,0032744 
20 1,9472712 1,5570249 1,8622328 0,9608639 1,3727973 
21 0,1718921 0,6094724 1,1540192 0,183195 1,529822 
22 1,9127454 0,089919 1,8963852 0,6720047 0,0924412 
23 0,7023729 0,6447237 1,5853106 1,5744717 1,5151489 
24 1,6718136 0,0822909 0,7930496 1,8651643 0,2438623 
25 0,3927084 1,8836467 1,6776694 0,8679811 1,9423366 
26 0,1499045 1,3418305 1,1010638 1,608262 0,4334259 
27 1,9411262 1,2304695 1,331258 0,636983 1,51802 
28 0,0433092 1,112706 1,6425695 0,6514695 1,5346095 
29 1,5304392 1,5673475 0,2824651 1,820707 1,4411878 

p
ro

d
u

ct
s 

( 
n

 )
 

30 0,1372614 0,3565555 0,6876601 0,7151053 1,1480606 
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Length of shelf K - Tk          

1 2 3 4 5 k      
1186 1064 1168 1159 987 Tk      

 
           
Length of each face of product i - ai        

1 2 3 4 5 6 7 8 9 10 i 
10 6 9 1 9 1 7 4 8 2 ai 

           
11 12 13 14 15 16 17 18 19 20 i 
2 3 4 3 6 9 10 3 3 5 ai 

           
21 22 23 24 25 26 27 28 29 30 i 
8 7 2 9 5 4 4 3 8 6 ai 

The amount of facings of product i - Qi        
1 2 3 4 5 6 7 8 9 10 i 

17 12 34 19 6 27 43 47 32 8 Qi 
           

11 12 13 14 15 16 17 18 19 20 i 
13 47 30 35 41 45 20 15 40 24 Qi 

           
21 22 23 24 25 26 27 28 29 30 i 
50 25 24 29 23 17 15 23 17 26 Qi 
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 m     
n 1 2 3 4 5 

1 31 37 38 28 37 
2 13 18 18 6 16 
3 114 51 48 24 69 
4 5 5 2 4 4 
5 9 12 10 12 11 
6 11 5 6 5 0 
7 84 54 49 65 49 
8 47 49 20 27 46 
9 71 43 9 95 38 

10 5 4 3 1 3 
11 8 6 7 2 3 
12 17 5 62 54 3 
13 33 19 28 7 34 
14 32 26 30 16 1 
15 31 62 76 32 45 
16 87 133 51 8 126 
17 40 61 7 23 69 
18 9 6 6 15 10 
19 20 36 16 29 19 
20 30 24 29 15 21 
21 19 67 127 20 168 
22 72 3 71 25 3 
23 6 5 13 13 12 
24 94 5 44 105 14 
25 7 32 29 15 33 
26 2 20 16 24 6 
27 17 11 12 6 14 
28 2 46 68 27 64 
29 31 32 6 37 30 
30 7 18 35 37 59 

 954 895 936 777 1007 
 

 


