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Resumo

Modelar a dinamica de ativos financeiros continua sendo um problema desafiador e uma
area ativa de pesquisa. Este trabalho considera uma classe flexivel de modelos de pregos
de ativos que acomoda volatilidade estocastica nao afim, drift estocastico e saltos de Lévy
de atividade infinita. Seguindo uma abordagem Bayesiana, analisamos empiricamente
dezesseis especificagoes de modelos em ativos representativos de classes principais: indices
de agoes, moedas, taxas de juros, commodities e criptomoedas. Avaliamos o desempenho
dos modelos por meio de uma analise de residuos e da verossimilhanca marginal. Nossos
resultados indicam que os modelos propostos apresentam desempenho promissor quando

comparados as abordagens existentes.

Palavras-chave:

Volatilidade Estocastica Nao Afim. Tendéncia Estocastica. Saltos de Lévy de Atividade
Infinita. Normal Inverse Gaussian (NIG). Movimento Browniano com Mudanga Temporal.

Matriz de Correlacao.



Abstract

Modeling the dynamics of financial assets remains a challenging problem and an active
area of research. This work considers a flexible class of asset price models that accom-
modates non-affine stochastic volatility, stochastic drift, and infinite-activity Lévy jumps.
Following a Bayesian approach, we empirically evaluate sixteen model specifications across
representative assets drawn from major classes: equity indices, currencies, interest rates,
commodities, and cryptocurrencies. We assessed model performance through a residual
analysis and marginal likelihood. Our results indicate that the proposed models achieve

promising performance when compared with existing approaches.

Keywords:

Non-Affine Stochastic Volatility. Stochastic Drift. Infinite-Activity Lévy Jumps. Normal

Inverse Gaussian (NIG). Time-changed Brownian Motion. Correlation Matrix.
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1 Introduction

Understanding and describing the dynamics of financial assets are fundamental
problems in finance. The literature has proposed discrete- and continuous-time models to
capture the stylized facts observed in market data. Research examines model performance
under the physical measure (Tsay, 2005), the risk-neutral measure (Hull, 1989), or both
jointly to estimate risk premia (Pan, 2002). In terms of asset classes, the literature
encompasses individual equity (Brockhaus, 2016), foreign exchange (FX) (Clark, 2011),
commodities (Geman, 2005), interest rates and bonds (Brigo et al., 2006), and more
recently, cryptocurrencies (Arslanian, 2022). The most common data frequencies are daily
closing and intraday time bars prices (O’Hara, 1995), although applications can also range
from tick-by-tick data to monthly or even annual observations, depending on research

objectives.

Historically, a large part of the literature has concentrated on two key modeling

features (Ait-Sahalia, 2004): stochastic volatility and jumps.

Stochastic volatility captures the time-varying dispersion of asset returns. Affine
stochastic volatility models, such as the Heston model (Heston, 1993), are widely used
because they yield semi-closed-form option pricing formulas that are both computationally
efficient and tractable. In contrast, non-affine specifications allow greater flexibility in
modeling volatility dynamics, but at the cost of analytical tractability in option pricing

(Langrené et al., 2016) and of theoretical guarantees.

Jumps are typically modeled through Lévy processes, capturing discontinuous
movements in asset prices or volatility. Finite-activity processes admit a finite number
of jumps over any finite interval. In contrast, infinite-activity processes exhibit infinitely
many small jumps within any finite interval. Despite this, the cumulative effect remains
stable, leading to models such as the Variance Gamma (VG) (Madan et al., 1998) and the
Normal Inverse Gaussian (NIG) (Barndorff-Nielsen, 1997).

Many models combine stochastic volatility and jumps, but the specific interplay
between non-affine volatility specifications and infinite-activity jumps has received less
attention, despite the wide range of possible non-affine forms. The first motivation of
this work is to evaluate the performance of models that combine non-affine stochastic
volatility types with infinite-activity jumps, evaluating how these two features interact

when simultaneously active.

The drift component is another critical element of asset dynamics, as it plays
a decisive role in shaping long-term trends. It is typically treated as deterministic or

local, but can also exhibit stochastic behavior, especially over longer horizons. Much of
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the literature on stochastic drift has focused on commodity convenience yields (Gibson
et al., 1990), often without jointly incorporating stochastic volatility or jumps, and even
when such features are included, they are generally confined to affine formulations with
finite-activity jumps. The second motivation of this work is to incorporate stochastic drift
into a model that already combines non-affine stochastic volatility and infinite-activity
jumps, in order to determine whether its inclusion is contributive or redundant relative
to these two components. In addition, we extend the analysis beyond commodities to a
broader set of asset classes, examining whether their characteristics similarly call for this

feature.

The correlation between processes, such as returns, volatility, jumps, and drift, is
another important feature in modeling asset dynamics. The correlation between returns
and volatility innovations, known as the leverage effect, is well documented and is naturally
embedded in many stochastic volatility models (Jacquier et al., 1994). Correlations between
returns and stochastic drift (such as commodity convenience yields) have also been
examined in the literature (Gibson et al., 1990). Models that incorporate correlations
involving infinite-activity jumps with other processes have received very little attention,
to the best of our knowledge. The third motivation of this work is to explore how asset
returns, stochastic volatility, stochastic drift and infinite-activity jumps interact through
a unified correlation structure, in order to assess whether this modeling framework can

further enhance explanatory power.

We propose a flexible class of asset price models that allows for affine or non-affine
stochastic volatility, deterministic or stochastic drift, and can have infinite-activity jumps,
with dependence among components governed by a correlation matrix. Our objective is to
investigate how these features interact when combined in a single model, evaluating whether
their joint inclusion enhances explanatory power or simply yields marginal improvements

over assets from different markets.

We estimate sixteen model specifications that systematically combine these features
for six assets spanning different markets: the S&P 500 Index, U.S. 10-Year Treasury yield
rate, USD EUR currency exchange rate, Gold (100 oz) and WTI Crude Oil commodities,
and Bitcoin. We carry out estimation via Markov Chain Monte Carlo (MCMC) methods and

evaluate performance using residual analysis (posterior p-values) and marginal likelihood.

This work proceeds as follows. Chapter 2 reviews the relevant literature. Chapter
3 introduces the proposed model. Chapter 4 outlines the empirical study. Chapter 5
discusses the results. Chapter 6 concludes and suggests directions for future research.
Appendix A presents the Bayesian posterior distributions derivation. Appendix B presents
key algorithms and methods. Appendix C details the estimation procedure. Appendix D

provides tables and figures with numerical results.
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2 Literature Review

We begin our review with an examination of stochastic volatility in the absence
of jumps. We then structure the discussion into sections, each devoted to studies that
analyze different combinations of stochastic volatility (both affine and non-affine) with
jump processes (finite or infinite activity), under the assumption of constant drift. Finally,
we include a section that addresses studies focusing on stochastic drift, considered both in

isolation and in conjunction with stochastic volatility or jumps.

Since the focus of our work lies on the time series analysis of daily closing prices,
we narrow the scope of our review to studies that emphasize this data frequency. At the
same time, because the time series we analyze originate from diverse markets, we also

include works that provide insights across multiple asset classes.

2.1 Stochastic Volatility Without Jumps

According to Duffie et al. (2003), a stochastic volatility model that describes the
dynamics of the logarithmic price Y; and the stochastic volatility V; is said to be affine if
the conditional characteristic function of (Y}, V;) takes an exponentially affine form in the

initial state:

B [euYt+w% Yo=y, Vo= v} — exp(gb(t; u, w) + uy + P(t; u, w)v) (2.1)

where ¢ and 1 are deterministic functions of (¢;u,w), defined for u,w in a suitable subset
of the complex set C. This property ensures tractability, since quantities such as option
prices and bond yields can be computed in closed form via Fourier inversion, with ¢ and 1
satisfying Riccati-type equations that yield explicit solutions. The Heston model (Heston,

1993) represents a classic example of an affine stochastic volatility specification.

Given the flexibility afforded by non-affine models, we review proposed specifications

of both the affine and non-affine types in order to clarify their practical aspects.

Stochastic volatility models have been developed around two key properties. The
first is the mean-reverting drift, which drives the process toward a long-term equilibrium
level, allowing temporary deviations but ultimately ensuring reversion. The second one is
the diffusion component, which governs the speed and magnitude of deviations from this

equilibrium level.

Ait-Sahalia (1996) was one of the first studies to investigate various types of mean-

reverting diffusion processes, followed by Ait-Sahalia (1999). Although initially developed
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to model interest rates, these processes were later applied to stochastic volatility modeling.

In particular, a flexible and general structure was proposed:
dV = (ap+a V7 +aV + apVA)dt + (Bo + BV + BV dW (2.2)

Bakshi et al. (2006), Chourdakis et al. (2009), and Huskaj et al. (2016) further
studied this structure and confirmed two conclusions. First, the block of « coefficients
allows the mean-reversion speed to be calibrated, becoming strong at either extreme of the
domain, at very low or very high levels. Second, the inclusion of a linear or higher-order
diffusion component, commonly referred to as constant elasticity of variance/volatility
(CEV), is essential to capture the so-called level effect, where higher levels of volatility

lead to greater fluctuations in volatility itself.

Table 1 — Classical Stochastic Volatility Models from the Literature

The continuous-time stochastic volatility models, along with their corresponding literature references, are
presented in both standard deviation (volatility) and variance formulations. The IGamma name stands

for Inverse Gamma.

Name Form Equation
Schobel-Zhu Volatility | dV; = k(6 — V;) dt + o dB,
(Schébel et al., 1999) Variance | dV; = (0% + 2k0/V; — 26V;) dt + 20+/V; dB;
Heston Volatility | dV; = ([% — %] & — 5Vi) dt + $ dB,
(Heston, 1993) Variance | dV; = k(0 — V;) dt + o+/V; dB;
3/2 Volatility | dV; = (%V; — [5 + % | V?) dt + V2 dB,
3
(Lewis, 2000) Variance | dV; = kV,(0 — V;) dt + oV,? dB,
Log-Normal Volatility | dV; = ([/ﬁ@ + %2} Vi — KV, log(‘/})) dt + oV, dB;
(Wiggins, 1987) Variance | dV; = (2[kf + 0]V, — kVilog(V;)) dt + 20V, dB;
GARCH Volatility | dV; = (5% — [5 — 2| Vi) dt + SV, dB,
(Lewis, 2000) Variance | dV, = k(0 —V,)dt + oV, dB,
IGamma Volatility | dV; = k(0 — V;) dt + oV, dB,
(Langrené et al., 2016) | Variance | dV; = (2%9\/715 — 2k — 07 V}) dt + 20V, dB;
XGBM Volatility | dV; = kV,(6 — Vi) dt + oV, dB,
(Lewis, 2019) Variance | dV; = ([2/{9 + V2 — 2/{1/;3) dt + 20V, dB;

Note that stochastic volatility can be modeled either as a variance process or as a

standard deviation (volatility) process. In fact, Ito’s lemma allows transformations between
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the two forms. Table 1, adapted from Langrené et al. (2016), shows several well-known
models in both forms, facilitating comparisons. From this list, only the Schébel-Zhu and

Heston models belong to the affine class.

The structure of Equation (2.2) accommodates all models in Table 1, except the
Log-Normal, in at least one formulation (volatility or variance). As noted in Jones (2003)
and Jerbi (2013), the Heston model lacks a CEV term in its volatility formulation. This
limitation helps explain why, despite its popularity among practitioners, this model lacks
the flexibility to fully capture empirical volatility behavior, which often exhibits sharp

spikes followed by rapid mean reversion.

2.2 Affine Volatility with Finite-Activity Jumps

One of the first works to study the interplay between these two processes was Eraker
et al. (2003). The authors analyzed the performance of this specification combined with
constant intensity jumps in both returns and volatility, applied to the S&P 500 and Nasdaq
100 indexes. Their findings provided evidence of jumps in both processes, underscoring
their importance in capturing sudden market movements. Eraker (2004) extended the
analysis to S&P 500 option prices. Their results showed that, although more elaborate
jump specifications add little explanatory power when fitting option data in isolation, they
are effective at jointly capturing both option and return dynamics. These studies serve
as key references for subsequent investigations. For example, Larsson et al. (2011) and
Brooks et al. (2013) explored the commodities market, while Chang et al. (2007) and Li
et al. (2013) focused on the FX market. More recently, Chaim et al. (2018) and Hou et al.
(2020) investigated the cryptocurrencies market. Together, these studies conclude that

including jumps in both volatility and returns consistently improves explanatory power.

Another strand of the literature examined variations in the distributional form of
jumps. Kou et al. (2017) analyzed the performance of the double-exponential distribution
during the 2008 financial crisis, showing that this specification provides greater flexibility
and stronger performance in capturing extreme market fluctuations. In cryptocurrency
markets, Sene et al. (2021) reached similar conclusions, highlighting the robustness of the
double-exponential distribution between different asset classes. Other works investigated
the arrival rate of jumps, challenging the assumption of constant intensity. For example,
Carverhill et al. (2022) considered jumps with a mean-reverting stochastic intensity in
equity indexes, showing that periods of elevated jump intensity tend to revert to normal
levels over time. Similarly, Gonzato et al. (2021) and Chen et al. (2024) analyzed self-
exciting jump behavior in the oil and cryptocurrency markets, respectively. Their results

indicate that jump intensities can be self-exciting rather than constant, thus reproducing
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contagion effects.

2.3 Affine Volatility with Infinite-Activity Jumps

Affine stochastic volatility models incorporating infinite-activity jumps have also
been studied in the literature. Li et al. (2008) examined whether variance gamma and
log-stable jumps types offered practical advantages over finite-activity jumps in capturing
the S&P 500 index returns dynamics. Their empirical results highlighted a key limitation
of finite-activity models: they cannot reproduce the abundance of small jumps observed
in market data. In contrast, infinite-activity jumps successfully capture this feature,

establishing them as a crucial element in modeling asset price dynamics.

A follow-up study by Yu et al. (2011) extended the analysis to include S&P
500 option prices. Their findings reinforced that infinite-activity jumps outperform their

finite-activity counterparts in the joint estimation of physical and risk-neutral measures.

In addition, Zhao et al. (2011) investigated and compared the performance of the
variance gamma (VG) and the normal inverse gaussian jump types. The key distinction
is that VG jumps have finite variation, while NIG jumps have infinite variation, where
variation refers to the integrability of jump sizes. Their results indicated that NIG jumps

outperform VG jumps in modeling the HS300 Index.

2.4 Non-Affine Volatility with Finite Activity Jumps

We review works that study the combination of non-affine stochastic volatility
with finite-activity jumps of constant intensity. The key question is whether the flexibility
of non-affine specifications can compensate for, or complement, the role of such jumps.

Throughout this section, stochastic volatility is presented in the variance formulation.

Christoffersen et al. (2010) examined the following model:
dV =kVY(0 - V)dt +oV?dW  ~ye€{0,1} B €{0.51,15} (2.1)

which can be shown to be a special case of (2.2). Considering all possible combinations of

~ and 3, the authors created six volatility specifications, summarized in Table 2.
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Table 2 — Stochastic Volatility Models of Christoffersen et al. (2010)

The choice of values for the exponents v and § in (2.1) generate different model specifications. The first

column indicates how the authors named the models in their work.

Name vy 15} Equivalence
SQR 0 0.5 Heston
SQRN 1 0.5 -

ONE 0 1 GARCH
ONEN 1 1 -

3/2 0 1.5 -

3/2N 1 1.5 3/2

Some of these specifications coincide with the models listed in Table 1. The findings
of Christoffersen et al. (2010) demonstrated that non-affine specifications outperform affine
models in capturing realized volatility, returns, and option prices of the S&P 500 index.
This advantage was observed with and without jumps, although the presence of jumps

was highlighted as a fundamental feature.

Kaeck et al. (2012) proposed a two-factor model with a stochastic long-term level

and jumps in returns and volatility:
dV = ky(m —V)dt + oy, VVdWy + €,dz (2.2)
dm = Ky (0 — m)dt + o,m ™ dW,, (2.3)

They showed that, with respect to fitting the VIX term structure, non-affine models
outperform affine ones, that two-factor structure presence is crucial, and that non-affine

dynamics contribute more than jumps.

Ignatieva et al. (2015) applied the flexible drift structure of Equation (2.2) in a

framework with jumps:
dV = (ag+a V7 +aV + auV2)dt + oVPdW + €,dz (2.4)

They considered two drift settings: ALIN, which imposes affine constraints (a_; = 0,
ay = 0), and POLY, which allows all four parameters to vary freely. For the diffusion
component, four configurations of the exponent [ were examined: fixed at 0.5, 1, or
1.5 (corresponding to the SQR, ONE, and 3/2 types of Christoffersen et al. (2010)), or
freely varying between (0.5, 1.5), denoted CEV. This yielded eight volatility specifications,

summarized in Table 3.
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Table 3 — Stochastic Volatility Models of Ignatieva et al. (2015)

The choice of values for the coefficients « and J in (2.2) generate different model specifications.

Drift Diffusion | Equivalence
ALIN SQR Heston
ALIN ONE GARCH
ALIN 3/2 -

ALIN CEV -
POLY SQR -
POLY ONE -
POLY 3/2 -
POLY CEV -

Their results indicated that jumps are essential for modeling S&P 500 returns,
irrespective of whether the stochastic volatility specification is affine or non-affine. Moreover,
non-affine specifications consistently outperformed affine ones, even with jumps included.
Ignatieva et al. (2024) extended this analysis to the oil market and reached similar

conclusions.

Finally, Kaeck et al. (2017) closely followed the specifications of Ignatieva et al.
(2015), but introduced a fifth diffusion setting to Table 3, corresponding to the complete
block of § coefficients found in (2.2). They concluded that the superior performance
of non-affine models is driven primarily by the diffusion specification, while the drift
specification plays a secondary role. Once again, jumps in returns were highlighted as a

crucial feature.

2.5 Non-Affine Volatility with Infinite-Activity Jumps

Yang et al. (2017) appears to be the first to combine non-affine stochastic volatility
with infinite-activity jumps. They investigated the performance of models that incorporate
both features, estimating them on the S&P 500 Index jointly with the VIX Index to
capture dynamics under both physical and risk-neutral measures. This approach contrasts
with Eraker (2004) and Yu et al. (2011), which instead relied on option prices. Their main
conclusion is that combining non-affine stochastic volatility with infinite-activity jumps
substantially improves performance, as the two features strongly complement each other.
However, their analysis is restricted to a simple specification that includes only the affine
Heston and the non-affine GARCH types:

dV = k(0 — V)dt + oVPaWw, pe{0.5,1} (2.1)
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Building on this contribution, a wider set of non-affine stochastic volatility specifi-

cations in combination with infinite-activity jumps may yet be investigated.

2.6 Stochastic Drift in Different Settings

This area typically focuses on the commodities market within the convenience-yield
framework. Gibson et al. (1990) modeled the drift as an Ornstein-Uhlenbeck (OU) process
correlated with asset returns, leading to more realistic derivative prices. This foundational
idea was subsequently extended in several directions. Schwartz (1997) adopted a similar
model but incorporated a stochastic interest rate, while Hilliard et al. (1998) extended
this framework by introducing finite-activity jumps, further enhancing performance. Later
works, such as Richter et al. (2002) and Fileccia et al. (2015), also considered the inclusion
of seasonality effects alongside or instead of stochastic drift, showing that the cyclical

behavior of commodities can be captured with this feature.

