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Resumo

Esta tese de doutorado busca explicar diferentes tipos de escolhas. O primeiro capitulo, Choice
Against Phantoms, considera até que ponto os comportamentos de escolha individual podem ser expli-
cados como estratégias de equilibrio em jogos quando um ou mais jogadores possuem perfis de estratégia
que sdo nao observaveis (phantoms). Problemas de escolha sao vistos como um conjunto de estratégias
dadas ao tomador de decisao, e as alternativas escolhidas sao consideradas estratégias de equilibrio em
um jogo. Em um ambiente geral, sem quaisquer suposigoes sobre os phantoms, demonstra-se que todos
os comportamentos de escolha podem ser explicados como estratégias de equilibrio. Sob a suposi¢ao
de que o conjunto de estratégias do phantom é fixo, este modelo é caracterizado pelo axioma alfa de
Sen. Adicionalmente, uma versao que utiliza o equilibrio de NASH estrito como nocao de equilibrio
é caracterizada por WWARNI. Como aplicagoes, sdo fornecidas uma representacao alternativa para
fungoes de escolha que satisfazem o Weak WARP, bem como uma representagdo para métodos de
Rational Shortlist.

O segundo capitulo, Fvolutionary Stable Choice, propoe a racionalizagdo de dados de escolha es-
tocastica como estratégias evolutivamente estaveis (ESS) ao tratar cada distribui¢ao de escolha obser-
vada como uma ESS em um jogo simétrico com um payoff comum subjacente. Uma nova caracterizagao
deste modelo é fornecida: o conjunto de dados é racionalizavel por ESS se, e somente se, toda combi-
nacao de Loewner semidefinida positiva nao trivial de certas matrizes desaparece, resultando em um
teste matricial direto.

O capitulo final, Small Choice, captura o fenémeno da consideragao seletiva na tomada de decisao.
Uma correspondéncia de escolha é considerada small se ela seleciona, em cada problema de escolha,
um conjunto de alternativas que pertencem a uma determinada cole¢ao de subconjuntos caracterizados
pelo seu tamanho limitado em relacdo ao conjunto total de opcdes. E fornecida uma caracterizacao
de correspondéncias de small choice. Em seguida, é apresentado um estudo da interacao entre a pe-
quenez e varios modelos de escolha, incluindo maximizacao de preferéncia, escolha sequencial, monotone
threshold representations, e similarity-based mistakes.

Palavras-chave: Funcao de Escolha Estocastica, Evolutionary Stable Choice, Consideration Set.



Abstract

This doctoral thesis seeks to explain different types of choices. The first chapter, Choice Against
Phantoms, considers the extent to which individual choice behaviors can be explained as equilibrium
strategies in games when one or more players (phantoms) have strategy profiles that are unobserv-
able. Choice problems are viewed as a set of strategies given to the decision-maker, and the chosen
alternatives are considered equilibrium strategies in a game. In a general environment, without any
assumptions about the phantoms, it is demonstrated that all choice behaviors can be explained as
equilibrium strategies. Under the assumption that the set of phantom’s strategies is fixed, this model
is characterized by Sen’s alpha axiom. Additionally, a version that uses the strict Nash equilibrium as
the equilibrium notion is characterized by WWARNI. As applications, an alternative representation
for choice functions satisfying Weak WARP, as well as a representation for Rational Shortlist methods
are provided.

The second chapter, Fvolutionary Stable Choice, proposes rationalization of stochastic choice data
as evolutionary stable strategies (ESS) by treating each observed choice distribution as an ESS in a
symmetric game with underlying common payoff. A new characterization of this model is provided: the
data set is ESS rationalizable if and only if every nontrivial positive semidefinite Loewner combination
of certain matrices vanishes, yielding a straightforward matrix test.

The final chapter, Small Choice, captures the phenomenon of selective consideration in decision-
making. A choice correspondence is deemed small if it selects, on every choice problem, a set of
alternatives that belong to a certain collection of subsets characterized by their limited size relative to
the entire set of options. A characterization is provided of small choice correspondences. Then, a study
of the interplay of smallness and various choice models including preference maximization, sequential
choice, monotone threshold representations, and similarity-based mistakes is given.

Keywords: Stochastic Choice Function, Evolutionary Stable Choice, Consideration Set.
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Capitulo 1

Choice Against Phantoms

Abstract

This chapter examines the extent to which individual choice behaviors can be explained as equilibrium
strategies in games. Choice problems are viewed as a set of strategies given to the decision-maker, and
the chosen alternatives are considered equilibrium strategies in a game. The players other than the
decision-maker (phantoms) and their set of strategies are assumed to be unobservable. In a general
environment, without any assumptions about the phantoms, it is demonstrated that all choice behaviors
can be explained as equilibrium strategies. Under the assumption that the set of phantom’s strategies
is fixed, this model is characterized by Sen’s alpha axiom. We also show that a version that uses the
strict Nash equilibrium as the equilibrium notion is characterized by WWARNI. As an application, we
provide an alternative representation for choice functions satisfying Weak WARP. We also provide an
alternative representation for Rational Shortlist methods.

Keywords: Rational choice, Nash equilibrium, bounded rationality, a-axiom
JEL: C72, D01



1.1 Introduction

We propose and study models of choice that interpret individual choice behaviors as equilibrium
strategies in a game. We characterize choice behaviors that can be explained under this model. The
decision-maker under consideration is a player in a strategic game. As an outside observer, we observe
the set of strategies available to him and the choices he made. However, we assume that the other
players in the game cannot be observed. We refer to these unobserved players as “phantoms.” In
essence, the decision-maker is in a strategic situation against phantoms where Nash equilibria are
played, but we only observe the projection of the game and equilibria onto the decision-maker. We call
this framework “choice against phantoms.” Choice against phantoms can arise in different contexts.
For example, an individual in a strategic situation may agree to disclose their choices while other
individuals involved refuse to do so for privacy concerns. Alternatively, a delusional individual may
put him or herself in a hypothetical strategic situation and play a game against phantoms.

We characterize the choice behaviors that can be explained as “choice against phantoms.” As this is
a fairly general framework, various versions can be considered depending on the nature of the phantoms
(number of phantoms, set of strategies, and payoff functions). Firstly, we consider the situation where
multiple phantoms exist and the set of strategies of the phantoms is dependent on the choice problem:

e There is a set N of phantoms. Each phantom has a payoff function u; and a correspondence I';
that determines his strategy sets. The decision-maker has a payoff function ug. Given a choice
problem S, the choice is determined by

o(8) ={z € S (x,xn) € NE(S,(Ti(S))ien ua,(ui)ien) for some zy € J] Tu(S)}
iEN

where N FE stands for the set of Nash equilibrium.

In Proposition 1, we demonstrate that when making almost no assumptions about the phantoms,
anything goes. That is, any pattern of choice can be represented as above.
Seeking positive results, we consider the version where the phantom’s set of strategies is fixed:

e There is one phantom with a fixed set of strategies Y. Each player ¢ has a payoff function u;.
Given a choice problem S, the choice is determined by

c(S)={ze€S:(z,y) € NE(S,Y,u1,us) for some y € Y'}.

In Theorem 3, we show that this model is characterized by Sen’s a-axiom. We show in Theorem 4
that, under suitable conditions, the payoff functions in this model can be continuous.
We then explore a version using strict Nash equilibrium as the equilibrium concept:

e There is one phantom with a fixed set of strategies Y. Each player ¢ has a payoff function ;.
Given a choice problem S, the choice is determined by

c(S)={zxeS:(z,y) € SNE(S,Y,uy,uz) for some y € Y},
where SN E stands for the set of strict Nash equilibrium.

In Theorem 6, we show that this model is characterized by WWARNI, a condition introduced by
Ribeiro and Riella (2017). This condition is equivalent to a-axiom and expansion if there are only
finitely many alternatives and the choice from every choice set is observed.

The decision-makers described in these models are highly rational in the sense that they choose
equilibrium strategies. In this regard, Theorem 3 suggests that a-axiom may be an indication of
high rationality. On the other hand, however, these models may violate the Weak Axiom of Revealed
Preference (WARP) and, therefore, may not be written as a preference maximization. In this sense,
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they can be categorized as models of boundedly rational choice. Indeed, some of the existing models
of boundedly rational choice can be expressed as games.

As an application of the main results, we provide alternative representations for choice functions
that satisty Weak WARP. We show that Rationalization by Cherepanov et al. (2013) and Categorization
and choice by Manzini and Mariotti (2012) can be viewed as a selection from equilibrium strategies of
a strategic game. We also show that the Rational Shortlist Method by Manzini and Mariotti (2007)
can be expressed as a selection from strict equilibrium strategies.

1.2 Preliminaries

Let X be a nonempty set and A be a nonempty collection of nonempty subsets of X. A choice
correspondence is a map ¢ : A — 2% \ {0} with ¢(S) C S for all S in A. It is a choice function if ¢(S)
is a singleton for every S in A.

A game (S;,u;)ien is a collection of pairs of a nonempty set of strategies S; and a payoff function
u; for each ¢ € N, where N is a nonempty set of players. A Nash equilibrium of the game is a strategy
profile s such that for each i € N, w;(s) > w;(s},s—;) for every s, € S;. We denote the set of Nash
equilibria of the game by NE((S;,u;)ien). A strategy profile s is a strict Nash equilibrium if for each
i € N, ui(s) > u;(sh,s—;) for every s; € S;\ {si}. We denote the set of strict Nash equilibria of the
game by SNE((Si,ui)ien)-

1.3 Models of choice against phantoms

1.3.1 An Anything Goes Result

A model of choice against phantoms is determined by specifying which game each decision problem
corresponds to. We consider a model that should be as general as possible as a starting point. We
allow for any number of phantoms, and the set of strategies for each phantom can change depending
on the choice problem. To this end, let N be the set of phantoms, and suppose the set of strategies
for each phantom ¢ is determined by a correspondence I';. The correspondence I'; maps each choice
problem to the set of strategies available to the phantom. That is, when the choice problem is S, T';(.S)
becomes the set of strategies available to the phantom.

Given the generality of this framework, it is not surprising that every choice behavior can be
explained as equilibrium strategies. In fact, as can be seen from the following example, every choice
correspondence can be explained using just one phantom.

Example 1. Let ¢ be an arbitrary choice correspondence. For each choice problem S, let I'(S) = {S}.
Let ug be an arbitrary constant payoff function for the phantom. Let u; be the decision maker’s payoff
function given by u1(7,5) = 14g)(z). Clearly, ¢(S) = arg max{u;(x,S) : * € S} and hence = € ¢(S)
iff (z,S5) is a Nash equilibrium of (S,{S},u1,u2).

