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Independent private values model
Bidders valuations

There is one object for sale among n bidders;
Bidder i = 1, . . . ,n receives a type vi and values the object
as ui(vi) = vi ;
vi has distribution Fi with a continuous density
fi (x) > 0,0 ≤ x ≤ 1;
v1, v2, . . . , vn are independent random variables

However bidder i knows his type vi .



Independent private values
First–price auction

The object is to be sold in a first–price auction:

Bidder i = 1, . . . ,n bids bi ≥ 0;
The seller forms the set

H = {j : bj = max
1≤i≤n

bi}

Bidder j ∈ H receives the object with probability 1
#H

The winner pays his bid.

Thus this auction has no reserve price and does not charge any
fees.



Equilibrium definition

Definition

An equilibrium is a family (b1(·), . . . ,bn(·)) of functions
bi : [0,1]→ R+ such that for every Bidder i and every type vi ,
the bid bi(vi) solves

max
x≥0

(vi − x)Pr
(

x > max
j 6=i

bj(vj)

)
.



Equilibrium existence in the symmetric case

The symmetric case is the case

F1 = F2 = . . . = Fn.

In the symmetric case we look for a symmetric solution:

b1(x) = b2(x) = . . . = bn(x),0 ≤ x ≤ 1.



Symmetric case equilibrium

Theorem

The (unique) symmetric equilibrium of the first–price auction is
b∗(·) such that b∗ (0) = 0 and

b∗ (x) = x −
∫ x

0 F n−1 (z)dz
F n−1 (x)

=
(n − 1)

∫ x
0 zf (z)F n−2 (z)dz
F n−1 (x)

if 0 < x ≤ 1.



Proof

Suppose bidders i = 2, . . . ,n bids b∗ (vi). If Bidder 1 bids
b > b∗ (1) he wins for sure but pays too much. A bid b = b (1)
is better.
Thus his problem is equivalent as to choose ω ∈ [0,1] such that
b = b∗ (ω). The expected utility of Bidder 1 is

φ (ω) = (v − b∗ (ω))Pr
(
b∗ (ω) > b∗

(
vj
)
, j 6= 1

)
=

(v − b∗ (ω))Pr
(
ω > vj , j 6= 1

)
=

(v − b∗ (ω))F n−1 (ω) =

(v − ω)F n−1 (ω) + (ω − b∗ (ω))F n−1 (ω) =

(v − ω)F n−1 (ω) +

∫ ω

0
F n−1 (z)dz.



Proof
Cont.

Thus

φ′ (ω) = −F n−1 (ω) + (v − ω)
(

F n−1
)′

(ω) + F n−1 (ω) =

(v − ω)
(

F n−1
)′

(ω)

{
> 0 if ω < v
< 0 if ω > v .

Therefore the best is to choose ω = v bidding b∗ (v).



Differential equation for b∗

Theorem

The function b∗ (·) is the only solution of the following
differential equation:

b′ (v) = (v − b (v))
(n − 1) f (v)

F (v)

with initial condition b (0) = 0.



Differential equation for b∗
Proof

Since(
b (v)F n−1 (v)

)′
= b′ (v)F n−1 (v) + b (v)

(
F n−1

)′
(v) =

(v − b (v)) (n − 1) f (v)F n−2 (v) + b (v)
(

F n−1
)′

(v) =

v (n − 1) f (v)F n−2 (v)

we have that

b (v)F n−1 (v) =
∫ v

0
z (n − 1) f (z)F n−2 (z)dz = b∗ (v)F n−1 (v) .



Examples

If F (x) = x ,

b∗(x) = x −
∫ x

0 zn−1dz
xn−1 =

n − 1
n

x .

Thus if n = 2, b∗ (x) = x
2 . If F (x) = x2,

b∗ (x) =
2
3

x



Differential equation for the inverse

The differential equation

b′ (v) = (v − b (v))
(n − 1) f (v)

F (v)

is not well defined at v = 0. Thus the usual Picard iterations
cannot have origin at v = 0.
For later use let me find the differential equation for the inverse
φ = b−1 : [0,b∗ (1)]→ [0,1]. From b (φ (x)) = x we get

φ′ (x) =
1

b′ (φ (x))
=

F (φ (x))
(φ (x)− x) (n − 1) f (φ (x))

.