Several studies combine stochastic drift with Heston type affine stochastic volatility,
sometimes combined with finite-activity jumps in returns, including Richter et al. (2002),
Brooks et al. (2013), Schmitz et al. (2014), Fileccia et al. (2015), Chen et al. (2017),
and Gonzato et al. (2021). In particular, Chen et al. (2017) investigates the correlation
between asset returns, stochastic drift, and stochastic volatility, though in a framework
without jumps. These works conclude that while time-varying drift is essential for accurately
modeling commodity dynamics under both the physical and risk-neutral measures, volatility

and jumps remain fundamental components for a more robust framework.
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3 The Proposed Model

In this chapter, we introduce the class of models under study. We first specify the
equations governing their dynamics and describe their components. We then justify the

inclusion of particular features and provide further details on the overall structure.

3.1 Equations and Components

In much of the existing literature, models are first formulated in continuous time
and then discretized using schemes such as Euler—Maruyama or Milstein (see, for example,
Higham (2001)). This is natural since empirical time series data, such as daily closing
prices, are typically observed at discrete time intervals. Accordingly, MCMC algorithms

are well suited for Bayesian estimation in this setting.

However, in our setting, there is an additional motivation to work directly in
discrete time. In continuous time, infinite-activity jumps must satisfy rigorous mathematical
restrictions, which limits the possibility of introducing correlations with other processes

without violating fundamental conditions (Eberlein et al., 2010).

For this reason, while the proposed model is inspired by continuous-time features,
it is developed directly in discrete time from the outset. The discrete-time equations are

presented below:

Y, =Y + U A+ VEVAA + J, (3.1)
Vi = Vi 4 kv V1 (0y — Vii)A + oy VP (VAB, (3.2)
Ut = Ut,1 -+ K)U(QU — Utfl)A + UU\/th (33)
Jt = QJGt‘f—O'J\/GtDt (34)
Gy~ H(A;v) (3.5)
A, 0 1 pyv pyvu pyvs
B 0 1
t N, %) o= Y Pyv pvu  pPvJ (3.6)
C; 0 pyu pvu 1 pus
D, 0 pys pvs pus 1
pyv = Yy pyu = Yy pyy =1y (37)

pvu = Yvidy pvy =Yy pug = Yuis
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Table 4 lists and briefly describes the variables and components introduced in the

equations.

Table 4 — Components in the Model Equations

The components described in this table are introduced throughout the model’s equations: (3.1)-(3.7).

Symbol Description

Y, Logarithmic price process

Vi Stochastic volatility process

U Stochastic drift process

J Infinite activity jumps process

Gy Subordinator of the time-changed Brownian motion
H Distribution of the subordinator G}

Ay, By, Cy, Dy | Correlated Normal innovations

Oy Long-term value of the stochastic volatility

Ky Mean reversion speed of stochastic volatility
oy Amplitude coefficient associated with B;

Oy Long-term value of the stochastic drift

Ky Mean reversion speed of the stochastic drift

oy Amplitude coefficient associated with C;

0 Drift of the time-changed Brownian motion

oy Diffusion of the time-changed Brownian motion
v Variance of the subordinator G,

a, B,y Non-affine exponents of V;

Py v Correlation coefficient between A; and B;

PYU Correlation coefficient between A; and C,

Py J Correlation coefficient between A; and Dy

pvu Correlation coefficient between B; and C}

PV Correlation coefficient between B; and D,

PUJ Correlation coefficient between C}; and D,

Yy, Yy, Uy Auxiliary terms for the definition of the correlation coefficients

3.2 Features and Details

The stochastic volatility V; is modeled with mean-reverting dynamics that accom-
modate both affine and non-affine structures, depending on the choice of exponents in the
equations of Y; and V;. The specification closely follows Christoffersen et al. (2010), but
introduces an additional exponent « in the volatility term of the Y; process, allowing V; to
represent a standard deviation or a variance process. Stochastic volatility is essential to
capture the time-varying nature of return amplitudes, particularly volatility clustering, a
well-documented feature of financial time series (Ait-Sahalia, 2004). In addition, non-affine

configurations allow further flexibility in reproducing the level effect and rapid mean
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reversion.

The stochastic drift U; is modeled as the Ornstein—Uhlenbeck (OU) process, which
accommodates both positive and negative values, representing equally plausible trend
directions for asset returns with mean-reverting behavior. Incorporating stochastic drift
allows the model to capture possible long-term dynamics such as shifting trends that

cannot be adequately described by a constant drift term.

The infinite-activity jump process J; is incorporated through a time-changed
Brownian motion, where the subordinator Gy, defined as a positive, non-decreasing Lévy
process, acts as a stochastic clock (Cont et al., 2004). In this framework, time progresses
at a stochastic rate, accelerating or decelerating with the behavior of GGy, thus capturing
periods of varying market activity. This approach enables the model to reproduce both
the frequent small jumps and the occasional large jumps observed in financial markets
(Li et al., 2008). Although separating infinite-activity jumps from the diffusion-driven
volatility component may seem a daunting task, Li et al. (2008) claims that Bayesian
estimation techniques can reliably achieve this identification using daily data, based on
the theoretical results of Ait-Sahalia (2004).

The correlation induced by the matrix 3 is a central feature of the model. The
correlation between the logarithmic price Y; and the processes V; and U, has already been
explored in the literature (see, for example, Jacquier et al. (1994) and Gibson et al. (1990)).
However, to our knowledge, no study has considered a direct correlation between Y; and J;,
particularly in an infinite activity setting. Therefore, it is of interest to examine not only
their correlation with Y;, but also their interdependence with V; and U;. Since J; can be
represented as a time-changed Brownian motion with Normal innovations, incorporating

it into the correlation structure is straightforward in a discrete-time framework.

The model parameters are subject to the following constraints. The parameters
Oy, kv, oy, ku, oy, 07, v, and the states V; and G, take strictly positive real values. The
logarithmic price Y;, the parameters 6y and 6, and the states U; and J; may assume any
real value. The parameters 1y, 1y, and 1 are restricted to the interval (—1,1), and, by
construction, the correlation coefficients pyv, pyu, py s, pvu, pvs, and pyy also fall within

this interval.

The exponents «, 3, and v are restricted to the following discrete values:
ae€{05,1}, pe{051}, ~€{0,1} (3.1)

In particular, o determines whether V; behaves as a standard deviation process
(v = 1) or as a variance process (a = 0.5). This setup facilitates comparison with existing

models in the literature without requiring the more complex structure of Equation (2.2).

The model can accommodate different types of infinite-activity jumps depending
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on the chosen distribution H. In this study, however, we limit our scope to the Normal
Inverse Gaussian type, as evidence from the literature suggests that it offers stronger
explanatory power (see Zhao et al. (2011) and Yang et al. (2017)). The distribution H
is therefore given by the Inverse Gaussian distribution, denoted IG, with the following

parameters:
2
H=1IG (A : A) (3.2)
v

The element A denotes the time step. For daily closing prices, we set A = 1/252,

corresponding to one business day.

Finally, V; and U, are initialized at ¢ = 1, while J; and G, start at ¢ = 2. Given a
total of T" observed prices, the first observation serves as the initial point, and the model
has T — 1 transitions, fromt =2 tot =T.

We now examine the correlation matrix 3 in greater detail. For the model to be
valid, ¥ must be positive definite. Recall that the product of a full-rank matrix M with
its transpose M’ yields a positive definite matrix. Let M be defined as

1 0 0 0

b e Vime o 0

_ (3.3)
Yy 0 V1= 0
vy 0 0 /1 =13

One can verify that M M’ = Y. Using Cholesky factorization, the correlated Normal

innovations can then be expressed as

A = A (3.4)
B, = Yy A; + /1 - 4} B; (3.5)
Co = Yu Ay + 1 - 3G (3.6)
Dy =y A7 + /1 =305 (3.7)

where the starred variables denote independent standard Normal innovations,

A;, B;, Cr, Df ~N(0,1) (3.8)
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4 Empirical Study

This chapter outlines the framework of the empirical study, structured around
four elements: the chosen model specifications, the representative assets analyzed, the

performance metrics for comparison, and the MCMC estimation algorithm.

4.1 Model Specifications

A central goal of this study is to evaluate the joint and marginal contributions
of stochastic volatility, stochastic drift, and infinite-activity jumps, along with their
correlations, to asset returns. To this end, we construct sixteen distinct model specifications
by systematically combining these processes. The chosen specifications are summarized in
Table 5. This design allows us to isolate the incremental impact of each feature individually.
Model names follow a simple convention. The first part indicates the volatility type, while
the suffix specifies the inclusion of infinite-activity NIG jumps (J), stochastic drift (D),

and a full correlation structure (C).

Table 5 — Selected Model Specifications

The states and correlation matrix are governed by equations presented in section 3.1: V' (3.2), U (3.3), J
(3.4) and ¥ (3.6). Superscripts denote models previously examined in the literature, either 1 - in studies

involving time-series estimation, or 2 — in applications outside this scope.

Model State V | State U State J Matrix X
XGBM-JDC XGBM | Stochastic | NIG Jumps | All States
XGBM-JD XGBM | Stochastic | NIG Jumps | Only V
XGBM-J XGBM Constant | NIG Jumps Only V
XGBM 2 XGBM Constant | No Jumps Only V
[Gamma-JDC | IGamma | Stochastic | NIG Jumps | All States
[Gamma-JD [Gamma | Stochastic | NIG Jumps | Only V
IGamma-J IGamma | Constant | NIG Jumps | Only V
IGamma 2 IGamma | Constant | No Jumps Only V
GARCH-JDC | GARCH | Stochastic | NIG Jumps | All States
GARCH-JD GARCH | Stochastic | NIG Jumps | Only V
GARCH-J ! GARCH | Constant | NIG Jumps | Only V
GARCH ! GARCH | Constant | No Jumps Only V
Heston-JDC Heston | Stochastic | NIG Jumps | All States
Heston-JD ! Heston | Stochastic | NIG Jumps | Only V
Heston-J ! Heston Constant | NIG Jumps | Only V
Heston ! Heston Constant | No Jumps Only V
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For the stochastic volatility V;, we select four alternative specifications, listed
in Table 6. The Heston model represents the affine class. The non-affine GARCH type
combined with infinite-activity jumps in Yang et al. (2017) is an important benchmark. The
non-affine [Gamma and XGBM specifications extend the analysis of non-affine stochastic

volatility with infinite-activity jumps, given their distinct properties compared to Heston

and GARCH.

Table 6 — Selected Stochastic Volatility Types

The exponents «, 3, and « from Equations (3.1) and (3.2) define the four stochastic volatility types. The
affine classification follows the definition in section 2.1.

Type Affine 7 a Ié] ¥
Heston Yes 0.5 0.5 0
GARCH No 0.5 1 0
IGamma No 1 1 0
XGBM No 1 1 1

For the drift U;, we consider two alternatives: the Ornstein—Uhlenbeck specification
in equation (3.3) and a constant drift ;. This setup allows us to examine whether the

stochastic drift provides a better representation of the asset dynamics.

For infinite-activity jumps J;, we consider an active setting, where NIG jumps are

present, and a degenerate setting with no jumps (J; = 0).

Finally, for the correlation structure, we consider two configurations. In the first
one, only ¥y is free while ¢y = 1¢; = 0, which allows us to reproduce the selected volatility
models in their original form. In the second, the three parameters ¥y, ¥y, and ¢ ; are free,

allowing investigation of interactions among all processes.

4.2 Financial Assets

Another goal of this study is to test the models in diverse markets. We select daily
closing prices of multiple representative assets and employ longer time series than typically
used in the literature, increasing the likelihood of capturing a wide variety of regimes,

including episodes of crisis.

Table 7 lists the six financial assets analyzed and their classifications. These assets
were selected based on key factors including trading volume, liquidity, and their significance

within respective markets.

The S&P 500 Index is the leading benchmark for the US equity market and one of

the most widely tracked indices worldwide. A central stylized fact is its positive equity risk
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premium: stocks and indices deliver larger long-term returns than risk-free assets (Mehra
et al., 1985).

The US T10Y Yield is the standard reference rate for the fixed income market and
is often treated as the global risk-free rate. Empirically, it exhibits strong mean reversion,

with long-term interest rates tending to revert to a stable average (Campbell et al., 1991).

The USD x EUR exchange rate is the most liquid and actively traded currency
pair, reflecting the interaction between the two largest economic blocks. Its dynamics are
characterized by slow mean reversion consistent with long-term purchasing power parity
(PPP), with deviations from relative price levels correcting gradually, typically with a
half-life of three to five years (Rogoff, 1996).

The Gold 100 OZ is a key precious metal commodity and a traditional safe-haven
asset. It tends to appreciate during downturns in the equity market or periods of geopolitical

stress, serving as a central hedging instrument in global portfolios (Baur et al., 2010).

The Oil WTT Crude is one of the most important energy commodities in the world.
Its returns show mean reversion driven by storage arbitrage, as costs and convenience

yields shape the term structure and dynamics of futures prices (Gibson et al., 1990).

The Bitcoin is the largest and most actively traded cryptocurrency, representing
digital assets as a whole. Although it shares features such as volatility clustering, heavy
tails, and excess kurtosis with other assets, these are markedly more extreme than in
traditional markets (Cunha et al., 2020).

Together, these six instruments cover the main global asset classes: equities, fixed
income, currencies, commodities, and cryptocurrencies. Their series display several well-
documented stylized facts that are prevalent in financial markets: heavy-tailed return
distributions (Cont, 2001), volatility clustering (Engle, 1982), low autocorrelation between
returns (Malkiel, 2003), leverage effect (Black, 1976), presence of jumps (Cont, 2001), and
gain/loss asymmetry (Cont, 2001). However, advanced models are required to capture

subtler dynamics that are not immediately evident from the raw return series.

Table 7 — Selected Assets

The Bloomberg Ticker column shows the identifiers used in Bloomberg LP’s internal system.

Asset Type Bloomberg Ticker
S&P 500 Index | Equity Index SPX Index

US T10Y Yield | Interest Rate USGGI10YR Index
USD x EUR Currency USDEUR Curncy
Gold 100 OZ Commodity GC1 Comdty

Oil WTI Crude | Commodity CL1 Comdty
Bitcoin Cryptocurrency | XBTUSD Curncy
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We used daily closing price time series (sourced from Bloomberg LP) for all assets.
The series final date is 30/12/2022, and the starting dates are determined by fixed sample
lengths. For the S&P 500 Index, US T10Y Yield, USD x EUR, Gold 100 OZ, and Oil WTTI
Crude, we use 9,977 daily observations, corresponding to approximately 40 years. For the
Bitcoin, we include nearly the entire available history, resulting in 3,663 observations. The
first data points were discarded to avoid distortions from periods of no price change or
artificially low volatility. Since the Bitcoin is a relatively recent asset, its series naturally

covers a shorter period.

The Gold 100 OZ and Oil WTI Crude series are constructed from the first active
futures contracts, as spot prices are less readily available. For the Oil WTI Crude, one
data point was excluded when the price briefly turned negative, as our model class cannot

accommodate such values.

Table 8 reports summary statistics of logarithmic returns, while full time series

plots are provided in Appendix D.

Table 8 — Summary Statistics of Logarithmic Returns

Annualized returns are computed as the exponential of the mean daily return multiplied by 252, minus

one. Annualized volatility is obtained by scaling the standard deviation of daily returns by 1/252.

Annualized | Annualized
Asset Start Date | End Date Daily Return | Volatility
S&P 500 Index | 07/06/1983 | 30/12/2022 8.31% 18.30%
US T10Y Yield | 08/06/1984 | 30/12/2022 -3.09% 32.25%
USD x EUR 19/04/1984 | 30/12/2022 -0.61% 9.81%
Gold 100 OZ 04/05/1983 | 30/12/2022 0.04% 16.21%
Oil WTI Crude | 31/03/1983 | 30/12/2022 4.11% 39.82%
Bitcoin 24/02/2011 | 30/12/2022 95.12% 84.44%

4.3 Performance Metrics

This section describes the performance metrics employed in our study.

The residual analysis evaluates how closely the residuals of the logarithmic price

A, follow a standard Normal distribution, where A; is defined as:

A statistical test for normality is applied to the calculated residuals in each posterior

distribution sample, enabling an empirical estimation of the expected posterior p-value.

Y Y U A

A =

Ve VA
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Although previous studies, such as Li et al. (2008) and Zhao et al. (2011), employ the
Kolmogorov—Smirnov (K-S) test, we adopt the Anderson-Darling (A-D) test (Anderson

et al., 1954) for its greater sensitivity to deviations in the distribution tails.

In Bayesian statistics, the marginal likelihood is the marginal distribution of the
data, that is:

PY)= [p(Y [Np)dx  A={©.X)

where Y is the observed data, A the set of parameters, comprised of static parameters ©
and latent states X (in our case, V', U, J, G), p(Y | A) the likelihood of the data and p(\)

the prior distribution.
Model comparison is typically performed using the Bayes factor, defined as:

p(Ma|Y)  p(Y | Ma)p(My)

Blas = (s [Y) ~ oV | Ma)p(Ms)

where M4 and Mp are competing models. We assume equal model priors p(M,4) = p(Mp),

so that the Bayes factor is the ratio of the marginal likelihoods of each model.

The computation of marginal likelihoods in high-dimensional models is challenging.
We adopted Chib’s method (Chib, 1995), which decomposes the calculation into smaller
and more tractable blocks. In models with latent parameters, this method can be improved
using particle filters (Chib et al., 2002), such as a bootstrap particle filter (Gordon et al.,
1993). Details of the implementation are provided in Appendix B.

4.4  Posterior Sampling

We use the Gibbs sampler complemented by slice sampling within Gibbs steps
to handle conditional distributions whose kernels do not belong to any known family
of distributions. The sampler is written in the Julia programming language, and the

conditional posteriors are derived in Appendix A.

An additional advantage of the Gibbs framework is its natural compatibility with

Chib’s method for computing the marginal likelihood, as discussed in Appendix B.
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5 Results

In this chapter, we present and discuss the results of our empirical analysis. We
synthesize the key findings, emphasizing both the recurring patterns and the asset-specific
differences revealed by the analysis. Where appropriate, we offer interpretations, propose

possible explanations, and relate our findings to existing literature.

5.1 Result Objects

Our results presentation is structured around four key objects, each included for

every selected asset.

The first object is a table that summarizes the performance metrics (residual
analysis and marginal likelihood). The second object is a table that summarizes the
numerical results for the static parameters. Given their relatively small number, we are
able to present results for all models. This table is divided into sixteen blocks, each
corresponding to one of the model specifications selected for our study. The third object
consists of figures showing the trajectories of the latent states. Rather than providing
these figures for all models, we focus specifically on the XGBM-JDC specification. To
facilitate interpretation, the observed price and logarithmic return series are also included.
The fourth and final object is a series of figures with box plots, designed to support our

discussion through a visual analysis of the distributions of latent parameters.

While the performance metrics tables are presented through Section 5.2, the other

objects reside in Appendix D.

5.2 Individual Analysis

This section focuses on individual analyses for each asset.
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5.2.1 S&P 500 Index

Table 9 summarizes the performance metrics for this asset.