From this example, it is clear that the framework we are considering is too general. In particular,
the problem is that the set of phantom’s strategies can change without any constraints depending on
the choice problem. Therefore, it is conceivable to impose some constraints on I';. Here, we consider a
monotonicity condition, where the set of phantoms’ strategy profiles change monotonically depending
on the choice problem. Formally, we say a collection (I';);en of correspondences is monotone if S C T
implies [[;enTi(S) € [[;en Ti(T). This condition means that if the decision-maker’s budget set
decreases, the phantoms’ budget sets also decreases. Specifically, when there is only one phantom, if
the decision-maker’s choice set becomes smaller, the phantom’s choice set will also become smaller. As
the following proposition shows, even in the presence of monotonicity, every choice behavior can be
explained as equilibrium choices.
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Proposition 1. There is a set N and a collection of correspondences (I';);en that is monotone, and
payoff functions (u;);en such that for every choice correspondence ¢ on 2% \ {()}, there is a payoff
function ug with which

c(S)={zeS:(xxn) € NE(S,(Ti(5))ien ud,(u;)ien) for some zx € H L (9)}
1EN

for each S € 2%\ {0}.

Proof. We take X as the set of phantoms. For each i € X, let I';(S) = {0,1} if i € S and I';(S) = {0}
otherwise. Note (I';);en is monotone. For each x € X and z € {0,1}%, let u;(z,2) = z;. Let ¢ be an
arbitrary choice correspondence. Define ug by uq(,0) = 0 and u4(7,2) = 1o((iiz,=1})(z) when z # 0.
Let S be an arbitrary choice problem. If 2 € ¢(S) then (z,2%), where 27 = 1if i € S and 27 = 0
otherwise, is a Nash equilibrium of (S,(I';(.5))iex,u, (u;)iex). Conversely, if (z,z) is an equilibrium of
(S,(T4(S))iex u, (u;)icx) then it must be the case that z = z%. Therefore, ug(x,2) = lyg(w) =1
must hold for (z,z) to be an equilibrium. This implies = € ¢(5). O

When the number of alternatives is finite, in Proposition 1, the number of phantoms can be reduced
to one.

Corollary 2. There is a monotone correspondence I', a phantom’s payoff functions us such that for
every choice correspondence ¢ on 2% \ {(}}, there is a payoff function u; with which

c(S)={x € S:(x,y) € NE(S,T'(S),uy,uz) for some y € T'(S)}
for each S € 2%\ {0}.

Proof. Construct I'; and u; as in the proof of Proposition 1. Let ug = ZieX u; and I' = HieX T;.
Note I' is monotone. For any choice correspondence ¢, define ug as in the proof of Proposition 1
and let u; = ug. Observe that (x,z) is an equilibrium of (S,I'(S),u1,uz2) iff (x,2z) is an equilibrium of
(S,(T5(89))iex u, (u;)iex). Thus, z € ¢(S) iff (x,2°) is an equilibrium of (S,T'(S),u1,uz). O

From these “anything goes” type of results, it becomes clear that stronger assumptions are needed
to obtain meaningful models of “choice against phantoms”. In the following sections, we will examine
some special cases that have testable implications.

1.3.2 Nash Representation

In this model, we consider the decision maker who makes a choice against a player who has a fixed set
of strategies. Specifically, we consider the following representation of a choice correspondence ¢ on an
arbitrary collection A of choice problems. There is a nonempty set Y and two real valued functions wuy
and uo defined on X x Y such that for each choice problem S in A,

c(S)={x€S:(x,y) € NE(S,Y,uy,us) for some y € Y}. (1.1)
It turns out that this model is characterized by Sen’s a-axiom.

a-axiom. If S C T then ¢(T) NS C ¢(9).

This condition states that if an alternative chosen in a larger set is available in a smaller set, it
must be chosen.
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Theorem 3. A choice correspondence ¢ on A satisfies a-axiom if and only if it admits a representation
in (1.1).

Proof. 1t is easy to see that the representation in (1.1) implies a-axiom. We focus on the sufficiency
part of the theorem. Let ¢ be a choice correspondence that satisfies a-axiom. Let Y := AU {0} and
C :=Ugeqc(S). Define uy : X xY — R by

ui(z,S) =

Note 17 stands for the indicator function of the set T'. Define us : X x Y — R by

{e,5) = {1)(\0(95) S=10

Now, let x € ¢(S). Then, ui(x,5) = 0 = u;y(2,5) for all z € S. On the other hand, uz(z,5) =1 >
ug(x,T) for all T € Y. Thus, (z,5) is a Nash equilibrium of the game (S,Y uj,uz).

Conversely, let S € A and (x,T) be a Nash equilibrium of the game (S,Y,u1,uz). Suppose T' = {).
Then, ui(x,T) > ui(z,T) =1 for any z € ¢(S) and hence x € C. That is, z € ¢(A) for some A € A.
But then, ua(z, A) > 0 = ug(x,T). This is a contradiction. Thus, T # 0. Suppose z ¢ C. Then
ug(x,0) =1 > uy(z,T), which is a contradiction. Thus, x € C' and hence uz(x,T) > 1 = uz(x,V) for
all V € Y. This implies © € ¢(T'). Then, ui(z,T) =0 > ui1(2,T) for all z € S, which implies S C T.
By a-axiom, z € ¢(S) as desired. O

An alternative representation for choice correspondences that satisfy a-axiom appears in Proposi-
tion 7 in Cherepanov et al. (2013). One may be able to construct preferences for each player in (1.1)
by using their representation.

Under suitable conditions, one can take payoff functions in (1.1) to be continuous. To this end, let
X be a nonempty compact metric space. Let k(X) denote the set of nonempty compact subsets of X
endowed with the Hausdorff distance. The following condition is a standard upper hemicontinuity for
choice correspondence.

Upper hemi-continuity. For every convergent sequences (z,,) in X and (.5,) in k(X), if x,, € ¢(Sy)
for every n, then lim z,, € ¢(lim S,).

By adding this condition, we obtain a representation with continuous payoff functions.

Theorem 4. Let X be a nonempty compact metric space. A choice correspondence ¢ on k(X) satisfies
a-axiom and Upper hemi-continuity if and only if there is a nonempty compact metric space Y and
two continuous payoff functions u; and uy such that for each S € k(X),

c(S)={x€S:(x,y) € NE(S,Y,uy,us) for some y € Y}.

Proof. We know this satisfies a-axiom by Theorem 3. To show that this representation forces upper
hemi-continuity (uhc), note that if z,, — € X and S,, — S € k(X), then x € S due to d(z,5) <
d(x,zyn) + d(zn,S) < d(z,xn) + dg(Sn,S) — 0, where dy is the Hausdorff metric in k(X). Taking
Yn €Y i (zn,yn) € NE(S,,Y,u1,u2) for each n, since Y is a compact metric space, there is a convergent
subsequence y,, — y € Y. Next, we pick any ¢’ € Y, and obtain that ua(xn, ,Yn,) > u2(xn,,y’) Yk =
ug(z,y) > uz(z,y’). On the other hand, take any 2’ € S, there is a sequence (z7,),, where 2}, € S, for
each n and 2/, — 2’ due to dy(Sy,S) — 0. Hence, ui(zn,yn) > ui(z),,yn), Yn = ui(z,y) > ui(2',y).
Therefore, (z,y) is Nash equilibrium in S x Y, which means that z € ¢(S) and c is uhc. Conversely,
let ¢ be a choice correspondence that satisfies a-axiom and upper hemi-continuity. Let Y := k(X) and
note that Y is a nonempty compact metric space. Define u; : X x Y — R by u1(2,T") = minyer d(z,y)



6
where d is the metric on X. Observe that u; is a continuous function. Next, define the binary relation
>9on X XY by (z,5)>9(y,T) if (x,S) = (y,T), or z = y and = € ¢(S). Observe that >3 is a preorder.
Moreover, it is continuous by upper hemicontinuity of ¢. To see why, suppose (x,,S,) — (z,5) and
(n,Sn) B2 (y,T) Yn. Suppose, (z,5) F2(y,T). Then, x # y and x ¢ ¢(S), but this contradicts uhc,
hence >4 is continuous. Then, there is a continuous function uz on X x Y such that (z,5) >q (y,7)
implies ua(7,5) > ua(y,T) and (x,9) >2 (y,T) implies ug(z,S) > uz(y,T).!

To complete the proof, let € ¢(S). Then, ui(x,S) > uy(z,5) for all z € S while ug(x,5) > ug(x,T)
for all T' € Y. That is, (z,5) is a Nash equilibrium of the game (S,Y, u1,u2). Conversely, let (z,T") be
a Nash equilibrium of (S,Y,u,u2). Then, ui(x,T) > uy1(2,T) for all z € S and ua(z,T) > ug(x, A) for
all A € Y. In particular, us(z,T) > ug(x,{z}) while (x,{z}) >2 (2,T). This implies (z,T) =9 (z,{z})
and hence x € ¢(T'). Then by definition of u1, ui(z,T) = 0 and hence u;(z,7) = 0 for all z € S. Thus,
S is a subset of T'. By a-axiom, = € ¢(S) as desired. O

Here are some examples of choice models that satisfy a-axiom and their representations of the form
in (1.1).

Example 2. (Rational choice) Every choice correspondence that can be written as maximization of
a preference relation satisfies a-axiom. Such choice correspondences can be written as in (1.1) by
introducing a phantom with only one strategy.

Example 3. (Choice functions) A choice function ¢ on A containing all sets with at most three elements
satisfies a-axiom if and only if it is preference maximization. Hence, for such choice functions, the
model in (1.1) coincides with preference maximization.

Example 4. (Choice against Nature) Let €2 be a state space, Y be a prize space, and X := Y be the
set of acts. The decision maker has a utility function « and chooses an act to maximize expected utility
U(f.p) = [qu(f) dp for a given prior p. On the other hand, the nature has a utility function v and
chooses a prior on ) from a set P of priors in order to maximize expected utility V' (f,p) = fQ v(f) dp
for a given act f. The choice is determined by

c(S)={feS:(f,p) € NE(S,P,UJV) for some p € P}.

Note that the choice defined above is nonempty, for example, when € is finite, Y is a compact convex
subset of R™, P is compact and convex, u and v are affine, and S is compact and convex. Moreover,

if v = —u and S are compact and convex, then the model coincides with the maxmin expected utility
of Gilboa and Schmeidler (1989).

Example 5. (Path-Independent Choice) A choice correspondence ¢ on 2% \ {§} is path-independent
if c((SUT) = c(c(S)Uce(T)) for every S and T. It is know that path independence implies a-axiom.
Models of choosing the two finalists studied by Eliaz et al. (2011) are examples of path-independent
choice.

