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Resumo

Os modelos DSGE de média escala dependem de diversas fric¢oes em “forma reduzida”
para explicar a dinAmica macroecondémica. Estas fric¢oes sao titeis para gerar persisténcia
e fungoes de impulso-respostas em forma de “U” invertido, mas carecem de profunda
microfundamentacao e sélida evidéncia empirica. Este artigo aplica um método inovador
para resolver e estimar modelos DSGE de média escala com uma friccao informacional
na forma de conhecimento comum imperfeito (ICK, na sigla em inglés) e investiga se tal
modelo: i) pode reproduzir as caracteristicas dos dados macroeconémicos sem depender
das fricgoes em forma reduzida; ii) fornece uma melhor caracterizagdo de um amplo
conjunto de dados de expectativas em comparacao ao modelo benchmark de informacao
completa (FI). N6s encontramos que o modelo ICK sem trés fric¢goes pode explicar os
dados macroeconomicos tao bem quanto o modelo FI, mas explica os dados de expectativa
de maneira substancialmente melhor. As fricgdes removidas sao: (i) formagao de habito
no consumo e indexagao parcial de (ii) pregos e (iii) salarios a inflacdo passada. Também
fornecemos evidéncias de que algumas estimativas padroes para as principais fricgdes do

modelo FI nao sao robustas a introducao de dados de expectativa.

Palavras-chave: ciclos econémicos. modelos DSGE. fric¢oes de informagao. crengas de

ordem maiores.



Abstract

Medium-scale DSGE models rely on several “reduced-form” frictions to explain macroe-
conomic dynamics. They are helpful to generate persistence and hump-shaped impulse
responses, but some of them lack deep microfoundations or solid empirical evidence. This
paper applies a novel method to solve and estimate medium-scale DSGE models with an
informational friction in the form of imperfect common knowledge (ICK) and investiga-
tes whether such model: i) can reproduce the features of macroeconomic data without
relying on reduced-form frictions; ii) provides a better characterization of a broad set of
expectation data compared to the full-information (FI) benchmark. We find that the ICK
model without three key frictions can explain macroeconomic data as well as the FI model
but fits expectation data substantially better. Those frictions are (i) habit formation in
consumption and partial indexation of (ii) prices and (iii) wages to past inflation. We also
provide evidence that some standard estimates of key frictions of the FI model are not

robust to the introduction of expectation data.

Keywords: business cycles. DSGE model. informational frictions. higher-order beliefs
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1 Introduction

Macroeconomic data is characterized by sizable persistence and hump-shaped
impulse responses to identified structural shocks, as evidenced from VAR estimations.!
However, parsimonious DSGE models, such as a baseline New Keynesian model, struggle
to reproduce these business cycles patterns even when assuming substantial persistence of

the exogenous shocks driving the model.

To reconcile the model with the data dynamics, the macroeconomic literature,
following the seminal papers of Christiano et al. (2005) and Smets and Wouters (2007),
introduces several frictions, such as habit formation in consumption, adjustment cost in
investment, price and wage indexation to past inflation, to produce endogenous inertia in
the model. Those frictions are intuitive on a theoretical point of view and key in practice
to allow the model to match the persistence and inertia observed in the macroeconomic
data. However, some of those frictions lack robust micro-foundation and empirical evidence
to corroborate them, at least for the values usually estimated in macroeconomic models.
Frequently, those frictions are called “reduced-form” frictions in the sense that they

represent some more deep reasoning that is not completely modeled.

Although the mainstream DSGE literature relies on several frictions as those
mentioned before to replicate business cycle patterns, it maintains a key simplification: the
assumption of full-information rational expectations (FIRE) or, more precisely, common
knowledge of information. This hypothesis means that agents observe perfectly the state of
the economy (perfect information), and know that all agents do so (common knowledge).
Importantly, it brings a key implication: it imposes that agents have a perfect and common
understanding about the fundamentals of the economy (exogenous shocks) and their
prospective effects in macroeconomic outcomes. It goes without saying that this is is
incompatible with the substantial heterogeneity in expectations about macroeconomic
conditions observed in the survey data (MANKIW et al., 2004; COIBION et al., 2018). Also,
expectation data reveals that forecast errors display significant persistence (COIBION;
GORODNICHENKO, 2012a; ANGELETOS et al., 2020), indicating that agents make

systematic errors when forming expectations about macroeconomic variables.

On another front, a recent literature, led by Mankiw and Reis (2002), Woodford
(2002) and Sims (2003), argue that informational frictions can be an alternative device for
generating levels of inertia in macroeconomic models consistent with the data. In particular,
Angeletos and Huo (2021) develop a sharp equivalence between the equilibrium effects of

incomplete information and the frictions that induce inertia in macroeconomic variables

1 E.g., Christiano et al. (1999), Christiano et al. (2005) and Altig et al. (2011).
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in DSGE models. A common lesson of this literature is that informational frictions not
only lead to gradual learning about the fundamentals (first-order uncertainty), but also
introduce a imperfection in how agents reason about others and thereby about general
equilibrium-effects (higher-order uncertainty).? Indeed, these two forms of uncertainty are

precisely the forces generating inertia in models with noisy information.

Despite the promising theoretical and empirical results suggesting the role of
informational frictions to replicate stylized facts of the macroeconomic and expectation
data, there is still a scarce literature evaluating how well noisy-information models fit the
data. This is because existing methods to solve DSGE models featuring informational

imperfections still have limited applicability, especially when linking the model to the data.

This paper seeks to contribute to this debate on two levels. First, we evaluate
in a quantitative framework whether an informational friction in the form of imperfect
common knowledge can substitute for some of the reduced-form frictions embedded in
the mainstream full-information model to generate endogenous inertia. To address this
question, we estimate two models: a mainstream full-information model along the lines of
Smets and Wouters (2007) and Christiano et al. (2005) embedding all the inertial frictions
(the “FI model”); and a DSGE model with the same structure of the FI model, but with
two key modifications (the “ICK model”). Firstly, we depart from the FIRE paradigm by
introducing imperfect common knowledge (ICK), which means that agents do not observe
perfectly the shocks driving the economy but only receive idiosyncratic signals about them.
Secondly, we remove three important reduced-form traditionally present in medium-scale
DSGE models: (i) habit formation in consumption and partial indexation of (ii) prices
and (iii) wages to past inflation. Thus, we keep in the ICK model two inertial frictions: a
convex adjustment cost in investment, which is crucial for capturing the dynamics of the
macroeconomic data, and the smoothing parameter in the Taylor rule, which is consistent
with the evidence on interest rate determination. Prices and wage stickiness is also key to

explain prices dynamics.

Second, on a methodological level, this paper is one of the first applications of a novel
method developed by Ribeiro (2017) to solve DSGE models featuring imperfect common
knowledge. This method improves upon previous solutions by allowing for the inclusion of
endogenous state variables into the system of log-linearized equilibrium conditions. This
differs us from the previous literature on quantitative models with informational frictions,
which was limited to the estimation of small-scale DSGE models using solely macroeconomic
data or including little information from survey expectation data. Moreover, this solution
method allows for imposing the informational friction on both the households and firms
populating the model. In the majority of prior quantitative works with informational

rigidities, only firms face informational frictions. In sum, we contribute to the expansion

2 See Morris and Shin (1998).
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of the quantitative possibilities for this class of models.

The FI and ICK models are estimated twice: first using a dataset with macroeco-
nomic data only, and later using a dataset including rich data on average forecast errors
from the U.S. Survey of Professional Forecasters. In this aspect, we contribute to the
quantitative literature of both full-information and noisy-information DSGE models. The
mainstream full-information literature does not include expectation data in the estimation
of their models, despite the importance of expectations variables for determining equilib-
rium outcomes in these models. In our knowledge, this paper is one of the first to estimate
a traditional FI model with a broad dataset with expectation data. The same observation
holds for the literature on DSGE models with informational friction: they use little or no
information from survey expectation data. The few papers that use it opt for time series
of average expectations of a small number of macroeconomic variables, in most cases only
inflation.® However, the findings of Coibion and Gorodnichenko (2012a) suggest that the
series of forecast errors are more informative for identifying the degree of informational
friction. This justifies our choice of using a broad dataset of survey forecast errors. After
the estimation of the FI and ICK models, we perform a series of quantitative exercises to
compare the fit to both macroeconomic and expectation data and the dynamic properties

of each model.

We find that the model with imperfect common knowledge but without habit
persistence and partial indexation of prices and wages (the “ICK model”) can explain the
macroeconomic data as well as the traditional full-information model with all frictions (the
“FI model”), according to the marginal likelihood criterion. In addition, the ICK model
fits the expectation data substantially better than the FI model. We examine the complete
structure of second moments of the data to understand what drives the differences in
the marginal likelihood of the models. We find that the ICK model has a clear edge in
matching the cross-correlation structure of expectation data, but it does not generate
superior estimates for the sample variances compared to the FI model. Finally, we show

that the impulse responses of both models feature similar degrees of inertia and persistence.

On a similar and important note, we argue that the inclusion of expectation data
deteriorates the estimation of the FI model in two relevant aspects. First, the FI model
estimated with the dataset including data on forecast errors fits the macroeconomic data
worse than the same model estimated only with information from macroeconomic variables.
Second, the estimates of some important parameters, such as the parameter controlling
adjustment costs in investment and the wages stickiness parameter, are not robust to
the inclusion of expectation data. This result points to an important limitation of the
traditional full-information model widely employed by the literature, given the centrality

of expectations in macroeconomic theory.

3 E.g., Melosi (2014) and Melosi (2017).



Chapter 1. Introduction 14

The remainder of this paper is organized as follows. Section 2 reviews the literature
on quantitative business cycle models and macroeconomic models featuring informational
frictions. In section 3, we present the details of the model and its equilibrium relations. In
section 4, we discuss the data and the estimation procedure and results. Section 5, the core
of the paper, performs different quantitative exercises to evaluate the ability of the model
with ICK but without some of the reduced-form frictions to explain the data compared to

the standard full-information model with all frictions. Section 6 concludes.
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2 Related literature

This paper is related to several strands of the macroeconomic literature.

First, our results compare directly with those of the extensive literature on quantita-
tive business cycles models, built upon the full-information paradigm, in which Christiano
et al. (2005) and Smets and Wouters (2007) are the most prominent examples. Specifically,
the only crucial difference between our model and the ones in the aforementioned papers
is the informational structure. Moreover, the key exercise of our paper is to confront the
fit of a model featuring ICK but without some of the reduced-form frictions with the

mainstream full-information model.

Second, this paper complements the theoretical literature that indicates that
informational frictions can be an alternative - and with better microfoundations - device
to generate inertia in macroeconomic models, in place of the more ad-hoc forms of sluggish
adjustment. Mankiw and Reis (2002) develop a model in which information is sticky: firms
update their information set infrequently according to a Calvo clock. The authors show
that this type of informational rigidity can, not only substitute for the Calvo friction as
a source of nominal rigidity, but also induce persistence in the response of inflation to
aggregate shocks in the absence of partial indexation rules. Woodford (2002) studies a
monetary economy with dispersed information across market participants and strategic
complementarity in price-setting decisions, and reach similar results as those found by
Mankiw and Reis (2002). Sims (2003) proposes a microfoundation for these deviations
from the full-information paradigm in macroeconomic models, namely the concept of
rational inattention. It is grounded on the idea that, even if precise information about the
state of the economy and the level of macroeconomic aggregates is easily available, agents
may have limited capacity in processing all that information and they may therefore act
as if their information were noisy. Finally, Angeletos and Huo (2021) offer the sharpest
to-date illustration of how informational frictions may substitute for the more ad-hoc
forms of sluggish adjustment employed in the DSGE literature. However, their results
are focused on partial-equilibrium cases. In that sense, our work can be understood as
an quantitative version of Angeletos and Huo (2021)’s insights, by embedding imperfect

common knowledge into a mainstream medium-scale DSGE model.

One key common lesson of the literature following those papers is that informational
frictions can generate significant inertia in the response of endogenous macroeconomic
variables to aggregate shocks, being able to reproduce qualitatively the effects of the
conventional reduced-form frictions embedded in the mainstream DSGE model. The

intuition for the previous result can be disentangled into two forces. First, imperfect
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information gives rise to gradual learning about the shocks hitting the economy. This
translates into an apparent dependence of current variables to their past values in the
model. Second, dispersed information, i.e. deviations from the assumption of common
knowledge of information, implies that higher-order beliefs matter for the dynamics of the
model. This reinforces the inertia of endogenous variables after a shock, since higher-order
expectations are more anchored to prior beliefs, and then adjust more sluggishly than
first-order expectations. Equivalently, expectations about macroeconomic outcomes adjust

more slowly than expectations about the exogenous shocks driving the economy.

The quantitative literature of macroeconomic models with informational frictions
started with the study of DSGE models featuring imperfect information - i.e., settings
where agents do not observe perfectly the state of the economy, but they share the
same information set. Lippi and Neri (2007) estimate a small-scale DSGE model with
imperfect information, discretionary monetary policy and indicator variables with potential
information role for stabilization policy. They find that unit labor costs provide information
on potential output that is useful for the conduction of monetary policy, but monetary
aggregates do not offer relevant information for the central bank. Collard et al. (2009)
estimate a standard New Keynesian (NK) model under three alternative forms of imperfect
information: confusion between temporary and persistent shocks, unobserved variation in
the inflation target of the central bank, and persistent mis-perceptions about the state
of the economy. The authors argue that the inclusion of imperfect information improves
the fit of the traditional NK model according to the marginal likelihood criterion. Neri
and Ropele (2011) contribute to this literature by estimating a NK model with imperfect
information for the euro area using real-time data. Thus, they depart from the prior works

mentioned above that use only ez-post revised macroeconomic data.