We start by evaluating the performance of the models through the residual analysis.
Models relying solely on stochastic volatility perform poorly, with no meaningful differences
among the four volatility types. When infinite-activity jumps are added, performance
improves notably for the non-affine specifications, whereas the affine case shows only a
small benefit. The inclusion of stochastic drift leads to mixed effects. For the XGBM type,
performance decreases slightly, while the other three types display marginal improvements.
Allowing for full correlation also produces heterogeneous outcomes. The XGBM recovers
sharply from the previous level and reaches its strongest performance, IGamma and
Heston improve moderately, while GARCH exhibits a considerable decline. Overall, the
XGBM tends to display the most consistent improvements across stages, with IGamma
and GARCH showing comparable intermediate results and Heston generally benefiting

less from added features.

From the marginal likelihood perspective, the differences among the isolated volatil-
ity models are more evident. In fact, some of the non-affine types perform better than
others, even after we incorporate additional features. The addition of infinite-activity
jumps improves performance across all volatility types, with XGBM showing the strongest
gain. In contrast, introducing stochastic drift reduces performance overall, particularly for
the non-affine types, while the affine Heston is less affected. The full correlation setting
restores performance for XGBM and [Gamma, has a slight negative effect on GARCH,
and significantly weakens Heston. Overall, XGBM achieves the strongest improvements in
most configurations, IGamma also shows robust gains, GARCH performs moderately, and

Heston consistently benefits the least from the added features.



Chapter 5. Results 32

Table 9 — Performance metrics results - S&P 500 Index

The values are conditionally formatted in two different blocks, each associated with the corresponding
performance metrics, to help the reader visualize the distance between the values for each model. The
color scale varies from green (bigger values) to red (smaller values). The column aliases represent the
following metrics: EPV, expected p-value of the A-D test; N-EPV, normalized values of the expected
p-value of the A-D test; LML, logarithmic marginal likelihood; LBF, logarithmic Bayes factor against
the model with the lowest LML value; and N-LBF, normalized values of the logarithmic Bayes factor.

Model EPV N-EPV
XGBM-JDC
XGBM-JD
XGBM-J
XGBM
[Gamma-JDC 17.0% 77.7%
IGamma-JD 15.1% 68.7% 32827.9
IGamma-J 13.3% 60.7%
IGamma 32813.5 149.3 75.8%
GARCH-JDC 13.3% 60.9% 32790.1 125.9 63.9%
GARCH-JD 16.1% 73.6% 32792.6 128.4 65.2%
GARCH-J 15.5% 70.8% 32806.6 142.4 72.3%
GARCH 32792.8
Heston-JDC
Heston-JD
Heston-J
Heston

32796.7
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5.2.2 US T10Y Yield

Table 10 summarizes the performance metrics for this asset.

We start by evaluating the performance of the models through the residual analysis.
Stochastic volatility alone produces weak results, with only minimal differences between
volatility types. Non-affine models show a slight edge over the affine type. When infinite-
activity jumps are introduced, all three non-affine models achieve substantial and broadly
similar improvements, while the affine specification benefits only marginally. Adding
stochastic drift yields mixed effects. The XGBM experiences a small decline, whereas the
other types exhibit slight gains. The full correlation setting also produces uneven outcomes.
The GARCH remains roughly unchanged, the IGamma improves modestly, and the XGBM
recovers to its earlier level. Interestingly, the Heston shows a sharp improvement that
appears somewhat disproportionate, though it still does not reach the levels attained
by the non-affine types. Overall, the three non-affine specifications maintain consistently

stronger performance across stages, while Heston lags behind.

From the marginal likelihood perspective, differences among the isolated volatility
models become more apparent, with certain non-affine types outperforming others even
after additional features are introduced. The addition of infinite-activity jumps improves
performance across all types, with the XGBM and IGamma showing the most notable
gains. However, introducing stochastic drift leads to a small and fairly uniform decline
across models. Adding the full correlation produces mixed effects. The XGBM and IGamma
drop slightly, the GARCH improves but remains below its earlier level, and the Heston
experiences a sharp decline that leaves it clearly weaker than the other types. Taken
together, the results suggest that XGBM and IGamma achieve the most consistent gains,
GARCH performs moderately, and Heston benefits the least from the added features.
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Table 10 — Performance metrics results - US T10Y Yield

The values are conditionally formatted in two different blocks, each associated with the corresponding
performance metrics, to help the reader visualize the distance between the values for each model. The
color scale varies from green (bigger values) to red (smaller values). The column aliases represent the
following metrics: EPV, expected p-value of the A-D test; N-EPV, normalized values of the expected
p-value of the A-D test; LML, logarithmic marginal likelihood; LBF, logarithmic Bayes factor against
the model with the lowest LML value; and N-LBF, normalized values of the logarithmic Bayes factor.
The Heston-JDC model exhibited low performance in terms of LML compared to all other models, which
caused both the N-LBF values and the associated conditional formatting to become highly saturated,
thereby harming the intended result exhibition. To address this issue, we chose to use the model with the
second-lowest LML as the reference point for computing the LBF values and excluded the N-LBF value of
the model from the calculation.

Model EPV N-EPV LML LBF N-LBF
XGBM-JDC 28622.1 166.1 93.6%
XGBM-JD 42.6% 95.0%

XGBM-J

XGBM 28591.4

IGamma-JDC

[Gamma-JD 41.7% 92.8%

IGamma-J 41.5% 92.4%

IGamma 28595.0 139.0 78.3%
GARCH-JDC 41.4% 92.3% 28609.1 153.1 86.3%
GARCH-JD 41.4% 92.2% 28607.9 151.9 85.6%
GARCH-J 40.6% 90.3% 28613.2 157.2 88.6%
GARCH 28588.8

Heston-JDC

Heston-JD

Heston-J

Heston
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5.2.3 USD x EUR

Table 11 summarizes the performance metrics for this asset.

We start by evaluating the performance of the models through the residual analysis.
Performance is generally weak when relying solely on stochastic volatility. Among these
cases, the Heston type shows a slight edge, while the three non-affine types perform at
similar levels. The addition of infinite-activity jumps leads to a substantial boost for all
models, including Heston, which, unlike in the previous assets, benefits strongly from
this feature. The contribution of stochastic drift is marginal, with a very small gain for
the non-affine types and an equally small decline for Heston. The introduction of full
correlation again produces mixed outcomes. All non-affine types decline slightly, but
Heston shows a sharp and somewhat unexpected improvement, making its JDC variant
stand out under this metric. Overall, the non-affine models deliver steady gains across
most settings, while Heston typically remains weaker, with the exception of its anomalous

JDC configuration.

From the marginal likelihood perspective, the contrast between the isolated volatility
models is clearer, and in some cases non-affine specifications exceed the performance of
enhanced variants of other types. The addition of infinite-activity jumps improves results
across all volatility types, with XGBM showing the largest gains. In contrast, the inclusion
of stochastic drift reduces performance modestly and consistently across models. Under
the full correlation setting, the results diverge further. The XGBM and GARCH present
small declines, IGamma shows a slight improvement, and Heston experiences a steep drop,
leaving its JDC specification as the weakest under this metric. Taken together, the results
suggest that XGBM provides the most consistent performance, I[Gamma also escalates
robustly, GARCH delivers moderate outcomes, and Heston generally benefits the least

from the additional features.



Chapter 5. Results 36

Table 11 — Performance metrics results - USD x EUR

The values are conditionally formatted in two different blocks, each associated with the corresponding
performance metrics, to help the reader visualize the distance between the values for each model. The
color scale varies from green (bigger values) to red (smaller values). The column aliases represent the
following metrics: EPV, expected p-value of the A-D test; N-EPV, normalized values of the expected
p-value of the A-D test; LML, logarithmic marginal likelihood; LBF, logarithmic Bayes factor against
the model with the lowest LML value; and N-LBF, normalized values of the logarithmic Bayes factor.
The Heston-JDC model exhibited low performance in terms of LML compared to all other models, which
caused both the N-LBF values and the associated conditional formatting to become highly saturated,
thereby harming the intended result exhibition. To address this issue, we chose to use the model with the
second-lowest LML as the reference point for computing the LBF values and excluded the N-LBF value of

the model from the calculation.

Model EPV N-EPV LML LBF N-LBF
XGBM-JDC 38.2% 87.3%
XGBM-JD 38.9% 88.9%
XGBM-J 38.6% 88.2%
XGBM 37320.3 74.5 79.3%
IGamma-JDC 35.5% 81.2% 37327.4 81.6 86.8%
IGamma-JD 36.6% 83.6% 37327.2 81.4 86.6%
IGamma-J 36.3% 83.1% 37328.8 83.0 88.3%
IGamma 37315.7 69.9 74.4%
GARCH-JDC 34.2% 78.1% 37303.3 57.5 61.2%
GARCH-JD 35.6% 81.4% 37307.4 61.6 65.5%
GARCH-J 35.2% 80.5% 37308.7 62.9 66.9%
GARCH 37295.0 49.2 52.3%
Heston-JDC
Heston-JD 27.2% 62.2%
Heston-J 27.4% 62.5%

Heston
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5.2.4 Gold 100 OZ

Table 12 summarizes the performance metrics for this asset.

We start by evaluating the performance of the models through the residual analysis.
Models relying only on stochastic volatility perform poorly, with no significant differences
among the four types. When infinite-activity jumps are added, performance improves
moderately across all models, though the gains are smaller than those observed for other
assets, particularly among the non-affine types. The inclusion of stochastic drift marks the
first case where all volatility types experience a consistent and notable improvement, with
the largest effects observed for the non-affine models. Adding the full correlation then leads
to declines across the types. The XGBM, IGamma, and Heston show only small losses,
while GARCH is more strongly affected. Across these configurations, XGBM delivers the
most consistent improvements, IGamma also performs robustly, and GARCH and Heston

generally show weaker outcomes.

From the marginal likelihood perspective, the results differ somewhat from the
earlier assets. In this case, stochastic volatility alone does not yield any specification that
outperforms the enhanced versions. The XGBM and IGamma provide stronger results than
GARCH, while Heston remains comparatively weak. The addition of infinite-activity jumps
delivers a substantial boost for all volatility types, and the inclusion of stochastic drift
produces a further, though modest, improvement across the board. The full correlation
setting then causes small declines for all models, although Heston behaves more stably
here than in other assets, avoiding the anomalous outcomes observed previously. Taken
together, the results suggest that XGBM is consistently the strongest performer, IGamma
also performs reliably, while GARCH and Heston exhibit more limited gains.
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Table 12 — Performance metrics results - Gold 100 OZ

The values are conditionally formatted in two different blocks, each associated with the corresponding
performance metrics, to help the reader visualize the distance between the values for each model. The
color scale varies from green (bigger values) to red (smaller values). The column aliases represent the
following metrics: EPV, expected p-value of the A-D test; N-EPV, normalized values of the expected
p-value of the A-D test; LML, logarithmic marginal likelihood; LBF, logarithmic Bayes factor against
the model with the lowest LML value; and N-LBF, normalized values of the logarithmic Bayes factor.

Model EPV N-EPV LML LBF N-LBF
XGBM-JDC
XGBM-JD
XGBM-J 14.3% 53.3%
XGBM
IGamma-JDC 33106.1 215.9 87.7%
IGamma-JD
IGamma-J 13.1% 48.9%
IGamma
GARCH-JDC 10.8% 40.3% 33079.1 188.9 76.7%
GARCH-JD 17.5% 65.3% 33098.1 207.9 84.4%
GARCH-J 7.9% 29.5% 33091.1 200.9 81.6%
GARCH
Heston-JDC 33058.1 167.9 68.2%
Heston-JD 5.3% 19.6% 33067.9 177.7 72.1%
Heston-J 33063.1 172.9 70.2%
Heston
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5.2.5 Oil WTI Crude

Table 13 summarizes the performance metrics for this asset.

We start by evaluating the performance of the models through the residual analysis.
Performance is generally weak when relying solely on stochastic volatility. The non-affine
types display a slight advantage over the affine specification, though distinctions within the
non-affine group are minimal. Adding infinite-activity jumps improves performance across
the board, though the gains are smaller than for other assets. The GARCH type stands out
as an exception, deriving a stronger benefit from jumps than the rest. The introduction
of stochastic drift yields a marked improvement for all models except GARCH, which
diverges from the general trend by showing a notable decline. The full correlation setting
proves beneficial to most models, with the XGBM, IGamma and Heston types improving
further, while GARCH again drops, albeit less severely than before. Across these stages,
the non-affine types consistently show stronger performance, while Heston generally lags
behind.

From the marginal likelihood perspective, the isolated volatility models reveal
sharper distinctions, with particular non-affine forms surpassing more elaborate configu-
rations of other types. Infinite-activity jumps produce modest improvements across all
models, with Heston showing the largest relative gain at this stage. The addition of
stochastic drift provides a further boost, particularly for XGBM and IGamma. Under
full correlation, only XGBM continues to improve, I[Gamma declines slightly, and both
GARCH and Heston experience pronounced losses. Taken together, the results indicate
that XGBM and IGamma demonstrate the most consistent gains, while GARCH and

Heston tend to be less robust.
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Table 13 — Performance metrics results - WTI Crude Oil

The values are conditionally formatted in two different blocks, each associated with the corresponding
performance metrics, to help the reader visualize the distance between the values for each model. The
color scale varies from green (bigger values) to red (smaller values). The column aliases represent the
following metrics: EPV, expected p-value of the A-D test; N-EPV, normalized values of the expected
p-value of the A-D test; LML, logarithmic marginal likelihood; LBF, logarithmic Bayes factor against
the model with the lowest LML value; and N-LBF, normalized values of the logarithmic Bayes factor.

Model EPV N-EPV
XGBM-JDC
XGBM-JD 14.9% 62.1%
XGBM-J 7.9% 32.7%
XGBM 25289.9
IGamma-JDC
[Gamma-JD 15.4% 63.9%
IGamma-J 8.3% 34.6%
IGamma 25288.4
GARCH-JDC 7.7% 32.1%
GARCH-JD 8.7% 36.1% 25266.8 102.6
GARCH-J 13.7% 57.1% 25265.7
GARCH 25255.0
Heston-JDC 8.8% 36.7%
Heston-JD 7.0% 28.9%
Heston-J
Heston
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5.2.6 Bitcoin

Table 14 summarizes the performance metrics for this asset.

We start by evaluating the performance of the models through the residual analysis.
Performance is weak when relying solely on stochastic volatility, though the IGamma shows
a slight advantage. Once we introduce infinite-activity jumps, the non-affine models record
substantial improvements, whereas the affine Heston benefits only marginally. Adding
stochastic drift yields a modest but consistent gain across all types, with Heston presenting
only a minimal improvement, yet still moving in the same direction. The full correlation
setting generally maintains or slightly reduces performance, but in this case the Heston
behaves normally, avoiding the anomalous outcomes observed for some other assets. Taken
together, the non-affine models, particularly XGBM and IGamma, demonstrate stronger

results throughout these stages, while Heston tends to lag behind.

From the marginal likelihood perspective, variation across the isolated volatility
models is more evident, yet none typically outperforms enhanced versions, except in the
case of Heston, where the XGBM and IGamma in isolation surpass all affine variants. The
addition of infinite-activity jumps markedly improves outcomes across all models, followed
by another round of modest but consistent gains with stochastic drift. Introducing the
full correlation slightly reduces performance for the non-affine types, while Heston sees
a modest improvement and behaves more stably than in earlier cases. Overall, XGBM
and IGamma repeatedly show stronger results across most stages, GARCH follows with

intermediate performance, and Heston remains less competitive relative to the others.
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Table 14 — Performance metrics results - Bitcoin

The values are conditionally formatted in two different blocks, each associated with the corresponding
performance metrics, to help the reader visualize the distance between the values for each model. The
color scale varies from green (bigger values) to red (smaller values). The column aliases represent the
following metrics: EPV, expected p-value of the A-D test; N-EPV, normalized values of the expected
p-value of the A-D test; LML, logarithmic marginal likelihood; LBF, logarithmic Bayes factor against
the model with the lowest LML value; and N-LBF, normalized values of the logarithmic Bayes factor.

Model EPV N-EPV
XGBM-JDC
XGBM-JD
XGBM-J
XGBM
IGamma-JDC
IGamma-JD
IGamma-J
IGamma
GARCH-JDC 18.4% 73.9%
GARCH-JD 79.4%
GARCH-J 63.8%
GARCH
Heston-JDC
Heston-JD
Heston-J
Heston
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5.3 General Findings and Conclusions

This section focuses on general findings and conclusions.

5.3.1 The Role of Jumps

Stochastic volatility alone, whether affine or non-affine, is insufficient to capture

the dynamics of financial data, as the presence of jumps is essential for explanatory power.

This conclusion is consistent with several studies that cover a wide range of settings,
varying in volatility type (affine (Eraker et al., 2003) or non-affine (Christoffersen et
al., 2010), (Ignatieva et al., 2015)), jump intensity (constant (Eraker et al., 2003), self-
exciting (Gonzato et al., 2021), or stochastic (Carverhill et al., 2022)), jump activity (finite
(Eraker et al., 2003) or infinite (Li et al., 2008)), and jump distribution (Kou et al., 2017).
Although some of these studies focused more on identifying which type of jump or volatility
specification was most informative, they all consistently reached the same stylized fact.

We observe this pattern consistently across the six assets.

In the residual analysis metric perspective, models based solely on stochastic
volatility consistently failed to achieve satisfactory performance. In contrast, the marginal
likelihood reveals a different outcome, which leads to the second key finding, discussed

next.

5.3.2 Explanatory Power of Non-affine Volatility

Non-affine stochastic volatility has better explanatory power than affine stochastic

volatility, as observed in both performance metrics.

This conclusion aligns with other works in the literature, including Christoffersen
et al. (2010), Ignatieva et al. (2015), Ignatieva et al. (2024), and Kaeck et al. (2017). They
analyzed both affine and non-affine volatility models in settings with and without jumps
and observed that the non-affine specification reproduce empirical behavior more accurately.
Jones (2003) explained that the affine Heston model presents weaker performance because
it lacks the CEV component in the standard deviation formulation. We observe this pattern

consistently across the six assets.

In the residual analysis perspective, the performance differences between affine
and non-affine types were often difficult to distinguish. However, the marginal likelihood

results provided clearer evidence: non-affine models consistently outperformed the affine
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type, even in cases where the latter was augmented with jumps. This finding echoes the
conclusion of Kaeck et al. (2012).

Additional evidence can be highlighted by examining the first plot (which compares
volatility alone and volatility along with jumps in returns) of the distribution analysis
figures (7, 8, 9, 10, 11, 12). Comparing the XGBM and Heston models, we observe that
the XGBM reaches higher volatility levels without distorting the overall distribution. This
highlights its greater flexibility in capturing episodes of extreme turbulence, followed by

rapid reversion to lower volatility states.

5.3.3 Non-affine Volatility and Infinite Activity Jumps

Combining non-affine stochastic volatility with infinite-activity jumps substan-
tially enhances explanatory power according to our performance metrics, whereas the

corresponding gains under the affine specification are comparatively much smaller.

This conclusion resonates with Yang et al. (2017), who showed that the joint
inclusion of non-affine volatility and infinite-activity jumps considerably improved the
modeling of S&P 500 Index returns. Our results demonstrate that a similar pattern holds

across the six assets considered.