An important special case of path-independent choice rule is g-acceptance rule. It is used in school
choice to model a school’s preference and is characterized by a linear order > over students and the
number ¢ of students the school can accept. If there are less than or equal to g students applying, the
school accepts all of them. If there are more than g students applying, the school accepts the top ¢
students among them according to .

Example 6 (Threshold model). A threshold model consists of a utility function u and a function
0:X x A— Ry. The choice is determined by

c(S) ={z €S :maxu(S) < u(x)+ i(z,5)}.

It is easy to see that c¢ satisfies a-axiom if S C T implies §(z,T) < é(x,S). Under this assumption, ¢
can be written in the form (1.1) as follows. Let Y := A, uz(z,5) = 14)(x), and

maxu(S) x € c(S)

u(x) otherwise

ui(x,S) = {

!See Levin (1983) and Corollary 1 in Evren and Ok (2011).




Strictly Competitive Representation

There are no constraints imposed on games in Nash representation. One can consider various special
cases of Nash representation corresponding to different classes of games. Here we deal with the case
in which the payoffs of the decision maker and the phantom are in complete conflict in the following
sense.

Definition. A game (X,Y,uq,uz) is strictly competitive if for each (x,y) and (2’,y’) in X XY, uq (z,y) >
ur (#'y) iff ug(2,y) < ua(a’y).

In short, a strictly competitive game is an ordinal zero-sum game. As the following theorem shows,
every choice correspondence that can be expressed as Nash representation with strictly competitive
game is rationalizable in the sense of preference maximization.

Theorem 5. If a choice correspondence ¢ admits a representation in (1.1) where the corresponding

game is strictly competitive, then it is rationalizable, i.e., there is a complete and transitive relation =~
such that ¢(S) = max(S, 17) for all S € A.

Proof. Let (X,Y,u1,u2) be a strictly competitive game and (1.1) holds for each S € A. We show
that ¢ satisfies the congruence axiom. Let x1 € ¢(S1), x2 € S1 Nc(S2), ..., xx € Sk—1 N c(Sk),
zp € ¢(T), and 1 € T. For each ¢ = 1,...,k, let y; € Y be such that (x;,y;) € NE(S;,Y,u1,u2) and
y € Y be such that (zg,y) € NE(T,Y,u1,u2). It is enough to show that (z1,2) € NE(T,Y,u1,u2). Then,
uy(x,yi) > ui(x,y;) and we(x;,y;) > ua(x;,y) for all (x,y) € S;xY. By strict competitiveness, therefore,
we have ui(z,y;) > w1 (iy1,yi) > ur(ziv1,yi41) for i = 1,... .k — 1. Thus, ui(z1,y1) > w1(xg,yk). On
the other hand, strict competitiveness implies ui (xg,yx) > u1(zg,2) > ug(r1,2) > ui(x1,y1). Therefore,
ui(x1,2) = u1(xg,2) = ui(x1,y1) and by strict competitiveness, ug(z1,2) = ug(xg,2) = uz(x1,y1). This
means 1 is a best response to z and z is a best response to x1 in (T,Y,uj,u2). Hence, (x1,z) €

NE(T,Y,u1,us) as desired. O]

1.3.3 Strict Nash Representation

Next, we consider a version of Nash representation in which strict Nash equilibrium is used rather than
Nash equilibrium. In this model, the decision maker, taking the choice set as the set of strategies,
plays a game against a phantom as in Nash representation. His or her choices are strict Nash equilibria
of the game. Specifically, we study the following representation for choice correspondence c¢. There
is a nonempty set Y and two payoff functions u; and uo defined on X x Y such that for each choice
problem S in A,

c(S)={zreS:(z,y) € SNE(S,Y,uy,uz) for some y € Y}. (1.2)

It is easy to see that this representation implies a-axiom. In fact, it satisfies the following slightly
stronger condition .

WWARNTI: If x € S and for every z € S there is T such that {z,z} C T and = € ¢(T") then = € ¢(S5).

This condition is employed by Ribeiro and Riella (2017) as part of conditions that characterize the
maximalization of a preorder. It is a weaker version of the Weak Axiom of Revealed Inferiority (see
Eliaz and Ok (2006)) and implies a-axiom. The following theorem shows that the representation in
(1.2) is characterized by this condition.

Theorem 6. A choice correspondence ¢ on A satisfies WWARNTI if and only if it admits a represen-
tation in (1.2).

Proof. Suppose ¢(S) = {x € S : (z,y) € SNE(S,Y,u1,us)} for all S € A. Fix S € Aand z € S
such that for each z € §, there is T, with {z,2} C T, and € ¢(T,). For each z € S\ {z}, there
is y, € Y such that (z,y,) € SNE(T,,Y,uj,u2). As (x,y.) is a strict equilibrium, y, = y, for each
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2,2 € S\ {z}. Put y:=y, for any z € S\ {x}. Then, for each z € S\ {z}, ui(z,y) > u1(z,y) as
(x,y) € SNE(T,,Yu1,u2). Hence, (z,y) € SNE(S,Y,u1,u2) and thus x € ¢(S).
To see the other direction, let ¢ be a choice correspondence that satisfies WWRNI. For each = € X,
define Sy as follows: S; = {x} if there is no T' € A with = € ¢(T'), otherwise

Se=(H{T e A:zecT)}

Note, WWARNI implies z € ¢(S) iff z € S C 5;. We use X as the phantom’s set of strategies and
define u1 : X x X - R and us : X x X — R as follows:

1 z=y

ui(zy) =41 =y uz(x,y) = 0 sy

2 $€Sy {
0 ze€Syandz#y

We show that ¢(S) = {z € S : (z,y) € SNE(S,Y,uj,u2)} for all S € A. Let x € ¢(S). Then,
S C Sy and hence uj(z,z) =1 >0 = uy(z,z) for all z € S\ {z}. Similarly, uo(z,z) =1 > 0 = ua(x,y)
for all y € X \ {z}. Hence, (z,z) € SNE(S,Y,u;,u2).

Conversely, let (z,y) € SNE(S,Y,uj,us). It is clear from the definition of uy that © = y. Suppose
there is no T' € A with x € ¢(T). Then, there is z € S\ {z} and u;(z,2) =2 > 1 = u;(z,x). This is a
contradiction. Hence, x € ¢(T) for some T' € A. If there is z € S\ S, then ui(z,2) =2 > 1 = uy(x,z).
This is a contradiction. Hence, S C S, and thus x € ¢(S) by WWARNL O

When X is finite, and A contains all choice problems, WWARNI can be decomposed into a-axiom
and the following condition.

Expansion: If x € ¢(S) and « € ¢(T) then x € ¢(SUT).

Corollary 7. Let X be a nonempty finite set. A choice correspondence on 2% \ {(}} satisfies a-axiom
and Expansion if and only if it admits a representation in (1.2).

Proof. By the previous Theorem, it is enough to show that WWARNI is equivalent to a-axiom and
Expansion. We know WWARNI implies a-axiom by Ribeiro and Riella (2017). To show that WWARNI
implies Expansion, note that WWARNI can be written in this case as: If there is A’ C A = 2%\ {()} such
thatz € S C|UA and z € ¢(T) VT € A, then z € ¢(S). By taking A’ = {S,T} and z € SUT = U A,
where z € ¢(S)Ne(T), by WWARNI we have x € ¢(SUT) and obtain Expansion. To see the converse,
suppose c¢ satisfies a-axiom and Expansion. Let S be a choice problem such that x € S, and for every
y € S, there is T, with {z,y} C Ty and = € ¢(T}). Let T':= |J, s Ty and note that S C T'. Since X is
finite, z € ¢(T") by Expansion. By a-axiom, = € ¢(S5). O

Here are some examples of choice models that satisfy WWARNI.

Example 7 (Maximization of an acyclic relation). Sen (1971) showed that, when X is finite, a choice
correspondence ¢ on 2% \ {()} satisfies a-axiom and Expansion if and only if there is a complete and
acyclic relation 77 on X such that ¢(S) = max(S, ) for each S. The above corollary states that such
a choice correspondence can be expressed as a game in the sense of (1.2).

Example 8 (Maximalization of an preorder). Let - be a preorder on a finite set X and ¢ be a choice
correspondence defined by ¢(S) = MAX(S, 7). It is easy to show that c satisfies WWARNIL.

Example 9 (Maximization of an interval order). A special case of threshold models (see Example 6)
in which the threshold function d depends only on z corresponds to the maximization of an interval
order. The choice is determined by

c(S) ={z €S :maxu(S) <u(x)+d(x)}.
This model satisfies WWARNI.



1.4 Application
1.4.1 Weak WARP

The following weaker version of WARP for choice function has been studied recently by Manzini and
Mariotti (2007), Manzini and Mariotti (2012), and Cherepanov et al. (2013).

Weak WARP: If z # y, {z,y} C S CT and c({z,y}) = ¢(T) = x then ¢(S5) # y.

We provide an alternative representation for models consistent with Weak WARP. The following
theorem shows that all choice functions that satisfy Weak WARP can be expressed as a selection from
equilibrium strategies.

Theorem 8. Let X be a finite set and ¢ a choice function on 2% \ {#)}. Then, c satisfies Weak WARP
if and only if there is a nonempty set Y and functions u; : X XY - R, us : X XY — R, and an
irreflexive binary relation > on X such that

c(S)=max({z € S:(x,2) € NE(S,Y,uj,uz) for some z € Y}, )
for each S € 2%\ {0}.

Proof. First, assume a choice function ¢ admits a representation in the statement. Let = # y, {z,y} C
S C T, and c({z,y}) = c¢(T) = =. If (y,2) € NE(S,Y,uj,uz) for all z € Y then, ¢(5) # y. If
(y,2) € NE(S,Y,u1,uz) for some z € Y, then x > y as ¢({z,y}) = z. Since ¢(T) = =z, (x,2') €
NE (T,Y,u1,u2) and hence (z,2') € NE (S,Y, u,u2) for some 2z’ € Y. Therefore, ¢(S) # y.

Conversely, let ¢ be a choice function that satisfies Weak WARP. Define a correspondence « by
a(S) ={y e S:y=c(T) for some T D S} for each S € 2X \ {#}. Define = by = = y if z # y and
there are S C T such that {z,y} C S, x = ¢(S) and y = ¢(T'). Then, > is asymmetric by Weak WARP
and ¢(S) = max (a(S), >). Notice that « satisfies a-axiom. By Theorem 3, there is a nonempty set ¥’
and functions u1 : X XY — R and ug : X XY — R such that

a(S)={zr e S:(z,y) € NE(S,Y,u1,uz) for some y € Y'}.