Which we may rewrite as

(log (F (φ (x))))′ =
f (φ)φ′

F (φ)
=

1
(φ (x)− x) (n − 1)

.



Asymmetric case
Two bidders

From now on I suppose n = 2. Let F := F1 and G := F2. It is
not possible to solve explicitly for the equilibrium bidding
functions (b1(·),b2(·)). We have to be satisfied with a system of
differential equations.

Theorem

There exists strictly increasing equilibrium strategies
(b1(·),b2(·)) and if φi = b−1

i , i = 1,2 then

φ′1 (x) =
F (φ1 (x))

(φ2 (x)− x) f (φ1 (x))

φ′2 (x) =
G (φ2 (x))

(φ1 (x)− x)g (φ2 (x))
.

Moreover if t∗ = b1 (1) = b2 (1), φi (t∗) = 1.



Proof

If bidder 2 bids accordingly to b2(v2) let us find the best bid of
bidder 1 when his type is v1. His expected utility is

(v1 − b)Pr (b > b2 (v2)) = (v1 − b)Pr
(

b−1
2 (b) > v2

)
=

(v1 − b)G
(

b−1
2 (b)

)
.

First–order condition is

−G
(

b−1
2 (b)

)
+ (v1 − b)g

(
b−1

2 (b)
)(

b−1
2

)′
(b) = 0.

At equilibrium b = b1 (v1):

(v1 − b1 (v1))g
(

b−1
2 (b1 (v1))

)(
b−1

2

)′
(b1 (v1)) = G

(
b−1

2 (b1 (v1))
)
.



Proof
continued

Changing variables x = b1 (v1) we get

(φ1 (x)− x)g (φ2 (x)) (φ2)
′ (x) = G (φ2 (x))

or
φ′2 (x) =

G (φ2 (x))
(φ1 (x)− x)g (φ2 (x))

.

Analogously

φ′1 (x) =
F (φ1 (x))

(φ2 (x)− x) f (φ1 (x))
.



Approaches to find the equilibrium
The method in Marshall et al.

The system of differential equations that define the pair of
equilibrium bidding functions cannot be solved (numerically) by
the usual method of Picard iterations.
For example if F (x) = xk and G (x) = x l it has a solution
φ1 (x) = l+1

l x and φ2 (x) = k+1
k x implying bidding functions

b1 (x) =
l

l + 1
x and b2 (x) =

k
k + 1

x

which cannot be an equilibrium since b1 (1) 6= b2 (1).



Approaches to find the equilibrium
The method in Marshall et al.

In the paper of Marshall et al. (Games and Economic Behavior
7, 193-320, 1994) a numerical approach is proposed for
(F ,G) =

(
xk , x l) , k > l . First instead of considering the original

system they use auxiliary functions

δi (x) =
φi (t)

t
with initial conditions δ1 (0) = 1 + 1/l , δ2 (0) = 1 + 1/k and
δi (t∗) = 1

t∗ . For this particular case an analytic expression
exists for t∗:

t∗ = 1−
1

k−l

√
(1 + k)l

(1 + l)k

(
l (1 + k)
k (1 + l)

)kl

.

The algorithm proposed uses a grid on (0, t∗) and Taylor
expansion around each point in the grid. They claim that with a
grid of N = 10,000 and expansion up to polynomials of degree
p = 5 good results are obtained fast.



Instability of the backward shooting method

In Fibich and Gavish paper (Games and Economic Behavior
73, 479–495, 2011) it is mentioned that the backward shooting
method is unstable near the origin. We can see this from the
symmetric case already. Thus let us consider the equation for
n = 2,

φ′ (x) =
F (φ (x))

(φ (x)− x) f (φ (x))
.

Let b = b∗(1) = 1−
∫ 1

0 F (z)dz. And for ε such that
ε+ b ∈ (0,1) let bε = b + ε.



Instability of the backward shooting method

Lemma

Let bε be a solution of

b′(v) = (v − b(v))
f (v)
F (v)

with initial condition b(1) = bε. Then

bε(x) = b∗(x) +
ε

F (x)
.



Remark

Remark

If ε < 0 then x ↓ 0 implies that bε(x) ↓ −∞.
If ε > 0 then x ↓ 0 implies that bε(x)→∞.

In the last case bε decreases to a vm then increases. Moreover
the higher the number of bidders the worse is the instability.