At the same time, our observation that affine specifications benefit much less from
the addition of infinite-activity jumps diverges from the results of Li et al. (2008), who
reported strong performance for this combination in the S&P 500 Index. A plausible
explanation lies in the differences between the datasets: their study covered the period
from January 2, 1980, to December 29, 2000, comprising about 5,000 observations. In
contrast, our series spans from June 6, 1983, to December 31, 2022, doubling the number
of observations and capturing two major disruptive events: the 2008 subprime mortgage

crisis and the 2020 COVID-19 pandemic, which were absent from their sample.

We obtain further insight through the first plot (which compares volatility alone
and volatility along with jumps in returns) of the distribution analysis figures (7, 8, 9, 10,
11, 12). Comparing the XGBM and XGBM-J models, we observe that the improvement
potentially arises from the ability to reach lower volatility levels, effectively creating a
regime separation where numerous small jumps dominate. In contrast, the Heston versus
Heston-J comparison illustrates the smaller gains of the affine case, probably reflecting its

more constrained access to such low-volatility regimes.
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5.3.4 Non-affine Volatility Types

Non-affine stochastic volatility types display distinct explanatory power, with some

specifications proving more effective than others.

While Yang et al. (2017) concentrated exclusively on the GARCH type, our
study extends the analysis by also considering the IGamma and XGBM types proposed
in Langrené et al. (2016) and Lewis (2019), respectively. We compare how structural

differences in drift and diffusion affect overall performance.

From the marginal likelihood perspective, the contrast becomes clearer. The Heston
type, the only affine model in our set, shows limited flexibility, primarily due to the absence
of the CEV component in the volatility formulation. The GARCH type, by altering the
diffusion exponent [ from 0.5 to 1, introduces a CEV component and achieves noticeable
improvements. The IGamma type makes an additional modification by treating volatility
as a standard deviation process rather than variance, which replaces the rational drift
term present in both the Heston and GARCH types (volatility form) with a constant and
avoids excessively strong mean reversion at low volatility levels. Finally, the XGBM type
introduces v = 1, altering the drift structure in such a way that the reversion weakens at
low volatility levels. This adjustment allows the process to approach near-random walk

behavior in such regimes, enabling it to reach much lower volatility levels than the other

types.

Evidence of this effect can be seen in the second plot (which compares the four
volatility types) of the distribution analysis figures (7, 8, 9, 10, 11, 12), where the XGBM
model is able to reach lower volatility ranges, reflecting the loss of strong mean reversion in
the drift. Although our drift and diffusion components are less flexible than the generalized
structures studied in Ignatieva et al. (2015) and Kaeck et al. (2017), the results highlight the
importance of carefully specifying both components, as well as the significant consequences

of modeling volatility as variance or as standard deviation.

5.3.5 The Stochastic Drift

Inclusion of a stochastic drift component can be beneficial for certain assets,

particularly when longer time series are analyzed.

Across both performance metrics, we observed that the Gold 100 OZ, Oil WTI
Crude, and Bitcoin benefit substantially from the addition of stochastic drift. This is
further confirmed by the drift plot in the latent parameters figures (4, 5, 6). It reveals
considerable variability in the drift level over time for these assets, unfolding gradually. It

reinforces the notion that the stochastic drift feature becomes especially relevant in the



Chapter 5. Results 46

context of long historical samples.

For the two commodities, Oil WTI Crude and Gold 100 OZ, this result is consistent
with the presence of a time-varying convenience yield, which provides a natural explanation
for the stochastic drift component. Since our time series are based on front-month (first
active) futures contracts, the role of the convenience yield is even more pronounced, as
it naturally arises from the spread between spot and futures prices. This interpretation
aligns with earlier studies such as Schwartz (1997) and Hilliard et al. (1998), although our
framework is more general, combining non-affine stochastic volatility with infinite-activity
jumps. However, while convenience yield is a plausible driver, other factors, such as evolving
market expectations about long-term price dynamics, may also contribute to the observed

drift variability.

For Bitcoin, the rationale is less straightforward, given its nature as a digital
currency. In either case, empirical evidence suggests that allowing long-term fluctuations

in drift improves the ability of the model to capture its behavior.

In contrast, for the S&P 500 Index, the US T10Y Yield, and the USD x EUR,
the addition of stochastic drift brought little to no improvement. In some cases, it even
produced minor performance decreases. The drift plot in the latent parameters figures
(1, 2, 3) confirm that the drift variability in these assets is limited, suggesting that the

inclusion of this feature adds complexity without a meaningful explanatory benefit.

5.3.6  Full Correlation Structure

The complete correlation structure leads to heterogeneous performance outcomes,

depending on both the asset and the volatility type.

This finding is difficult to benchmark against prior studies, since we were unable
to identify any previous work that uses a full correlation framework incorporating infinite-

activity jumps.

From the volatility perspective, we observe that for standard deviation processes,
such as XGBM and IGamma, the effect of adding correlations ranges from neutral to
moderately positive, with only minor degradation in some cases. In contrast, for variance
processes such as GARCH and Heston, the introduction of the full correlation structure
produces more divergent effects, sometimes improving but often destabilizing model

behavior.

Looking across assets under the XGBM volatility regime, the role of correlations is
also mixed. For the S&P 500 Index and Oil WTT Crude, correlations substantially improve
performance. For the Bitcoin, the impact is minimal, while for the US T10Y Yield, USD x

EUR, and Gold 100 OZ, incorporating correlations leads to weaker outcomes.
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It is important to note that we did not disentangle the specific effects of drift
correlations from those of jump correlations in separate model specifications. As such,
their contributions cannot be isolated. Still, the evidence suggests that jump correlations
are the dominant driver, as their interaction with non-affine volatility dynamics appears

to be more substantial.

Regardless of whether correlations improved or degraded performance, the third
plot (drift) and the fourth plot (jumps) presented in the distribution analysis figures (7, 8,
9, 10, 11, 12) confirm that their inclusion significantly alters the shapes of the distributions.
The Bitcoin is the only exception, where the similarity of the plots reflects the fact that

the estimated correlation coefficients are close to zero.

During individual analyzes, we observed anomalous behavior in the Heston-JDC
model. For the S&P 500 Index, US T10Y Yield, USD x EUR, and Oil WTI Crude, this
specification showed surprisingly large improvements in the Normal residuals metric, while
at the same time being heavily penalized in terms of marginal likelihood. A similar pattern
was also observed for the GARCH-JDC model in the Oil WTI Crude case. Inspection
of the parameter py; in tables (18, 19, 20, 21, 22, 23) reveals negative estimates close
to —1. In contrast, for Gold 100 OZ and Bitcoin, py; has more balanced values, and no

anomalies are observed.

This behavior is consistent with possible overfitting or identification issues. One
potential remedy would be to impose a stronger prior on the parameter ¢;, preventing it
from drifting toward this problematic region. However, in order to ensure fair comparisons
across specifications, we maintained a uniform prior structure for all models, thereby

avoiding model-specific biases.
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6 Conclusion

In this work, we investigate the empirical performance of new class of models that
combines correlated non-affine stochastic volatility, stochastic drift, and infinite-activity
jumps. Our primary objective was to examine the effects of these features on asset price
dynamics. To this end, we evaluated sixteen model specifications using extensive daily close
price time series of six relevant financial assets from different markets. Their performance

was compared using residual analysis with posterior p-values and marginal likelihood.

We highlight the promising role of models that combine non-affine stochastic volatil-
ity with infinite-activity jumps, which proved crucial for achieving strong explanatory
power across both metrics. Within this setting, the XGBM volatility specification consis-
tently provided the most effective results. The inclusion of a stochastic drift component
and a full correlation structure further improved performance in several cases, though
the magnitude and direction of these effects varied depending on the asset class and the

evaluation metric.

Although often omitted in related studies, we provide detailed Bayesian derivations
of the joint and conditional posterior distributions for our model in Appendix A, with the

aim of clarifying our methodology and encouraging further extensions of this model class.

Overall, our study contributes to the ongoing discussion on how volatility, drift, and
jumps jointly shape financial return dynamics. By examining these features in a unified
framework, we offer new insights into their interaction and demonstrate the advantages
of a more flexible specification. Looking forward, several promising directions remain
open for exploration, including extending the analysis to other non-affine volatility types,
estimating the models with high-frequency data, deriving risk-neutral measures for option
pricing, combining return and option data in joint estimation, developing multivariate
specifications for correlated assets, and evaluating predictive performance in a forecasting

context.
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A — Bayesian Posterior Distributions

In this appendix, we derive all the Bayesian posterior distributions required for the
MCMC estimation framework. This includes the joint posterior distribution of the model

and all static and latent parameter conditional posteriors.

Our focus is on the most general version of the proposed model, where the drift
Uy is stochastic, the jump process J; is active, the non-affine exponents «, 3, and v of V;

remain unspecified, and all correlation coefficients are allowed to take nonzero values.

For brevity, throughout this appendix, we use the term posterior to refer to the

Bayesian posterior distribution.

A.1 Alternative Model Parametrization

In this section, we introduce an alternative parametrization of the general model
that facilitates the derivation of known conditional posterior kernels for selected static
parameters. The original parametrization is recovered by treating these quantities as
derived variables generated during the MCMC sampling. This reparametrization approach
was first proposed by Jacquier et al. (1994) and has since been applied extensively in
subsequent studies, though typically restricted to the case 2 x 2 that involves only the
component V;. Here, we extend the strategy to higher-dimensional settings by exploiting

the specific structure of the correlation matrix presented earlier.

For this purpose, we begin by revisiting the original covariance matrix:

L Yv Yu Yy
vy 1 Yy vy
Yu vy 1 byt
Yy vy Yuy 1

Looking back at Equations (3.2), (3.3), and (3.4), we note that the scale parameters

ov, oy, and o can be absorbed directly into the covariance matrix .

1 oviy ouu oy
5 oviy o oyouPvy  oyvo vy
ouYu  ovouviy ot oy huths
opby  ovoybyvy  ouosuy o5

Now, let us define the new parameters through the following bijections:
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o=t (1=48)  dv=ovby 6 oyt @ gy =2

wU:U?](l_wIQJ) ou = oyYu — O'U:m Yy = ———
Vwo + oF
WJ:U%(l_Q/J%) J=050 « UJ:m V) = ——m
Vws + 03

The parameters wy, wy, and wj are restricted to take real values greater than zero,

while the parameters ¢y, ¢y, and ¢; may assume any real value.

With these new definitions in place, the alternative covariance matrix becomes:

1 dv du oy
bv ¢y +wv  dvdy Py
dv  dvou  Pptwu  Guds
b; vy duds 5+ ws

Y =

This matrix has the following determinant and inverse:

det(X) = wywywy

Z —pywyt —duwy' —swyt
s-1_ —pywy ! Wit 0 0
—ppwy’ 0 wi! 0
—pyw;? 0 0 wi?

Z =1+ ¢pwy' + dpwy' + ¢hwy!

Here, we are working with the case of the 4 x 4 matrix, but this pattern for the

determinant and the structure of the inverse is preserved for arbitrary dimensions.

A.2 Deriving the Joint Posterior

In this section, we derive the joint posterior of the general model. To do so, we

work with the alternative parametrization introduced in Section A.1.

Let © = (Ov, ky,wv, ¢v, 0y, ky,wu, ¢u, 01, ws, ¢, v) denote the vector of static
parameters, while the latent parameters V, U, J, and G (written without subscripts)
represent the full trajectories of the respective states from ¢t = 1 to T'. In addition, we
define the auxiliary vectors V=, V', U~, and U™ to represent the lagged and lead versions

of these states, shifted backward and forward by one time step, respectively.
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The first step is to express the joint posterior as a product of individual conditionals,
taking advantage of the conditional independencies inherent in the model to simplify the

factorization:

p(©, V.U, J,G)Y)
p(Y)

xp(Y,V,U,J | V™, U ,G,0)p(G | ©)p(©)p(V1)p(U1)

p(©,V,U,J,G|Y) = x p(©,V,U, J,G,Y)

The element p(©) represents the product of all individual priors assigned to the
static parameters. In addition, the priors p(V1) and p(U;) must also be included as part of
the Bayes rule, since the states V' and U evolve recursively and depend on their lagged

values V'~ and U™, respectively.

With these elements in place, we now turn our attention to the conditional distri-
butions p(Y,V,U,J | V=, U~,G,0) and p(G | ©) and derive their explicit expressions.

A.2.1 The Individual Conditional of Y;, V;, Uy, J;

To obtain the expression for this conditional, we must realize that Y;, V;, Uy, J;
follow a multivariate Normal distribution, which has the following joint probability density

function:

1
Flwim ) = (2) 5 [det(2)

xexp (—5 (e — w5 (w - )

Here, k = 4, which is the dimension of our space. Now, from Equations (3.1), (3.2),
(3.3) and (3.4), if we standardize Y}, V;, Uy, J;, by isolating the elements A;, By, Cy, D; we

get the following expressions:

. Y, =Y - Ui A= J, . Vi— Vi — HVV,:L(QV - Vt—l)A
At - Bt - 8
ViZivA

Ve vA

o U~ U1 — ku(Oy — Ui1)A D, — Ji —0,Gy
= ) = —————
VA VG,

In order to proceed, we must absorb the denominator terms of A;, By, C;, D, into

C

2. Let us define X as the final covariance matrix that includes all necessary terms:

Ef = \/EE\/_:

1 dv du oy
VR x dv O +wy vy Pvdg VR
du  dvou g t+wu  Puds
oy Ovoy Pudy QS(ZJ +wy
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where /R is given by:

Ve VA 0 0 0
JR_| 0 VENVA 0 0
0 0 VA 0

0 0 0 VG,

Since /R is diagonal, calculating its determinant and inverse is much easier. We

can do these operations separately and incorporate them into the final expression in a
cleaner and intuitive way.

The determinant and inverse of VR are as follows:
det(VR) = V2P G AVA

(Ve vVAa)™ 0 0
= 0 (VEVA)T 0
VR = 0 0 (VA)! 0
0 0 0 (VG

Now, recall from Section A.1 that:

det(X) = wywywy

Z —pywyt —duwy' —gswy’
sl _ —pywy ! Wi 0 0
—ppwy! 0 wyt 0
—pywy! 0 0 re

Z =1+ dpwy' +dpwy’ + ¢hws’
Then, the new determinant and the new inverse will be:
det(Sy) = det(VR)det(S)det(VR) S =vVR SR

Putting everything together, we can make a direct substitution of each element

into the multivariate Normal formula and obtain the following expression:

1 1
ex —X)
A2, Jovwuw, VPG AV A p( 27

where X, is given by:
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Aoy " At n A5 n B} 2B, Ay N Ct 20 A0u n D} 2DiA¢,

wy Wy Wy wy Wy Wy Wy Wy Wy

Xt:A?‘i‘

Notice that in the expression X, all the terms we isolated in v/R were accordingly
returned to their corresponding parent terms A;, B;, C;, D;, allowing us to preserve their
previous definition. Moreover, their presence in the determinant of ¥; was correctly taken

into account.

Now, since t ranges from 2 to T', we will have the product of this expression for

every single ¢:

T 1 )
ex —X)
t:l—lz (47T2\/WVWUWJVtO_H{B\/GtA\/A p( 2 >

This can be reorganized to obtain the final expression of the individual conditional:

pY,V,U,J| V", U",G,0) =

(W@Mﬁfﬁ (%) o (i <Xt>>

This term we have just derived will be incorporated into the final expression of the

posterior.

A.2.2 The Individual Conditional of G}

This conditional is very simple to obtain, we just need to input the values directly

into the Inverse Gaussian distribution, which has the following probability density function:

F@ipm ) = 1] =2 exp <_>\(x—u)2>

2mas 2u2x

By making a direct substitution, we get the following:

mﬁcw@ o <_<G2V_GA>>

Again, since t ranges from 2 to T', we will have the following:

T

Reorganizing, we get the final expression:
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n6100= (20) T (b ) eo (o3 (9520))

This term we have just derived will be incorporated into the final expression of the

posterior.

A.2.3 The Joint Posterior

Finally, after having derived the two individual conditionals, we can put everything

together to obtain the expression of the joint posterior:

p(©, V.U, J,G|Y) x

<4w2¢valywA¢Z>T 1,:11 (W*W‘ ) o (i (Xt>> g

() )= (w5 (™))
P(6 )0y )0 )p(6 )P (00 ()P () (00)p (0P 0 (0)p()p(U)p(V3)

We can make some additional rearrangements to make the whole expression smaller

and visually cleaner.

The updated complete expression of the posterior is as follows:

p(©,U.V,J,G|Y) x

1\ = 1 = T (G, — A)?
(327T5A) (WVWUWJV> 1;[ (VQ+BG2> xexXp <_ ; (Xt * VGt )) 8

p(Ov)p(kv)p(wv)p(ov)p(0u)p(ku )p(wr)p(du)p(0.5)p(ws)p(ds)p(v)p(Us)p(Vi)

N —

Aoy n At n A5 n B} 2B, Ay n Ct 20 A0u n D} 2DiA¢,

wy Wy Wy wy wy Wy Wy Wy Wy

= A? +

Y, =Y - Ui A= J, B, — Vi— Vi — HVV,:L(@V - Vt—l)A
) =
Veva V2vA
. U — U1 — NU(QU - Ut—l)A D, — Jy —0,Gy
= )= ——————
vA VG

For the purposes of MCMC sampling, since we are only looking for proportionality,

At:

C

the first term involving the constant terms 7 and A can be suppressed from the expression

without harm.
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A.3 Deriving the Conditional Posteriors

In this section, we derive the conditional posterior distributions for each static and

latent parameter of the model.

In the context of Gibbs sampling, it is highly advantageous when conditional
posteriors belong to well-known kernel families. This property allows us to sample directly
from closed-form distributions, thereby avoiding slower methods required for unknown
kernels. Achieving this goal depends largely on the use of conjugate priors, which ensure
that posterior distributions remain in the same family as the chosen prior. In all cases, we

have selected priors to promote conjugacy whenever possible.

The alternative parametrization introduced earlier plays a central role in this
derivation. It enables us to sample the parameters wy, wy, wy, ¢y, ¢y, and ¢ from known
kernels. The posterior samples of the original parameters oy, oy, o7, ¥y, Yy, and ¥ can

then be recovered as generated quantities by applying the inverse bijections.

We will show that, with the exception of the latent states V' and G, all parameters
in the general model admit conditional posteriors belonging to known kernel families.
Furthermore, in the special case where ¥y = 0 (and hence ¢; = 0), the latent process G

also admits a known conditional posterior.

Our derivation proceeds in two parts: we first address the static parameters and
then turn to the latent states. At each step, starting from the joint posterior, we suppress
any factors that are conditionally independent of the parameter under consideration. For
clarity and conciseness, these terms will be either omitted entirely or dropped in the

subsequent step of the derivation.

Throughout the derivations, the prior distributions will be specified using generic
hyperparameters m and M. For latent parameters, the conditional posteriors correspond
to a single time point ¢t. By construction, analogous results apply to all time indices
[1,2,...,t—1] and [t+ 1,t +2,...,T]. The only exceptions are the boundary states V;,
Vr, U, and Up, which naturally yield slightly different conditional posteriors.