Thus, a desired representation is obtained. O

1.4.2 Rational Shortlist Method

Manzini and Mariotti (2007) proposed the Rational Shortlist Method, a model for choice function,
and showed that it is characterized by Weak WARP and Expansion. Here, we propose an alternative
model characterized by the same axioms. In this model, the decision maker makes a selection from
equilibrium strategies in symmetric equilibria.

Theorem 9. Let X be a finite set and ¢ a choice function on 2% \ {})}. Then, c satisfies Weak WARP
and Expansion if and only if there is a nonempty set Y and functions u; : X XY - R, ug : X XY — R,
and an irreflexive binary relation > on X such that

c(S)=max({z € S: (x,y) € SNE(S,Y,uy,uz) for somey e Y}, >)
for each S € 2%\ {0}.

Proof. First, assume ¢ admits a representation in the statement. Define a correspondence o by «a(S) =
{z : (x,y) € SNE (S,Y,uj,uz) for some y € Y}. By Theorem 6, o satisfies a-axiom and Expansion.
Hence, ¢ satisfies Weak WARP. To see that ¢ satisfies Expansion, let = ¢(S) = ¢(T'). Then, as «
satisfies Expansion, € a(S UT). On the other hand, for each y € a(SUT), y € a(S) or y € «(T).
Without loss of generality, let y € a(S). Then, x = y as x = ¢(S). Hence, z = c¢(SUT).
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Conversely, let ¢ be a choice correspondence that satisfies Weak WARP and Expansion. Define
a(S) ={y €S :y = c(T) forsome T D S} for each S € 2% \ {#}. Then, «a satisfies a-axiom.
Define > by z > y if © # y and there are S C T such that {z,y} C S, x = ¢(5) and y = ¢(T).
Then, > is asymmetric by Weak WARP and ¢(S) = max («(S), >). Notice that « satisfies Expansion.
Indeed, if 2 € «(S) and = € «(T) then, there is S’ O S such that z = ¢(S’) and 77 O T such
that @ = ¢(T”). As c satisfies Expansion, x = ¢(S" UT’) and thus € «(SUT). Therefore, by
Theorem 6, there is a nonempty set Y and functions u; : X XY — R, us : X XY — R such
that a(S) = {z : (z,y) € SNE (S,Y,u1,uz) for some y € Y}. Hence, the desired representation is
obtained. O

1.5 Related Literature

This chapter is related not only to the theory of boundedly rational choice but also to the emerging
literature on the revealed preference approach to game theory. The primary focus of this literature is
on the identification of testable restrictions of game-theoretic solution concepts. The literature can be
classified into two parts depending on whether or not a game form is given.

Sprumont (2000) and Galambos (2004) studied the rationalization of choice correspondence in terms
of Nash equilibria when there are given game forms and the observed choices are strategy profiles. In
the same setup, Lee (2012) studied the rationalization by Nash equilibria of a zero-sum game. Ray
and Zhou (2001) studied similar problems when extensive game forms with complete information are
given. In contrast, we do not assume game forms as given. In addition, we assume that the choices of
other players are unobservable.

The other approach takes choice correspondence as primitive and does not assume game forms to
be observed. For example, Bossert and Sprumont (2013) showed that every choice function is rationa-
lizable as an outcome of backward induction.? Rehbeck (2014) and Xiong (2014) extended the result
to choice correspondences. Li and Tang (2017) showed a similar result for random choice rules. In
these papers, each alternative corresponds to an outcome of a game, and the chosen alternatives are
interpreted as equilibrium outcomes. In contrast, this thesis considers the rationalization of choice
correspondence in terms of strategic games. We interpret each alternative as a decision maker’s stra-
tegy in an unobserved strategic environment, and chosen alternatives are understood as equilibrium
strategies.

1.6 Conclusion

The ’choice against phantoms’ framework bridges the gap between classical game theory and bounded
rationality models. By interpreting unobservable strategic constraints as 'phantoms,” we provide a
robust foundation for choice behaviors that, while seemingly irrational under the Weak Axiom of
Revealed Preference (WARP), are consistent with equilibrium play in a strategic environment that has
not been fully revealed to the outside observer.

When no restrictions are imposed on the structure of the phantoms, the framework is extremely
flexible and admits an “anything goes” result. To obtain meaningful implications, we examined models
with stronger restrictions on phantoms. In particular, when the set of phantom strategies is fixed, the
Nash Equilibrium concept leads to a model characterized by Sen’s a-axiom. When strict Nash Equi-
librium is adopted instead, the model is characterized by WWARNI. These offer new lenses through
which to evaluate the ’rationality’ of non-standard choices. While traditional models might dismiss
these behaviors as mistakes, our results suggest that they can be viewed as optimal responses to unob-
served (or even internal) strategic competition. As a consequence, several models of boundedly rational
choice can be understood as projections of equilibrium behavior in games where some components of
the environment are unobserved.

2See also Xu and Zhou (2007), and Horan (2012).



Capitulo 2

Evolutionary Stable Choice

Abstract

This chapter proposes rationalization of stochastic choice data as evolutionary stable strategies (ESS)
by treating each observed choice distribution as an ESS in a symmetric game with underlying common
payoff. We provide a characterization of this model: the data set is ESS rationalizable if and only
if every nontrivial positive semidefinite (p.s.d.) Loewner combination of certain matrices vanishes,
yielding a straightforward matrix test. Using this criterion, we construct explicit examples of choice
data that either fail or satisfy ESS rationalizability.

Keywords: Rational choice, Nash equilibrium, bounded rationality, a-axiom

JEL: C72, D01

2.1 Introduction

Stochastic choice data, capturing the probabilistic manner in which decision-makers select from avai-
lable alternatives, are foundational to the theoretical analysis and empirical application of decision
theory. While standard models often explain this stochasticity through mechanisms like random uti-
lity perturbations (e.g., Marschak (1959)), specific structural forms like the Luce model (Luce (1959)),
or the conditional logit (McFadden (1974)), this chapter introduces a novel rationalization framework
grounded in evolutionary game theory. We investigate whether observed stochastic choice distributi-
ons can be understood as Evolutionary Stable Strategies (ESS) within a symmetric game defined by a
single, underlying payoff function.

The concept of an ESS, originally formulated by Smith and Price (1973) to describe strategy profiles
resistant to invasion by mutants in large populations, has been extensively studied in game theory (see
Weibull (1997)) but remains unexplored as a tool for rationalizing stochastic choice. Our framework
addresses this gap by treating each observed choice probability distribution as a potential population
strategy and examining if these distributions can simultaneously satisfy the ESS stability conditions
under a unified payoff structure. This ESS-rationalization perspective offers a distinct alternative to
traditional models.

The motivation for adopting an ESS framework stems from two primary interpretations of stochastic
choice data:

1. Population-Level Interpretation: If choice probabilities observed in data reflect the frequen-
cies of different actions adopted by individuals within a large population, these distributions may
represent the outcome of an underlying evolutionary game. Under evolutionary dynamics, such
as the replicator dynamics (see Taylor and Jonker (1978), Hofbauer and Sigmund (1998)), popu-
lation frequencies often converge towards an ESS. Our model formalizes this by asking whether
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empirical choice distributions could represent such stable population states for some coherent
payoff specification.

2. Individual-Level Interpretation: Stochastic choice can also be viewed as the aggregate result
of internal competition within a single decision-maker. Frameworks like dual-self models (e.g.,
Thaler and Shefrin (1981), Fudenberg and Levine (2006)) or those positing multiple utility func-
tions (e.g., Ok (2002)) conceptualize the individual as comprising competing ‘selves’ or multiple,
conflicting preferences. If these internal elements compete for influence over choices under evo-
lutionary pressures, the resulting aggregate choice distribution might stabilize at an ESS. Our
model captures this by treating stochastic choice as the equilibrium outcome of such an internal
evolutionary game.

Our central contribution is a characterization theorem of ESS-rationalization. We demonstrate
that a dataset of stochastic choice distributions is ESS-rationalizable if and only if a specific family of
matrices derived from the data satisfies a positive-semidefiniteness condition only trivially. This result
not only provides a test for the ESS-rationalizability of choice data but also extends revealed preference
approach to noncooperative solution concepts, previously applied to concepts like Nash Equilibrium
(e.g., Sprumont (2000)), to ESS.

The remainder of the chapter is structured as follows. Section 2 reviews the definition and properties
of Evolutionary Stable Strategies. Section 3 introduces the ESS-rationalization model, presents and
proves the main characterization theorem, and provides an example of stochastic data that is not
ESS-rationalizable.

2.2 Setup

2.2.1 Stochastic Choice Data

Let X = {aj,...,an} be a nonempty finite set of alternatives. For any subset S of X, a probability

distribution on S is a non-negative function p : X — R such that >  p(a) = 1 and supp(p) := {a €
acX
X :p(a) > 0} € S. The probability distribution degenerate on z is denoted d,. We denote the set

of all probability distributions on S as A(S). Any probability distribution p on X is identified as the
n-dimensional vector p = (p1, ... ,pn), where p; = p(a;). Under this identification A(X) is treated as a
subset of R™. For any vector z, its transpose is denoted by z’. Then, xy’ is the outer product matrix
of vectors = and y. That is, zy’ is the matrix whose (7,j) component is x;y;. Given two probability
distributions p and ¢ on X, their product distribution on X x X is identified as the matrix pqg’. Given a

real-valued function v on X x X and a n x n matrix M = (m; ;), we denote E(u,M) = > m; ju(a;,a; ).
2%
A stochastic choice data set (p;,S;) consists of finitely many pairs (p;,S;) where S; is a nonempty

subset of X or a choice problem and p; a probability distribution over X with supp(p;) C S;. Note a
stochastic choice data allows multiple observations from same choice set.

Example 10 (Stochastic choice function). Given a collection A of choice problems, a stochastic choice
function p on A assigns for each S in A, a probability distribution pg over X with supp (ps) C S. A
stochastic choice data set can be identified as a stochastic choice function if S; # S; for distinct 7 # j.

2.2.2 Evolutionary Stable Strategies

A two player strategic game (S1,52,u1,u2) is symmetric if S; = Se and ui(z,y) = ua(y,x) for every
(z,y) € S1 x So. Every symmetric game can be fully identified by the first player’s strategy set S and
payoff function w. Thus, we denote it as (S,u). Given a subset T of S, one can consider the symmetric
game where the set of strategies is restricted to 1" and the payoff function is the restriction on 7" x T'.
We denote such game simply as (T,u).
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Definition. Let (S,u) be a two-player symmetric game. A mixed strategy p is an evolutionary stable
strategy (ESS) if it satisfies the following two condtions:

1. E(u,pp’) > E(u,qp’) for all ¢ € A(X), and

2. E(u,pp’) = E(u,qp’) implies E(u,pq") > E(u,qq’).
The set of evolutionary stable strategies of (S,u) is denoted by ESS(S,u).