Lemma

vm ≥ F−1(|ε|
1

n−1 )

if there are n bidders.

Thus even for very small ε = −10−15 and n = 20, vm = 0.17 for
the uniform distribution.



Approaches to find the equilibrium
The method in Fibich and Gavish

I consider only the n = 2 case. The differential equations of the
inverse bidding functions is given by

φ′1 (x) =
F (φ1 (x))

(φ2 (x)− x) f (φ1 (x))

φ′2 (x) =
G (φ2 (x))

(φ1 (x)− x)g (φ2 (x))

with φi(0) = 0 and φi(t∗) = 1 for i = 1,2.



Change of variables

If we define h(x) = φ1(b2(x)) we get the following system of
equations

h′ (x) =
F (h (x))
f (h (x))

g (x)
G (x)

h (x)− b2(x)
x − b2 (x)

b′2 (x) =
g (x)
G (x)

(h (x)− b2 (x))

with initial conditions

h (0) = 0,
h (1) = 1

b2 (0) = 0



Boundary value method

This approach named “boundary value method” in Fibich and
Gavish does not backward shooting. It is amenable to the usual
Picard iterations approach. They provide Matlab codes for the
iterations and also for Newton’s iterations. They apply this
method even for large number of bidders.

Remark

However one should note that they do not prove that the
method always work



Production sharing
Model assumptions

The auction for the rights of exploration of a resource is best
modeled as a common value auction.

Two firms participate in an auction for a resource with
value v
v has a distribution H with density h(v), v ∈ R
0 < λ < 1 is the share of firm 2 if firm 1 wins the auction
B > 0 must be paid by firm 2 if it wins. Firm 1 winning will
pay (1− λ)B and firm 2 λB.



Production sharing
Model assumptions

Each firm will bid a profit share. The firm that offer the highest
share for the seller win the auction. Thus if firm 1 wins and v is
the realized profit/loss it gets

(1− λ) (min{v , (1− b1)v} − B) .

And firm 2 if it loses gets

λ (min{v , ((1− b1)v} − B) .



Model assumptions

Each firm receives a signal si such that (s1, s2, v) has density

f (s1, s2, v) = g(s1|v)g(s2|v)h(v).

If firm 2 bids accordingly to c(s2) firm 1 gets

(1− λ)(−B + min{v , (1− b)v})

if b > c(s2) and nothing otherwise. Thus firm 1 maximizes∫ c−1(b)

−∞

(∫ ∞
−∞

[−B + min{v , (1− b)v}] f (s1,u, v)dv
)

du.



First order condition is

(c−1)′(b) =

∫ c−1(b)
−∞ (max{v ,0}f (s1, s2, v)dv)du(∫∞

−∞ [−B + min{v , (1− b)v}] f (s1, c−1(b), v)dv
) .

Alternatively we may write

(c−1)′(x) =

∫ c−1(x)
−∞

(
max{v ,0}f (b−1(x),u, v)dv

)
du(∫∞

−∞ [−B + min{v , (1− x)v}] f (b−1(x), c−1 (x) , v)dv
) .



Firm 2 problem: If firm 2 bids c < b (s1) it gets

λ (−B + min {v , (1− b (s1)) v})

and if c > b (s1) it gets

−B + min {v , (1− c) v} .

Thus c should be chosen to maximize

λ

∫ ∞
b−1(c)

∫ ∞
−∞

[−B + min {v , (1− b (s1)) v}] f (s1, s2, v)ds1dv+∫ b−1(c)

−∞

∫ ∞
−∞

[−B + min {v , (1− c) v}] f (s1, s2, v)ds1dv .

If we do the calculations as before we get(
b−1

)′
(x) =

(1− λ)−1 ∫ b−1(x)
−∞

∫∞
−∞max {v ,0} f

(
u, c−1 (x) , v

)
dudv∫∞

−∞ [−B + min {v , (1− x) v}] f
(
b−1 (x) , c−1 (x) , v

)
dv



Final remarks

Thus we have a system of differential equations as before.
Although we don’t have terminal conditions we have a
participation condition. If a firm has a too low signal it may
decide that it is not worthwhile to participate and bid (even if it
bids 0 there is the bonus B to pay). So we have also to find
s∗1, s

∗
2 such that firm i participates if and only if si ≥ s∗i .
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