Our paper differs from the literature on imperfect information in three important
ways. First, we consider another form of informational friction: imperfect common knowl-
edge (ICK, also known as imperfect and dispersed information). It implies that agents
have heterogeneous expectations - a feature observed in the data -, while models with
imperfect information generate common beliefs among agents. Moreover, as explained
before, dispersed information introduces higher-order uncertainty, which turns the learning
process more gradual, inducing a more sluggish response of macroeconomic variables to
exogenous shocks. Second, we estimate both the full-information model and the model with
ICK using a broad dataset including expectation data. In contrast, the papers mentioned
above estimate the models only with ex-post revised or real-time macroeconomic data.
Third, those studies focus on understanding the implications of the informational friction
for monetary policy. Differently, our focus is on investigating the ability of ICK to repro-
duce the effects of several reduced-form frictions that generate inertia in the traditional
medium-scale DSGE model.
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Our paper integrates the growing but still small quantitative literature studying the
role of ICK in macroeconomic models. Melosi (2014) estimates a NK model in which firms
have ICK about the money growth and technological shocks. The author shows that the
model with ICK fits the data better than a model with sticky prices a la Calvo (1983) with
indexation. Also, Melosi (2017) estimates a Calvo-like sticky price model with ICK about
monetary, technological, demand shocks. He finds that there is a signalling channel of
monetary policy in the US and that the model fits better the data than a New Keynesian
model with habits in consumption and indexation. Ribeiro (2018) uses a baseline NK
model with ICK about the time-varying inflation target and the monetary policy shock to
evaluate the claim that central bank transparency increases the effectiveness of monetary
policy. Two informational structures are considered: (i) firms observe interest rate decisions
only; or (ii) firms observe interest rate and an idiosyncratic signal about the inflation
target. The paper shows that, in the case of a monetary contraction, greater transparency
improves the inflation-output trade-off only when the second informational structure is

considered.

Angeletos et al. (2018) adopt a different approach to solve a DSGE with imperfect
and dispersed information. They propose a model with heterogeneous prior and using
the limiting case of vanishing variance of private signals. In that way, they can solve
and estimate the model by shutting down the learning process and representing the
expectations hierarchy into a low-dimensional state variable. The advantage of this method
is that it has the virtually the same computational burden of the full-information models.
The drawbacks are that the dispersion in expectations is shut down and apply only to
“confidence shocks” that not change fundamentals, but affects the economy expectations.
They apply this method to show that higher-order uncertainty can give rise to a form
of exogenous “confidence shock” that generates waves of optimism and pessimism and
influences macroeconomic variables. They find that the confidence shock provides a
parsimonious explanation of salient features of the data and accounts for a significant

fraction of the business-cycle volatility.

Importantly, the prior literature of quantitative models with ICK solves small-scale
DSGE models, given the limitations of existing methods for solving complex DSGE models
with incomplete information until recently. In this context, our paper is one of the first to
solve and estimate a medium-scale DSGE model featuring ICK. To do this, we build heavily
on the novel method developed by Ribeiro (2017) to solve larger-scale DSGE models with
such informational structure. Moreover, those studies use little or no information from
expectation data in the estimation. When they use it, time series of expectation variables
are chosen to estimate the model. In turn, we use rich data on average forecast errors,
which are more informative for identifying the level of informational friction according to
Coibion and Gorodnichenko (2012a), to estimate the models.
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3 Model

The model is a standard medium-scale DSGE model along the lines of Christiano
et al. (2005) and Smets and Wouters (2007). It features sticky prices and wages, variable
capital utilization, fixed cost in intermediate production, and five frictions that generate
endogenous persistence in the model: (i) habit formation in consumption, (ii) adjustment
cost in investment, (iii, iv) partial indexation of prices and wages to past inflation, and (v)
smoothing in the monetary policy rule. In the baseline specification of the ICK model,
we shut off three frictions that induce inertia in the model, namely: habit persistence in
consumption and indexation of prices and wages to lagged inflation. We discuss this choice
in the results section. That said, in the following description of the model, we derive it
with all the frictions, including the informational imperfection, and later we explicit the

frictions that will be turned off.

The stochastic dynamics is driven by seven orthogonal exogenous shocks. The
model includes total factor and investment-specific productivity shocks, a preference shock,

wage and price mark-up shocks, and government expenditure and monetary policy shocks.

The innovation of our work is the introduction of imperfect common knowledge
(ICK) to this environment. Specifically, households and firms do not observe perfectly the

shocks hitting the economy. Instead, they receive noisy idiosyncratic signals about them.

Timing

Time is discrete and each period contains two stages. In the first stage, shocks and
signals realize, intermediate goods firms choose optimal prices, and households choose
consumption, investment, installed capital and its utilization level, and set optimal wages,
based on information from their signals. In the second stage, rental rates and wages
of differentiated labor are uncovered. Competitive final good firms buy intermediate
goods to sell the final good to households. Competitive labor packers use the supply of
differentiated labor from households and sell a homogeneous labor bundle to intermediate

firms. Intermediate firms rent capital and hire labor to produce the intermediate good.

This timing protocol is standard in the literature* and ensures two features. First,
all markets clear. Competitive final good firms ensure that the supply of final good matches
consumption and investment demands. Given prices of intermediate goods, differentiated
wages and rental rate chosen at stage 1, firms allocate capital and labor to accommodate the

demand from final good firms. Finally, given the wages set at the first stage, labor packers

4 See for instance Nimark (2008), Angeletos and La’O (2011).
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aggregate the differentiated labor services from households and supply homogeneous labor

to intermediate firms such that the labor market clears.

Second, intermediate good firms do not use information from the production process
to extract information from aggregate variables. This implies that both intermediate firms
and households use only information from their signals to form expectations.

Final good firms

The homogeneous final good Y; is a bundle of intermediate goods, Y;;, where the

index i € [0, 1] denotes the continuum of intermediate firms. The production function is

1 1 1+pf
vi= ([ 0T di) (1)
0

where 4 is the time-varying price mark-up of intermediate goods following the process

given by

log(1+ u) = log(1 + @?) +n, and @? is the steady-state value of the price mark-up. The

price mark-up shock nf follows

n = ppni_1 et ef ~N(0,05). (2)

Final goods firms operate in a perfectly competitive market and sell the final goods

to households for a price P;. They solve an usual profit maximization problem
1
RY,— [ PuYidi (3)
0

subject to (1). From the first-order conditions and the zero-profit condition, we derive the

demand for intermediate production

1P

P\
Y, = (- Y,, 4
=) (4)

1 M
where P, = <f01 (Pig) ™ di) is the price level.

Intermediate good firms

Each intermediate producer is a monopolistic competitive firm i € [0, 1] that uses

labor and capital to produce their goods. Good i is produce using technology
Vi =€ (Ki)* (7' Lig)' ™" — 7' Py, (5)

where ~ represents the labor-augmenting deterministic growth rate of productivity and

ng is a total factor productivity shock. K;; and L;; denote the amount of capital and
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labor demanded by firm ¢ at period ¢ respectively, and @, is a fixed cost included in the

production function.® The productivity shock follows

nt = paniy +er, el ~N(0,02). (6)

Intermediate firms are subject to a Calvo (1983)-like pricing friction: in every
period, only a fraction 1 — §, of firms can adjust prices. Firms not allowed to reset prices

apply the following indexation rule
. —\ 1—¢p
Pio= ()™ ()7 P, (7)

where II; = P,/P,_; is gross inflation and I is its steady-state value. Firms that are able
to reoptimize prices choose the level P}, that maximizes their expected discounted flow of

profits given by

Eu Y (86) Moas [(Xuro Py — MCiri) Yiers] (8)
s=0
i
Xte+s Py

P
Mt Y. M C; is the marginal cost of firm 7 at period ¢.

subject to Y, 45 = o
At 445 is the household’s stochastic discount factor between periods ¢ and ¢ + s and X ;4
is the indexation between the same periods. Consistently with the indexation rule (7),

Xt 45 15 given by
N, (17,,) i s >1

Xisrs = =t (9)
1 if s=0.

Given the optimal prices and the indexation rule, the price level has the following

law of motion

p
_ L

—uk
= —r ! N\
]Dt — fp (Hi;ilnl—wpt_1> b+ (1 — gp) </0 P,:tdl) ] . (10)

Labor packers

There is a continuum of households indexed by h € [0, 1], each supplying differenti-
ated labor services. Following Erceg et al. (2000), there are labor packers that hire labor

from the households and aggregate them according to

1 1% 1+;U'?)
L — (/ L dh) , (11)
o Ln.

The fixed cost must be scaled by v¢. Otherwise, it cost would become increasingly smaller in terms of
production over time.

5
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where 1 denote the agency’s wage mark-up such that log(1 + u’) = log(1 + u*) + 0},

and 1" is the steady-state value of the wage mark-up. The shock follows the process

0= puniy ter, el ~N(0,02). (12)

Labor packers pay the wage W}, for each household £, and sell a homogeneous

labor service to intermediate firms at a cost W;. Agents maximize profits
1
W,L; — / Wi Lndh (13)
0

subject to (11). Thus, the labor demand for each household h’s labor service is given by

Wi\~ #8
o= (52) " Lo (14

w

_ 1 —Hy
where W, = ( Jy (W) ™ dh) is the nominal wage index.

Households

Households h € [0,1] derive utility from consumption and leisure. In order to
maximize their expected utility, they choose consumption (C},;), holdings of government
bonds (By), installed capital level (K}, ;) and its utilization rate (U ). The capital rented
to firms, K}, is determined by the installed capital and the utilization rate. The objective

function that each household h optimizes is given by

U:Eht 1+X

, (15)

Z 55677?*3 (ln (Ch,t+s - SOCh,tJrs—l) —

s=0

1+x
Lh,t—l—s)

where C},; is consumption and Lj; denotes the supply of differentiated labor services
of household h at period t. Households® preferences display external habit persistence,
captured by the parameter ¢, while y is the inverse of the Frisch elasticity of labor supply.
Ep[-] is the expectation operator conditional on households A’s information set, and 7y is

a preference shock that follows
0y = peni_y +ef, i ~N(0,07). (16)

The capital stock K}, owned by household A evolves according to
Kng = (1= 8)Kny1 +€" (1= 8(Tps/Ine-1)) Ins, (17)

where S(1;/I;_) is adjustment investment cost function that denotes the share of invest-
ment which does not become new capital. As in Christiano et al. (2005), the cost function
S(-) has the following properties: S(v) = S’(y) =0, and S”(y) = s” > 0.
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The investment-specific technological shock 7! follows
m=pima e, g~ N(0,07) (18)
Households rent to firms an effective amount of capital K}, given by
Ky = UniKnga, (19)

where Uj,, is the level of capital utilization. They receive RkK};’t for renting capital but
pay a cost a(Up)Kp—1 in terms of the consumption good. Following Christiano et al.
(2005), this function has the properties a(U) = 0 and a”(U) = a”, where U is the value of

the capital utilization rate in the steady-state.

The households’ budget constraint is given by

P.Chi+ Pilpi + Bry + Poa(Upt) K1 + Qri1.0An: <

(20)
R 1 Bhy1 +WiiLne + RFUKp 1+ PiAps 1+ Thy,

in each period. T}, denote net transfers from the government, A;; is a vector of one-period

state-contingent securities and @11, is the price of such asset.’

Households supply labor in a market with monopolistic competition subject to a
wage-setting friction. Following Erceg et al. (2000), in every period only a fraction 1 — &,
of households are able to optimize their wages. Those households choose their optimal
wage by setting a mark-up over the marginal rate of substitution between consumption
and labor. Households who are not able to optimize update their wage using a indexation
rule given by

—\ 1—tq

Wiy = (T—1)™ (H) YWht-1, (21)
which is a geometrically weighted average of steady-state wage growth (71:1) and last period
wage growth (yI1;_1).

Each household minimizes their expected discounted labor disutility
B 3 06 (—M)] (22)
s=0 L+X

subject to the budget constraint (20) at all periods s € [0,00) and to the period ¢ + s
nominal wage W, .4 = X/ Wy, and
(yIT! ) j=1 ( iij—l) if s>1

X;f’HS = ' (23)
1 if s=0.

6 The assumption of a complete set of state-contingent securities guarantees that all households A

will make the same consumption and saving choices. This is true despite the fact that they have
differentiated wages and form expectations based on idiosyncratic signals. This assumption is for
tractability. In that way, it is not required to keep track of the stationary distribution of capital as in
heterogeneous-agent models. Thus, standard techniques of log-linearization to solve DSGE models can
be applied even with informational frictions in the households’ decisions.
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Given optimal prices and the indexation rule, the aggregate wage level has the

following law of motion

w

H

1 My
_ 1 1 —um
We = |6 (M T We) 7 o (160 () W) ] @

Government Policies

with smoothing according to

(1-¢r)

The central bank sets the nominal interest rate according to a standard Taylor rule
R .
M e, (25)

(R 6

where variables with a bar denote the steady-state values and 7; is the monetary policy

shock, which follows
77; = Prﬁf_1 + 5?, 5: ~ N(()? 03> (26)

For simplicity, I assume that the monetary authority responds to deviations of output to

its steady-state value instead of the natural output.

The government budget constraint is the following
PG+ Ri_1B,1 = B+ 1 (27)

where T; and B, are total lump-sum taxes and bonds, respectively. Government expenditure
follows a simple stochastic process given by G/Y = g, +nf{, where g, = G/Y is the steady-
state ratio of government expenditure to output and 7/ is a government expenditure shock
with process

n = pgni-1 +el, el ~N(0,0). (28)

Resource constraint and market clearing

The aggregate resource constraint
Ct + It + Gt + a(Ut)Kt = }/;, (29)

is derived by integrating households’ budget constraint over h, and combining it with the
zero profit condition of final goods firms and labor packers and the government budget

constraint.

Market clearing in labor and capital markets holds

1
Kt = / Kisdi
0 (30)
Lt :/ Lz’tdl
0
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The bond supply and the transfers

1
Bt - / Bhﬂgdh
0 (31)

1
Ti= [ Thadh,
0

are consistent with the government spending rule and the public budget constraint (27).

Information

Intermediate good firms and households do not observe perfectly the structural
shocks driving the economy, but instead receive noisy idiosyncratic signals about them.

Formally, the signal follows the process

x?,t =05 + v, v~ N(O, ), (32)
where k € {a,c,1,9,p,w,r} denote each type of shock and j € [0, 1] is a index that pools
both intermediate good firms ¢ and households h. This assumption implies that firms and
household receive signals with the same properties and are subject to the same degree of
informational frictions. Hence, an agent j’s information set is described as

Tl = {25, 25, x?s, xd ok, rig, a0 s <t (33)

Given that households and firms have the same unit mass, their average expectation
is the same and denoted by EV[] = Jo Ej.["dj, where Ej,[-] = E[-|T}].