We document some basic known properties of ESS here. Let (S,u) be a symmetric game and
S = {s1,...,sn}. The payoff function u can be identified with an n x n square matrix U whose (i, )

component is given by U; j := u(s;, s;). This justifies the expression E(u, pg’) = p'Ugq. For any = € R”,
let supp(z) := {s € S : z(s) # 0}. For any p € A(S), let B(p) :={z € S:6,'Up > 6,/Up for all y €

S}. Also, let S ={z e R": > x; =0} and Sy := {x € S : supp(x) C T}.
i=1

Proposition 10. (Haigh (1975)) A necessary and sufficient condition for a mixed strategy p to be an
ESS of (S, u) is that for any ¢ € A(S), p'Up > ¢'Up and for any x € Sp(,) \ {0}, 2'Uz < 0.

Proposition 11. (Haigh (1975)) Suppose a mixed strategy p is an ESS of a symmetric game (S, u).
If supp(p) = S, then p is the unique ESS of this game.

Proof. By Proposition 10, for any ¢ € A(S), p'Up > ¢'Up and for any x € Sp(p) \ {0}, #'Uz < 0. Since
supp(p) = S, Sp(p) = S. Therefore, for ¢ # p, (p — ¢)'U(p — q) < 0. Hence,

E(u,pq) — E(u,qq') = p'Uq— q'Uq
=—(p-q'Upp—q) +(p—q'Up
>p'Up—q'Up>0

Thus, ¢ is not an ESS. O

2.3 Model and Characterization

We are interested in the following notion of rationalization by means of evolutionary stable strategies.

Definition. A stochastic choice data set (p;,S;) is evolutionary stable if there isa u : X x X — R
such that for each ¢, p; is an evolutionary stable strategy of (S;,u). That is, p; € ESS(S;,u).

In what follows, we provide a characterization of this model. To do this, we first establish prelimi-
nary lemmas. The following is a well-known property of p.s.d. matrices.

Lemma 12. A symmetric n X n matrix M is positive semidefinite iff there is a nonempty finite subset

V of R™ such that M = > zz'.
zeV

Proof. This is a direct implication of the Spectral Decomposition Theorem (e.g. Strang (2006), Result
50, p. 285) for positive semidefinite (p.s.d.) matrices. The theorem shows that for any symmetric
matrix M, we have M = QAQ’ where A = diag()\y,...,\,) is a diagonal matrix and @ is an orthogonal
matrix, i.e. let Q@ = [v1 ... vy,], the set of column vectors {vi,...,u,} form an orthonormal basis for

R™. Moreover, (\;,v;) are eigenpairs of M. If M is p.s.d., then its eigenvalues are nonnegative (Strang
(2006), result 6D, p. 321) and we can take z; = /A;v; for i = 1,...,n where
)\1 0 Ui n n
M = QAQ = [vl vn] Z \iviv) = zmlm;
i=1 i=1

0 An | |V, =
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For the next lemma, let Sk = {z € Sx : ||z|| = 1}.

Lemma 13. Let Mg, := { > a2’ : V is a nonempty finite subset of Sx}, ms, = {za’ : € Sx},
zeV
and mg = {za’ : x € Sk}. Then Mg, = co(ms,) = cone(co(mgt ))-

Proof. 1t is easy to see that co(ms, ) is a convex cone and Mg, = co(ms, ). We show the second
equality. Since mg1 C msy, co(mgi ) C co(msy). Hence, cone(co(mg:)) C co(msy). To see
). If © # 0 then y :=

|z|| "tz € Sk and a2’ = ||z||*(yy') € cone(co(mg: ). Thus, ms, C cone(co(mg: )). Hence, co(msy) C

><>—

~—

the other inclusion, let € Sx. If = 0 then z2’ = 0 € Cone(co(ms}(

cone(co(ms;()). O

One of our characterizations involve the following partial order called Loewner order: for symmetric
matrices A and B of the same size, A = B if A— B is p.s.d.. Equivalently, when A and B are n x n,
A=y Bif 2’ Az > o' Bz for all z € R™. For any A € A(2X\ {0}) and any stochastic choice function o,
let N(o,\) := > A(S)ogps’. Let N(X) := {N(o,\) : 0 is a stochastic choice function}. Let Mgy, be

S

the set of symmetric n x n matrices. The following is our main characterization theorem.

Theorem 14. Let p be a stochastic choice function on 2% \ {@#}. If px is full support, then the
following statements are equivalent:

1. p is ESS rationalizable.

2. For any collection o = (y,g) of nonnegative coefficients indexed by S and a € S, if the matrix

My = > > ags(psps’ —daps’) is p.s.d. then M, = 0.
0#£SCX a€S

3. For any A € A(2X\ {0}), N(p,\) is minimal among N'(X) N My, with respect to .

Intuition. Let B, s = psps’ — daps’, ST be the set of n x n p.s.d. matrices and C, = {M, =

> > q5Bas :a >0} Then, C, is the set of every possible M, matrix generated from some
0£SCX a€S
fixed stochastic choice function p, it is straightforward to show that both sets are closed convex cones.

Geometrically, this proof is equivalent to showing that every pg is ESS if and only if the intersection
between the closed convex cones mentioned contains only the origin, i.e. C,NS} = {0}. See Appendix
for the proof.

Next we give a result that provides examples of ESS and non ESS-rationalizable functions. To
prove some of them, a lemma is necessary.

Lemma 15. The only p.s.d. matrix whose trace is 0 is the zero matrix.

Proof. Let M be a nxn symmetric matrix, by the Spectral Decomposition Theorem, M =" | \jv;v],
where (\;,v;) are M’s eigenpairs. Since the eigenvalues of p.s.d. matrices are nonnegative and the sum
of the eigenvalues of a square matrix is also equal to its trace (Strang (2006), result 5B, p. 239), then
M e S} and tr(M)=0= \; =0 for ¢ = 1,...,n which by the decomposition leads to M = 0. O]

Proposition 16. Let X be any nonempty set:
i) If | X| = 2, then every stochastic choice function on 2%\{0} is ESS rationalizable.

ii) The stochastic choice function that chooses uniform distributions in every nonempty subset of
X is always ESS-rationalizable.

Proof. (i) First let us find the elements m;;’s of the matrix M, = [m;;]. Let us introduce a new
notation. Let X = {21,...,z,}, we use ps = (p7,....05), g, 5§ = o and Yoy o = Lg. We get
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Under this new notation the matrices are:

[ o7 pios o pion ]
Bis= (07 =1)pf (0} =1p5 ... (o) = V)pa| = (psps — 4ips)
papy pps o oapn
(ﬁg?ﬁ-~(ﬁ;?ﬁ @@ . @@
g P32 P1 P2 Pn P2 P1 P2 Pn,
paol PR (pn —1)p? ... (pn —1)py
(07 Ls —af)py ... (p{Ls—af)p;,
[(pnLs —ap)p? ... (pnLs—aq)p;

Next note that if S is a singleton, say S = {a}, then ps = pg4y = do. Hence, B, s =0 VS € 2%\ {0}
s.t. |S| = 1. Since | X| =2, M, = MY = aff By x + a3 By x where

X [Ex ()" = o pi - Lxpyps —of py
@ Lxpipy —aypit Lx(py)° — oy py

If M is symmetric, then a5% p3 = a3 py*, together with the fact that p¥ + p¥ = 1 we get

(M) = (o + a3 )(p7)* = af pi* + (af + a3 ) (3 )* — a5 3’
= oy () =i o + g (07 )+ (03 )* + a5 (3 )2 — a3 py
= a7 (p7)? =i pi + ey p sy +ag ey Py +ay (py)” — g py
=aipi (pr — 1)+ pips + a3 pipy + a5 ps (py —1)

= —afpr Py + a1 Py +as pr Py — ad pr py

=0

(ii) tr(Bg,s) = tr(pspls) — tr(dapls) = |lpsll3 — psa = ]S!Si ﬁ = 0. Hence, for every nonnegative
o = (aa,S)>

trMo=tr | Y > asBas| = Y. > adastr(Bas)= Y > (das-0)=0

0£SCX a€S 0£SCX a€S 0#£SCX a€S

Once again, we get M, = 0 by Lemma 15.
O

To find examples of both ESS rationalizable and non-ESS rationalizable data sets we use a computer
algorithm. The algorithm was implemented in Wolfram language (Mathematica). It calculates the
matrices B, g from the given function p and maximizes the trace of the M, matrix subject to three
different constraints: i) every principal minor is nonnegative, ii) the matrix is symmetric and iii) every
ag,s € [0,1]. That is, the optimization problem is

Max tr(M,) s.t. « € [0,1]
M, =10 (Ma € Si)
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By Lemma 15 and Theorem 14, if p fails to be ESS rationalizable, then a non-zero p.s.d. matrix
(with positive trace) will be obtained. In fact, when |X| > 3 and pg is not uniform for some S C X,
there are stochastic choice functions that fail to be ESS rationalizable, as the following example shows.

Example 11 (Non ESS rationalizable data set). Let X = {z1,x2,23}. Consider the following random
choice function p: p12 = (%,%,0),,023 = (0,%,%), P13 = (%,0,%), px = (%,i,%). Note that only px is
not uniform.

Let @ = (ag,5) be the collection of coefficients given by af? = a3? =0, o33 =0, 023 =1, of? = 0,

af =1, a{( =1, ag( =1, ag( = 0. Then, M, is the following positive semidefinite matrix with
eigenvalues 0, 0, and i:
1 1
o
Ma — —g g 0
0 0 O

In view of Theorem 14, p is not ESS rationalizable. Note, pi2 is irrelevant and can be any distribution
12 _ 12 _
as a;” = ay” = 0.
However, not every stochastic choice function that does not select uniformity everywhere fails to
be ESS rationalizable. The following example shows this case. The computer algorithm found M, = 0
as a solution. We also provide a formal algebraic proof that M, = 0.
Example 12 (ESS rationalizable data set). Let X = {z1,z2,23}. Consider the following random
choice function P P12 = (%7%70)ap23 = (07%>%)7p13 = (%705%)apX = (%7%3%)
To show that p is a ESS-rationalizable a simple but extensive proof is needed. We begin with a
claim.