A.3.1 The Static Parameter 60y

The general expression for the conditional posterior of this parameter is as follows:
p(ev ‘ Y7 v7 U7 J7 Ry, Wy, ¢V) (8 p(Y7 ‘/7 U? J | Viv Uia G7 9V7 Ry, Wy, ¢V)p(‘9V)

We set the prior p(6y) as a Normal distribution N(m, M) truncated at the interval

(0,00). After inspecting the joint posterior and eliminating all unnecessary terms, our
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starting point for this derivation will be the following expression:

o _}i B? — 2¢y A B, oo (L 0% — 20ym + m?
P\ 2 Wy P2 M2

t=2

In order to simplify the following development, let us define the auxiliary variables

a; and by, in such a way that the terms A; and B; will now be:
ar =Y, =Y — U1 A — J

be = Vi — Vit + iy VA

at —ky Vi 0v A+ by

T e— B p—
Ve VA ' V2 VA

Now, we focus on the term B? — 2¢y A;B; and insert A; and Bj:

Ay

02 K2V A% — 20y Ky V) Ab+b? N 20y ky Vil Apya,—2pyash,
VA AV

22 A vV (b —dva
_ p2 (“V t—1 )_29 ( vVie1 ( to, v t))
G A7 77

The term that corresponds to the prior can be arranged in the same way:

0‘2/—2<9Vm+m2_92 1 g (T
M? ERAANVTE Y\ 2

Putting everything together, we get the following expression:
1, [2aZ <Vﬂ_1 ) ? 1

eXp | —= 0V Z + —

( 2 ( Wy 5 V£1 M?

T gl
Ry Z Vil ( by —<bvat>> m ]))
v |f’uV t=2 <V;6;1 V;gﬁ_l t(il M2

Finally, we can see that the posterior is also a Normal distribution truncated at

the interval (0, 0o):

HV ~ N(07OO)(7TZ* s M*) m*
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A.3.2 The Static Parameter sy

The general expression for the conditional posterior of this parameter is as follows:
p("iV | Y7 V7 U7 J7 0V7 wy, va) X p(Y7 ‘/7 U7 J ’ V_7 U_7 G7 6V7 Ry, Wy, qbV)p("iV)

We set the prior p(ky ) as a Normal distribution N(m, M) truncated at the interval
(0,00). After inspecting the joint posterior and eliminating all unnecessary terms, our

starting point for this derivation will be the following expression:

ex 1 i B/ = 29v Ay ex . Ky = 2rym +m’
PLTy wy PL73 M?

t=2

In order to simplify the following development, let us define the auxiliary variables

a; and by, in such a way that the terms A, and B; will now be:

ag =Y, =Y, — U1 A —J, by =V, = Vi

—/{VV;L(QV - ‘/t—l)A + bt
Ve WA

Gy

Ve VA

At Bt =

Now, we focus on the term B? — 2¢y A;B; and insert A; and B;:

KEV (O — Viet)2A? — 26y V) (O — W*1>Abt+b?+

V2 A
2/‘3?\/‘/{11(9\/ — ‘/t_l)A¢Vat—2¢VCLtbt
VA
V2 (0 — Vi )2A VL (6y — Vi, b —
:/»4;‘2/< i1 (0v LV 1) )—2/€v< i 1(Vﬁ t1)< o ¢Zat)>
Vit Vis ViZa t—1

The term that corresponds to the prior can be arranged in the same way:

2 2 2 1
ot (1) (1)

Putting everything together, we get the following expression:

Lo A& (v —Vi)) | 1
(3 (SR (P )
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Finally, we can see that the posterior is also a Normal distribution truncated at
the interval (0, 00):

Ky ~ Ns)(m*, M~) m* =

Vil (Oy — Vi 1)) 1
_|_7
WV%(( Ve M2

1 & VV th) by —Qyay m
Z<H 1 L)), m
t—

Cwy t=2 V;ﬁ—1 t—1

ap =Y, =Y, — Ui A = J, by =V, — Vi

A.3.3 The Static Parameter wy

The general expression for the conditional posterior of this parameter is as follows:
p(wV | Y7 V7 U7 Ja 9V7 Ry, ¢V) X p(}/a VYa U7 J ‘ V_7 U_a G> 9V7 Ry, Wy, ¢V)p(WV)

We set the prior of wy as an Inverse Gamma distribution IT'(m , M). After inspect-
ing the joint posterior and eliminating all unnecessary terms, our starting point for this

derivation will be the following expression:
(1>T21 112T:(¢2A2 2¢AB+B2) <1>m+1 < M)

— ex —— — — exp | ——

v p . vy v AL Dy t Wy p Wy

In order to simplify the following development, let us define the auxiliary variables

a; and by, in such a way that the terms A; and B; will now be:

Y, -Yi - U1 A—Jy b, — Vi— Vi — kv VL (0 = Vig)A
;=
Ve A VAVA

ar =

A=y B, = b,

Now, we focus on the term ¢2,A? — 2¢y A;B; + B? and insert A; and B:

1\ = 11 Z 1\t M
— — 2pvab, + b — =
(WV) *Xp ( 2 Wy ; (¢Vat ¢Vat K + )> (wv> P ( wy

Rearranging the terms, we get the following expression:

N———
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Ty T
(1) e (- [5 (o - 2ovan 7))

t=2

Finally, we can see that the posterior is also an Inverse Gamma:

wy ~ IT(m*, M™)

1.7
m :T—i-m M*:§Z(¢%/at2—2qﬁvatbt+bt2)+M
=2

Y =Y - U A - b Vi = Vier — ky Vi (Ov — Vo)A
- t

VevA v/ VA

Qy

A.3.4 The Static Parameter ¢y

The general expression for the conditional posterior of this parameter is as follows:
plov | Y, V.U J 0y, kv,wy) <p(Y,V [ VT, UG, J, 0y, kv, wy, dv)p(ov)

We set the prior p(¢y) as a Normal distribution N(m, M). After inspecting the

joint posterior and eliminating all unnecessary terms, our starting point for this derivation
will be the following expression:

T
exp <_;1Z (qb%/A? _ 2¢VAtBt)> exp <_; <¢%/ — 2¢0ym +m2>>

Wy 1= M?2

In order to simplify the following development, let us define the auxiliary variables
a; and by, in such a way that the terms A, and B; will now be:

0 = Y=Y 1 —U1A—J; b, — Vi—Viei — HVVZil(eV - thl)A
t Ve VA t VZ VA

At:at Bt:bt

Now, we focus on the term ¢%, A? — 2¢y A, B, and insert A; and B;:

11 &y oy
exXp <—2w ; (QbVCLt — 2¢Vatbt>>

The term that corresponds to the prior can be arranged in the same way:

62 — zjg\%ermz _ (@) — 20y (J\??)
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Putting everything together, we get the following expression:

o(HR D ] [ o 2]

Finally, we can see that the posterior is also a Normal distribution:

¢y ~ N(m*, M™) m* =

1 &, 1 1 &
WX (@) g S= Xl
YV ULA-d Ve Vi - s V(0 - VA

t Ve, VA t v2VA

A.3.5 The Static Parameter 0y

The general expression for the conditional posterior of this parameter is as follows:
p(eU ’ Yva ‘/7 U7 J7 Ry, Wu, ¢U) X p(Y7 V7 U7 J ’ Via U77 G7 9U7 Ry, Wwu, ¢U)p<9U)
We set the prior p(fy) as a Normal distribution N(m, M). After inspecting the

joint posterior and eliminating all unnecessary terms, our starting point for this derivation
will be the following expression:

ox Z 02 — 2¢UAtCt ox _1 QQU — 29Um + m2
Pla& oy Pl M?

In order to simplify the following development, let us define the auxiliary variables
a; and ¢, in such a way that the terms A; and C; will now be:

a =Y =Y 1 —U_1A—J; ¢t = U — Uiy + kpUi A

ay —kylu A + ¢

A e —— —
vewva VA
Now, we focus on the term C? — 2¢yA;C; and insert A; and Cj:

02 k3 A? — 20y Ky Acy+c? N 200 ky Apra,—2dyacy
A Ve A

= 07 (/fUA) — 20y <f<;U (ct + _¢gat>>

t—1
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The term that corresponds to the prior can be arranged in the same way:

0% — 20pm—+m? 5 (1 m
=% )~ (i)

Putting everything together, we get the following expression:

(A E ] ) )

Finally, we can see that the posterior is also a Normal distribution:

S 1

Oy ~ N M* = — M= —

U (m7 ) m W \/W
rEA L 1 /{UT< —oyay m
W= 1)+ — S=— o+ )—i—
wy é() M? U; Ve M?

ar =Y, =Y — U1 A — J, ¢t = U — Uiy + kUi A

A.3.6 The Static Parameter rp

The general expression for the conditional posterior of this parameter is as follows:
p<HU | Y7 V> U7 ‘]7 9U7 wu, (bU) X p<Y7 V> U7 J ‘ Via Uia G7 eUa Ry, Wu, (bU)p('LiU)

We set the prior p(ky) as a Normal distribution N(m, M) truncated at the interval
(0,00). After inspecting the joint posterior and eliminating all unnecessary terms, our

starting point for this derivation will be the following expression:

ox _EZT: C? — 2¢p A, C, ox 1 k¥ — 2kpm + m?
Pl2& wo P2 M2

In order to simplify the following development, let us define the auxiliary variables
a; and ¢, in such a way that the terms A; and C; will now be:

ag =Y, =Y, — Ui A =, ¢, =U — U

PR O — —ky (O — Ui1) A + ¢
t— T t —
Ve vVA VA

Now, we focus on the term C? — 2¢y A;C; and insert A; and Cj:
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H?](QU - Ut_l)zAQ - 2/4}(](0[] - Ut—l)Act_’—C%_i_
A

2Ky (9U - Utfl)A¢Uat_2¢Uatct
Vi A

A )

The term that corresponds to the prior can be arranged in the same way:

kg — 2kpmAm? 5 (1 m
=t (3p) ~ 2 ()

Putting everything together, we get the following expression:

o (—5 (w8 | 5 3 (@0 - v?) 4 55

WU 1=

2 | 3 (00— U o+ ) ) + 1] ))

Finally, we can see that the posterior is also a Normal distribution truncated at
the interval (0, co):

S 1
~ IV 0 *7]\4>‘< * - M= —
Ry (0, )(m ) m W \/W
T 1
g(eU_Utl ) e
—dyay m
wU;;(@U Ui—1) (Ct+ o +M2

=Y, -Y, - U_1A—J, ¢ = U — Uiy

A.3.7 The Static Parameter wy

The general expression for the conditional posterior of this parameter is as follows:
p(MU | }/7 ‘/7 U7 J7 6U7 Ry, d)U) X p(Y7 V7 U, J | V_7 U_7 G7 9U7 Ry, Wy, d)U)p(WU)

We set the prior of wy as an Inverse Gamma distribution IT'(m, M). After inspect-
ing the joint posterior and eliminating all unnecessary terms, our starting point for this

derivation will be the following expression:
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<1) =N exp (—;wl i (6347 — 200 A,C, + cf)) ( wl >m+1 exp (_M>

Wu U =2 U Wy

In order to simplify the following development, let us define the auxiliary variables

a; and ¢, in such a way that the terms A; and C; will now be:

0 = Y, =Y, - Uil A=y o = U — U1 — I‘iU(eU - Ut—l)A
t = t =
Ve VA VA

At:at Cy=c¢

Now, we focus on the term ¢7, A? — 26y A,C; + C? and insert A; and C:

T-1
1\ = 11 K, 1 \™*! M
wy 2wy 7 2 () (‘)
(WU> exp ( S ;:2: <¢Uat duaic; + Ct)) o exp o

Rearranging the terms, we get the following expression:

(1) [F5+m]+1 exp (_1 BZT: ( va; — 20uac + Ct2) + M})

wWu Wy t=2

Finally, we can see that the posterior is also an Inverse Gamma:

wy ~ IT(m*, M*)

T
m'=——+m M* = Z(gb?]af—ZqﬁUatct—l—cf)—i—M
t=2

[\
N | —

Y, =Y Ui A= J; o — Uy — U1 — /fU(HU - Ut—l)A
;=
Ve VA VA

A.3.8 The Static Parameter ¢y

Ay =

The general expression for the conditional posterior of this parameter is as follows:
p(ou | Y. V.U, J, 0y, ky,wy) o<p(Y,V [V, U™, G, J,0u, ku,wu, pu)p(du)

We set the prior p(¢y) as a Normal distribution N(m, M). After inspecting the
joint posterior and eliminating all unnecessary terms, our starting point for this derivation

will be the following expression:

11 Z e
€Xp <_2WU ; (QSQUA? - 2¢UAtCt>> exp <_2 <¢U ?J;”n m ))
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In order to simplify the following development, let us define the auxiliary variables

a; and ¢, in such a way that the terms A; and C; will now be:

G — Y, =Y, - Uil A=y o — U — U1 — KJU(GU - Utfl)A
t = t =
Ve VA VA

At = Q¢ Ct = Ct
Now, we focus on the term ¢% A? — 2¢y A;C; and insert A; and Cj:
exp —11§T:(¢2a2—2¢ ac)
2WU s U Y Uil

The term that corresponds to the prior can be arranged in the same way:

DI (3) 20 (35)

Putting everything together, we get the following expression:

o (3 (4 [ 5 ) ] 2o [ B+ 51

t=2

Finally, we can see that the posterior is also a Normal distribution:

S 1
~ N(m*. M* 2 M= -
¢U (m7 ) m W W
W—lzT:(cﬁ)—l—l S—ii(ac)—F
=0 M? w5 ENTE
Yi =Y - U_1A - J, Ut_Utfl_HU(eU_Utfl)A

A.3.9 The Static Parameter 0;

The general expression for the conditional posterior of this parameter is as follows:
p(0; | Y, VU J,G,wy,¢5) xp(Y, V.U J [V, U™, G,05,w5,¢1)p(01)

We set the prior p(6;) as a Normal distribution N(m, M). After inspecting the
joint posterior and eliminating all unnecessary terms, our starting point for this derivation

will be the following expression:
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exp _li D? —2¢;A,D, oxp 1 (05 —20,m+m?
2 Wy 2 M?

t=2

In order to simplify the following development, let us define the auxiliary variables

a; and dy, in such a way that the terms A; and D, will now be:

a=Y,-Y, 1 —-U_1A—J, dy = J;

a

B 0G4 dy
Ve VA

A dy =
: t VG
Now, we focus on the term D? — 2¢;A;D; and insert A; and D;:

GgG? - 28]tht+dt2 + 28]Gt¢J6Lt—2¢JCLtdt
G, ATRVIERVIN

=07 (G) — 20, (dt + _(b”@“t)

Ve VA

The term that corresponds to the prior can be arranged in the same way:

6% — 20 ;m+m? o (1 m
=% (3p) 2 (3p)

Putting everything together, we get the following expression:

e )

t=2

Finally, we can see that the posterior is also a Normal distribution:

M* = —

S
0; ~ N(m*, M* m* = — =
J (m”, M) W Nii%

1 & 1 1 & —ng\/Gtat) m
W:—E Gy) + — S:—E i+ —"——F— |+ —
G+ 3 wy t_2<t (ZV/N S

ar =Y, =Y — U1 A —J, dy = J

A.3.10 The Static Parameter w;

The general expression for the conditional posterior of this parameter is as follows:

p(U)J ‘ Y7 Vv U7 J7G70J7¢J) O(p(Yv,‘/, U7 J ’ V77U77G79J7MJ7¢J)p(wJ)
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We set the prior of w; as an Inverse Gamma distribution IT'(m , M). After inspecting
the joint posterior and eliminating all unnecessary terms, our starting point for this

derivation will be the following expression:
1\ 7 11 &, 1" M
— 5o (6347 20,400+ D) ) () (-)
<WJ> o ( 2wy iz ( o Dot t)> wWJ P

In order to simplify the following development, let us define the auxiliary variables

a; and dg, in such a way that the terms A; and D; will now be:

o — Y=Y — Ui A —J,
! RVIN

At:at Dt:dt

d - Jy — 0,;G;
t 7?%

Now, we focus on the term ¢%A? — 2¢;A;D; + D? and insert A; and D;:
1\ = 11 &, NWERNa M
- L —2andy + &) ) (— A
(wJ> exp < 2w, t:ZQ (¢Jat dyady + t)) (uu) exp ( wJ)

Rearranging the terms, we get the following expression:

1 T

(1> [Z52+m]+1 exp <_1 [2 > (@30} — 265a,d, + d7) + MD

W Wy t=2

Finally, we can see that the posterior is also an Inverse Gamma:
wy ~ IT(m*, M™)
1 T
t=2

Y- Yy —UaA—J = 0,6
= ————
‘/tcil\/z \/Gt

A.3.11 The Static Parameter ¢

ay =

The general expression for the conditional posterior of this parameter is as follows:
p(¢J ’ }/7 ‘/7 U7 Ja Ga HJ,QJJ) X p(}/v ‘/7 U7 J ‘ V_, U_a G7 QJ,WJ, ¢J>p<¢J)

We set the prior p(¢;) as a Normal distribution N(m, M). After inspecting the
joint posterior and eliminating all unnecessary terms, our starting point for this derivation

will be the following expression:
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11 & 1 (% —20,m +m?
exp <_2wJ t; (Q%A? - 2¢JAtDt)> exXp <—2 < 1 ]\;I[Q ))

In order to simplify the following development, let us define the auxiliary variables

a; and ¢, in such a way that the terms A; and D; will now be:

Y- Yiu—UoA—J = 0,6
= ————
V;o_[l\/z \/Gt

At:(lt Dt:dt

ay =

Now, we focus on the term ¢%A? — 2¢;A;D; and insert A; and Dj:

exp( XT:( Ja't 2¢Jatdt)>
=2

The term that corresponds to the prior can be arranged in the same way:

2 — 2]@,2m+m2 g (&2) — 20y (1\7;2)

Putting everything together, we get the following expression:

o (S E o[ )

—92 J =2

Finally, we can see that the posterior is also a Normal distribution:

S 1

~ N(m*, M* e gp— M= ——

¢U (m7 ) m W \/W

1 & 1 1 & m
— — (ltdt

o5l "W T an

Y =Y U A—J;  Ji—0,Gy

a; = dy = ———

VevA

A.3.12 The Static Parameter v

The general expression for the conditional posterior of this parameter is as follows:

p(v | G) o< p(G [ v)p(v)

We set the prior of p(v) as an Inverse Gamma distribution IT'(m, M). After
inspecting the joint posterior and eliminating all unnecessary terms, our starting point for

this derivation will be the following expression:
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()7 oo (45 (G () e (1)

t=2

Rearranging the terms, we get the following expression:

(i)[T{l+m]+1 exp (_i BZT: ((Gt (_;tA)2> +MD

t=2

Finally, we can see that the posterior is also an Inverse Gamma:

A.3.13 The Latent Parameter V;

For this state, we must first realize that there exists a temporal link between V;
and Vi . This means that our conditional posterior will have to take into account this
relationship, and we can do so by factorizing the likelihood into two parts. Additionally,
we also have the exclusive prior contribution to Vi, which we set as an Inverse Gamma
distribution IT'(m, M).