The degree of informational friction in the signal-extraction problem that agents
must solve is characterized by the noise-to-signal ratio ry = = where s € {a,c,i,g,p, w,r}.
That is, for each s, all combinations of 74 and o, that giveé the same r, will induce an
identical equilibrium response to a innovation on 7;. This parameter summarizes how
informative the signal is about the shock. If any r; = 0, it means that agents observe
perfectly the shock n°. When ry — oo, agents have no information about that shock. If all

rs = 0, then we go back to the full-information model.
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3.1 Optimality conditions

Households

From the households’ utility maximization problem, we get the following first-order

conditions for consumption and bonds, respectively

E A Pl — Eht—w 34
nt[Ant Pr) = Crr — oCris (34)
Eni[Ant] = BEn [An 1Ry (35)

where Ay, is the Lagrange multiplier of households’ budget constraint (20). The optimal

conditions for capital and investment are given by, respectively:

Pht = FEn {Ah’tﬂ (RfHUhth - Pt+1a(Uh7t+1)) Pt+1] + (1= 0)BEnt [Pri11] (36)
i 1 1 1
Epi[Ans P = §py By [ ] (1 -8 ( 7 ot ) _ g (ht) ht)

hit—1 Ini—1) Ini—

i Iniv1\ (Ihisr ?
@ ﬂt+1S/ ) 5
hit+16 ( In 4 ) < In 4

where @, is the Lagrange multiplier associated with the law of motion of capital. The

(37)

+BEh

optimal value of the capital utilization rate solves

B[R] = d' (Uny) En| Py (38)

Recall that households can buy state-contingent assets in terms of consumption
(but not for leisure). Therefore, it must hold that for all households h € [0, 1] that Cj; = Ct,
Iny =1, Upy = Uy, Ay = Ay and @, = @,. However, households still have heterogeneous

expectations, Ej,[-|, wages wy, and labor supply Ly, ;.

The optimal condition of the wage setting problem is

e’} . Xw 5 14+ v 5 LX 5
By [Z(ﬁ&u) (At,t+s Lt w'uH Lt )Lh,t—&—S] =0 (39)
s—0 Hits pivs Wi,

where Ay s = Af\t“" is the stochastic discount factor from period ¢ to period t + s. The

marginal rate of substitution of labor and consumption is defined as

MRShJ = — — = L%,t (Ch,t — @Oh,t—l) . (40)

Intermediate good firms

At stage 1, firms choose their optimal price based on the information from signals.

The optimal price B, that maximize intermediate firm i’s profit solve the following
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first-order condition

- s X S 1 + v S Mcz s
E; lz<6§p) Aptrs ( t;;H — thJr P*’H ) Yz‘,t+51 = 0. (41)
s=0 His Mty s it

At stage 2, they hire labor at the nominal wage W; and rent capital at the rental
rate RY. Cost minimization subject to production function (5) implies that the capital-labor

ratio is given by’
Ki,t . (6] Wt

= —. 42
Li,t 1—a Rf ( )
We obtain that the marginal cost is given by
1 (Rf)™ (W)
ot a®(l —a)l—« ay (43)

Since the production function displays constant return of scale, capital-labor ratios

and marginal costs are the same across firms in equilibrium.

3.2 Detrending and log-linearized model

Before showing the system of log-linearized equations that characterizes the model,

we discuss the detrending procedure.

All real variables grow along with the productivity trend, so they are detrended
as follows: Z, = %, for any real variable Z;. Nominal variables grow along with the price

level P, hence they are stationarized using the following procedure: Z, = %.8

The optimal prices and wages are detrended by dividing them to the price level of
last period: ]%*t = P}/ P, while W,’:J = W,f,t /~4'P,_1. This occurs because agents do not

observe the current price level when setting optimal prices.

Stationary variables are transformed by taking their log-deviation to steady-state
value as follows: 2 = log(Z,/Z), for any stationary variable Z,. Thus, lower case variables

denote log-deviation from steady-state of the upper case variables.

Since factor prices are revealed at stage 2, firms does not need to form expectations for W; and RF.
One exception is the Lagrange multiplier of the budget constraint, A, that must be normalized to
Ay = Ayt Py, since it reflects the marginal utility of an additional unit of money, which declines as
consumption grows at rate « and the price level rises.
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The log-linearization of optimal conditions leads to the following system of equations

o/ L Lo L= 9/7 pay
TN el = gyt T
— /7 c
1 (p/”y [Ut-i-l m} (44.1)
g B 1 (1)
(1 +5> t-1+ (1 T3 (i) + s'(11 )2 (% + B [mD (44.2)
1-9¢
(ﬁ ~ ) )[Qt+ﬂ + (1 - 6(7)> Et(l) [rfﬂ} - Et(l) [re — Teqa] (44.3)
1—-9 1-0Y\ /. i
up = (Rk/a”) EV[rH (44.5)
k’g :kt—l + Uy (446)
1
mrs; = (1_90/7> (et —@/ver1) + xle (44.7)
q)p u a
vy =1+ 13 (aky + (1 —a)ly +ny) (44.8)
k' — 1, =wy — ¥ (44.9)
me; =(1 — a)w; + arf —n? (44.10)
L (¢ I RE
= = =1 = 44.11
Yt =g, <YCt+YZt+ v Ut+7h> ( )
re =¢pri1 + (1 — @) (9rm + Gyye) + 1y (44.12)
T =EplpT—1 + ’fpngt(l) [mey + ] + (1= &) (1 - Lpﬁfp)Et(l) (]
1
+ (1= )88 | Ealpi,,ldi (44.13)
wy + 7 =& (w1 + wi_1) + (1 — &)wy (44.14)
1— B¢, w . )
i =L D s+ )]+ (1= B ELY [l + 96, [ B[] d
(44.15)
where k, = w, Ko = (1”6’1)# and 6, uww EV[] = ) Ey[)di denotes
average expectation, where Ey[-| = FE[- | Z;] is agent i’s expectation based on her

information set at period t, Z;;.

All equations are standard in macroeconomic models. The first equation is the
Euler equation for consumption, which is derived by combining the log-linearized versions
of equations (34) and (35). The second equation is the equilibrium condition for investment
from (37) and the third determines the marginal real value of a unit of capital ¢ that come

from condition (36). The forth is log-linearized version of the usual law of motion of capital
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(17). The fifth is the log-linearized version of the optimal condition for capital utilization
(38) and the sixth comes from the definition of utilized capital (19). The seventh and eighth
are log-linearized versions of the aggregation of the marginal rate of substitution between
consumption and labor from equation (40) and the production function (5), respectively.
The ninth and tenth comes from aggregating firms’ cost minimization condition (42)
and marginal cost (42), respectively. The eleventh derives from the aggregate resource
constraint (29), while twelfth is the log-linearized version of the Taylor rule (25). Finally,
the thirteenth is the New Keynesian Phillips curve for prices that combines log-linearized
versions of equations (41) and (10). The last equation is the New Keynesian Phillips curve

for wages that combines log-linearized versions of equations (39) and (24).

The presence of the informational friction introduces three key differences from
the mainstream full-information model. First, expectations are heterogeneous, and hence
average expectations are relevant equilibrium objects. Second, current endogenous variables
and structural shocks are not observed, so they appear with expectations in the equations
that comes from optimization conditions. Third, higher-order beliefs impact equilibrium
variables. To see this, consider for instance the New Keynesian Phillips curve for prices
(equation 44.13). Taking average expectations of this equation and substituting it iteratively,

we obtain that

00 1
T = Lp€pTi—1 +Z (1- fp(l + 5510))]671 ’ﬁpngt(k) [me; + Mf] + 5511/0 Ez(tk) [pi,t—irl]di
k=1

. (45)

That is, firms have to form not only beliefs about marginal cost, price mark-up shock, and
future inflation, but also higher-order expectations about these variables. This happens
because inflation depends on its own average expectation (NIMARK, 2008; ANGELETOS;
LA’O, 2009).

In the ICK model, we set three parameters to zero: the habit persistence in
consumption (¢) and the partial indexation of prices and wages (1, and ., respectively).
This allows us to investigate the ability of the informational friction to reproduce the
quantitative effects of these reduced-form frictions that induce endogenous inertia in

macroeconomic models.

The derivation of the log-linearized equations above can be found in Appendices A,
B and C.

3.3 Solution Method

We now delineate the key ingredients of the method developed by Ribeiro (2017) to
solve DSGE models featuring imperfect and dispersed information. To do so, we first lay

out a general representation of the log-linearized equilibrium of DSGE models with ICK.
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The log-linearized equilibrium equations (44) can be written as the following general

system of linear rational equations

1
FEMY, 0]+ F /0 EalYienldi + G1Yy + GoEV[Y)] + HY;_ 1+ o
LEt(l)[ZEH_l] + Ml.l’t + MQEt(l)[IL‘t] = 0m><17

where ¢ € [0, 1] indexes an agent, Y;; is a m x 1 vector of individual choices, Y; is a m x 1

vector of aggregate endogenous variables and z; is a n X 1 vector of unobservable exogenous

shocks.

Structural shocks z; follow a stationary stochastic process
ry = Ary 1 +e, e ~N(0,X%) (47)

where A is a diagonal matrix storing the persistence of each shock, and Y. is a diagonal

covariance matrix. Idiosyncratic signals are given by
Sit = Ty + vy, vy ~ N(0,5,), (48)
where X2, is a diagonal covariance matrix.

Define the k-th order average expectation Et(k)[] given information of period ¢

about the vector of unobservable aggregate shocks x; as

s

E®[z,] = /0 1 E; {E(k’l)[xt]} di, (49)

for all £ > 1 and s, t, with the convention that Et(o) (] = 2.

Following Nimark (2008), the hierarchy of expectations is defined as a:go:l;) =

/ — /
x,go) Et(l) [z] ... Et(k) [z;]'| , a vector with the average higher-order expectations from order

0 to k, where k is the last order of expectation that has an impact on the equilibrium

dynamics.”

We borrow the proposition below from Ribeiro (2017). It characterizes the fixed
point solution between the equilibrium conditions of the model and the endogenous

dynamics of higher-order expectations.

Proposition 1 The system of equilibrium equations (46-47) whose agents form rational
expectations based on the observation equations (48) has a recursive law of motion and a

hierarchy of expectations given by
Y, = PYi oy + Q™ (50)
2 = 02®P 4 Be,, (51)

9 As shown in equation (45), this model satisfies the conditions for existence of k, namely, the coefficients

on higher-order average expectations decrease with the order.
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such that P solves equation
FP>+GP+ H =0, (52)

where F'= Fy + F5 and G = G + Gs. (C, B:, Q) is a fized point solution satisfying

(I = T'K) C = e, Ac,, + T' (I, = KD) CT

_ (53)
(I = T'K) B: = s,
_ / I, . . ;(0:k) _ Onicxn Infc
where e, = {In Onl_cxn] is the selection matriz such that x, = e\ x; 7 and T = 0 0
nxn nkxn

is the order transformation matriz such that Et(l) [wioz}ﬁ)] = Txﬁojc). K and P solve the

Ricatti equations
e -1
K=P[P+3,]

_ _ (54)
P=C[P-K(P+%,)]|C + B.5.B.
Given the equilibrium C', matrix Q) solves the equation
FQCT + G1Q + (FP + G2)QT + (LA + M)el, T + Mse!, = 0. (55)

This proposition connects the solution of DSGE models featuring imperfect common
knowledge with the standard undetermined coefficients solution for full-information models
developed by Uhlig (2001). For a detailed discussion on this point and a proof of the
proposition above, see Ribeiro (2017).

Equation (50) is a natural extension for the full information case, in which the
endogenous variables respond only to the endogenous state variables and to shocks. The
difference in the dynamics of the ICK model is that endogenous variables also respond to

higher-order expectations of the exogenous shocks.

Equation (51) reveals that the hierarchy of beliefs follows a VAR(1) process and
reacts to innovations in the structural shocks driving the economy. Higher-order expecta-
tions are formed via a Kalman filter problem, characterized by the system of equations
(54) and (b5), with agents using guessed equation (50) as the state equation and equation

(48) as the observational equation.

Ribeiro (2017) discusses that the fixed point stated in Proposition 1 can be solved

by an fixed point iteration in a simple algorithm, which is presented in Appendix E.
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4 Estimation

In this section, we discuss the data, the prior choices, and the posterior results of
the Bayesian estimation. We estimate two models: i) a standard full-information DSGE
model embedding all the reduced-form frictions that generate inertia (henceforth, the ‘FI
model’); and ii) a DSGE model featuring imperfect common knowledge (the ‘ICK model’).
In the baseline estimation of the ICK model, we shut off three frictions: habit formation
in consumption, and partial indexation of prices and wages. We discuss this choice in
the results section. We estimate each model with two different datasets: one containing
macroeconomic data only and other including expectation data. Then, we explain the

differences in the posterior estimates of the models.

4.1 Data

We collect U.S. quarterly macroeconomic data from 4Q:1981 (the first quarter with
data for all series of expectations) to 4QQ:2007. The data on macroeconomic aggregates
include the series of real GDP, real consumption, real investment, GDP deflator index,
annualized Fed funds rate, hours worked index and nominal wages index, and come
from the Federal Reserve Database (FRED). Expectation data consists in the average
expectation about one-quarter ahead real GDP, real consumption, real investment, inflation
and nominal interest rates, and is collected from the Survey of Professional Forecasters
(SPF). A detailed description of the dataset can be found in Appendix D.

Expectation data is used to construct time series of average forecast errors. In a
given period t, the average forecast error h periods ahead for a variable y is defined as
the difference between the realized variable at period t 4+ h and its expectation formed at
time t , that is Fy[y;n] = yeen — Et(l)[th]. In our view, forecast errors provide the best
representation of expectation data for the purpose of identifying the degree of informational
friction. This is because the assumption of full information implies that the impulse
response of forecast errors to any shock does not display any persistence - i.e., agents do
not make systematic errors. In contrast, the introduction of informational frictions leads
to a sluggish adjustment of forecast errors following a shock, consistent with the empirical
evidence in Coibion and Gorodnichenko (2012a) and Coibion and Gorodnichenko (2015).
Therefore, some moments of forecast errors, such as their persistence, are key to identify

the parameters associated with the informational rigidities.