. 115t —Taf 420 —lof +405 +4af
Claim 1. Tr(M,) = Te(MX) = 322 (0 Lx—a;¥)pX = %ﬁ%. Moreover, mpy = — +810‘2 g |
mX — 1603 —20a +160¢ mX — 903 +9a3f —18af

22 81 » 11433 81 :

Proof of the claim. Note that Tr(Ma) = Tr(3 gy M2 + Tr(M), hence

12 1 12 2 1 2
Tr Z MZ | = mif +mif + mbs +ms3 + myi + m3;
SgX

. L12 Oz%z Oé%z + L13 OL%S Oz%s + L23 agg 0%3
S\ 2 2 2 2 2 2 2 2 2

Where mg is the element located in the i-th row and i-th column of the Mz matrix where S = {z;,7;}.
Therefore, Tr(M,) = Tr(MX) = Z?Zl[(p;-x)zLX —aXpX].
Next by putting the values of pZX in the equality above we have:

i = o oy gy o oA o e

may = g(a{‘ +of +af) - :iliag( _ 16af" — 2(230{5( + 1605

miy = 8%(@{( +ox +o5) - gagf _ 91 + 9051( —18ag"
Tr(Ma) = Tr(Y) = 10T = 78(?( + 208



Claim 2. Symmetry of M, implies o}
404?—601{(
——L.

2
_a2

12 _

X b'e
4day —8ag

9

Y

23
Qg

2
_a3

3 8ax —6asx
- 9

Proof of the claim. Note that if ¢ # j = m;; = (pszéjl}@-j - asz;j) + (plXpBXLX - ozf(pjx) and mg;
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13 13 _
and o7° — ag

mj; < aﬁj péj + Oc;-X pJX = a;-j pﬁj + an p;J-X since the terms pz:j p;.j L;; and p;X pﬁ( Lx appear on both sides

of the equality and cancel out. Hence,

12 X 12 X X X
o & — _— — & = — =
mi2 = M2y 5 + 9 5 9 ay —Qy 9
23 X 23 X X X
o5 30 a3’ 4oy 23 93 —bay +8aj
= &S = 4+ — —_— + — = = -
M23 = M32 5 T g 2 T g Qg —ag 9
13 X 13 X X X
o” | 3ay _a3” | 203 13 13 _ —06ag +4ag
m13—m31<:>7 9 = 9 +T<:> 1 — O3 :f
O
i ik X i _ (i iy iy g id _ ef+al o e —a¥
Now note that m;; = m,] +mi’+mg , where m;] = (p;)*(c, +a; )—p; o = L ——- =
Applying the values obtained in Claims 1 and 2 we have,
i 207 —af  1,5af —af  —ldaf + 4o + 4af _ 350 — 100 — 1005
9 9 81 162
- —20f +ay | 1503 —2af | 16af — 200y + 1603 _ —dof + 505 — dag’
9 9 81 162
- —150f +ag | —150f +2a5 | 9af +9a5 —18a3 _ —9a — 9oy +18a
9 9 81 162
(M) = 2207 — 140§ +4of _ 1llaf —7af + 203
162 81

Hence, every my; is a negative multiple of mff , therefore we obtained the same value of tr(M,) via

a sum of negative multiples of its components. Since M, is p.s.d. and m;; > 0 for ¢ = 1,2,3 this can
only mean that tr(M,) = 0. By Lemma 15, M, = 0.

2.4 Conclusion

In this chapter, we have established a connection between evolutionary game theory and stochastic
choice analysis. By treating observed choice distributions as Evolutionary Stable Strategies (ESS)
within a symmetric game, we move beyond traditional preference-based rationalizations to a model
that accounts for population-level stability and strategic interaction.

Our primary contribution is the derivation of two necessary and sufficient conditions for ESS rati-
onalizability. One of these conditions—that a dataset is rationalizable if and only if every non-trivial
positive semidefinite Loewner combination of specific matrices vanishes—provides a computationally
straightforward matrix test. This characterization not only simplifies the task of testing for evolutio-
nary stability in economic data but suggests that randomness in observed choices may reflect stable
population behavior rather than individual random utilities.



Capitulo 3

Small Choice

Abstract

We introduce a formal framework for “small choice” that captures the phenomenon of selective con-
sideration in decision-making. A choice correspondence is deemed small if it selects, on every choice
problem, a set of alternatives that belong to a certain collection of subsets characterized by their
limited size relative to the entire set of options. We provide a characterization of small choice corres-
pondences. We, then, study the interplay of smallness and various choice models including preference
maximization, sequential choice, monotone threshold representations, and similarity-based mistakes.

Keywords: Consideration set, Sequential choice, Monotone Threshold Representation
JEL: C72, D01

3.1 Introduction

In modern decision-making, individuals often face a vast number of alternatives. While traditional
rational choice theory assumes exhaustive evaluation, a large body of empirical evidence, particularly
from marketing and consumer research, consistently demonstrates that people limit their attention to
only a small subset of available options. This phenomenon of selective consideration is captured by the
concept of a “consideration set”—the group of alternatives seriously evaluated before making a choice.
The idea has early roots in the buyer behavior theory of Howard and Sheth (1969), who introduced
the notion of an “evoked set” to describe the subset of brands that a consumer brings to mind and
evaluates when making a decision. Subsequent empirical studies have consistently found that such
consideration sets are typically small, often containing only a handful of options even when dozens are
available (e.g., Urban (1975), Hauser and Wernerfelt (1990), Jones and Chen (2011), Goodman et al.
(2013), Aparicio et al. (2025)). This limited scope appears to be a natural response to information
overload and cognitive constraints, frequently modeled as resulting from a rational trade-off where
individuals balance the cognitive costs of evaluation against the expected benefits of choosing from a
larger set (Hauser and Wernerfelt (1990)).

Beyond these positive descriptions of behavior, there are often strong normative reasons for focusing
on selecting small sets. Effective decision support, such as consulting recommendations, frequently
involves distilling complex options into a concise list. Similarly, regulatory interventions might aim to
restrict choices minimally to preserve freedom.

Existing theories of bounded rationality provide foundations for understanding selective conside-
ration. Concepts like satisficing emphasize choosing merely adequate options due to processing limits,
while rational inattention models (Sims (2003)) highlight information costs as a driver to focus atten-
tion. More directly, various “consideration set models” explore how agents filter options before choosing.
These frameworks differ in the mechanisms or properties they emphasize: some focus on sequential
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elimination procedures (e.g., Tversky (1972); Manzini and Mariotti (2007)), others on properties reflec-
ting unawareness (“Attention Filters”, Masatlioglu et al. (2012)), choice overload (“Competition Filters”,
Lleras et al. (2017)), or justification needs (“Rationalization”, Cherepanov et al. (2013)). However, these
models primarily focus on the properties or generation process of consideration sets, rather than im-
posing constraints or exploring the implications of their size itself. The empirical observation that
consideration sets are typically small is not a central element in these established approaches.

Motivated by both the positive and normative relevance of “smallness” in choice, this chapter
introduces a formal framework specifically for small choice. We define a choice correspondence as
“small” if its output for any choice problem belongs to a predefined collection of “small” sets (an ideal),
characterized mathematically by their limited size relative to the universe of options. We provide a
characterization of such small choice correspondences and explore the structural properties of small
choice.

Furthermore, we study the interplay between this “smallness” property and various established
choice models. Specifically, we investigate how small choice interacts with:

e Preference maximization under classical or partial orders, linking smallness to the structure of
antichains and chains;

e Sequential choice (a la Manzini and Mariotti (2007)), where a decision-maker first filters options
via one criterion and then refines them with another;

e Monotone threshold representations (Frick (2016)), in which utility plus a context-dependent
threshold determines the final selection;

e Similarity-based mistakes (Payro and Ulkii (2015)), where alternatives that appear “close” to a
top option are mistakenly chosen.

The remainder of the chapter is organized as follows. Section 2 introduces the notion of ideals to
formalize 'smallness’ and provides the definition and characterization of small choice correspondences.
In Section 3, we apply our framework to the different decision models mentioned above.

3.2 Small Choice

3.2.1 Preliminaries

Let X be a nonempty set of alternatives and A a nonempty collection of choice problems, i.e. () #
A c 2%\ {0}. A choice correspondence on A is a map ¢ : A — 2% \ {)} that satisfies c(S) # 0 for
each S € A. Let C4 be the set of choice correspondences on A. For each ¢, € Cy, define ¢ < ¢ if
e(T) Cc d(T) for all T € A. Note (C4, <) is a partially ordered set with the maximum element ¢ given
by é(T) = T for each T' € A. For any ¢,d € Cy, their sup ¢V ¢ is given by ¢V ¢(T) := ¢(T) U d(T)
for each T € A.

3.2.2 Ideals

Definition. A nonempty collection S of subsets of X is an ideal if it satisfies the following:
1. X&8
2. SCT €S implies SeS
3. 8T € Simply SUT € §

In our framework, the concept of an ideal is used to capture the notion of “smallness” among subsets
of alternatives. In this interpretation, each set within the ideal represents a collection of alternatives
that is considered small relative to the whole set X. The requirement that any subset of a small set
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is itself small (condition 2) reinforces the idea that if an alternative is small in a broader context,
then any further restriction remains small. Similarly, the property that the union of finitely many
small sets is still small (condition 3) reflects the intuition that combining several small collections does
not suddenly yield a set of significant size. This formalization of “smallness” is crucial in modeling
bounded rationality, where decision-makers restrict their attention to a limited and manageable subset
of alternatives, effectively focusing on a subset of alternatives deemed “small” in the sense captured by
the ideal. The following examples highlight how different ideals capture distinct notions of “smallness”
in the set of alternatives.

Example 13. Fix a nonempty subset L of X. Then, Sy, := 2¥\L is an ideal. When L = {z}, we write
Sy instead of Sg,y. If X is finite, every ideal is of the form S for some L. Indeed, & = S where
L:=S.

Example 14. Let Sg, be the collection of finite subsets of X. Then, Sg, is an ideal iff X is infinite.

Example 15. Let X be a metric space and S = {T" C X : clT'is compact.}. Then, S is small if and
only if X is not compact.

3.2.3 Smallness in choice

We now introduce the notion of a choice correspondence being small: one that, on every choice problem,
selects alternatives lying within an ideal.

Definition. A choice correspondence ¢ on A is small if there is an ideal S such that ¢(S5) € S for all
S € A. A collection C of choice correspondences on A is small if there is an ideal S such that every
c € C is small with respect to S.

The definition above formalizes the idea that a choice correspondence is small if, on every choice
problem, it selects alternatives that belong to an ideal—hence, these choices never span the entirety of
X. This constraint on choice behavior reflects a bounded consideration: decision-makers, by limiting
their selections to “small” sets, invariably leave out some alternatives. In other words, no matter which
finite collection of choice problems one considers, the union of the choices will always be a proper subset
of X. This insight naturally leads to the following theorem, which provides an equivalent condition
for smallness by showing that a collection of choice correspondences is small if and only if every finite
union of their choices fails to cover the entire set X.