The general expression for the conditional posterior of this state is:

p(‘/t | }/;‘/+17 Y;‘/a Y;‘,fla ‘/tJrl; ‘/tfla Ut> Utfla Jt+17 Jt7 Gt+17 Gt7 @) X
p(}/;+17}/;7‘/15+17Ut+17 Jt+1 ‘ ‘/ta Ut7Gt+17®)p(}/;7}/;*17‘/t7Ut7 Jt | ‘/t*l?Ut*17Gt7®)p(‘/l)

For V; where t € [2,T — 1], both factorized terms are present. In contrast, for Vi,
only the first term and the prior term are present, while for Vi, only the second term is

present. This happens because they represent the edge cases of the time series.

To obtain the posterior of this state, we start with a reduced expression of the joint

posterior, where many unnecessary terms are already eliminated:

I (s ) o (- 2 060 w0

i=2 \Vi1

AloY n Aol n AeS n B} 2B Ay n C? 2C Ay . D} 2DAig,

Xt = A? +
wy Wy wy wy wy Wu Wy Wy Wy

Because of the link between V; and V,, 1, we retain the generic blocks associated

with ¢t and ¢ + 1:
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()0 (-409) () -4 )

By inspecting all the terms A;, A;11, By, Bii1, Cr, Cii1, Dy, Dyyq, we can verify

that V; is only present in A;.1, By, Byr1. We will now define the terms z; and x;,; which

will contain only the necessary terms:

Aoy n At n A5 n B 2BtAt¢V+Qf _ 2CtAu n D} 2D A,

2
Ty = A -+
! wy wy Wy wy wy wu wy wy wy
A2 42 A2 42 A2 42
2 tr1Pv tr1Pu 1197
Ti41 = At+1 + + +
wy Wy Wy
2 2 2
+Bt+1 _ 2Bt+1At+1¢V+Ct+1 _ 20t+1At+1¢U+Dt+1 _ 2D Api 9y
wy wy wy wy wy wy

We summarize the three cases of conditional posterior for the state V' with the

generic index ¢:

Fort e [2,T — 1]

Vi <‘4jﬂg> exp (—; (%)) exp (‘i ($t+1))

For t = 1:

Fort="1T:
1
Vi o< exp (—2 (ft))
Bf 2B Apy
ry=— - —
wy wy
A2 42 A2 42 A2 H2 B2
Top1 = A?_l,_l + t+1¢v + t+1¢U + t+1¢J 4 il
Wy Wy Wy Wy
2B Aoy 20 Aadu 2D Ay
Wy Wy Wy
A, — Y, =Y - U A=, B, — Vi—=Vioi — /ithZl(QV - Vt—l)A
t = t =
Vtcﬁl\/z ‘/tﬁ_l\/z
C, = U — U1 — HU(QU - Utfl)A D, = Jy — 0,G,

VA vien
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The corresponding t + 1 terms of A;, B;, C}, D; can be obtained by advancing all
the t subscripts by one unit.

Unfortunately, with the exception of Vp (which follows a Normal distribution),
these expressions do not correspond to any known distribution, and no straightforward
technique can be applied to simplify the situation. To sample from these conditional
posteriors, we use the slice sampling method. This is also why we chose not to invest effort
in expanding the resulting expressions to eliminate additional constant terms, as they do

not affect the proportionality.

A.3.14 The Latent Parameter U,

For this state, we must first realize that there exists a temporal link between U,
and Uy,; . This means that our conditional posterior will have to take into account this
relationship, and we can do so by factorizing the likelihood into two parts. Additionally,

we also have the exclusive prior contribution to Uy, which we set as a Normal distribution
N(m, M).

The general expression for the conditional posterior of this state is:

p(Ut | Yt-i-lv Y%v Yt—la ‘/ta ‘/t—la Ut-i—la Ut—la Jt+17 Jta Gt+17 Gt7 @) X
p(Yt-l-h th ‘/;5-1-17 Ut-l-la Jt+1 | ‘/;f? Ut7 Gt+17 @>p<Y;7 Y;—h ‘/;7 Uta Jt | ‘/15—17 Ut—lu Gt7 @)p(Ul>
For U, where t € [2,T — 1], both factorized terms are present. In contrast, for Uy,

only the first term and the prior term are present, while for Uy, only the second term is

present. This happens because they represent the edge cases of the time series.

To obtain the posterior of this state, we start with a reduced expression of the joint

posterior, where many unnecessary terms are already eliminated:
1T
€xXp <—2 Z (Xt)> p(Ul)
t=2

Aloy n Aot n A5 n B} 2B Ay n C? 20 Adu n D} 2DiA¢,

wy Wy Wy wy wy Wy Wy Wy Wy

Xt:A?‘i‘

Because of the link between U; and U, we retain the generic blocks associated
with ¢t and ¢ + 1:

exp (‘é (Xt)> exp (—; (Xt+1)> p(U1)

By inspecting all the terms A;, A;11, By, Bii1, Cr, Ciy1, Dy, Dyyq, we can verify
that V; is only present in Ay, Cy, Cyiq. We will now define the terms z; and x;,; which

will contain only the necessary terms:
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Algy  Alon | Al¢5 | B} 2B Ay | CF 2C Ay D} 2D A,
+ + + -t
wy wu Wy wy wy wy Wy Wy wy

It:A?+

2 2 2 2 2 2
At+1¢V At+1 (bU At+1¢]
+ +
wy Wy Wy

2
T = Ay +

+Bt2+1 . 23t+114t+1¢v i O,:ZH . 2Ct+1At+1¢U+Dt2+1 . 2Dt+1At+1¢J
wy wy Wy Wy Wy Wy

In order to simplify the following development, let us define the auxiliary variables
at, agy1, bey1, Gy Cepn, digr inosuch a way that the terms Ay, Aipq, Biyr, Cr, Cor, Diga

will now be:
ag =Y, =Y, — U1 A = J; ary1 = Y1 — Y — Jia
b1 =Vipr — Vi — sV (0y — V)A dip1 = Jiy1 — 0,Gia

¢t = —Ui_1 — ky(0y — Uimr)A cip1 = U1 — kyby A

PR A —UiA + apq
CUewA T A
b1 dii1

Now, we focus on the main term and insert A;, A;r1, Bii1, Cp, Ciaq, Dysq. Let us

start with the terms associated with x;:

U2 4 2U,co+c? N —20pa, U =20 aicy e < 1 ) o, —C duay
wUA wUV;‘ilA wUA wUA wUVt‘ilA

Now we deal with terms associated with z;:

(UA? = 2U Aaga+afy ) 14 o + % + ¢
V2eA wy wuo Wy

20v U Abi1 =20y aip1bipr 20U Adiy1—2¢ ja411de 41
+ a+p a
wy VTP A w VeV AVG

+2¢UU3A(HUA - 1) - 2¢Uat+1(/fUA - 1) + 200Ut Aci1—20uai41¢041
wUVﬂA

+Ut2(/<;UA —1)? 4+ 2U(ku A — 1)epr + ¢y
wUA
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= U? (VAQQ (1 A ¢‘2’> g (wd 17 200 (ku - 1>>

wy wU Wy wyA wy Vi

: 2 A1
—2U; % 14+ ¢— + QZLU + ﬂ —(ku )Ciy1
‘/;f wy Wy Wy

_{_i (_ ¢Vbt+1 _ ﬁdet-o-l\/Z . ¢Uct+1 i ¢U6Lt+1(l<LUA — 1)))
Ve N wp VP wiV Gy Wy wyA

Putting everything together, we get the following expression:

exp< 1<U2[ l 2 <1+¢V+¢U+¢2> (KUA_1)2+2¢U(KUA_1)]

wyA VR Wy Wy Wy wyA wy Vi

_oU. [ —C n Puay n ai+1 ( ¢2 ¢2 ¢2> —(kyA — 1)ci

1+ 2+ 4
! (.UUA wUVtilA ‘/tQQ Wy Wy Wy

_I_i <_¢Vbt+1 _ ¢Jdt+1\/Z . ¢Uct+1 + ¢Uat+1(/£UA — 1)>‘|>>
Ve wy V)P wiv Gy wy wy

Finally, we can see that the posterior is a Normal distribution:

Fort e [2,T —1]:

UtNN<m*,M*) m*: M*:

3~

W = 1 4 A (1+¢V @%+¢%>+(KUA—1)2+2¢U(KUA—1)

wUA ‘/tQa Wy Wy Wy WUA Wy ‘/ta

_ 2 2 2 A—1
g — Ct i duay i at—21-1 14 Cbi I QL ) oz} —(ku )€1
UJUA CUUV;OilA V; “ Wy Wy Wy WUA

1 (_ Svbi1  GudiVA  ducn n Pyt (kUi — 1))
Ve wvvtﬁ wivV Gy Wu wyA

ag =Y, =Y, — U 1A~ J, agy1 = Y1 — Y — Jina
b1 =Vign — Vi — RV‘/}W(QV - Vt)A div1 = Jiv1 — 0;Gra
¢, =—U_1 — RU(HU - Ut—l)A ciy1 = U1 — kpblp A

The conditional posteriors of U; and Ur can be easily obtained by considering only

the terms originated from x;,; and x;, respectively. For U, we also have to consider the
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contribution of the prior p(U;). The term that corresponds to this contribution can be

arranged in the same way as the main blocks:

Ut — 2Uym+m? o (1 m
=V (5e) 2 (3)
For t = 1:
S 1
t (m ) ) m W \/W

2 2 2 _ 2 _
W:A 1+¢l+@+@ +(’£UA 1) Jr2</5U("”vUA 1)
Wy Wy Wy wUA wUVﬁ

S:

Ay <1+ o D ¢2J> n —(kuA — 1)

T2 oA

+i (_ ¢Vbt+1 . QdetJrl\/Z . ¢U0t+1 + ¢Uat+1(KUA - 1))
Ve wy wiv Gy Wy wyA

1 = Y1 = Ye — Jia b1 =Vier — Vi — vy V7 (0y — VH)A

ciy1 = U1 — kplu A div1 = Jip1 — 0;Gqq
Fort =T
S 1
Uy ~ N(m*, M* =2 M=
t (m ) ) m W \/W
1 —C duag
W = S =
WUA wUA * wU‘/;'ilA

ag =Y, =Y —U 1A —J, g =—U_1 — KU(HU - Utfl)A
A.3.15 The Latent Parameter J;

The general expression for the conditional posterior of this state is:

p(Jt | K7}Q717‘47%717Ut717Gt76) X
p(Y;HY;‘,fb ‘/b Ut: Jt ‘ ‘/tfla Utfla Gta @)

To obtain the posterior of this state, we start with a reduced expression of the joint

posterior, where many unnecessary terms are already eliminated:
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o (-3 3 ()

AloY n Aol n AeS n B} 2BAiv n C? 2C Ay n D} 2DAig,

Xt = A? +
wy Wy Wy wy wy Wu Wy Wy Wy

Since J; has no temporal link, we retain only the generic block associated with ¢:
1
exp (—2 (Xt)>

By inspecting all the terms A;, By, C;, Dy, we can verify that J; is only present in

Ay, Dy . We will now define the term x; which will contain only the necessary terms:

A% n Aot n A?¢3+£3 _ 2BtAt¢V+Ci _ 2C AU n D} 2D Aig,

— A? 4
wy Wy Wy Wy wy Wy Wy oy wy

In order to simplify the following development, let us define the auxiliary variables

ag, by, ¢ , dy in such a way that the terms A, By, Cy, D; will now be:
ar =Y, =Y, — U1 A by =V, = Vi1 — HV‘/tZl(QV - Vt—l)A

¢t =Up —Upq — FGU(GU - Utfl)A dy = —0,G,

A — —Jt + ay B, — bt

t = ——— t= 7 =
Ve VA Ve VA
Ct: Ct Dt:Jt+dt

VA VG,

Now, we focus on the main term and insert A;, By, Cy, D;:

(Jf - 2Jtat+a,52) ¢2 ¢2 ¢2 + 2J1ovb—20v ab, 2Jiouci—2¢uacy
Wy Wy Wy

14V 0y O
V24 A Vtaj{ﬂA V& A

2(,25JJ2 + 2¢thdt — 2¢that—2¢J(ltdt Jt2 + 2Jtdt+dt
wiVevG \/_ wyGy

—J2< ! <1+2V+2U+?’>+ 205 1)
o Ve G/A  wiC

—2J< - <1+¢V+¢U+¢2>

V2 A Wy  wy Wy

1 ( — oy, B duc +¢J(_dt+at)>+ _dt>
V;“_l\/z W\/Vﬁl\/Z wyVA wiVGy wy Gy
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Putting everything together, we get the following expression:

1 oy o ¢2> 26, 1 ]
T? 14 L4 2y
o < < [WQ%A < Wy Wy wy WJ‘/,f 1\/_\/_ WJGt

ag ¢V ¢2U ¢?}
—2J; | = [ 1 Uy
t|“4 A( +wv CUU+CUJ +

1 ( —pv by duc ¢J( dt+at)> n —dtD)
Ve VA \wy VP VA wU\/_ wsVGy wsGy

Finally, we can see that the posterior is a Normal distribution:

S 1
J NN * * = -
A (m*, M™) m W M N
1 oy b </52> 205 1
W = 1+ Y 20 )y
VtQ_alA ( wy wy wy wyV& 1\/ VA WJGt

g = <1+¢V+¢U+¢J>

V29 A wy  wp o wy

1 ( — Py by B duc +¢J(—dt+at)>+ —d,
V;go_[l\/z WV‘/tgl\/Z WU\/Z WJ\/E wJGt

a =Y, =Y 1 —-U_1A by =V, = Vi1 — HVV,:L(QV - thl)A

e =U — U1 — FGU(QU - Ut—1>A dy = —0,;G,

A.3.16 The Latent Parameter G,

The general expression for the conditional posterior of this state is:
p<Gt | Y;‘/a Y;‘,fla ‘/tfla Utfla ‘]t7 @) X p(}/ta Kfla V:‘,a Ut7 Jt ’ ‘/;5717 Utfla Gt7 G)p(Gt ‘ l/)

To obtain the posterior of this state, we start with a reduced expression of the joint

posterior, where many unnecessary terms are already eliminated:

() o (2 (v )

Aoy " At n A5 n B} 2B, Ay n Ct 2CAdu n D} 2DiA¢,

wy Wy Wy wy wy Wy Wy Wy Wy

Xt:A?‘i‘
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Since G; has no temporal link, we retain only the generic block associated with ¢:

(@)or (5 (e 5

Inspecting all terms A;, B, C;, D;, we can verify that G; is only present in D;. We
will now define the term z; which will contain only the necessary terms:

A% n Ao n A5 n B} 2B Ay n CF 2C Ay n D} 2DAig,

wy Wy Wy wy wy Wy Wy Wy Wy

xt:A?—i—

In order to simplify the following development, let us define the auxiliary variables

ag, by, ¢ , dy in such a way that the terms A;, By, Cy, D; will now be:

ar =Y, =Y, — U1 A = J, dy = Jy

Qy

 —0,G 4+ dy
o VA

At: Dt_ \/U
t

Inserting A;, D; and expanding (G; — A)?, we get:

(1) ox (_1 <Gt93+—29dt + d? 2¢]9JGtCLt — 2¢Jatdt % —2A 4 A2>>
G? P 2 Wy Wy CUJGt wJ‘/t(zl‘/Gt\/Z v 14 VGt

The final expression for this conditional posterior is the following:

1 1 Gte?, d? Q(bJQJGtCLt — 2¢J6Ltdt Gt AQ >>
Gy x| = |e —— + + 4+ =ty
t (Gf?) P ( 2 ( wJ wy Gy wiVA VGV A v vGy

Unfortunately, these expressions do not correspond to any known distribution and
no straightforward technique can be applied to simplify the situation. To sample from this

conditional posterior, we use the slice sampling method.

However, as mentioned before, when ¢; = 0, the previous expression can be further

# _} G ﬁ_i_l _|_i df?_i_g
G£1]+1 b 2 ' Wy v Gt Wy 14

In this specific case, we can see that the posterior is a Generalized Inverse Gaussian
(GIG) distribution:

simplified to:

62 1 2 A2
GtNG[G<a*,b*,p*) G*:7J—|—— b*:i_i_i

Wy v Wy v

p*:—l dt:Jt

Although the GIG is a well-known distribution kernel, sampling from is not so
simple. Some rejection sampling algorithms are available in the literature and can be

employed to avoid slower generic samplers.
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A.4  Prior Hyperparameters Values

In this section, we present the selected values for the prior distribution hyperpa-

rameters. Table 15 presents the values used for each parameter.

Table 15 — Prior Distributions Hyperparameters

The values m and M correspond the hyperparameters specified for each prior distribution defined
throughout Section A.3.

Parameter m M
0y 0.5 0.5
Ry 10 10
wy 1.25 1
ov 0 0.25
Orr 0 0.5
Ry 1 1
wy 1.25 0.2
by 0| 0.05v5
0, 0 0.25
Wy 1.25 0.04
10y} 0 0.05
v 10 0.1
Vi 10 5
Uy 0 0.5

Since we are using the alternative parameterization to sample from the posterior,
the priors must be placed on the alternative parameters, rather than the original ones, to

avoid the need for Jacobian corrections.

However, because the original parameters are more interpretable, we calibrated
the priors of the alternative parameters by generating samples and applying the inverse
bijection formula. This allowed us to examine the empirical shape of the priors in the
space of the original parameters and assess whether the chosen hyperparameters in the

alternative domain were appropriate.
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B — Algorithms and Methods

This appendix presents key algorithms and methods that underpin the estimation
procedure. We begin with the Gibbs Sampler. We then turn to the bootstrap particle filter.

Finally, we outline the estimation of the marginal likelihood using Chib’s method.

B.1 The Gibbs Sampler Algorithm

In this section, we describe the execution of the Gibbs sampler algorithm. To begin
with, initial values must be specified for each static and latent parameter. For the static
parameters, we initialize them by selecting the mode of their respective prior distributions.
For the latent parameters, we employ the bootstrap particle filter introduced in the next
section, using the initial static parameters to obtain point estimates from the filtering

distribution.

Once all parameters have been initialized, the main loop of the Gibbs sampler is
executed. Each iteration proceeds by sampling the parameters individually and conditioning
on the values of all other parameters. The structure of the Gibbs Sampler is presented in
Algorithm 1:

Algorithm 1: Gibbs Sampler
Input: Y}, initial values for © and {Vi.7, U1, Jo.r, Gor}

Main Loop:
Sample parameters Oy, kv, wy, ¢v, O, Ky, wu, ¢u, 05, W, G5,V ;

fort=1to T do
Sample V; ;

fort=1to T do
Sample U, ;

fort=2to T do
Sample J; ;

fort =2 to T do
Sample Gy ;

Output: Posterior samples of © and {Vi.r, Uy.1, Jo.r, Go.r} after burn-in.
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B.2 Bootstrap Particle Filter Algorithm

In this section, we present the development of the bootstrap particle filter algorithm

adapted to our general model. The structure of the filter is presented in Algorithm 2:

Algorithm 2: Bootstrap Particle Filter
Input: Y}, static parameters Oy, kv, wy, ov, Ou, kv, wu, ¢u, 0r,ws, @5, v

Initialization:

Initialize N particles {V;(i), U, g, Gﬁ“}.