The observational equations that link data with the variables for both models are

the following
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)
ects, = (de, — B [der]) + e,
egﬁ?; = (dit - Et(i)l [dit])
e =4 (7Tt - Et(i)l [Wt]) +eni

™t

ety =4 (ri— B [r)) + ey,

where 7 = 100(y — 1) is the quarterly trend growth rate of productivity. The variables

with superscript “obs” correspond to the variables in the database. The notation dz¢®®

denotes the quarterly growth rate of the variables x € {y, ¢, i, w} at period t. The data

on hours worked (1?%) is demeaned, while inflation (7?%) and nominal interest rate (r¢*)

are computed in annual terms. 7 = 400(Il — 1) and 7 = 400(R — 1) stand for the steady-
state annualized inflation and nominal interest rates, respectively. The variables e;f’f,

for © € {dy,dc,di,m,r}, are the 1-step ahead forecast error of such variables for the

expectation formed at period ¢t — 1.

me
x

errors are introduced to avoid stochastic singularity.!” They also capture the fact that the

Measurement errors £7'¢ in the observational equations associated with forecast
expectation data from SPF are not completely consistent with the average expectations of
the agents populating our model. Measurement errors follow an i.i.d. Gaussian distribution
with standard deviations denoted by o2'¢, with x € {dy, dc, di, 7, r}.

4.2 Priors

As standard in the literature, we fix the value of some parameters that are not
easily identified. The quarterly depreciation rate J is set to 2.5%, the value widely used
in the literature.!! The ratio of government expenditures to output g, is calibrated to

its historical mean value of 18%. The steady-state wage mark-up p® is fixed at 1.5 as in

10 This is required since the complete dataset includes 12 time series, while the model has only 7 shocks.
11 Gee for instance Christiano et al. (2005), Smets and Wouters (2007) and Del Negro et al. (2007).
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Smets and Wouters (2007). Finally, the capital share of the production function « is fixed

0.3 to be consistent with the historical capital-output ratio.

The introduction of informational frictions is likely to affect the estimation of real
and nominal frictions, so we do not rely completely on estimates from previous papers to
choose priors. Instead, most of the priors are relatively loose. Table 1 shows the choices for
priors. The priors are the same for the FI and the ICK models, except that the parameters
on habit in consumption and indexation of wages and prices to past inflation are set to

Zero.

Table 1 — Priors

Param. Dist. Mean Std. Dev. Mode 5% 95% Param. Dist. Mean Std. Dev. Mode 5% 95%

Inertial frictions Persistences

s" g 4.00 1.50 344 189 6.74 Pa B 0.50 0.20 0.50 0.17 0.83
o* B 0.50 0.20 0.50 0.17 3.37 Pe B 0.50 0.20 0.50 0.17 0.83
L B 0.50 0.20 0.50 0.17 3.37 Pg B 0.50 0.20 0.50 0.17 0.83
o B 0.50 0.20 0.50 0.17 3.37 Di B 0.50 0.20 0.50 0.17 0.83
O B 0.50 0.20 0.50 0.17 0.83 Py B 0.50 0.20 0.50 0.17 0.83

Pw B 0.50 0.20 0.50 0.17 0.83

Or B 0.50 0.20 0.50 0.17 0.83

Propagation and steady-state Standard deviations

X g 2.00 0.75 1.72 095 3.37 Oq G  0.10 1.00 0.09 0.04 2.11
&p B 0.50 0.20 0.50 0.17 3.37 oc 6  0.10 1.00 0.09 0.04 211
& B 0.50 0.20 0.50 0.17 3.37 oy G  0.10 1.00 0.09 0.04 2.11
a” g 0.25 0.10 0.20 0.10 0.42 o; 6  0.10 1.00 0.09 0.04 211
Or g 1.50 0.25 1.46 1.11 1.93 op G  0.10 1.00 0.09 0.04 211
oy g 0.20 0.10 0.15 0.17 0.39 Ow G  0.10 1.00 0.09 0.04 2.11
O B 0.50 0.20 0.50 0.17 0.83 oy 6  0.10 1.00 0.09 0.04 211
T g 2.30 1.00 1.92 098 4.20
r g 4.00 1.00 3.92 262 6.00
o g 0.40 0.20 0.30 0.14 0.78
Noise-to-signal ratios Measurement errors
Ta g 1.00 0.70 0.67 0.18 236  oyf G  0.02 0.10 0.01 0.01 0.05
e g 1.00 0.70 0.67 0.18 236 op}° 6  0.02 0.10 0.01 0.01 0.05
g g 1.00 0.70 0.67 0.18 236 of° G  0.10 0.10 0.08 0.04 0.22
i g 1.00 0.70 0.67 0.18 236 or° 6  0.10 0.10 0.08 0.04 0.22
Tp g 1.00 0.70 0.67 0.18 236 o° 6  0.10 0.10 0.08 0.04 0.22
T g 1.00 0.70 0.67 0.18 2.36
Ty g 1.00 0.70 0.67 0.18 2.36

Note: * Parameter is set to zero in the ICK model. G, ZG and B stand for: Gamma, Inverse Gamma and
Beta distributions, respectively.

The prior for parameters that have support between 0 and 1, such as the persistence
of shocks, partial adjustment of the Taylor rule, the Calvo frictions on prices and wages,
indexation of prices and wages to past inflation and habit persistence in consumption,

follow a beta distribution (B) with a mean of 0.5 and standard deviation of 0.2.

The trend growth, inflation rate, and nominal interest rate steady-state parameters
have priors with gamma distribution (G) whose mean equals to their sample average. The

standard deviations are 0.20 for the first prior and 1.00 for the others in order to ensure
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loose priors.

The priors on the adjustment cost of investment, capital utilization and the inverse
of Frisch elasticity are taken from Del Negro et al. (2007). The parameters specifying the
Taylor rule have priors with gamma distribution whose mean values are ¢, = 1.5 and
¢y = 0.2 and the standard deviations are 0.25 and 0.1, respectively. Priors for the standard
deviation of the structural shocks are distributed as an inverse gamma (ZG) with mean
0.10 and standard deviation of 1.00.

For the priors for noise-to-signal ratios - the parameters that control the degree of
informational friction in the ICK model -, we choose a gamma distribution with mean
1 and standard deviation 0.7. A noise-to-signal ratio equal to 1 implies that agents take
roughly one year to learn the actual value of the shock hitting the economy. This prior
distribution is flexible enough to accommodate values close to zero, which corresponds
to the case that the ICK model is equivalent to its full-information counterpart. It also
comprehends high values for the informational friction, in line with the estimates of Melosi
(2014) and Melosi (2017), using a small-scale DSGE model with ICK.

Finally, priors for the standard deviation of measurement errors on the time series
of forecast errors are distributed as inverse gamma with a mean that matches roughly
5% of the total variance of each expectation data. The standard deviations are small to
ensure tight priors, which is useful to avoid that the measurement errors explain most of

the variation in the expectation data.

4.3 Posterior estimates

Bayesian techniques are applied to estimate the models, by combining the prior
densities described before with the likelihood function computed using the Kalman filter.
We use the Random-Walk Metropolis-Hastings algorithm to draw from the posterior
distribution. Table 2 reports the posterior estimates for both models (FI and ICK models)
and for both datasets (only macroeconomic data and the dataset including expectation
data). For each model and dataset, the table shows the mean and the 5%-95% percentiles
of the posterior density.

First of all, it is worthy highlighting that the estimates of the full-information
model using only data on macroeconomic aggregates is remarkably similar to the results
found by the literature on quantitative business cycles models (Smets and Wouters (2007)
and Del Negro et al. (2007), for instance). This is somewhat expected given that our model

specification and prior choices are similar to theirs.

Contrasting the results of the FI models across datasets, we observe a significant

increase in the degree of adjustment cost in investment, which is associated with a rise
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in the standard deviation of the investment-specific technological shock and a decline in
the persistence of this shock. Also interestingly, the three parameters that are absent in
the ICK model (habit persistence, and partial indexation of prices and wages) decrease as
well. Moreover, the degree of wages rigidity declines substantially, while the persistence

and the standard deviation of the wage mark-up shock increase slightly.

The key difference between the estimates of the FI and ICK models is a relevant
increase in the standard deviation of the investment and wage mark-up shocks, which is
especially prominent in the estimation of the ICK model using the complete dataset. This
increase seems to be related to a relative decline in the investment adjustment cost and
the wages rigidity parameters in the ICK model. Moreover, the parameter controlling the
monetary response to inflation falls, particularly in the dataset with macroeconomic data
only. Finally, the persistence parameters of the preference, price-markup and monetary
shocks also suffer modest changes. Importantly, most of the differences between the FI and
ICK models are more pronounced when the models are estimated with macroeconomic

data only.

The changes in the noise-to-signal ratios across datasets reveal the relevance of
including expectation data for identifying the degree of informational rigidity in the ICK
model. When the ICK model is estimated with the complete dataset including expectation
data (our preferred specification), noise-to-signal ratios are highest for the monetary and

wage mark-up shocks. Noise-to-signal ratio for the preference shock is the smallest one.

Having discussed the posterior estimates, we can explain better how we choose the
frictions that are shut off in the ICK model. We decided to remove habit in consumption
and partial indexation of prices and wages to past inflation in the ICK model, because
our quantitative exercises showed that our informational friction is able to substitute for
those three frictions. On the other hand, we kept investment adjustment costs given the
importance conferred to this friction by the data, evidenced by the high estimated level for
the parameter controlling this friction. We also maintained the smoothing in the Taylor

rule, since it is consistent with the best estimates of monetary policy rules.!?

12 See for instance Clarida et al. (2000), Coibion and Gorodnichenko (2012b) and Carvalho et al. (2019).
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Table 2 — Posterior estimates

Macroeconomic data only

Macro and expectation data

FI model ICK model FI model ICK model

Mean 90% Interval Mean 90% Interval Mean 90% Interval Mean 90% Interval
Endogenous propagation parameters
s” 559 140 14.2 3.69 1.17 9.74 184 109 29.0 16.9 104 29.1
© 0.78 0.61 0.91 - - - 034 0.17 051 - - -
X 1.45 0.78 3.89 1.61 0.83 3.29 2.62 1.56 4.22 2.80 1.80 5.09
& o 086 0.76 0.92 0.67 0.55 0.78 0.77 0.64 0.86 0.78 0.70 0.86
& 058 0.04 0.83 0.10 0.01 0.39 0.12 0.01 0.42 0.07 0.00 0.29
Lp 0.15 0.01 0.53 - - - 0.03 0.00 0.13 - - -
tw 053 0.04 0.97 - - - 0.03 047 0.97 - - -
a” 044 017 0.94 0.33 0.11 0.94 0.55 0.26 1.05 045 0.18 0.92
¢, 0.07 0.01 0.16 0.26 0.09 0.46 0.05 0.01 0.10 0.04 0.01 0.08
O 2.39 1.59 3.32 1.22 1.05 2.05 2.16 1.70 2.84 1.94 1.60 2.51
¢, 082 0.70 0.90 0.68 0.53 0.85 0.69 0.53 0.79 0.69 0.59 0.77
Steady-state parameters
T 1.77  0.83 2.98 2.01 0.89 3.03 290 196 3.83 321 210 4.25
T 575  4.23 7.62 6.96 501 8.89 516 3.73 6.83 563 4.02 7.21
5 032 019 0.44 0.37 025 0.51 0.37 029 041 037 0.33 042
Structural shocks parameters
pa 093 081 0.99 0.96 0.85 0.99 0.90 0.83 0.96 093 0.87 0.99
pe 072 0.10 0.98 0.97 0.90 0.99 0.98 0.96 0.99 099 0.96 0.99
pg 097 094 0.98 0.98 0.95 0.99 0.97 095 0.98 097 095 0.99
Di 0.78 040 0.98 0.36 0.18 0.53 0.15 0.08 0.21 0.12 0.07 0.18
pp 094 083 0.99 0.75 0.60 0.99 0.83 054 0.91 0.88 0.84 0.91
pr 050 021 0.78 0.77 044 0.94 0.35 0.16 0.53 0.68 0.49 0.81
pw 046  0.06 0.97 0.86 0.66 0.97 0.79 0.59 0.89 0.72  0.53 0.82
o, 041 033 0.52 042 034 0.53 041 033 0.52 041 0.33 0.52
o. 0.09 0.03 0.27 0.10 0.04 0.22 0.03 0.02 0.05 0.06 0.04 0.12
o, 056 042 0.79 0.53 0.39 0.68 0.68 0.53 0.91 0.67 0.53 0.85
o; 0.75 0.47 1.26 2.53 1.26 4.04 1.08 1.37 1.77 1.87 1.35 2.70
o, 0.04 0.02 0.09 0.05 0.02 0.09 0.08 0.04 0.16 0.11  0.09 0.20
oy 0.14 0.11 0.19 0.14 0.11 0.18 0.19 0.14 0.31 0.15 0.12 0.19
ow 0.41  0.34 0.71 055 0.34 1.53 0.52 040 0.69 1.62  0.79 5.62
Notise-to-signal ratios
T - - - 0.28 0.01 1.25 - - - 0.93 0.68 1.14
re - - - 093 027 1.68 - - - 0.10 0.00 0.37
re - - - 1.04 0.24 2.04 - - - 0.76 035 1.25
r; - - - 0.64 0.05 1.03 - - - 0.37 0.07 0.64
rp - - - 0.29 0.01 1.77 - - - 1.08 0.49 1.74
T - - - 3.66 1.81 7.00 - - - 1.85 1.22 2.80
Tw - - - 0.38 0.01 1.67 - - - 1.50  0.73 3.73
Measurement errors variances
Oy - - - - - 0.06 0.04 0.10 0.04 0.03 0.07
one - - - - - - 0.37 0.24 0.63 0.04 0.02 0.06
ope - - - - - - 0.88 054 1.51 0.83 0.53 1.34
ore - - - - - - 0.26 0.15 0.46 0.83 0.53 1.34
ome - - - - - - 0.18 0.10 0.33 0.15 0.09 0.28

r

Note

: The entries with “-” refer to parameters that are set to zero.
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5 Quantitative results

In this section, we compare the fit of the FI and ICK models to data. First, we
compute the marginal likelihoods of each model for both datasets. This exercise reveals
the ability of the informational friction to replace the reduced-form frictions widely used
by the macroeconomic literature. Second, I contrast the ability of each model to match the
entire structure of sample second moments. This latter exercise is useful to understanding
the forces driving the differences in marginal likelihoods. Then, we contrast the impulse

response functions (IRFs) of both models.