Theorem 17. A collection C of choice correspondences on A is small if and only if for every finitely

many S1,...,5, € Aand c1,...,c, €C, | ¢i(S;) # X.
i=1

Proof Let C be small with respect to an ideal S§. Then, for any finite S1,...,5, € Aand ¢y,...,c, € C,
U ;(5;) € S and hence Ucz( i) # X.

i=1
Conversely, let F := U c¢(A) and S := {S C X : S admits a finite cover from F}. Then, S is an
ceC
ideal and C is small with respect to S. 0

When the collection C is a singleton, we have the following characterization of small choice corres-
pondences.

Corollary 18. A choice correspondence ¢ on A is small if and only if for every finite S1,...,S, € A,

U e(s) # X,

=1

We end this section with the following characterization of small choice functions.
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Corollary 19. If X is infinite then every collection of choice functions is small. If X is finite then
a collection of choice functions C is small if and only if there is z € X such that z # ¢(S) for all

(¢,9) e C x A.

Proof. Clearly, every collection of choice functions is small when X is infinite. When X is finite, let C
be small with respect to S. Then, S = 2X\L for some L € X. Hence, for any x € L, z # ¢(S) for all
(¢,9) € C x A.

Conversely, if = # ¢(S) for all (¢,S) € C x A then C is small with respect to 2X\{#}, O

3.2.4 Structures of Small Choice

In this subsection, we delve deeper into the structural properties of small choice. To that end, we now
focus on identifying the largest collection of choice problems that supports small choice with respect
to a given ideal.

Proposition 20. Let S be an ideal and set As = {S C X : SN{JS # 0}. Then Ag is the largest
collection of choice problems on which small choice with respect to S exists.

Proof. Foreach T € Ag, pick a small set St € S such that TNST # (). Define c on Ag by ¢(T') = TNS.
Then, ¢ is small. Let A be any collection and ¢ a small choice on A with respect to S. For each T' € A,
e(T)eS. Thus, T € As. O

We now shift our focus to the collection of small choices themselves. In the following proposition,
we examine the structural properties of the set of all small choice correspondences.

Proposition 21. Let S be an ideal. The collection of small choices on A with respect to S, denoted
Ci has the following properties:

1. ce Ci if and only if A C S.
2. ¢,d € C implies eV ¢ € C3.
3. ¢ < €Cf implies ¢ € CS.

Proof. Observe that ¢ is small if and only if every T' € A is small. This establishes the first statement.
The second statement follows from the fact that any finite union of small sets is small, while the third
follows from the fact that any subset of small set is small. O

3.3 Smallness in various models

In this section, we illustrate the applicability of the small choice framework to various choice models.
We begin with preference maximization, where small choice relates to the structure of antichains
and chains. We, then, extend our analysis to the monotone threshold model, sequential choice, and
similarity-based mistakes.

3.3.1 Preference maximalization

Let ~ be a binary relation on X. As usual, > and ~ denote its strict part and symmetric part
respectively. For each x € X, [z] denotes the indifference class of x. That is, [z] = {y € X :  ~ y}.
For each T' C X, let ¢ (T') = MAX(T, ) where MAX denotes maximalization. That is, MAX(T, =)
is the set of maximal elements in 7" with respect to 7. Let A- := {T' C X : MAX(T, ) # 0}. Note
that ¢~ defines a choice correspondence on Ax-. A >-antichain is a subset A of X such that for any
x,y € A are not comparable with respect to ». A >-chain is a subset C of X such that for any distinct
x,y € C are comparable with respect to . We begin with the following characterization of smallness
of arbitrary preference maximalization.
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Proposition 22. Let I be a binary relation on X. Then, ¢- is small if and only if X is not a union
of finitely many >~-antichains.

Proof. First of all, note that for any S C X, MAX(S, ) is a =-antichain. Moreover, if A is a
—-antichain, then MAX(A, ) = A. If X is not a union of finitely many >=-antichains, then for

n
any finitely many Si,...,5, € A-, as ¢~ (S;) is a >=-antichain for each i, X # |J ¢-(5;). Thus, c-

i=1
is small. Conversely, assume c- is small. Take any finitely many --antichains Ay,...,A,. Then,
n n
X# U%(Sz): UAZ ]
i=1 i=1

Corollary 23. c- is small with respect to Sgy if and only if X is infinite and every >-antichain is
finite.

It turns out, when = is a preorder, smallness corresponds to the existence of chains of arbitrary
length.

Proposition 24. Let 2 be a preorder on X. Then, c- is small if and only if there is a ~-chain of
arbitrary finite length, i.e., for every n € N, there is a >-chain C with |C| = n.

Proof. Assume there is a >-chain of arbitrary finite length Let Si,...,5, € A-. Take a >-chain C

with |C| =n+ 1. WhenC’¢USZ,X7éUSDUC>( )WhenCCUSZ,letC’—{xGC
1=1 1=1
z,y € S; for some y € X \ {z} and Si} and x* be the minimum element in C” with respect to >. Note

C' is nonempty and z* exists. Observe that for each i, 2* ¢ c»(S;). Thus, X # U c»(S;). Hence,
i=1

¢~ is small. Conversely, assume c- is small. If there is an infinite >-chain, then of course there is

a >-chain of arbitrary finite length. Assume there is no infinite chain. Note under this assumption,

MAX(S, =) # () for every S € 2%\ {#}. Let n € N and A; = MAX(X, ). Note A; is a =-chain. In

i—1
view of Proposition 22, X \ A; is nonempty. Inductively, let A; = MAX(X \ |J 4;) fori=2,...n
j=1

i
Each A; is a >-chain. Moreover, in view of Proposition 22, X\ |J A; is nonempty. Pick z,, € A,. Then,

j=1
there is a x,,_1 € A,,_1 such that x,,_1 > x,. This is because there is no infinite chain by assumption.
Inductively, given z; € A;, z;—1 € A;—1 can be picked so that z;_; > x;. Then, {x1,...,2,} is a chain
of length n. Thus, there is a »-chain of arbitrary finite length. O

Corollary 25. Let 7 be a preorder on X and T' € A-. There are no finitely many subsets S1,...,5,
n
of T' such that ¢~ (T') = |J ¢~ (S;) € Ax if and only if there is a ~-chain of arbitrary finite length in 7',

=1
Finally, when 27 is a complete preorder, smallness corresponds to the existence of infinite chains.

Proposition 26. Let 7 be a complete preorder. Then, ¢~ on Ay is small if and only if there is an
infinite >-chain.

Proof. If there is an infinite »-chain then, by Proposition 24, c- is small. Conversely, assume c, is
small. By Proposition 22, X is not a union of finitely many »>-antichains. Note 77 is a complete
preorder, a set A is a >-antichain if and only if A C [z] for some z. This implies X/ ~= {[z] : z € X}

is infinite. Let f € [ [z]. Then, {f([z]) : € X} is an infinite >-chain. O
[z]eX/~

Corollary 27. Let = be a complete preorder on X and T' € Ax-. There are no finitely many subsets
n
S1,...,Sy of T such that ¢ (T') = |J cx(S;) if and only if there is an infinite ~-chain in T'.

=1
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3.3.2 Sequential Choice

The results in the previous section help identify the restrictions that smallness imposes on sequential
choice behavior a la Manzini and Mariotti (2007). Let 721 and 72 be two binary relations on X. The
sequential choice induced by -1 and 79 is given by

Cri1,72 (S) = MAX(MAX(Sa tl)a ,>\:2)
A subset A of X is a =1, =o-antichain if A is a >1-antichain and =9-antichain.

Proposition 28. Let 1 and Z2 be two binary relations on X. Then, ¢, -, is small if and only if X
is not a union of finitely many =1 , >=s-antichains.

Proof. Note for any >1 , =o-antichain A, ¢~ -,(A) = A. If ¢~ -, is small then for any finitely many

=1 , =o-antichains Ay,...,A4,, X # U 1 5 (Ag) U A;. To see converse, note cx, ~,(S5) is a
i=1
=1, >o- antlchaln If X is not a union of finitely many 1 , >=9-antichains, then for any Si,...,S, €
Ari g X # U C§1,§2(Sz‘)- O
i=1

Corollary 29. c- | -, is small with respect to Sgy if and only if X is infinite and every 1 , >g-antichain
is finite.

Proposition 30. Let 251 and 22 be two preorders on X. Then, ¢-, ~, is small if and only if 51 or 2o
has a strict chain of arbitrary finite length.

Proof. Suppose neither =1 nor ~s has a strict chain of arbitrary finite length. Note, in this case,
Ar = Asy = A -, = 2%\ {#}. By Proposition 24, -, is not small, and hence there are S1,...,S,

n . .

such that X = J cx,(S;). For each S;, by Corollary 25, there are subsets T7,...,T,,. of ¢-,(S;) such
=1
zmj . . . n my .

that c-,(S;) = U e-,(T}). Note c-,(T}) =T;. Therefore, X = U U ¢-, »,(T}). Thus, -, -, is not
j=1 i=1j=1

n
small. Conversely, suppose c», -, is not small and X = J ¢, ~,(5;). Let T; = ¢-, ~,(S;) for each

i=1
i and observe that c- (T;) = c¢-,(T;) = T;. Hence, neither ¢~ nor c-, is small. By Proposition 24,
neither 771 nor 725 has a strict chain of arbitrary finite length. O

Corollary 31. Let 727 and 72 be two preorders on X. The following are equivalent:
1. ¢-, =, is small.
2. ¢, or ¢, is small.
3. Cry -, is small.

Proposition 32. Let 1 and Z2 be two complete preorders on X. Then, ¢, -, is small if and only
if there is an infinite =1-chain or an infinite =9-chain.

Proof. Observe that, by Corollary 31, ¢~ -, is small, if and only if ¢~ or ¢-, is small, which, by
Proposition 26, happens if and only if 7Z; or -2 has an infinite strict chain. O

3.3.3 Monotone Threshold Representation

A monotone threshold representation due to Frick (2016) consists of a utility function v : X — R and
§: 2% — Ry such that S C T implies §(S) < §(T") and choice is made by

cos(S) ={x €S :v(x)+46(S)>supv(S5)}.
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The standard utility maximization corresponds to the case where § is constant 0. Another special
case where ¢ is a strictly positive constant corresponds to maximization of semiorder. To illustrate
the interplay between smallness and the monotone threshold representation, we begin with a technical
lemma.

Lemma 33. Let (v,0) be a monotone threshold model, ¢t € R, S = v~1(c0,t], and 6* = §(5). If
S & A,sthen [t —5*t]No(X) =0. If S € A, 5 then vt — 6*t] C ¢, 5(9).