Initialize weights w® = N~

for t=1do

Sample V"' ~ p(V1) ; Sample U ~ p(U7) ;
Set Jt(i) =0 ; Set Ggi) =0;

fort =2 to T do
Sample: For each particle i:

Az B, Cr Di ~ N(0,1) ;

Btzﬁ/)vA:‘*‘\/l_l/’\Z/B; ;

Cr = Yu Ay + /1 =95 CF

Dy =Y A; + /1 =93 Dy ;

Gy~ IG(A,57) ;

V, = maX(O.OOOL Vier + sy V7 (0y — Vie))A + avvﬁlx/ZBt) :
Uy = Uiy + ku(By — Un))A + oy VA G,

Jy=0,Gi+ 05VGy Dy ;

Update Weights:
w = — ! exp<_1(%_YH;?’S%A—JY)Y) :
V;i(lz)\/m 2 ‘/757(1)\/5
Estimate Likelihood:
pY: | 0) 2N
]3(Y1:t ’ @) = HZ:1 ﬁ(Y:s ’ le:sfl?@) )
(@) _q

Normalize: Normalize weights so that >N, w;” = 1. ;

Resample: Resample N particles according to {wgi)} with replacement.
Reset weights: w”) = N—1. ;

Point Estimates: Take means of {V};, Uy, J;, G} across particles. ;

Output: Approximate p(Yy.r | ©); point estimates of {Vo.r, Us.r, Jor, Gor}-

This algorithm plays a key role in the estimation of the marginal likelihood, as it
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provides an estimate of the likelihood term P(Y | ©). In addition, it is used to generate
initial values for the latent parameters in the Gibbs sampler. To execute the algorithm, all
static parameters must be fixed at known values, while the state trajectories (in our case,

V and U) require an initial prior distribution specified at ¢t = 1.

It is important to note that we apply a special treatment to V; to prevent zero or
negative values. Although this introduces a slight distortion to the true dynamics, it is a

necessary adjustment to ensure the stability and proper functioning of the algorithm.

B.3 Marginal Likelihood Estimation

In this section, we describe how Chib’s method is applied to estimate the marginal
likelihood of the models. The key idea of the method is that, for any point in the
parameter space A\* = (A}, A3, ..., \}), the marginal likelihood equals the ratio between the

unnormalized posterior density p,(A* | Y') and the normalized posterior density p,(A* | Y):

_ (A ]Y)

PV = 1Y)

In our case, the expression for p, follows directly from model construction, so
the main challenge lies in evaluating p, at \*. A central feature of Chib’s method is
that p,(A\* | Y) admits a recursive decomposition into a product of lower-dimensional

conditional densities:

These conditional terms can be estimated from MCMC output, either through
kernel density estimation or by exploiting analytic forms when available. However, in
high-dimensional settings such as ours, where the number of latent parameters is very
large, this approach becomes computationally prohibitive without additional strategies to

reduce the burden, such as series truncation.

To address this, we exploit the separation between static and latent parameters,

denoted © and X respectively:

By integrating out the latent parameters, we arrive at an equivalent and more

tractable expression:

PO |Y) _ p(Y | ©)p(6")
PO V) O] Y)

p(Y) =



B. Algorithms and Methods 87

The prior term p(©*) is analytically available. The likelihood p(Y | ©*), although
not available in closed form, can be reliably estimated using the previously developed

bootstrap particle filter.

The remaining term, p(©* | Y), is the posterior ordinate at ©*. Since all static
parameters admit known conditional posterior kernels, we can avoid successive MCMC
subruns. Following Chib et al. (2001), let

d
K(@7@* | Y) = Hpk< I:|}/76>1k77 Z‘fl?ek‘+17"'79d>
k=1

where each pj is the normalized conditional posterior of the parameter #,. Then the
posterior ordinate is estimated by averaging the Gibbs transition kernel over M posterior

draws:

1

M
— > K(O™,e|Y)

m=1

PO 1Y) =

This approach allows us to compute p(©* | Y') within the main MCMC run, with

only modest additional computation.

Finally, to ensure numerical stability in this high-dimensional setting, all calculations
are performed in the logarithmic domain. The marginal likelihood estimate is thus given
by:

logp(Y') =logp(Y | ©%) + logp(©*) —logp(©* | Y)
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C - The Estimation Procedure

In this appendix, we describe the estimation procedure, which is organized into
three phases. The goal is to estimate the parameters and performance metrics for the
sixteen different model specifications in the six financial asset time series, resulting in a

total of 96 separate executions.

C.1 Initial Considerations

Preliminary experiments revealed very poor mixing in the MCMC runs, particularly
in models that include the stochastic drift component. This problem stems from the
limited efficiency of the Gibbs sampler in navigating highly correlated parameter spaces.
To mitigate this, we employ very long burn-in periods and large numbers of posterior
samples, adjusting the total iteration budget according to the complexity of the model
under consideration. Due to the high computational speed of the Gibbs sampler, the

increase in the iteration count remains feasible.

Both CPU and GPU processing are employed, each chosen according to the demands
of a specific execution phase. CPUs are advantageous for their faster per-thread calculation
speed, but their parallelism is limited to the number of logical cores. GPUs, on the other
hand, allow for massive parallelism with tens of thousands of concurrent threads, though

each thread is slower due to shared computational resources.

The core sampling routines were implemented to be hardware-agnostic, with only

lightweight wrappers differing between CPU and GPU execution.

C.2 Reaching a Good Starting Point

The first step is to determine a robust starting point for each execution. The initial
values are selected following section B.1, and the Gibbs sampler is run through a long

burn-in period to reach equilibrium.

Because the focus in this stage is speed rather than sample generation, CPU

execution is preferred. The details of the iteration budgets are shown in Table 16.
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Table 16 — Iteration Budget for the CPU Processing Phase

The state columns V, J, and U indicate the presence or absence of the corresponding process, which

determines the total iteration budget.

State V | State J | State U | Burn-in | Samples | Budget
Yes Yes Yes 467,232 32,768 500,000
Yes Yes No 217,232 32,768 250,000
Yes No No 92,232 32,768 125,000

The final 32,768 samples from this phase are retained to initialize the next stage.
In addition, a high likelihood point ©* required for Chib’s method is chosen as the

component-wise median of these posterior samples for the static parameters.

C.3  Posterior Sampling and Marginal Likelihood Estimation

In the second stage, the objective is to generate large posterior samples to compute
the desired quantities and performance metrics. Here, GPU execution is advantageous due
to its massive parallelism: thousands of independent chains can be run simultaneously,

each initialized from one of the saved samples of the previous phase.

Although equilibrium has already been reached, a shorter additional burn-in period
is still applied to ensure independence across chains. We launch 32,768 GPU threads, each
running a Gibbs sampler initialized on a different stored sample. The GPU kernels were
optimized to reduce register pressure and maximize occupancy, enabling all 32,768 threads

to run simultaneously without queuing.

Table 17 summarizes the iteration budgets for this stage.

Table 17 — Iteration Budget for the GPU Processing Phase

The state columns V, J, and U indicate the presence or absence of the corresponding process, which

determines the total iteration budget.

State V | State J | State U | Burn-in | Samples | Budget
Yes Yes Yes 41,808 8,192 50,000
Yes Yes No 16,808 8,192 25,000
Yes No No 4,308 8,192 12,500

In total, 32,768 x 8,192 = 268,435,456 posterior samples are obtained. This large
number of draws guarantees a high effective sample size, even in the presence of mixing

inefficiencies. Since the point ©* has already been chosen, the posterior ordinate p(©* | Y)
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needed for Chib’s method is computed incrementally during this phase, with minimal
additional overhead. Lastly, we run the bootstrap particle filter at the point ©* to obtain the
likelihood estimate p(Y | ©*). It is executed on the GPU, with each thread representing
a particle. A total of 4,194,304 particles are used, ensuring a reliable estimate of the
likelihood.

C.4  Workflow Summary

This final section summarizes the entire procedure in the following workflow:

Inputs

Elements Required to Start the Execution
— observed logarithmic price series Y
— initial values for static parameters (priors modes)

— initial values for latent parameters (Particle Filter point estimates)

Phase 1 l

Reaching a Good Starting Point
— very long burn-in executed on a single fast CPU thread
— keep the last 32,768 samples as starting points for the next phase

— choose the high-likelihood point ©* (median of static parameters samples)

Phase 2 l

r Generating Samples from the Posterior

— launch 32,768 parallel chains (GPU threads) using the starting points
— short burn-in for independence, then generate samples

— accumulate the posterior ordinate p(©* | V) via K(0,0* | Y)

Phase 3 l

r Particle Filter Execution

— set the static parameter values at the point ©*

— run the filter with 4,194,304 particles (GPU parallel propagation)
— obtain the likelihood estimate p(Y | ©%)

Ouputs l

The Results from the Execution

— parameters posterior summaries (means and deviations)
— A-D test posterior p-value point estimate (mean)

—log P(Y) =logp(Y | ©7) + logp(©7) — logp(©™ | V)
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This appendix contains several result objects, as explained in Section 5.1.
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Table 18 — Static Parameters Results - S&P 500 Index

Below each model name, the left value indicates the posterior mean and the right value indicates the

posterior standard deviation. The reported values are rounded to two decimal places.

P XGBM-JDC IGamma-JDC GARCH-JDC Heston-JDC
(A% 0.19 0.01 0.13 0.01 0.22 0.27 0.03 0.00
Ky 21.21 2.93 4.54 0.70 0.73 0.68 5.91 0.64
oy 1.73 0.10 1.81 0.09 3.01 0.15 0.51 0.03
Oy 0.25 0.05 0.27 0.05 0.23 0.05 0.23 0.04
Ky 1.39 0.51 1.13 0.43 1.30 0.50 1.32 0.45
oy 0.22 0.04 0.22 0.04 0.21 0.04 0.22 0.04
0; -0.16 0.03 -0.17 0.03 -0.13 0.03 -0.15 0.03
oy 0.06 0.00 0.05 0.00 0.05 0.01 0.07 0.01
v 0.01 0.00 0.02 0.01 0.04 0.01 0.03 0.01
Pyv -0.82 0.03 -0.83 0.03 -0.72 0.04 -0.79 0.03
Pyu 0.12 0.24 -0.08 0.18 0.01 0.20 -0.20 0.19
PyJ 0.26 0.14 0.18 0.13 -0.01 0.17 -0.61 0.15
pvu -0.10 0.20 0.06 0.15 -0.01 0.15 0.16 0.15
PvJ -0.21 0.11 -0.15 0.11 0.01 0.12 0.48 0.12
puUJ 0.03 0.07 -0.01 0.04 0.00 0.03 0.12 0.12
P XGBM-JD IGamma-JD GARCH-JD Heston-JD
0y 0.19 0.01 0.14 0.01 0.19 0.26 0.03 0.00
Ky 20.53 2.69 4.64 0.65 0.80 0.67 5.45 0.57
oy 1.67 0.09 1.77 0.09 3.02 0.14 0.46 0.02
Oy 0.29 0.04 0.27 0.05 0.28 0.05 0.21 0.05
Ky 1.37 0.49 1.03 0.38 1.18 0.44 1.06 0.39
oy 0.21 0.04 0.21 0.03 0.20 0.03 0.20 0.03
0 -0.19 0.03 -0.17 0.03 -0.17 0.03 -0.14 0.03
oy 0.07 0.00 0.06 0.00 0.05 0.00 0.05 0.00
v 0.01 0.00 0.03 0.01 0.03 0.01 0.05 0.02
PYv -0.82 0.03 -0.84 0.03 -0.72 0.04 -0.77 0.02
P XGBM-J IGamma-J GARCH-J Heston-J
(A% 0.20 0.01 0.15 0.01 0.34 0.32 0.03 0.00
Ky 20.84 2.75 3.75 0.63 0.35 0.38 4.82 0.53
oy 1.70 0.09 1.76 0.09 3.05 0.15 0.45 0.02
01 0.25 0.03 0.22 0.03 0.23 0.03 0.17 0.03
0 -0.17 0.04 -0.15 0.03 -0.14 0.03 -0.13 0.03
oy 0.07 0.00 0.06 0.00 0.05 0.00 0.05 0.00
v 0.01 0.00 0.02 0.01 0.03 0.01 0.05 0.02
PYVv -0.76 0.03 -0.75 0.03 -0.64 0.04 -0.72 0.03
P XGBM IGamma GARCH Heston
(A% 0.19 0.01 0.15 0.01 0.06 0.08 0.03 0.00
Ky 26.38 3.24 6.74 0.78 2.26 0.90 6.66 0.63
oy 1.61 0.07 1.82 0.08 3.30 0.14 0.50 0.02
0y 0.12 0.02 0.10 0.02 0.11 0.02 0.08 0.02
Pyv -0.59 0.03 -0.60 0.03 -0.54 0.03 -0.62 0.03
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Table 19 — Static Parameters Results - US T10Y Yield

Below each model name, the left value indicates the posterior mean and the right value indicates the

posterior standard deviation. The reported values are rounded to two decimal places.

P XGBM-JDC IGamma-JDC GARCH-JDC Heston-JDC
(A% 0.44 0.12 0.51 0.29 0.49 0.34 0.20 0.07
Ky 2.96 1.02 0.26 0.18 0.07 0.08 0.92 0.28
oy 1.09 0.09 1.06 0.08 1.98 0.14 0.50 0.03
Oy -0.01 0.06 -0.07 0.05 -0.09 0.05 -0.05 0.06
Ky 1.74 0.70 2.10 0.66 2.19 0.66 2.15 0.66
o 0.31 0.07 0.30 0.07 0.29 0.07 0.30 0.07
0; -0.04 0.05 0.01 0.05 0.04 0.05 -0.03 0.06
oy 0.09 0.01 0.09 0.01 0.09 0.01 0.19 0.01
v 0.01 0.00 0.01 0.00 0.01 0.00 0.00 0.00
Pyv -0.39 0.07 -0.38 0.07 -0.29 0.06 -0.39 0.07
PYU -0.28 0.23 -0.30 0.23 -0.29 0.23 -0.35 0.23
PyJ 0.29 0.19 0.26 0.19 0.04 0.23 -0.88 0.02
pvu 0.11 0.09 0.11 0.09 0.09 0.07 0.14 0.10
PV -0.11 0.08 -0.10 0.07 -0.01 0.07 0.34 0.06
puUJ -0.08 0.09 -0.08 0.09 -0.01 0.09 0.31 0.21
P XGBM-JD IGamma-JD GARCH-JD Heston-JD
0y 0.46 0.12 0.52 0.28 0.50 0.34 0.11 0.05
Ky 2.77 0.94 0.28 0.18 0.07 0.07 0.85 0.27
oy 1.04 0.08 1.02 0.07 1.98 0.13 0.39 0.02
Oy -0.13 0.05 -0.13 0.05 -0.10 0.05 -0.11 0.05
Ky 2.16 0.69 2.15 0.68 1.91 0.70 2.11 0.68
oy 0.26 0.06 0.26 0.06 0.28 0.06 0.27 0.06
0 0.05 0.05 0.05 0.05 0.05 0.05 0.02 0.05
oy 0.10 0.01 0.10 0.01 0.09 0.01 0.08 0.00
v 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00
PYv -0.38 0.07 -0.38 0.07 -0.28 0.06 -0.29 0.06
P XGBM-J IGamma-J GARCH-J Heston-J
(A% 0.46 0.12 0.52 0.28 0.50 0.34 0.11 0.06
Ky 2.71 0.94 0.27 0.18 0.07 0.07 0.84 0.27
oy 1.04 0.08 1.02 0.07 1.97 0.13 0.39 0.02
Oy -0.12 0.06 -0.12 0.05 -0.12 0.05 -0.12 0.06
0 0.03 0.06 0.04 0.06 0.06 0.05 0.02 0.06
oy 0.10 0.01 0.10 0.01 0.09 0.01 0.08 0.00
v 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00
PYVv -0.38 0.07 -0.37 0.07 -0.27 0.06 -0.28 0.06
P XGBM IGamma GARCH Heston
Oy 0.43 0.10 0.31 0.12 0.44 0.32 0.10 0.02
Ky 2.50 0.86 0.88 0.36 0.22 0.20 1.29 0.32
oy 0.85 0.06 0.89 0.06 1.88 0.12 0.43 0.02
Oy -0.09 0.03 -0.10 0.03 -0.09 0.03 -0.11 0.03
Pyv -0.27 0.05 -0.25 0.05 -0.21 0.05 -0.17 0.05
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Table 20 — Static Parameters Results - USD x EUR

Below each model name, the left value indicates the posterior mean and the right value indicates the

posterior standard deviation. The reported values are rounded to two decimal places.

P XGBM-JDC IGamma-JDC GARCH-JDC Heston-JDC
0y 0.10 0.01 0.10 0.06 0.29 0.32 0.02 0.00
Ky 31.21 5.52 1.40 0.54 0.16 0.27 4.42 0.72
oy 1.06 0.10 0.97 0.09 1.94 0.17 0.25 0.02
Oy 0.01 0.03 0.00 0.03 0.01 0.03 0.00 0.04
K 2.39 0.61 2.38 0.61 2.35 0.60 2.40 0.61
oy 0.24 0.04 0.24 0.05 0.25 0.05 0.24 0.04
0; -0.02 0.03 -0.02 0.03 -0.03 0.03 -0.01 0.04
oy 0.05 0.00 0.05 0.00 0.05 0.01 0.09 0.01
v 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00
Pyv 0.07 0.07 0.06 0.07 0.04 0.06 0.09 0.07
Pyu -0.12 0.24 -0.15 0.24 -0.18 0.24 -0.10 0.24
PyJ -0.08 0.19 -0.13 0.20 -0.23 0.21 -0.88 0.02
pvu -0.01 0.03 -0.01 0.02 -0.01 0.02 -0.01 0.03
PV -0.01 0.02 -0.01 0.02 -0.01 0.02 -0.08 0.06
puUJ 0.01 0.05 0.02 0.06 0.04 0.08 0.09 0.21
P XGBM-JD IGamma-JD GARCH-JD Heston-JD
0y 0.09 0.01 0.10 0.06 0.32 0.33 0.01 0.00
Ky 31.77 5.43 1.29 0.50 0.09 0.15 5.02 0.73
oy 1.08 0.09 1.00 0.08 2.02 0.15 0.20 0.01
Oy 0.01 0.03 0.01 0.03 0.02 0.03 0.01 0.03
Ky 2.37 0.62 2.38 0.62 2.38 0.62 2.38 0.62
oy 0.22 0.04 0.22 0.04 0.22 0.04 0.22 0.04
0 -0.02 0.03 -0.02 0.03 -0.03 0.03 -0.03 0.02
oy 0.05 0.00 0.05 0.00 0.05 0.00 0.04 0.00
v 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00
PYv 0.07 0.07 0.05 0.07 0.03 0.06 0.03 0.06
P XGBM-J IGamma-J GARCH-J Heston-J
0y 0.09 0.01 0.10 0.06 0.32 0.33 0.01 0.00
Ky 31.22 5.38 1.24 0.49 0.09 0.15 4.89 0.71
oy 1.06 0.09 0.98 0.08 1.99 0.15 0.20 0.01
Oy 0.02 0.03 0.02 0.02 0.02 0.02 0.02 0.02
0 -0.03 0.03 -0.03 0.03 -0.03 0.03 -0.03 0.02
oy 0.05 0.00 0.05 0.00 0.05 0.00 0.04 0.00
v 0.01 0.00 0.01 0.00 0.01 0.00 0.01 0.00
PYVv 0.06 0.07 0.04 0.07 0.02 0.06 0.01 0.06
P XGBM IGamma GARCH Heston
0y 0.10 0.00 0.09 0.01 0.04 0.13 0.01 0.00
Ky 30.45 5.06 2.64 0.57 1.17 0.64 7.08 0.92
oy 0.82 0.06 0.85 0.07 1.77 0.12 0.23 0.01
Oy 0.00 0.01 0.00 0.01 0.00 0.01 0.00 0.01
Pyv 0.08 0.05 0.06 0.05 0.05 0.05 0.03 0.04
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Table 21 — Static Parameters Results - Gold 100 OZ

Below each model name, the left value indicates the posterior mean and the right value indicates the

posterior standard deviation. The reported values are rounded to two decimal places.