5.1 Marginal likelihood

Bayesian techniques are particularly well-suited to evaluate the empirical fit of
each model by computing its marginal likelihood, the probability of observed data given a

certain model.

Formally, the marginal likelihood of a model M,,, given a dataset )}, is the

following

PSIMu) = [P35 Mo 00)p(O | Min)dO,

where ©,, denotes the vector of parameters, p();|M,,, ©,,) is the likelihood of model m
and p(©,,|M,,) is the prior distribution of the model.

To compare the fit to expectation data of both models, we follow Del Negro and
Eusepi (2011) and compute the conditional marginal likelihood. Consider that Y = {Jy, V1 },
where ), and ), denote the macroeconomic and expectation data, respectively. The

conditional marginal likelihood is given by

PIVIVo Ma) = [ D10, Min, ©)p(Orn| Yo, Min) O

p(Y| Vo, M) measures how well the model m explain the dataset ), conditional
on the data ). In other words, it measures how well the model fits the remaining data
V1, provided that the model is estimated using information from both datasets )}, and
V:. Using the Bayes rule, Del Negro and Eusepi (2011) shows that such object can
be computed by simply taking the following difference of the (log) marginal likelihoods:
(V| Vo, M) = p(V M) —p(Vol, M.). One alternative would be to compute the marginal
likelihood only in the expectation data Y;. However, it is unlikely that only the expectation

data provides sufficient information for estimating all parameters accurately.
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Table 3 shows the logarithm of the marginal likelihood for each model and dataset.
When comparing the marginal likelihood of both models for the dataset containing only
macroeconomic data, we find a difference of 2.5 log points in favor of the ICK model. Thus,
we have evidences that the ICK model can explain the macroeconomic data as well as
the FI model. For the dataset including expectation data, the difference in favor of the
ICK model increases considerably to 140.4 log points. The third column of Table 3 also
shows a robust advantage for the ICK model. This result provides strong evidences that a
model with informational frictions instead of the standard reduced-form frictions used to

generate inertia in DSGE models can explain much better the expectation data.

Table 3 — Marginal likelihoods

Macroeconomic Macroeconomic and

data only (0)  expectation data (1) Difference (1) - (0)

FT model -942.7 -1,473.5 -530.8
ICK model -940.1 -1,333.1 -393.0
Difference (ICK - FI) 2.6 140.4 137.8

Importantly, the finding that a model featuring informational frictions can fit
the macroeconomic data as well as the mainstream full-information model and explain
substantially better the expectation data, one of the key results of this paper, is novel
compared to Del Negro and Eusepi (2011)’s conclusions. They find that the traditional
full-information model has a higher marginal likelihood than a model with informational
frictions, both when the models are estimated using macroeconomic data only and when

they are estimated under a dataset including expectation data.

The distinct conclusions of our study and theirs may be explained by the form
that each paper models the informational friction and by the different datasets they use.
Indeed, in Del Negro and Eusepi (2011)’s model, the informational rigidity affects only
firms, who have imperfect but common knowledge about a monetary and a inflation target
shock. Moreover, Del Negro and Eusepi (2011) use data on inflation expectations only,

while we use a broad set of time series of average forecast errors.

5.2 Second moments

We compare now the second moments of the observable variables generated by the
models, such as standard deviations and the correlation structure, to the same statistics
observed in the data. This exercise sheds light on the reasons for which the marginal
likelihood indicate that the ICK model fits the data significantly better than the FI model.
To perform this analysis, each model is simulated for the same number of periods of
the data a thousand times. For each simulation, we compute the second moments of the

variables.
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Table 4 reports the standard deviations of the twelve observable variables, in
relative terms to the standard deviation of output growth. For each model and dataset,
we report the average relative standard deviation and its 90% confidence intervals that

account for both parameter and small-sample uncertainty.

Table 4 — Relative standard deviations

Macroeconomic data only

Macro and expectation data

Data  FI model ICK model FI model ICK model
Output growth 1.00 1.00 1.00 1.00 1.00
. 1.07 1.13 0.56 1.42

Consumption growth — 0.82 5 765 5o [0.68; 1.41] [0.37;0.85] [0.58; 3.80]
2.55 2.15 2.93 2.33

Investment growth = 5.05 1o o). 3 15 [1.81;4.31] [2.24; 3.65] [1.30;4.61]
0.76 0.73 0.67 0.78

Real wages growth 138 g 500 971 [0.39:1.46) [0.43; 1.48] [0.44; 1.30]
2.60 8.32 4.14 13.04

Hours worked 060 138531 [2.95:18.76] [2.08: 7.29] [3.30; 34.39]
. 1.52 6.21 1.17 8.08

Inflation rate LB 5264 [312:13.81] [1.00; 2.15] [2.10; 21.4]
. 2.30 9.12 1.73 12.04

Nominal interest rate 4.26 ) 54y o6 [3.82:23.31] [1.46; 3.19] [3.74; 25.21]
Forecast error of 0.90 0.92 0.71 0.80 0.75

output growth Y 0.82;1.04) [0.32; 1.26] [0.22; 1.01] 0.37;1.51]
Forecast error of 0.75 0.97 1.04 0.39 1.14

consumption growth ' [0.70;1.38] [0.36;2.65] [0.12;0.57] [0.40;2.91]
Forecast error of 450 2.40 1.07 2.20 1.20

investment growth ' [1.90;2.93] [0.52;2.80] [1.08; 2.80] [0.62; 2.306]
Forecast error of 134 1.04 1.21 0.57 1.03

inflation rate % [0.80;1.26] [0.42; 1.31] [0.16; 0.80] 0.51;2.39]
Forecast error of 0.99 0.82 0.76 0.38 0.95

nominal interest rate [0.58;1.18] [0.53;1.02] [0.25; 0.57] [0.37;2.07]

Note: Numbers in brackets correspond to 90% confidence intervals.

Considering first the models that are estimated using only data on macroeconomic
aggregates, we observe that, overall, the FI model has a better match with standard
deviations, even those of forecast errors, compared to the ICK model. When the models are
estimated using the complete dataset, the ICK model has an edge in fitting the volatility
levels of forecast errors, but no model has a clear advantage in fitting the volatility of

macroeconomic variables.

Comparing the standard deviations of the FI model across datasets, we see that
the inclusion of expectation data seems to deteriorate the fit of the FI model to both
macroeconomic and expectation variables. This may be a force explaining why the dis-
advantage of the FI model in fitting the data (based on the marginal likelihood criteria)
worsens when we add expectation data. On the other hand, the match of the ICK model

to volatility levels improve slightly when we estimate it using the complete dataset.
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Analyzing all models estimated with both datasets, it is hard to point the model
that fits standard deviations best. Yet, there is some evidence that the FI model, especially
when estimated using macroeconomic data only, delivers better estimates for the standard
deviation of macroeconomic data. Also interestingly, no model has a clear edge in matching
the volatility of forecast errors. Hence, the superiority of the ICK model suggested by
the comparison of marginal likelihoods seems to be explained by a successful match of

moments of the data other than standard deviations.

Indeed, a likelihood-based estimation tries to match not only standard deviations
but also the autocorrelation functions (ACFs) and cross-correlations of the data, as
discussed by An and Schorfheide (2007). These moments are computed for a selected
subset of the data, namely: output growth, consumption growth, investment growth, hours
worked, inflation, nominal interest rate, and forecast errors of output growth, inflation and
interest rates. Figure 1 displays these other moments, for the selected data (black line),
the mean average of the ICK model (red line) and the mean average of the FI model (blue

line), based on the posterior estimates under the complete dataset.

Focus first on the upper-left 6-by-6 block of graphs, which includes the macroe-
conomic variables. On the diagonal, a first aspect that we can observe is that the ICK
model features higher persistence than the FI model. This allows the ICK model to match
with greater success the ACFs of hours worked, inflation and interest rates, but hinders
the match of the autocorrelations of output, consumption and investment growth rates. In
terms of cross-correlations of the macroeconomic variables, the FI model fits better these

moments compared to the ICK model.

Aim attention now at the bottom-right 3-by-3 block of graphs, respective to the
selected expectation variables. A first feature that arises clearly is that only the ICK model
can generate serial correlation in forecast errors, an important characteristic of expectation
data. The ICK model also matches better the cross-correlations of expectation variables,

both in level and their serial evolution.

The remaining graphs correspond to cross-correlations between macroeconomic
variables and forecast errors. For this group, the ICK model explains somewhat better

these moments.

In a nutshell, there is some evidence that the ICK model fits better the second
moments of expectation data, including the cross-correlations of macroeconomic aggregates
and forecast errors, while the FI model has an advantage in matching the second moments

of macroeconomic variables.
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5.3 Impulse response functions

In this section, we compare the impulse response functions (IRFs) of the ICK
and FI models. The quantitative macroeconomic literature argues that the traditional FI
model can reproduce the IRFs from VAR evidence. Therefore, it is a good benchmark to
assess the ability of the ICK model to emulate the dynamics properties of macroeconomic

variables.

To highlight the effect of informational frictions on the dynamic properties of the
model, we also compute the IRFs of a FI model with the mean of posterior estimates of the
ICK model. In other words, it is a full-information model without the three reduced-form
frictions. Hence, the differences between the FI model without the “bells and whistles”
and the ICK model captures solely the role of informational frictions (given that all other
parameters are equal). The comparison between the workhorse FI model and the one
without the reduced-form frictions does not provide much information, because their
differences reflect not only the role of the standard frictions employed by the literature to

generate inertia in DSGE models, but also disparate estimates for the common parameters.

Figure 2 depicts the IRFs for the TFP shock. The blue and red, solid and dotted
lines, refer to the mean and 90% interval for the FI and ICK models, respectively. The
solid red line refers to the FI model without the bells and whistles. As discussed above, the
differences between the solid red and black lines reflect exclusively the role of informational
frictions on driving the dynamics of the model. The last graph of the figure shows the
evolution of the shock after a 1% shock and of the higher-order beliefs about it, up to the
third order (“o”, “A” and “00” markers refer to the dynamics of first, second and third

orders, respectively).

The similarity in the dynamics of the FI model (blue line) and the ICK model (red
line) is noticeable, but their impulse responses feature some key differences. First, the IRFs
to a productivity shock of the ICK model are more persistent than those of the FI model,
as they take longer to return to steady state. Second, the impulse responses of inflation and
nominal interest rate in the ICK model are statistically insignificant after some quarters,
while they converge monotonically to steady state in the FI model. Third, only the ICK
model can generate persistent forecast errors, an important aspect of expectation data.
This persistence is more pronounced for the forecast error of output growth, while it is
mild for the forecast errors of inflation and nominal interest, given a low estimated impact

of a productivity shock on these variables.

The comparison between the ICK model (red line) and the FI model at the posterior
mean of the ICK model (black line) reveals that the differences discussed above are mostly
driven by the informational friction, rather than by the removal of the reduced-form

frictions or distinct parameters estimates. Finally, the last graph unveils the learning
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Figure 2 — Impulse responses to productivity shock
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process about the productivity shock under imperfect and dispersed information. Agents
underestimate the actual magnitude of the shock on impact, and they take about eight
quarters to learn about it on first-order average; higher-order expectations about the shock
process take longer to converge to the true path. The sluggish learning process explains
why the ICK model can reproduce the inertia and persistence observed in the mainstream

FI model even in the absence of the usual reduced-form frictions.

Figure 3 shows the impulse responses to a monetary policy shock. Again, the
IRFs of the ICK and FI models are very similar, but the ones of the ICK model are
more persistent. The similarity of the IRF of nominal interest is particularly remarkable.
Interestingly, some IRFs of the ICK model, such as those for output, inflation and nominal
interest rates, display a hump-shaped pattern, in contrast with the FI counterpart, which
has monotonic impulse responses. Once more, the impulse responses of forecast errors to a
monetary shock are autocorrelated. The IRF of the forecast error of inflation takes about
two years to return to steady state, while the IRFs of the forecast errors of output growth

and nominal interest rate take roughly one year to do so.

The distance between the red and black lines unfolds the importance of the
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Figure 3 — Impulse responses to monetary shock
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informational friction to replicate the dynamics of the mainstream full-information model.
Indeed, the introduction of imperfect common knowledge attenuates the initial impact of
the shock on macroeconomic variables and induces the hump-shaped pattern distinct from
the FI model. We deduce from the last panel that these pattern are mainly driven by the

learning process, which feature these same dynamic properties.

The impulse response functions associated with the remaining exogenous shocks are
displayed in Appendix F. For some shocks, the IRFs of the FI and ICK models differs in a
statistically significant way. This is somewhat expected, given that information frictions
are not the same for all shocks and the excluded parameters affect the impulse responses
to some shocks more than others. For instance, the impulse responses to a preference shock
of the ICK model are not able to replicate the persistence of the ones of the FI model with

habit formation, given the low estimated level for the noise-to-signal ratio for this shock.
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6 Conclusion

This paper provides evidence that an informational friction in the form of imperfect
common knowledge (ICK) can play the same quantitative role of many of the reduced-form
frictions embedded in the mainstream medium-scale DSGE model to generate degrees of
persistence and inertia in line with those observed in the data. We find that a DSGE model
featuring imperfect and dispersed information but without habit formation in consumption
and partial indexation of prices and wages to past inflation (the ICK model) explains the
macroeconomic data as well as the traditional full-information DSGE model with all the
more ad-hoc forms of sluggish adjustment (the FI model). Moreover, the ICK model fits
the expectation data substantially better compared to the FI model. We show that this
result is driven by an edge of the ICK model in matching the cross-correlation structure of
expectation data, while the FI model does a poor job on this front. We also show that the
ICK model generates similar impulse response functions for macroeconomic variables to
those of the FI model. Yet, only the ICK model produces autocorrelated impulse responses

for forecast error variables, a key feature of expectation data.