Proof. First, note supv(S) < ¢. If [t — 6* ] Nv(X) # 0 then S # 0. If §* > 0 then there is z € S
such that v(z) > supv(S) — 6*. Hence, S € A, 5. If 6* = 0 then supv(S) =t € v(X) and hence there
is © € S such that v(z) =t > v(y) for all y € S. Hence, S € A, 5. To see the second statement, let
S € A, 5. Observe that v=1[t — 6*,t] C v~ [supv(S) — 6*,t] C cy5(S). O

The following result provides a characterization of smallness in terms of the monotone threshold
model.

Proposition 34. Let (v,6) be a monotone threshold model. Then, ¢, 5 is small if and only if for every

finite {t1,.. . ,tn} C R, 0(X)\ U [ti — 6i,ti] # 0 where 6; = 8(v=1(—o0yts]).
=1

Proof. Let ¢, s be small and {t1,...,t,} C R. Let S; = v (—oo,t;]. If S; # 0 then by Lemma 33,
vt — 0i,t] C ¢y5(S;). By Lemma 33 and smallness, X # |J ¢,5(5) D> U vt — 04t
i:SiGAv,g i:SiGAv,g
n
Thus, v(X)\ U v t; — 6;,ti] # 0. In view of Lemma 33, this implies v(X) \ U [t; — di,ts] # 0.
:S;€A, 5 i=1
Conversely, take Si,...,5, € A, 5. Let t; = supv(S;) and T; = v~ 1(00,t;]. Observe that S; C T; and
n
cp5(Si) C eys(Ti) = vt — 6;,t;] where 6; = 6(T;). By assumption v(X) \ U [t; — di,t;] # 0 which
i=1
n

n
implies X # |J ¢, 5(T3) D U ¢v,5(Si). Hence, ¢, s is small. O
i=1

i= =1

Corollary 35. ¢, is small with respect to Sgy if and only if v(X) is infinite and for every t € R,
v ([t — 6;,t]) is finite where &; = d(v ™! (—o00,t;]).

These conditions simplify as follows when the threshold function is uniformly above 0.

Corollary 36. Let (v,0) be a monotone threshold model that satisfies ian 0(S) > 0. Then, ¢, is
Se2

small if and only if v is unbounded.

Proof. If v is unbounded, then by Proposition 34, ¢, s is small. Conversely, let ¢, s be small. Let 0 <

§* < infgeox §(S). For each n € Z, let t, = nd* and &, = §(v~'(00,t,]). Observe that ¢, — &, < t,_1.
n

Thus, for any n € N, |J [t — di,ti] D [—nd*,ndé*]. By Proposition 34, v(X) \ [-ndo*, ndé*] # 0 for all

it=—n

n € N. Hence, v is unbounded. O

Corollary 37. Let (v,0) be a monotone threshold model that satisfies ian 5(S) > 0. Then, ¢, is
Se2

small with respect to Sg, if and only if v(X) is countably infinite and for every bounded interval [a,b],
v~1([a,b]) is finite.
3.3.4 Similarity-based mistakes

The similarity-based mistakes representation due to Payro and Ulkii (2015) consists of a linear preorder
%= on X and a reflexive binary relation .S on X. According to this model, choice is made by

. 5(T)={yeT:ySz"}
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where z* = max(T, =).

The relation S is interpreted as a similarity relation. We say y is similar to z if ySx. For each
z € X, S(x) denotes the set of all elements that are similar to . That is S(z) = {y € X : ySz}.
With this notation, the above choice can be written as ¢, ¢(T) = T'N S(z*). An element z € X is
S-consistent if z = max(S(x), =).

This representation formalizes the idea that decision-makers may mistakenly favor alternatives that
are perceptually or cognitively similar. When mistakes are inevitable, it is beneficial if the magnitude
of these errors remains small.

Proposition 38. Let (3= ,5) be a similarity-based mistakes representation. Then, ¢, g is small if and

n
only if there are no finitely many S-consistent alternatives xy,...,z, such that |J S(z;) = X.
i=1

Proof. First, observe that if x is S-consistent, then ¢, 5(S(z)) = S(x). Therefore, if ¢, g is small, then

n
there cannot be finitely many S-consistent alternatives x, ...,z such that |J S(z;) = X. Conversely,
i=1

n
assume there are no finitely many S-consistent alternatives xi,...,z, such that |J S(z;) = X. Let
=1

1=
T, ..., T, be arbitrary collection of finitely many choice problems. For each i, let z; = max(T;, 3=).

n
Then, ¢, s(T;) = T; N S(x;) C S(x;). Thus, | e 5(T5) # X. O
i=1
Corollary 39. c, g is small with respect to Sgy if and only if X is infinite and S(z) is finite for every
S-consistent x.

3.4 Conclusion

This final chapter has explored the structural and behavioral implications of limited consideration in
decision making through the concept of small choice, when the selected alternatives in each choice
problem belong to a restricted collection of subsets. By formalizing this, we have provided a unifying
characterization that spans multiple choice environments including preference maximization, sequen-
tial choice, monotone threshold representations, and similarity-based mistakes. The analysis shows
that the smallness constraint imposes nontrivial structure on these models and clarifies how limited
consideration can shape observed choice patterns. Specifically, the results show that incorporating
size-based limitations can provide a more nuanced explanation for behaviors that appear inconsistent
under unrestricted choice models. These findings suggest that selective consideration is not merely a
cognitive shortcut but a structured process that can be formally integrated into economic theory to
better predict behavior in complex, information-rich environments.
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Appendix

Theorem 14. Let p be a stochastic choice function on 2%\ {()}. If px is full support, then the following
statements are equivalent:

1. p is ESS rationalizable.

2. For any collection o = (ay,,5) of nonnegative coefficients indexed by S and a € S, if the matrix

My := > Y aqs(psps’ —daps’) is p.s.d. then M, = 0.
PASCX acs

3. For any A € A(2X \ {0}), N(p,\) is minimal among N(\) N My, with respect to = .

Proof. We begin with the following claim.

Claim 1: M, is positive semidefinite iff M, € Mg, .

Proof of the clavm. If M, € Mg, then by Lemma 12, M, is positive semidefinite. If M, is p.s.d.
k

then either M, = 0 or M, can be expressed as M, = > \jz;z;" where \; > 0 is a strictly positive
i=1

eigenvalue of M, and z; is an associated eigenvector. Clearly 0 € Mg, , so assume the latter. Notice

that every column vector of M, sums to zero. Therefore, the vector \;x; = Myx; sums to zero. This

implies M, € Mg, . O

To see 1 implies 2, let p be ESS rationalizable, u a rationalizing payoff function, and U its matrix
form. By Proposition 10, E(u,psps’) — E(u,0,ps’) > 0 for all S and a € S, and E(u,za’) < 0 for
all z € Sx \ {0}. The latter condition implies that E(u,A) < 0 for all A € Mg, \ {0}. Suppose

M, # 0 and is p.s.d. for some . The first condition implies E(u,M,) > 0. On the other hand, M,
k

can be expressed as M, = > A\jx;x;’ where \; > 0 is a strictly positive eigenvalue of M, and z; is
i=1

an associated eigenvector. Notice that every column vector of M, sums to zero. Therefore, the vector

Niz; = Myz; sums to zero. This implies M, € Mg, . Hence, E(u,M,) < 0. This is a contradiciton.

Thus, M, = 0 must hold when M, is positive semidefinite.

To see 2 implies 1, suppose M, = 0 holds whenever M, is positive semidefinite. Let C, = {M, :
a = (ag,s), aa,s > 0}. Note C, is a convex cone generated by {psps’ —daps’ : 0 # S C X, a € S}. As
it is finitely generated, C, is closed.

Claim 2: C, Nco(mg1 ) = 0.

Proof of the claim. For each A € mst, its diagonal entries are nonnegative and strictly positive for
at least one entry. Thus, the same is true for matrices in co(mS}( ). This implies 0 ¢ CO(mS;( ). Let
M,eC.If M, € CO(ms)l(> then by Claim 1 and Lemma 13, M, is positive semidefinite. By assumption,
therefore, M, = 0. This contradicts with 0 ¢ co(mS;(). O

Observe that CO(ms)l( ) is compact and convex. Therefore, by the Separating Hyperplane Theo-
rem there is a u such that E(u,M,) > 0 > E(u,A) for all (M,,A) € C, x co(msk). In particular,
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E(u,psps’) —E(u,dqps’) > 0 for all S and a € S. Then, for any ¢ € A(S), E(u,psps’) > E(u,qps’). On
the other hand, in view of Lemma 13, E(u,A) < 0 for all A € Mg, \ {0}. In particular, E(u,zz") <0
for all x € Sx \ {0}. By Proposition 10, pg is an ESS of (S,u) for each S.
To see 2 implies 3, let A € A(2X \ {0}) and o be an arbitrary stochastic choice function. Let
a = (aq,5) where o 5 := A(S)og(a) and note that the probability vector og can be decomposed as
08 = > 4es 05(a)dq. Since Y- gos(a) =1, we have

N(p, ) Z A(S)(ps — o5)pls
=D A®) !(Z 05(@)) ps — Zos(a)éa] pls
Scx aes a€esS
= > Y MS)os(a)(pspls — dapls)
SCX aeS
= > > aas(psps = daps)
SCX a€eS

Suppose N(o,\) is symmetric and N(p,A\) =1 N(o,\), then M, = N(p,A\) — N(o,\) is p.s.d.. Then,
by assumption M, = 0, that is N(p,\) = N(o,\). This implies N(p,A) is minimal in N'(X) N Mgy,
with respect to .

To see 3 implies 2, let a = (cy,5) be a collection of nonnegative coefficients and suppose M, is
positive semidefinite. If o9 = 0 for every S and a € S then M, = 0. Thus, assume ar, > 0

for some T and a. For each S, let ag := > aqs and f,5 = aglaaﬁ if ag > 0 and B, 5 = 0
a€esS

-1
otherwise. Define A\ by A(S) := <Z aT> ags. Note that A(S) > 0 VS and > g A(S) = 1, hence
A € A(2X\{0}). Let o be a stochastic choice function that satisfies og(a) = 4,5 when ag > 0. Observe
that My = 5 as (S fuslpsps’ - ) ) = S aslpsps'~asps) = (S as ) (Vo) = Nan). As
S a

M, is positive semidefinite and X (p,\) is symmetric, X (o,A) is symmetric. Then, N(p,A) =1 N(o,\).
By assumption, N(p,\) is minimal in N (A) N My, with respect to >=r. Thus, N(p,A\) = N(o,)). This
implies M, = 0 as desired. O
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