P XGBM-JDC IGamma-JDC GARCH-JDC Heston-JDC
(A% 0.13 0.01 0.44 0.32 0.37 0.34 0.01 0.00
Ky 22.00 4.62 0.19 0.18 0.03 0.05 2.86 0.47
oy 1.41 0.13 1.22 0.10 2.12 0.16 0.24 0.02
Oy 0.09 0.05 0.11 0.08 0.07 0.06 0.07 0.04
Ky 1.08 0.48 0.71 0.34 1.02 0.47 1.36 0.59
oy 0.22 0.04 0.21 0.04 0.22 0.04 0.22 0.04
0; -0.08 0.03 -0.09 0.03 -0.08 0.03 -0.07 0.02
oy 0.09 0.00 0.09 0.00 0.09 0.00 0.08 0.01
v 0.02 0.00 0.03 0.00 0.03 0.01 0.06 0.01
PYv 0.25 0.08 0.29 0.08 0.24 0.07 0.32 0.06
PYyu -0.06 0.24 -0.09 0.26 -0.03 0.24 0.03 0.23
PyJ 0.68 0.07 0.66 0.08 0.62 0.09 0.31 0.18
pvu -0.01 0.06 -0.02 0.08 -0.01 0.06 0.01 0.07
PV 0.17 0.05 0.19 0.06 0.15 0.05 0.10 0.06
puUJ -0.04 0.16 -0.06 0.17 -0.02 0.15 0.01 0.08
P XGBM-JD IGamma-JD GARCH-JD Heston-JD
0y 0.15 0.01 0.32 0.26 0.40 0.34 0.02 0.00
Ky 19.40 4.02 0.44 0.34 0.05 0.07 2.92 0.48
oy 1.29 0.11 1.15 0.10 2.12 0.17 0.26 0.01
Oy 0.10 0.07 0.10 0.06 0.09 0.07 0.07 0.04
Kir 0.84 0.40 0.87 0.41 0.85 0.40 1.32 0.58
oy 0.21 0.04 0.21 0.04 0.21 0.04 0.21 0.04
0 -0.09 0.03 -0.09 0.03 -0.09 0.03 -0.07 0.02
oy 0.10 0.00 0.10 0.00 0.10 0.00 0.09 0.00
v 0.02 0.00 0.03 0.00 0.03 0.01 0.06 0.01
PYv 0.24 0.08 0.29 0.09 0.22 0.07 0.32 0.07
P XGBM-J IGamma-J GARCH-J Heston-J
(A% 0.14 0.01 0.23 0.20 0.39 0.34 0.02 0.00
Ky 19.46 3.87 0.63 0.41 0.05 0.07 3.03 0.48
oy 1.24 0.11 1.12 0.09 2.07 0.16 0.26 0.01
01 0.04 0.02 0.04 0.02 0.03 0.02 0.04 0.02
0 -0.07 0.03 -0.07 0.03 -0.07 0.03 -0.06 0.02
oy 0.10 0.00 0.10 0.00 0.10 0.00 0.09 0.00
v 0.03 0.00 0.03 0.01 0.03 0.01 0.06 0.01
PYVv 0.25 0.07 0.29 0.08 0.25 0.07 0.34 0.06
P XGBM IGamma GARCH Heston
(A% 0.18 0.01 0.16 0.01 0.43 0.33 0.03 0.00
Ky 37.62 5.28 4.72 0.94 0.25 0.27 6.02 0.79
oy 1.55 0.10 1.65 0.12 2.90 0.20 0.42 0.02
Oy 0.00 0.02 0.01 0.02 0.01 0.02 0.01 0.02
PYVv 0.23 0.04 0.24 0.04 0.24 0.04 0.27 0.04
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Table 22 — Static Parameters Results - Oil WTI Crude

Below each model name, the left value indicates the posterior mean and the right value indicates the

posterior standard deviation. The reported values are rounded to two decimal places.

P XGBM-JDC IGamma-JDC GARCH-JDC Heston-JDC
0y 0.40 0.04 0.52 0.24 0.70 0.33 0.15 0.02
Ky 6.76 1.37 0.57 0.30 0.17 0.10 2.19 0.42
oy 1.30 0.10 1.21 0.08 1.90 0.12 0.67 0.04
Oy 0.33 0.09 0.33 0.11 0.28 0.10 0.23 0.10
Ky 1.40 0.54 1.19 0.50 1.30 0.52 1.29 0.52
oy 0.47 0.12 0.51 0.12 0.46 0.12 0.49 0.12
0; -0.24 0.06 -0.22 0.06 -0.14 0.05 -0.18 0.05
oy 0.10 0.01 0.09 0.01 0.16 0.02 0.17 0.02
v 0.03 0.01 0.05 0.02 0.08 0.03 0.17 0.06
PYv -0.40 0.05 -0.41 0.05 -0.36 0.05 -0.40 0.05
Pyu 0.13 0.22 -0.02 0.20 0.10 0.22 0.09 0.21
PyJ 0.51 0.14 0.43 0.16 -0.79 0.16 -0.79 0.07
pvu -0.05 0.09 0.01 0.08 -0.04 0.08 -0.04 0.08
PV -0.20 0.06 -0.18 0.07 0.29 0.07 0.31 0.05
puUJ 0.07 0.12 -0.01 0.09 -0.08 0.18 -0.07 0.17
P XGBM-JD IGamma-JD GARCH-JD Heston-JD
Oy 0.42 0.04 0.50 0.20 0.66 0.34 0.12 0.02
Ky 6.19 1.21 0.70 0.32 0.09 0.06 2.10 0.40
oy 1.19 0.08 1.16 0.07 2.14 0.11 0.61 0.03
Oy 0.23 0.09 0.28 0.10 0.30 0.10 0.20 0.09
Kir 1.41 0.55 1.29 0.52 1.23 0.51 1.26 0.51
oy 0.46 0.12 0.50 0.12 0.49 0.12 0.47 0.12
0 -0.18 0.06 -0.19 0.06 -0.15 0.05 -0.14 0.04
oy 0.11 0.01 0.11 0.01 0.11 0.01 0.11 0.01
v 0.06 0.03 0.07 0.03 0.09 0.04 0.30 0.12
PYv -0.40 0.05 -0.41 0.05 -0.35 0.05 -0.41 0.05
P XGBM-J IGamma-J GARCH-J Heston-J
(A% 0.44 0.04 0.61 0.25 0.67 0.34 0.13 0.02
Ky 5.83 1.18 0.51 0.25 0.08 0.06 1.86 0.39
oy 1.16 0.08 1.12 0.07 2.09 0.11 0.60 0.03
01 0.14 0.05 0.13 0.05 0.16 0.04 0.09 0.04
05 -0.14 0.05 -0.12 0.04 -0.10 0.04 -0.11 0.04
o 0.11 0.01 0.11 0.01 0.11 0.01 0.12 0.01
v 0.07 0.03 0.09 0.04 0.11 0.04 0.36 0.14
PYVv -0.36 0.05 -0.35 0.05 -0.28 0.05 -0.34 0.04
P XGBM IGamma GARCH Heston
0y 0.44 0.03 0.45 0.12 0.75 0.33 0.14 0.02
Ky 7.73 1.38 1.29 0.43 0.15 0.09 2.83 0.47
oy 1.28 0.07 1.26 0.07 2.37 0.12 0.75 0.03
Oy 0.07 0.04 0.07 0.04 0.11 0.04 0.05 0.04
PYVv -0.28 0.04 -0.26 0.04 -0.23 0.04 -0.28 0.04
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Table 23 — Static Parameters Results - Bitcoin

Below each model name, the left value indicates the posterior mean and the right value indicates the

posterior standard deviation. The reported values are rounded to two decimal places.

P XGBM-JDC IGamma-JDC GARCH-JDC Heston-JDC
0y 1.06 0.12 0.93 0.30 0.76 0.34 0.34 0.10
Ky 16.42 3.23 1.74 0.79 0.43 0.26 2.63 0.75
oy 4.28 0.32 3.67 0.29 4.81 0.28 1.31 0.13
Oy 0.28 0.29 0.31 0.29 0.32 0.29 0.36 0.29
Ky 1.23 0.57 1.23 0.58 1.21 0.58 1.20 0.59
oy 1.20 0.35 1.22 0.35 1.16 0.37 1.07 0.34
0; -0.02 0.14 -0.06 0.14 -0.11 0.14 -0.11 0.13
oy 0.38 0.03 0.39 0.03 0.43 0.03 0.50 0.05
v 0.03 0.01 0.04 0.01 0.05 0.01 0.15 0.04
Pyv -0.04 0.04 -0.02 0.05 0.01 0.04 0.21 0.08
Pyu 0.01 0.11 0.02 0.11 0.02 0.12 0.06 0.13
PyJ 0.18 0.14 0.12 0.14 0.03 0.12 -0.02 0.12
pvu 0.00 0.01 0.00 0.01 0.00 0.01 0.01 0.03
PV -0.01 0.01 0.00 0.01 0.00 0.01 0.00 0.03
puUJ 0.00 0.03 0.00 0.02 0.00 0.02 0.00 0.02
P XGBM-JD IGamma-JD GARCH-JD Heston-JD
0y 1.07 0.12 0.94 0.29 0.77 0.34 0.33 0.10
Ky 16.06 3.14 1.84 0.82 0.44 0.26 2.63 0.74
oy 4.23 0.31 3.65 0.28 4.81 0.28 1.30 0.11
Oy 0.28 0.29 0.31 0.29 0.33 0.30 0.36 0.28
Kir 1.22 0.57 1.23 0.57 1.22 0.58 1.16 0.59
oy 1.20 0.35 1.24 0.35 1.25 0.36 1.02 0.34
05 -0.01 0.14 -0.06 0.14 -0.12 0.14 -0.10 0.13
oy 0.39 0.03 0.40 0.03 0.44 0.03 0.50 0.04
v 0.03 0.01 0.04 0.01 0.05 0.01 0.15 0.04
PYv -0.04 0.04 -0.03 0.05 0.01 0.04 0.22 0.08
P XGBM-J IGamma-J GARCH-J Heston-J
(A% 1.07 0.12 0.94 0.29 0.78 0.34 0.33 0.10
Ky 15.58 3.07 1.83 0.81 0.44 0.26 2.66 0.73
oy 4.12 0.31 3.56 0.28 4.76 0.28 1.31 0.11
Oy 0.36 0.10 0.39 0.10 0.42 0.10 0.47 0.10
05 -0.02 0.14 -0.07 0.14 -0.12 0.14 -0.11 0.13
oy 0.39 0.03 0.40 0.03 0.43 0.03 0.49 0.04
v 0.03 0.01 0.04 0.01 0.05 0.01 0.15 0.04
PYVv -0.03 0.04 -0.02 0.05 0.02 0.04 0.22 0.08
P XGBM IGamma GARCH Heston
(A% 1.01 0.07 0.77 0.10 1.18 0.31 0.58 0.09
Ky 22.49 3.31 11.61 2.65 2.10 0.68 6.13 1.18
oy 3.94 0.20 4.32 0.24 5.71 0.24 2.62 0.13
Oy 0.35 0.09 0.36 0.10 0.39 0.11 0.36 0.10
Pyv -0.01 0.03 0.00 0.03 0.01 0.03 0.06 0.04
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Figure 1 — Data and Latent Parameters - S&P 500 Index

This figure shows six different plots that contain the time series of the observed data and latent parameters
in terms of posterior summaries (mean and standard deviation) of the XGBM-JDC model. Plots 1
and 2 show the price (S) and the logarithmic returns (AY'). Plots 3, 4, 5, and 6 show the stochastic
volatility V', the stochastic drift U, the infinite activity jumps J, and the time-changed Brownian motion
subordinator G.
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Figure 2 — Data and Latent Parameters - US T10Y Yield

This figure shows six different plots that contain the time series of the observed data and latent parameters
in terms of posterior summaries (mean and standard deviation) of the XGBM-JDC model. Plots 1
and 2 show the price (S) and the logarithmic returns (AY'). Plots 3, 4, 5, and 6 show the stochastic
volatility V', the stochastic drift U, the infinite activity jumps J, and the time-changed Brownian motion

subordinator G.
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Figure 3 — Data and Latent Parameters - USD x EUR

This figure shows six different plots that contain the time series of the observed data and latent parameters
in terms of posterior summaries (mean and standard deviation) of the XGBM-JDC model. Plots 1
and 2 show the price (S) and the logarithmic returns (AY'). Plots 3, 4, 5, and 6 show the stochastic
volatility V', the stochastic drift U, the infinite activity jumps J, and the time-changed Brownian motion
subordinator G.

08

0.6

0.00

—-0.02

—0.04

0.6

0.4

0.2

0.0

0.02

0.00

-0.01

—0.02

-0.03

-0.04

0.08

0.04

0.02

Value

a 2500 5000 7500 10000
a 2500 5000 T;DU 10000
o 2500 5000 7500 10000

L L " L
0 2500 5000 7500 10000
o 2500 5000 7500 10000

o 2500

5000

7500

10000

Ay

Value

\

Deviation
Mean

u

Deviation
Mean

J

Deviation
Mean

G

Deviation
Mean




D. Detailed Results

101

Figure 4 — Data and Latent Parameters - Gold 100 OZ

This figure shows six different plots that contain the time series of the observed data and latent parameters
in terms of posterior summaries (mean and standard deviation) of the XGBM-JDC model. Plots 1
and 2 show the price (S) and the logarithmic returns (AY'). Plots 3, 4, 5, and 6 show the stochastic
volatility V', the stochastic drift U, the infinite activity jumps J, and the time-changed Brownian motion
subordinator G.
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Figure 5 — Data and Latent Parameters - Oil WTI Crude

This figure shows six different plots that contain the time series of the observed data and latent parameters
in terms of posterior summaries (mean and standard deviation) of the XGBM-JDC model. Plots 1
and 2 show the price (S) and the logarithmic returns (AY'). Plots 3, 4, 5, and 6 show the stochastic
volatility V', the stochastic drift U, the infinite activity jumps J, and the time-changed Brownian motion
subordinator G.
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Figure 6 — Data and Latent Parameters - Bitcoin

This figure shows six different plots that contain the time series of the observed data and latent parameters
in terms of posterior summaries (mean and standard deviation) of the XGBM-JDC model. Plots 1
and 2 show the price (S) and the logarithmic returns (AY'). Plots 3, 4, 5, and 6 show the stochastic
volatility V', the stochastic drift U, the infinite activity jumps J, and the time-changed Brownian motion
subordinator G.
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Figure 7 — Distribution Analysis - S&P 500 Index

This figure shows four sets of box plots that summarize specific distributions. For the GARCH and Heston
types (variance processes), we take the square root of the volatility value. Plot 1 shows the logarithmic
volatility of the XGBM-J, XGBM, Heston-J, and Heston models. Plot 2 shows the logarithmic volatility
of the XGBM-J, IGamma-J, GARCH-J, and Heston-J models. Plot 3 shows the infinite activity jumps of
the XGBM-JDC and XGBM-J models (without outliers). Plot 4 shows the stochastic drift arithmetic
returns (AU) of the XGBM-JDC and XGBM-JD models.
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Figure 8 — Distribution Analysis - US T10Y Yield

This figure shows four sets of box plots that summarize specific distributions. For the GARCH and Heston
types (variance processes), we take the square root of the volatility value. Plot 1 shows the logarithmic
volatility of the XGBM-J, XGBM, Heston-J, and Heston models. Plot 2 shows the logarithmic volatility
of the XGBM-J, IGamma-J, GARCH-J, and Heston-J models. Plot 3 shows the infinite activity jumps of
the XGBM-JDC and XGBM-J models (without outliers). Plot 4 shows the stochastic drift arithmetic
returns (AU) of the XGBM-JDC and XGBM-JD models.
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Figure 9 — Distribution Analysis - USD x EUR

This figure shows four sets of box plots that summarize specific distributions. For the GARCH and Heston
types (variance processes), we take the square root of the volatility value. Plot 1 shows the logarithmic
volatility of the XGBM-J, XGBM, Heston-J, and Heston models. Plot 2 shows the logarithmic volatility
of the XGBM-J, IGamma-J, GARCH-J, and Heston-J models. Plot 3 shows the infinite activity jumps of
the XGBM-JDC and XGBM-J models (without outliers). Plot 4 shows the stochastic drift arithmetic
returns (AU) of the XGBM-JDC and XGBM-JD models.
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Figure 10 — Distribution Analysis - Gold 100 OZ

This figure shows four sets of box plots that summarize specific distributions. For the GARCH and Heston
types (variance processes), we take the square root of the volatility value. Plot 1 shows the logarithmic
volatility of the XGBM-J, XGBM, Heston-J, and Heston models. Plot 2 shows the logarithmic volatility
of the XGBM-J, IGamma-J, GARCH-J, and Heston-J models. Plot 3 shows the infinite activity jumps of
the XGBM-JDC and XGBM-J models (without outliers). Plot 4 shows the stochastic drift arithmetic
returns (AU) of the XGBM-JDC and XGBM-JD models.
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Figure 11 — Distribution Analysis - Oil WTI Crude

This figure shows four sets of box plots that summarize specific distributions. For the GARCH and Heston
types (variance processes), we take the square root of the volatility value. Plot 1 shows the logarithmic
volatility of the XGBM-J, XGBM, Heston-J, and Heston models. Plot 2 shows the logarithmic volatility
of the XGBM-J, IGamma-J, GARCH-J, and Heston-J models. Plot 3 shows the infinite activity jumps of
the XGBM-JDC and XGBM-J models (without outliers). Plot 4 shows the stochastic drift arithmetic
returns (AU) of the XGBM-JDC and XGBM-JD models.
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Figure 12 — Distribution Analysis - Bitcoin

This figure shows four sets of box plots that summarize specific distributions. For the GARCH and Heston
types (variance processes), we take the square root of the volatility value. Plot 1 shows the logarithmic
volatility of the XGBM-J, XGBM, Heston-J, and Heston models. Plot 2 shows the logarithmic volatility
of the XGBM-J, IGamma-J, GARCH-J, and Heston-J models. Plot 3 shows the infinite activity jumps of
the XGBM-JDC and XGBM-J models (without outliers). Plot 4 shows the stochastic drift arithmetic
returns (AU) of the XGBM-JDC and XGBM-JD models.
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