We also find that the results of the mainstream full-information model, especially
its success in explaining macroeconomic data, are not robust to the inclusion of expectation
data. Precisely, we show that the FI model estimated with the dataset including data on
forecast errors fits the macroeconomic data worse than the same model estimated only
with information from macroeconomic variables. Moreover, the estimates of some key
parameters, such as the wage stickiness and investment adjustment cost parameters, change
significantly under an estimation including data on forecast errors. We argue that this is a
crucial drawback of full-information models, given the the central role of expectations in

macroeconomic theory.

A natural extension for our work is evaluating whether the introduction a model
featuring imperfect and common knowledge ICK is able to reduce the number of exogenous
shocks driving the economy without worsening the fit of the model to the data. Some
of the shocks embedded in mainstream DSGE models have debatable microfoundation,
hence reducing the dimensionality of the vector of structural shocks would gives us more
parsimonious and better microfounded DSGE models to study business cycles. Moreover,
embedding a richer informational structure (with public endogenous and exogenous signals
for instance) to our model may improve its performance in explaining business cycles
patterns. In conclusion, we see an open venue for exploring the quantitative potential of

DSGE models with informational frictions.
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APPENDIX A - Derivation and

Log-linearization of Households' Side

A.1 Euler Equation

We first detrend and log-linearize equations (34) and (35) in order to get the usual

Euler equation for consumption.

Detrending equation (34) we have

Ep; |em
Eht |:’)/tAh,tPt:| = Ch,t/fyt o Sp}éh[,t—l]/(’y . fyt—l)
= Ep [f\h,t] S {entc}

éh,t - SD/VOh,t—l

We log-linearize the equation above

) Epleta]
Ap(1 4 En[Ang] =1+ =
n( nt[An.t] Chll — /v + che — p/veni-1]

Using the steady-state result A, = {C*h (1— gp/fy)} ' we find

(1+ B[] (1 - S‘)chﬂ) - (1 - *") (1+ By [1))
v Y Y

Rearranging terms

o/ 1

Eht[)‘h,t] = mch,t—l - m

Chyt + Ene 0] (A1)

The detrended version of (35) is

P,
Ehth/tAh,tPt] = EEht lVHlAh,tHPthRt]
Y Py
B

" " R
= Eht[Ah,t] = —FEp [Ah,tﬂt ]
v 4

We now log-linearize the equation above

_ BR

Ap(1+ Ep[Any]) = ;ﬁ]\hEht 14+ A1 + 7 — ]
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Using the steady-state result that II/R = 3/ and rearranging terms

Ent[ Al = Ene[Anpr1 + 1o — mepa] (A.2)

Substituting (A.1) into (A.2) implies

1
1 f/g/vch’t‘l ~ Ty O M Bulmd o+ B ] = m— Bwelm]+

/v 1 .
Eny 1_ SO/VCM - mCh,t-&-l + i1 — Epg|mina] + Ene {ntﬂ} 47— 7Tt+1]

Rearranging terms

o/ 1 1—p/y 1—p/y
= _ E — E — — Ew 05 —nf
Cht = 11 gOMCh,t 1+ 1+ 0/7 he[Ch 1] 1+ o/ here — ] 1+ o/ ht {7775+1 77,5}
Using the result ¢;,; = ¢; for all h and integrating over h, we get
0/ 1 (1) 1—o/v -0 L—@/v (1) [ e .
= _ E - —TF — S Ry &) —
Ct 1+ 90/7@ 1+ 1+ 90/7 t [Ct-i-l] 1+ 90/7 t [T‘t 7Tt+1] 1+ go/’y t [nt+1 Ut}

(A.3)

A.2 Equilibrium condition for investment

We use equations (37) and (35) to get an equilibrium condition for investment.

Dividing each term of equation (37) by A, P, and using the definition @y, = it

Ap,e P
Ew [P/ P ] i ( ( Ing ) ,( Ing ) Ing )
— = =F e [1—-95 : ) : : +
P,/ P,y e [@uee”] D 1) Inas
15} i [ Ani In i1 ?
E A P, e+ S : :
Ah,tPt ht Qh,t+1 hit+14t41€ Ih,t ]h,t
We now detrend the variables to get
Ep [T ; I I I
wlll] _p (Qnie™] (1 -5 <7 ’“) _— <7 “) Tt ) +
IT, ]h,t—l Ih,t—l ]h,t—l
I Qh,t+1j\h,t+16n;+lsl <7 MH) (7 FHl)
7Ah,t [h,t Ih,t
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We now log-linearize the equation using the following approximations

A

In 4

—— 1ty —
hi—1
S (YL +ing —ine—1)) = S(y) +vS"(7) (ing — ing—1) =0

ST (Y(I + ingg1 —ing) = S (V) + S (V) Ginerr — ing) = 75" (Ingr1 — ing)

We will have

14 Eplmy] — me = Qh (1 + qnt + B [nzD (1 - 725”(%1: —dp—1) (1 +ipy — ih,t—l)) +
QnBY* (1= M) B [(1 4 M) (1 +140)8" (g — i) (14 ng — ine1)?]

We arrive to
Eny [7&] — M = (qpe + Epy [772] - ’723’/(ih,t - ih,t—l) + ﬁ’YQEht [S/I(ih,t+1 - ih,t)]

Rearranging terms, we get

1 1 .
iht = (Hﬁ) Uht—1 + (&) Eptlingt1] + (W) (Qh,t + Epy [ni] + 7 — Eht[ﬂ—t])

Using the result ¢, ; = %, and ¢, = ¢ for all h and integrating over h, we have

. 1 . 5 . 1 i
o= () e () 0t () (87 ool - 607
(A.5)

A.3 Asset pricing equation for capital stock

We start detrending equation (36) by dividing each term by Ay P, and using the
definition of @)y

One = ——Ene [Ansr (B sUniss — a(Unein))] + (1 = )~ Ene [@nesrhngn]
VAh,t 7Ah,t

We start log-linearizing using the following approximation

a(Unir1) = a(Uy) + d' (Up) (Uppr1 — Un) = R (Ui — 1) & RFup 41
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We now use the following steady-state results to simplify the expression: () = 1,
U=1and R* = d(U)

1+Qh,t:<1_(1_5)5
v

<(1_5)B> (1 —Mne) (1 + Eng [qhis1 + Angt1])

)00 (14 B s 18] +
v
Simplifying further gives us

Ghyt = (1 — (1_7(5)/6)) Ew [Tfﬂ} + (W) Entlgnis1] + Ene[Mngt1] — Any (A.6)

We may rewrite (A.2) as

Eht[>‘h,t+1] - >\h,t = Ep [Wt] — 1 — Epy [Tt - 7Tt+1]

Plugging the result above into (A.6) leads to

qh,t = (6(17_5)> Eht[Qh,t+1] + <1 - 5<17—5)> Eny [Tf_l,-l} - Eht[rt - 7Tt+1] - (7Tt - Eht[ﬂ't])

Integrating over h, we finally get

B(l—06 1 p(l—0o U [k 1 !
g = <(7)> /0 Enslanen]dh + (1 _ (7)> EWY [THJ ) [ oy (m — E| )[m])
(A7)

If we use the result that g, = ¢ for all h, we have instead

_ (BA=9)) pw CBA=9)N pwrk 7 g o O
qt—( . )E mw(l - )Et[m] Dy = mi] — (2 — BV )

A.4 Law of motion of capital

We first detrend equation (17) to get a log-linear version of the law of motion of

capital.

Ena/y' = (1= 0)Kni1 /(v + € (1= SUne/y' [ Tngr/(v- A1) Ina /A

. 1-0\ - I R
= Kpi = <> Kpi1+ et <1 -5 (’7 et ))) I,
v Iniq
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We now log-linearize the equation

~ 1-05\ - ‘
Kﬂl+km):<7)Kﬂl+km])+(L+¢M1—50ﬂ1+m¢—mtQ»hﬂ+¢m)

Using the steady-state result I;, = (1 — (1 — §)/7) K,

4 g = (1;5) (14 Fnan) + (L) (1= S (7(1+ e — ing 1) (1 - 1;5) (14 in)

1—6 1-6\ /. . o . ;
= kh,t = <7> k'hﬂg_l + (1 — /y) (Zh,t + ny — S (’Y(l + lht — Zhﬂg_l)) (1 + Uh,t + T]t))

We use the following approximation

S(v(I+ing —tng—1)) = S(v) + 15" (7) (ing — ing—1) =0

We find that

1§ 1-6\ /.
= () e (1229 s
g v

Integrating over h

1-0 1-6\,
= () ke (1) o s

A5 Capital utilization level

Based on equation (38), we obtain a log-linearized of the capital utilization function
by first dividing both sides of the equation by P,

P . P,
a/<Uh7t)Eht [P t ‘| = Eht [Rk ! ]
t—1

We now log-linearize each term and use the following approximation

CLI(U}M) ~ a’(Uh) + a”(Uh)(Uhyt — Uh) = Rk + CLHU}M
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This leads to

ﬁ(Rk + CL”Uh,t + RkEht [Wt]) = Rkﬁ<1 + Eht [Tf + 7Tt])
= Upp = (Rk/a”) Eni[rF]

Integrating over h, we have

= (R*/a") BV [rf]

A.6 Utilized capital level

Equation (19) becomes

Ki /7' = Uni Ky /(v 7")
= f(;f,t = Uh,tf(h,tq/’y

u
= khﬂg =Upys + kpi1

Integrating over h € [0, 1], we get
kzl = Ut + kt,1

A.7 Marginal cost of labor

From the definition of marginal cost of labor (40)

MRSy1/7" = L¥, (Cua/y' = #Chia /(7 -77)
M/\Rsh,t = L?«f,t (éh,t - (P/Véh,tfl)

(A.10)

We now log-linearize the variables and use the approximation (1 + {5 )X ~ 1+ xlp

MRS(1+ mrsp;) = LXC(1+ xlna) (1 + che — 0/7 — ©/VChi—1)

Using the fact that MRS = C(1 — ¢/v)LX | we get

(1 +mrspy) (1 — ‘P) =1- ¥ + <1 — SD) Xlht + Cht — fch,t—l
8 Y Y Y
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We rearrange terms to get

1
mrsp s = () <Ch,t — (pch,t—1> + Xln
1—@/y ot

We finally integrate over h to get

1
mrs; = (1_%0/7> (et —@/ve—1) + xls (A.11)

A.8 Resource constraint

The resource constrained is defined by equation (29) as follows

Y, =Ci+ I + a(U) Ky + Gy

Log-linearizing each term leads to

Y(14y)=Cl+c)+I(1+i)+ KRu +G(1+ g)

We use the steady-state result that Y = C' + I 4+ G and divide each side by Y to

simplify the expression above to
Yt = CyCt + iyit + Rkkyut + 9yt

where ¢, = C/Y i, =1/Y, K, = K/Y and g, = G/Y. We now derive a formula for g, by

noticing that government expenditures follow the rule below

G
7'5=gy+n§’¢gy(1+gt—yt)=9y+nf:>
t
g
gt—yt—f—n*t
Gy

Plugging the result above into the log-linearized version of the resource constraint

implies

Yt

1 (C I. R'K
Y Y
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APPENDIX B - Derivation of Firms' Side

B.1 Cost minimization problem

min  Ey [WiLi, + RfKiy| —7'®,

{Kit,Lie}
s.b. Yig = AKS LT,
where A, follows
log(A) = palog(Ai-1) +&f (B.1)

Lagrangean:

{K{S}E,t} L= Ei [WtLi:t + RfKi,t - 'th)p + it [Yz‘,t - AtKﬁthl;a”
FOC:
Eit [Yi4]
Liy

By [Wi] = (1 — a)puig

Ei [Yid]
Kiy

Eit [Rf } = CQllit

Dividing one FOC by another:
Ei [Wt] . 11—« Ki,t
Ei [Rf} «Q Li,t

(B.2)

substituting into the production function and solving for K, and Lz,t as a function
of }/;71/:

(o B 1—a B[R] vi,
Yii=A Ly = Ly = :
ot ! _1 — Eit |:Rf:| | ot K [ (0% E’it [Wt] At
B Ey - L | A R o L N 77
it — 4t _ N Ezt [Wt] | 7,0 it — 1—a Eit [Rf] At
Substituting both into the total cost:
l—« Eit [Rf] * (0% E't [Wt] Y’t
C(Yiy) = |W, ; : A
( ,t) t [ o Eit I:Wt] t 1 —a Eit |:R§“:| At t*p

[ (1— )W, By [RE] + aREE, W]

1—

[ao(1— o)l By Wi By [RE]

Yis
;_A(I)
A, Lep




APPENDIX B. Derivation of Firms’ Side 58

Marginal cost:

(1 — 0)WiEy [RE| + aRFE, W] | 1
at(l - a)\-e By [Wi]* By [RE] "] A

MCi,t = C/(Y;"t> ==

B.2 Price index

The price index is given by

R R
P = [/ Pd]
0

The firms that do not optimize, follow the indexation rule given by
X, =107 It

where ¢, € [0, 1].

