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This paper (1)

Econometric tools to study long-term risk & pricing in dynamic economies

Standard approach: specify SDF + dynamics =⇒ solve

I usually log-linear for tractability

I rare disasters? jumps? nonlinearities?

This paper: specify SDF only, use data =⇒ estimate

I infer dynamics from time-series behavior

I framework allows for very general (nonlinear) dynamics



This paper (2)

Setup:

I discrete time

I economy characterized by Markov state vector Xt

— stationary, ergodic

Researcher has:

I data: {X0, X1, . . . , Xn}
I calibrated/estimated 1-period SDF: Mt,t+1 = m(Xt, Xt+1)

Estimate long-term risk measures that are consistent with data + m



Roadmap

SDF decomposition, yields, entropies

Estimation

Robustness

Application: equity premium



SDF decomposition

Hansen & Scheinkman (2009): elegant operator interpretation

Regularity conditions (paper or HS) =⇒ exists a “unique” φ > 0 s.t.

E[m(Xt, Xt+1)φ(Xt+1)|Xt] = ρ φ(Xt)

φ = principal eigenfunction, ρ = principal eigenvalue

Then:

Mt,t+1 = ρ−1Mt,t+1
φ(Xt+1)

φ(Xt)︸ ︷︷ ︸
Permanent

× ρ φ(Xt)

φ(Xt+1)︸ ︷︷ ︸
Transitory

= MP
t,t+1 ×MT

t,t+1



Long-term asset pricing

HS, Hansen (2012) obtain for τ large:

I single-factor representation

ρ−τE[Mt,t+τψ(Xt+τ )|Xt] ≈ Ẽ[ψ(X)/φ(X)]φ(Xt)

(see paper for a version for discrete-time stationary environments)

I long-term yields

−1

τ
logE[Mt,t+τψ(Xt+τ )|Xt] ≈ − log ρ



Entropy of the permanent component

Alvarez & Jermann (2005):

L(MP
t,t+1) ≥ E[logRt+1]− E[logRt+1,∞]

In the environment considered here:

L(MP
t,t+1) = log ρ− E[logm(Xt, Xt+1)]

I upper bound on asset returns in excess of l-t bonds

I measure long-term contribution of one-period SDF
cf. Backus, Chernov & Zin (2012), Hansen (2012)



Sieve estimation (1)

Approach inspired by Chen, Hansen & Scheinkman (2000)

I think of φ as a claim to φ(Xt+1)
— solves an unknown eigenfunction problem

Choose basis functions {bk : k ≥ 1} with nice approximation properties
e.g. splines, wavelets, orthogonal polynomials, etc

I artificially price claims to {bk(Xt+1)}Kk=1 using SDF + data

I find portfolio weights to replicate claim to φ(Xt+1)
— weights solve estimable eigenvector problem



Sieve estimation (2)

Conjecture approximate eigenfunction φK(x) = bK(x)′cK with φ ≈ φK
I bK(x) = (b1(x), . . . , bK(x))′

I cK = vector of portfolio weights to estimate

Can show that the weights solve:

G−1K MK︸ ︷︷ ︸
K×K matrix

cK = ρKcK

I ρK = maximum eigenvalue of G−1K MK

I MK = E[bK(X0)m(X0, X1)b
K(X1)

′]

I GK = E[bK(X0)b
K(X0)

′]

X stationary, ergodic =⇒ expected value ≈ sample average when n large



Sieve estimation (3)

Ĝ−1K M̂K ĉ = ρ̂ ĉ

M̂K =
1

n

n−1∑
t=0

bK(Xt)m(Xt, Xt+1)b
K(Xt+1)

′

ĜK =
1

n

n∑
t=0

bK(Xt)b
K(Xt)

′

I ρ̂ = maximum eigenvalue of Ĝ−1K M̂K

I φ̂(x) = bK(x)′ĉ

I consistent estimators as K →∞ with n at an appropriate rate

I convergence rate = Op(approximation error + estimation error)

I delicate/novel asymptotic arguments



Sieve estimation (4)

I long-term yield: − log ρ

ŷ = − log ρ̂

I entropy of permanent component of SDF: log ρ− E[logm(X0, X1)]

L̂ = log ρ̂− 1

n

n−1∑
t=0

logm(Xt, Xt+1)

I consistent, typically same convergence rate as ρ̂, φ̂



Robustness to SDF misspecification (1)

SDF misspecified by a constant:

m(Xt, Xt+1)true = ν m(Xt, Xt+1)

Consequences:

I ρtrue = νρ =⇒ wrong l-t yield

I φtrue = φ

I PCtrue = PC =⇒ right entropy of PC

Implication:

I φ, PC & PC entropy robust to choice of time-preference parameter
in time-separable representative agent models



Robustness to SDF misspecification (2)

SDF misspecified by a transitory term:
— reinterpretation of Bansal & Lehmann (1997), Hansen (2012), BCZ

m(Xt, Xt+1)true = m(Xt, Xt+1)
ft+1

ft

{ft} stationary positive process s.t. ft is adapted to σ(Xt, Xt−1, . . .)

Consequences:

I ρtrue = ρ =⇒ right l-t yield

I φtrue = φ/f

I PCtrue = PC =⇒ right entropy of PC

Implication:

I ρ, l-t yield, PC & PC entropy robust to omission of transitory term
— e.g. Campbell & Cochrane (1999)



Application: equity premium (1)

Thoroughly studied problem, but:

I view through the lens of the long-term

I nonparametric treatment

Setup:

I m(Xt, Xt+1) = βG−γt+1, β = 0.9981/12, explore γ

I Xt = logGt ≡ gt
I monthly U.S. real per capita consumption growth (NIPA) 1959–2010

I Hermite polynomial sieve, K = 8
(similar results with other K, also cubic B-spline sieve)



Estimated entropy of the permanent component
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Estimated long-term yield (annualized)
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Estimated principal eigenfunction
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Application: equity premium (2)

Long-term manifestation of equity-premium and risk-free rate puzzles:

I high γ is needed for entropy of PC to match excess returns

I high γ implies high long-term rate of return (unless make β > 1)

Similar results if augment state with 90d t-bill rate and/or P/D

Solution?

I include forward-looking component in utility: recursive preferences
— but hard to deal with nonparametrically



Summary

Proposed estimators of SDF decomposition tools, long-term yields,
and entropy of permanent component:

I don’t require the researcher to specify dynamics

I instead, infer from observed time-series

I estimators easy to implement

I consistency, convergence rates obtained under general conditions

In progress:

I limit theory/confidence bands

I recursive preferences


	SDF decomposition, yields, entropies
	Estimation
	Robustness
	Application: equity premium