Observe that
- 1 1 1
B —/ tut di = / (XePii-1) ”fdi—k/ (Pry) " di
&p '

1 L
—ox T [ - [P
= gp(XtPt—l) Ht +(1 gp)(Pt*)iﬁ
where the last equality uses the definition of P, in period t — 1 and uses the definition of
_ 1 —Hy
aggregate optimal price given by P} = { fol(P:t) “e di] )

L

Dividing both sides by P,:_‘{i) and using the definition of I1; and Xj:

L 1

M7 — g (T, ) 4 (1—g,) (By) (B.4)

where P/ = g+
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B.3 Optimal price

max i ggEit [At,tﬂ (P:tXt,tJrsY;%slt - C(Yt+s\t)”

{Pi*,t} s=0
1+>‘p,t+s
P* Xt t+8> Ap,tts
S t Y sle = 1/7t77 s
t4s|t < P t+
. jzl(Hi’;jflﬁl_LP), for s > 1
tt+s —
1, for s =0
Aits U(Ciys) P
At,t+s = BS an - 5 7( as ) !
/\t uC(Ot) Pt-f—s
where Y}, denote the output from period ¢ + s given that the last price update was done
in period ¢.
FOC:
- S i 1 + )\ S * Y S 1 + >\ S Y S
prEit Atpys (Xt,t+sYt+s|t - <pt+> Pi’tXt,t+sL*|t + C’(Y;H‘t) ( pt+ ) t+* |t
5=0 L )‘p,t+s Pi,t )‘p,t+s Pi,t
SSN— Xiirs T4+ Xpras\ MCis
Y B | MrirsYigspt (_)\t,t+ + ( ) s > P*’t+ )] =0 (B.5)
s=0 L Dyt+s D,t+s it
> o Xy tas S L+ Xpigs Y MCipps
> & Ey At,t+sY2+s\t/\t’t+ ] = &Ey [At,t+sn+st ( X s ) P*’t+ ] (B.6)
5=0 L Dt+s 5=0 D,t+s it

B.4 Wage-setting problem

min  —FEj, [i(ﬁ&u)sv (Lh7t+slt)]

{W;;,t} s=0
I+, t4s

* w - ..
I B Wh,tXt,t+s Fa t+s
St Lpgyse = W t4s
t+s

Pt sChits + PpsInirs + Bhigs + Prps@(Unpis) Knprs—1 + Qtrs1,6Ant+s
= Riys—1Bhits—1 + WhiysLn st + Rf+sUh,t+sKh,t+s—1 + PrysApiys—1 + Thits
Wh7t+s = ng]t—‘rSW}::t
(yII—tw)s i (H,ﬁ:’;j_l) if s>1
if s=0.

Xp,, =

tt+s

where Y}, denote the output from period ¢ + s given that the last price update was done

in period ¢.

-
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The Lagrangean of this problem is given by
L= Z(ﬁfw)sEht [V (Lh,t+s|t> + Ap s (RtJrsleh,tJrsfl + thﬁ5+sW;Lk7tLh,t+s\t + Rf+5Uh,t+sKh,tfl+
s=0

Pt+sAh,t+sfl + Th,tJrs - Pt+sCh,t+s - Pt+s[h,t+s - Bh,t+s - Pt+sa(Uh,t+s)Kh,t+sfl - Qt+s+1,tAh,t+s)]

Note that the Lagrangean multiplier of this problem is equal to the marginal utility of

consumption, Ay 4.

The optimal condition for setting the wage of differentiated labor, Wy, is

- s w 1 + lu’w S w 1 + :uw S L sUTS8
0= Z(ﬁ&ﬂ) Eht l(Ah,t+s <Xt7t+sLh,t+s|t - w as Lh,t+s|tXt,t+s> + w L V/ (Lh,t+s) hti :
s=0 t+s Hits Wiy

0 X¥ 14+ pf V! (Lh t+s)
0= (5€w)8Eh [Lh, s Ah, s ( tlf—’—s + w tts . *
52:%) ' rrlE Hits Hits Ah,t+sWh7t

Using the FOC from households’ problem and the definition of the rate of marginal

substitution between labor and consumption, one can see that

V' (Lngalt)

A, = Ly 11t (Chs = 0/1Cntr5-1) B s [Prvs]
,t+s

= MRSh,t+S|tEh,t+s[Pt+s]‘

Thus, the wage-setting equation can be written as

o0 Xp] & . L+ ul s MRSy i st Eniis[Prrs
S (BEw) Ent | LigratMnasa —2 | = 57 (8w)" Ent | Litspp Mgy s— ot ilas 'fj’”[ b
s=0 t+s s=0 t+s Wh,t

(B.7)

B.5 Labor packers

There is a continuum of households indexed by h € [0, 1] who supplies differentiated
labor services that are imperfect substitute for other households’ labor services. As in
Erceg et al. (2000), it is assumed that there are “employment agencies” that combines

households’ labor supply using the following aggregator

L = ( / Lo dh) , (B.8)
O b

where pf’ denote the agency’s wage mark-up such that log(1 + py’) = log(1 + pi” 1) + 1y’

In turn, ;" follows the process

n = puny er, el ~N(0,02). (B.9)

Agencies pay for each household & their wage, W}, ;, and sell a homogeneous labor

service to intermediate firms at a cost, W;. Therefore, they maximize profits

1
W,L; — /0 Wi Lndh (B.10)
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subject to (11). Thus, the demand labor for each household h is given by

14p’
Wht T
Lpy = ( : ) Ly, B.11
ot W, ' (B.11)
_ 1 —py
where W; = fol (Whe) " dh is the nominal wage index. Given the optimal prices

and the indexation rule, the price level has the following law of motion

1 17 My

W= [0 (M, W) T 4 (L= )W) 7| (B.12)

where W} = [ Wi dh
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APPENDIX C - Log-linearization of the
Firms' Side

Denote z; = log(X;) — log(X). We are using the Uhlig’s method of linearization

for most of equations.

C.1 Marginal cost
Equation (B.2)

EalW) _1-—akKiy  EWyP) 1-aky I W] 1-ak,

Ey |RY] a Ly~ Ey|R}/P] o Ly E, [R] o Ly

W Ei [ l—aK ,
. = —e

it —li e

EEit [fo } a L
Ei :€wt_

k: — A

L kit —li¢
Ei eft

where last equality uses the same equation in the steady-state.
Log-linearizing each term:
Ey [1 4+ ]
i |1+ 7]
L+ i [iby] = (14 kiy — Lie) (1 + Eq [7f])
By [y] = kiy — lig + Ey [fﬂ

=14 kit —lis

where last equality uses the fact that z,, = 0 for any pair log-deviation from steady-state,

(9575, Yt)-
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Marginal cost (equation B.3)

Ve (1 — Oé)WtEit {Rﬂ + OéRfEit [Wt] 1
it — —a
ac (1 — a)i=eE, [W))" Ey [RE] " | 4
sicy - | /BB [RE/P] + a(RE/P)Ey [W/P)| 1
it/ 4t = o 1T—a e
(1 — a)i=2 By, [W,/P)" Ey |Rf/ P Ay
Vi (1— )W, Ey [ﬁﬂ + aRFEy, [VAVJ 1
it — N A —a| 7p
a*(l —a)l=*Ey {Wt} Ei [Rzﬂl A
_ -(1 — &)ﬁ/ékemp(wt + By [fﬂ) + aﬁ/ékexp(ff + By [Wy]) 1
MCexp(me;,) = —
(1 — ) =eWe( R -eexp(a by [iy] + (1 — ) By [7F]) exp(ay)
(1 — a)exp(iy + By {fﬂ) + aexp(Fy + Ey [iy))
exp(mey + a) = - —
I exp(aEy (] + (1 — o) E; [rt})

Vf/lfoc(ék)a
a®(l—a)l-«

where last equality uses that MC =
Log-linearizing each term:
(1= @)1+ by + By [7f]) + a(1+ 7 + By [in])
1+ By [ih] + (1 = a) Ey |7F]
(1+meig + an)(1+ aBy [] + (1 — ) By [7F]) = (1= @)(1+ 1y + By [7F]) + (1 + 7§ + Ey [iby])

14+mei +ar =

L+ meiy + ap + aBy [in] + (1= a) By [/F] = (1= a)(1+ @ + Ey [#F]) + a(1+ 7 + Ey [iy])
me;y = (1 — )y + aff — ay

Note that mec;+ does not depend on ¢. It comes from the fact that the production function

has constant returns to scale and, as it turns out, the heterogeneity of expectation does

not play an role in the cost minimization problem up to the first order approximation.

Thus, we can simply drop the ¢ such that

me; = (1 — a)iy, + aff — a,

C.2 Production function of intermediate producers

Production function (5):

11—«

Yii = 677?Kioft (’Vth‘,t) - ’th)p

We first detrend the variables to get

A

oMl
Yie =€ K, L P

p
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We move the term ®, to the left-hand side of the equation and log-linearize it as

follows
log(Yi,t +d,) — log(}_/;- +O,) =n"+aki;+ (1 — )l

We may rearrange the left-hand side of the expression above to get
log(Yis + ®,) — log(Y; + @,) i
Og\ I — log{ 1 =5 i
g\t p g P Y+ <I>py it

We conclude that

i+ o,
Vit =~ E(nf + akig + (1 — a)liy)

%

Integrating over i, we finaly get
Y+

S (0 + ok + (1= a)h) (C.1)

Yt =

C.3 Price index

Price index (equation B.4) requires a different log-linearization rule. Consider

X; =Y. Then, z; = Z(log(Y)z + y;) Applying this to equation (B.4):
_ L 1 R 7%7
I " =& (T, 1) W+ (1= g) (Br)
1 = 1 — 1 r Ak
S (togl + ) = & (- (~tog (T4 + 1)) = (1= 6 (~loa(Tyd +50).
P 4

P

which rearranging leads to

Ty = Spbpﬂ-t—l + (1 - Sp)ﬁ;fk (62)

C.4 Optimal price

Optimal price (equation B.6):

1+ )\p,t+s> MOZ',H-S]
)‘p,t+s P:t
1+ )\p,tJrS) MCiys Py Pt+s‘|
Pis Py P
1+ >\p,t+s> Mci,tJrsHtfl,z‘%s
P,

[ee) X s T [ee) . B
Z gzs;Ezt At s Yepslt~—— SR = Z épEit AvirsYigsr (
s=0 i s=0 L

o) Xt it 7 o) B

s S s
E :ngzt At t+sYt+s|t = E ngit At,t+sYt+s|t
=0 J 5=0 L )\p»t+5

)\p,tJrs

[e] X s- o] . i
Z 5;Ezt At t+sYt+s|t M = Z ngit At,t-i—sY;‘,+s\t (
s=0 s=0

_ Pys _ s Dx __ D% . . D
where ;1445 = 57 = 35y and Py = Py /Py If we stationarize Py, by P, we

wouldn’t be able to take it as known by firms, since P; is unknown. Thus, we proceed

dividing by P,_;.
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The equation above can be rewritten as

S &,
s=0

> &Eu
s=0

> & B
s=0 L

> &
s=0 L

Xirrs] &, 14 Apras N MCipysIliy 4y
At,t—i-sYt—&-s\t/\tf: 1 = prEﬁ, At prsYiis)t ( \ tiH ) t}* L ]
L pit+s 5=0 pitts it
i Xy S . s 1+)‘, S MCZ, SH—l, s
At,t+sYt+s\t/\t: ] = — prEit At pysYers)e ( \ ::Jr ) t}* e ]
L pit+s 5=0 pot+s it
ALY X, .
3 exrp <)\t,t+s + Ytts|t + Ttprs — Ap,t-i—s)] =
P
ALV (1 4 M) MOTH i

X A Ak \
Wi exrp ()\t,tJrs + Yrtst T Tears T Aptts — Aptrs T MCiprs + Ti144s — Dy
P

where A, = log(1?) — log(\,) ~ log(1 4 u?) — log(1 + A,).

Note in the steady-state A, = (é)s, X, = [T5-, () = I1* and MC = 1/(1+ \,).

Thus, the equation above can be written as

i(ﬂgp)sEit {ea:p ()\t,tJrs T Yits|t + Teprs — 5‘p,t+s)} =
s=0

Z(ﬁ@)sEit {exp (/\t,t+s + Yigslt + MCitrs + Ty1,p4s — ﬁ:,t)}
s=0

Loglinearizing leads to:

o0

> (BE)”

s=0

o0

> (B&)°E

s=0
Diy
1— ng

[e.9]

Ey [1 + Atrs T Yesle + Toprs — 5\p,t+s] = Z(Bép)sEit[l + Atyits T Yislt T 1MC; 14

s=0

Ak
+ M1 t4s — pi,t]

oo

it [l‘t,t+s - )‘p,t-l—s} = (B&)°Ex {mci,t+s T Me—t,4s — ﬁf,t}
=0

oo ’ ~

Z(ﬁfp)sEz‘t [mci,t+s + T 145 — Teprs + Ap,t—i—s}

s=0
o

piy = (1—B&) Z(ﬂgp)sEit {mci,ﬂrs T T—1t4s — Tttts T S\p,tJrs}

s=0

Note that for s > 1 we have that

s

Xeprs =] (H;Z-j—lﬁlﬂp)

j=1
ﬁsemp(zt,wrs) = ﬁsezp (Lp Zs:l 7Tt+j—1)
j=
Log-linearizing we find that:
Ttys = bp 28: Ttj5—1 (C.3)

Jj=1
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and z;; = 0 by the definition of X;,;s. Analogously, we have that
Tt—1,t+s — ZWHJ‘
3=0

Using equations (C.3-C.4) and the fact that the marginal cost does not depend on

1, the optimal price is given by

ﬁZt = (1 - 8&) Z(ﬁgp)sEit MCyys + Z Te+j — tp Z Tj—1 + S‘Y”HSI
s=0 Jj=0 J=1

Now we use the usual trick to rewrite p;, recursively.

ﬁ;'k,t = (1 - 8&) Z(ﬂgp)sEit MCyys + Z Terj — bp Z Titj—1 + Xp»*/*s]
s=0 j=0 Jj=1

=(1—p¢,)Ex [mct + m + S\N}

+(1-3¢) Z(ﬁfp)sEit MCtys + Z Tirj — lp Z Titj—1 T S\p,t-i-.s]
s=1 =0 j=1

= (1 — ﬂgp)E'Lt [TﬁCt -+ T+ S\p,t}
[e'e) s+1 s+1 5

+ (1 - ng) Z(ﬁfp)sHEit mci,t+s+1 + Z Ti4j — lp Z Titj—1 + /\p,t+s+1
s=0 §=0 j=1

= (1 - &) Ei [mct + e + S\p,t}

o] [ s+1 s+1 N
+ (1 = B&,) 8% Z(ﬁgp)sEz‘t MC;j 4541 + T + Z T — bp (Wt + Z 7Tt+j—1) + Apitstl

5=0 j=1 =2

= (1 - B&)Ex [mct + T+ 5‘p,ti| + BE,(1 — 1) By [

+ (1 = B&) B Z(ﬁfp)sEz‘t MC; t 4541 T Z Tyj+r1 — Lp Z vy + ;\p,t+s+1]

s=0 i 5=0 j=1
where the second equality separate the s = 0 term from the summation and the third
redefines the summation counter as s = s — 1. The fourth equality separate the first term
from the summations inside the brackets, and the fifth redefines the summation counter

as j = 7 — 1 and solve the infinity sum for terms that do not depend on s.

Taking the expectation of the optimal price one-period ahead leads to

Ei [ﬁ;it+1] = (1 - 55;;) Z(ﬁgp)sE’it Ez',t—i—l mci,t-l—s—l—l + Z Ttrj+1 — Lp Z Mg + 5\p,1;+s+1”
s=0 i =0 j=1
= (1 - ﬁép) Z(Bﬁp)sEit mci,t+s+1 + Z Tt4j4+1 — Up Z Ty + 5\p,t+s+1]
5=0 i j=0 j=1

where uses the law of iterated expectations (LIE) (which hold for i-th expectation but not

for the average expectation). Thus, the optimal price can be written as

B = (1= BE)Ey [micy + M| + (1= 1,88 it [m] + & B [Blpnn]  (C4)

—_
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Finally, we need to aggregate the optimal price to find the NKPC. Aggregating p;,
leads to

B = (1= B&)EDY [mcr + M| + (1= 1,86 BV [m] + 88, /01 Eip [Py ] di

Denote the average of the individual expectations about their own future optimal
price as E{" [Df 1] = Iy By [ﬁzt +1} di. Note that it is different from the average expectation
about the average optimal price £\ {ﬁfﬂ} (i.e., fy By [ﬁj’tﬂ] di # B [ﬁfﬂ}).

Substituting into equation (C.2) leads to the NKPC under heterogeneous informa-

tion and indexation

T = &plpmi1 + (1 = &) ((1 - pr)Et(l) [mct + 5‘1974 + (1 — Lpﬁgp)Et(l) (] + ngEgl)[ﬁ,Hl])

T = EplpTi—1 + ’fpngt(l) [n@ct + ;\P»t} + (1= &)(1 - Lpﬂfp)Et(l) [me] + (1 — fp)ﬁprgl)[ﬁZHl]
(C.5)
_ (1-g)(1-68)

where K
P &p

C.5 Wage index

Wage index (24):

w
1 _.“‘t

Wi = [ (s, T ) 7 -6 (9) ]

1 1
_ Wi_1 Pt_1>_u%“ ( Wk Pt_1>_uf
w HLE Hl Lw + 1— w t
: ( =t y-1P,_; P, (1-¢) YtP,_, P,

w

—

W,
VP

|

1 1

A _ _ A e P
(WilL) ™ = &, (T I Wamy ) 0 4 (1= &) (W) 77

Note that in the steady-state: (Vf/ﬁ)*%’” =&y <Hﬁ/>ﬁw + (1 —¢&) <ﬁ/*>w,
which implies that ﬁ/* = V:VI:[

Following the same log-linearization technique from the price index leads to

1 _ = w R 1 — =~ w ~
———(~log(IIW )iy’ + 1y + m;) = —&u (W(—ZOQ(HW)M + LT + wt_1)>
1 2 * w A~k
—(1- gw)ﬂj(_ZOQ(W Iy + @),
which rearranging leads to
Wy + T = & (bwm—1 + W) + (1 — &)Wy (C.6)

A 1 -
where w; = [, wy ,dh.
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C.6  Optimal wage

Now we turn to the optimal wage (39)

o Xitra] _ =g s Lt i’ s MEShtesfe Bnes| Pres
Z(ﬂfw)SEht th,t+s|tAh,t+sT1 = Z(ﬁfm) B, th,Hst/\h,Hs wMH hobolt *h7t+ [Pt
s=0 t+s s=0 Hits Wh,t

o0

Ap sy Py X
(B€w>sEht [Lh, s : 11)
g el Qiand ET Hiys

= s Appssy™ P 14+ Poi'rs MRSh,t+s|tPt—17tEh,t+s[Pt+s]
= > (B€w) Bne | Lhssi— T —
5=0 Y P Hits YWy P

> ‘/A\h t+s Xtuif-ﬁ-s
ﬁgw)sEh Lh7 s : w ’
SZ:%)( t Bl e P sle—1,t4s
o o 14 MRS s Bhrs [Tt ps
Z BEw)* Ent | LtysieNnets wMH s *‘t etollle-vero)
— Hixs Wh7th—1,t+s
This equation in the steady-state implies that
> S—/:\ ~II)* =1+ pv MRSTI*+!
Z(ﬁfw) Lis(w )s Z(ng) LA —w
s=0 7T 11 s=0 H WHS+1
- s - s (]' + ,l_Lw)MRS
Z(ﬂfm) - Z(ﬁgw) N
s=0 s=0
W =(1+pa")MRS
Now we turn to the log-linearization:
Z(ﬁgw)sEht [efﬂp (lh,t+s\t + S\h,t-i-s + IL'Z)HS — Tt—1,44s — /:L;lfu-l-s):|
s=0

Z BEw)’ Ent {exp (lh t+st T )\h dds T S st + B (T—1,4s] — @TJ;’;t — Wtfl,t+s>}
Z ng Eht [1 + lh st + >\h Jt+s + xt tts — M—144+s — ﬁ:UJrs}
= Z(ng)sEht [1 + lh7t+s|t + /A\h,t-I—s + mc'ﬂsh,t+s|t - w;,t]

s=0

wh t ( 5&1}) Z(ﬁfw)sEht [mATSh,Hs\t + 1,445 — $fgljt+s + ﬂﬁs}
s=0

Wy, = (1 — B&w) Z(Bfw)SEht M Shtysit + Z Tiyj — lw Z Tirj—1 + fiys
s=0 =0 j=1

where [iy = log(p)") — log(pn*) ~ log(1 + i) — log(1 + ).
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Using the labor demand (14) at period t + s for a given wage set at t, we have that

Tpg’

A " +s o 5
I . Wh,t VTP Ptlew b I
h,t+slt — tt+s t+s

VP Wiy Prs

Tpg’ o
T w T
I B Wi Xiis e I
hit+s|t — 7 t+s
VWit sl 14

Since X = (yI1)*, I_; , = TI**!, and We = V:VI:[, we have that L, = L. Log-linearizing
implies

s

S
Ak A
W4 + Ly Z i1 — Wys — Z Ttyj
Jj=1 j=0

1+ v

lh,t+s|t = - i + lt+s (C?)

where the first equality uses that log ( WXy ) = log(1) = 0. and the second uses that —

SH s+1
analogously to the indexation scheme for prices — T’y o = bw 225 Teyj1-

The MRS at period t + s for a given wage set at t is given by

M Sh 45|t = ( ) Chit+s — <P/’YCh t4s—1) + Xleyslt
Chit+s — QO/’YCh t+s— 1)
(1 — o/ )
1+ R 5
+ X ( Mwu wht + lw Z Ti4j—1 — Wits — Z Ty | + lt-i—s)
j=1 =0

Using the fact that ¢, = ¢; for all h and the average MSR, mrs;, we have that

TSk li4s = MTSpys — X0u

S S
Ak A
W4 + Ly E Titj—1 — Wiys — E 7Tt+j]
Jj=0

=1

ow
where 0, = Hﬁ—fﬁ

Substituting it back into the optimal wage

Ak (1 B B€w> i(ﬁfw)sEht

S S
Whe =7 0 Mrseps + X0uwWigs + (1 + x0w) (Z Torj = tw 7Tt+]'—1) + s
w s=0

§=0 j=1

Following similar steps of the optimal price equation, we can rewrite the optimal

wage as

o, = L=0%) g [(mivse + we + (14 x0u)m + 1)) + (1= t) BwEne [mi] + BEw Ene |44 ]

hit = 1+ X0 ht t t XUw )Tt = [y w wlipt |T¢ wht |Wh 141
_(1_6&0)

vy Epe [(mirsy +wy + f1°)] + (1 — 0w BEw) Ene 1) + BEwEn [wi,m}
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Integrating over h:
Ak 1 - 56’(11 A ~W 1 Ak
“ = (1+><6’)Et(1) [(mirsy + we + )] + (1 = 1w BEw) B ] + 551)/0 Eht [wh,t-i—l} dh

(C.8)
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APPENDIX D - Data

Data on macroeconomic aggregates are collected from the Federal Reserve Database
(FRED) and expectation data come from the Survey of Professional Forecasters (SPF).
The time series collected to construct the database are displayed in Table 5. It starts in
4Q81, the first quarters with data for all time series on expectations that I use in this

work, and ends in 4Q07, before the Great Recession.

Table 5 — Database

Series Description Measure Source
GDPC1 Real Gross Domestic Product Billions of Chained 2012 Dollars BEA
PCECC96 Real Personal Consumption Expenditures Billions of Chained 2012 Dollars BEA
GPDIC1 Real Gross Private Domestic Investment Billions of Chained 2012 Dollars BEA
GDPDEF Gross Domestic Product: Implicit Price Deflator Index 2012=100 BEA
FF Effective Federal Funds Rate Percentage points FED Board
PRS85006063 Nonfarm Business Sector: Compensation Index 2012=100 BEA
HOANBS Nonfarm Business Sector: Hours of All Persons Index 2012=100 BLS
CNP160V Civilian Noninstitutional Population Thousands of People BLS
RGDP Forecast for the real GDP Chained Dollars (base year varies) SPF
RCONSUM  Forecast for the real PCE Chained Dollars (base year varies) SPF
RNRESINV  Forecast for the nonresidential fixed investment Chained Dollars (base year varies) SPF
PGDP Forecast for the GDP price index Index (base year varies) SPF
TBILL Forecast for the annual three-month Treasury bill rate Percentage points SPF

Note: BEA, BLS, Fed Board and SPF stand for, respectively: U.S.

Labor Statistics, Board of Governors of the Federal Reserve and Survey of Professional Forecasters.

Bureau of Economic Analysis, U.S. Bureau of

Real output (GDPC1), consumption (PCE) and investment (GDPIC1) are com-
puted as per capita aggregates by dividing them to the Hodrick-Prescott filtered population
index (CNP160V). Real wage is constructed by dividing the compensation in the nonfarm
business sector (PRS85006063) by the GDP deflator (GDPDEF). Per capita total hours is
computed by dividing the hours of all persons in nonfarm business sector (HOANBS) from
the smoothed population index. Inflation is defined as the annualized quarterly growth
rate of GDP deflator (GDPDEF). The nominal interest rate is computed by the log of the

gross federal funds rate (FF) to be consistent with the log-linearization procedure.
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Expectation

Y% = GDPC1,/HP(CN P160V;)

C% = PCE,/HP(CNP160V})

I = GPDIC1,/HP(CNP160V;)
W2 = PRS85006063,/GDPDEF,
dy;” = 1001og(Y,”* /Y,2%)
dc™s = 100 log(C2 /O
dit®* = 100log(I2% /12%)
dw?®® = 100 log (W2 /W)

L% = HOANBS,/HP(CNP160V;)
I1%%* = 4001log(GDPDEF,/GDPDEF,_,)
RS = 1001og(1 + FF;/100)

data are constructed as follows

E\Y % = RGDP3,/HP(CNP160V,)
E,[Y™] = RGDP2,/HP(CNP160V;)
E[CP] = RCONSUM3,/HP(CNP160V;4,)
E,[C?] = ROCONSUM?2,/HP(CN P160V;)
E{[I?"] = RINVEST3,/HP(CNP160V;,,)
E,[I?%] = RINVEST32,/HP(CNP160V,)
Ey[dy™) = 100log ( E[Y;3]/E,[Y,™))
Ey[dy;™) = 100log ( E[Y;]/E,[Y,™))
Ey[dc}™] = 100log ( E,[C5"]/ E[C¢%])
Ey[dig™] = 100log ( B[]/ E,I7))
5,[79%%) = 400log( PGDP3t/ PGDP2t)
B[R] = log(1 + TBILL2,/100)
F[dyt] = dy obs B, l[dyobs]
Fldc,) = dc™ — By, [dc?™]
_[dit] = di s _ By, [dngs]
F[Wt] = Wfbs - Et—l[ﬂfbs]
F[R) = R} — B, [Ry"”]
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APPENDIX E - Algorithm

The algorithm developed by Ribeiro (2017) to solve DSGE models with ICK is
detailed below.

Algorithm. Set the initial values (A®, B®) a small tolerance ¢ > 0 and set i = 1.

Compute P using equation. Then, follow the steps:

1. given A = AG=Y) and P, solve for ) the equation (55) by vectorization. Set Q) = Q.

2. Given BU~Y and C® | compute K and P using equations (54). Set K) = K and
PO — P,

3. Given Béifl), A=Y 00 and K@ solve for B. and A the equations (3.27) by matrix
inversion. Set BY) = B., A7) = A.

4. Tf max {||B® — BE-VI[[|A® — AGD|[ ||PO — Pi-D]||} < ¢, stop iterating. Other-
wise, set ¢ = ¢ 4+ 1 and go back to step 1.
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APPENDIX F — Impulse response functions

In this section, the remaining impulse responses for the FI and ICK models estimated
with the dataset including expectation data are displayed.
Figure 4 — Impulse responses to preference shock
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Figure 5 — Impulse responses to investment shock

Output Consumption Investment Hours Worked
0.9 o 2.5% 1%

0.8%
0.6%

0.4%
A 0.4%

o
0.2% 02%|

0%

Error output growth Error inflation
0.8% 0.15%

0.15%
0.1% 0.6% 1
0.1%
0.05% 0.4%
0.05%
0% [ 0.2%
-0.05% 0% 0%

Error interestrate  Investment shock
0.1% i
0.8%
0.08% 11
1 Fl model
0.8 ICK model
Fl model (at ICK mean)
0.4%
0.2%

4 8 12 16 20
Quarter



APPENDIX F. Impulse response functions

76

0%

-0.2%

-0.4%

-0.6% b

0.2%

0.15%

0.1%

0.05%

0%

Figure 6 — Impulse responses to wage mark-up shock
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Figure 7 — Impulse responses to price mark-up shock
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Figure 8 — Impulse responses to government expenditure shock
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