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Resumo
Em teoria, falhas de coordenação entre agentes podem levar países a não repagarem

dívidas soberanas outrora contraídas. A presente dissertação busca compreender se este

mecanismo é de fato importante para determinação do risco associado a uma dívida

soberana. Argumentamos que a literatura existente de modelos quantitativos de dívida

soberana não está pronta para estudar este tema. As predições destes modelos dependem

crucialmente de uma função que captura perdas de produto agregado advindas do calote.

Entretanto, as formas funcionais utilizadas mais comuns para esta função geram resultados

completamente diferentes: riscos de falhas de coordenação podem ter efeitos negligíveis,

significativos, ou muito significativos. As evidências encontradas levantam dúvidas sobre a

literatura, já que a disciplina requerida para um exercício computacional adequado parece

ser inexistente.

Palavras-chave: dívida soberana; custos de calote; sunspot.



Abstract
In theory, coordination failures among lenders might lead countries to default on their

debts. But is this an important source of sovereign debt risk? This paper argues that the

literature on quantitative models of sovereign default is not ready to study this problem.

The predictions of those models crucially depend on the function assumed to capture the

output losses from default, and commonly used functions yield entirely different results:

rollover risk might have negligible, significant, or huge effects. The findings raise questions

about the literature since the discipline required for a sound computational exercise seems

to be missing.

Keywords: sovereign debt; default costs; sunspots.
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1 Introduction

Are self-fulfilling rollover crises important drivers of sovereign default? In theory,

knowing whether our peer investors are more likely to roll over sovereign debt might shape

the allocation of our resources. If lenders withdraw their investments, liquidity issues

might induce sovereigns to default on their outstanding debt. Is this channel quantitatively

important?

The standard quantitative model of sovereign default builds on the early contribu-

tions of Arellano (2008) and Aguiar and Gopinath (2006). A sovereign can borrow from

abroad, cannot commit to repay lenders, and decides at every period whether to default or

not and how much debt to issue. A branch of this literature extends the basic framework

to include self-fulfilling rollover crises, along the lines of Cole and Kehoe (2000).

While aiming to assess the role of belief-driven crises on government decisions,

these authors also argue that some precautionary actions might mitigate the probability of

coordination failures, such as extending debt maturity, establishing a lender of last resort

or accumulating reserves.

In those models, when government decides to default its current obligations, it

faces two types of costs: firstly it is excluded from financial markets and, secondly, it faces

a drop in output which is modeled as an exogenous function h, so that in case of default,

output Y falls to Y def = h(Y ).

The function h(Y ) is typically chosen to match some targets, such as the frequency

of defaults and the volatility of spreads. Several different functional forms for h(Y ) have

been adopted. Some of the most common, employed in prominent papers, are presented in

Figure 1.

The top left corner of Figure 1 displays the output costs of default in the model of

Arellano (2008). When output is high, default brings it down to a constant low level, but

when output is low, default has no effect on it. Many papers in the literature employ this

functional form.1

1 Examples include Cuadra and Sapriza (2008), Cuadra et al. (2010), Boz (2011), Arellano and Ra-
manarayanan (2012), Kim and Zhang (2012), Lizarazo (2013), Durdu et al. (2013), Fink and Scholl
(2016), Arellano and Bai (2017), Salomao (2017), Scholl (2017), Pancrazi et al. (2019), Andreasen et al.
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The bottom left corner of Figure 1 shows the default costs in the handbook chapter

by Aguiar and Amador (2014). A similar specification is used by Roch and Uhlig (2018).

Several papers in the literature assume a cost proportional to the level of output, which

leads to similar results.2

The functional forms employed by Chatterjee and Eyigungor (2012) (top right graph

of Figure 1) and Bocola and Dovis (2019) (bottom right graph of Figure 1) are the same,

but the parameters are not, leading to very different effects of default on output. Many

papers in the literature employ this same functional form (with a variety of parameters).3

Several other functional forms have been used, and the default cost is typically increasing

in output, but not as sharply as in Arellano (2008).4

The output losses from default are likely to result from a combination of several

factors, and it makes sense to include them in the model. Owing to the difficulties in

estimating these costs, choosing one or two parameters to match relevant targets seems

to be a sensible strategy.5 The literature has gone one step further, choosing default cost

functions that allow the model to fit moments from the data. It is a debatable practice, but

arguably in line with the prescription in Kydland and Prescott (1996) that the economic

model should “mimic the world as closely as possible along a limited, but clearly specified,

number of dimensions”.

This paper shows however, that the set of admissible choices for the default

cost function allows for drastically different results. The discipline needed for a sound

computational experiment, as envisioned by Kydland and Prescott (1996), seems to be

missing. A better understanding of how default costs should be incorporated in quantitative

models of sovereign default is a crucial bottleneck in this literature.6

(2019) and Kaas et al. (2020). Sánchez et al. (2018) use a similar specification.
2 Examples include Aguiar and Gopinath (2006), Alfaro and Kanczuk (2009), Hatchondo and Martinez

(2009), Bai and Zhang (2010), Yue (2010), Guimaraes (2011) and Rebelo et al. (2019). Similar
specifications are a natural choice for models that do not perform quantitative analysis (e.g., Gonçalves
and Guimaraes (2015)).

3 Examples include Hatchondo et al. (2014), Chatterjee and Eyigungor (2015), Hatchondo et al. (2016),
Pouzo and Presno (2016), Kirsch and Ruhmkorf (2017), Jeon and Kabukcuoglu (2018), Na et al. (2018),
Bocola et al. (2019), Mihalache et al. (2019), Passadore and Xu (2018) and Onder and Sunel (2019).

4 Examples include the functional forms in Gordon (2015) (also used in Gordon and Guerron-Quintana
(2018)), Bianchi et al. (2018) (also used in Roettger (2019)), Arellano et al. (2019) and D’Erasmo and
Mendoza (2019).

5 A growing literature attempts to estimate default costs. Examples include Zymek (2012), Hebert and
Schreger (2017) and Andrade and Chhaochharia (2018). But from the findings of this literature to a
function linking costs of default to pre-default output, there is a long way to go.

6 A few models in this literature obtain endogenous costs of default. Examples include Mendoza and
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With this respect, the model presented in the next section follows the standard

assumptions of this literature with possibilities of rollover crisis. Therefore, government

can borrow to smooth consumption, but cannot commit to repay lenders. If it does not

meet its obligations it will also be excluded from financial markets and will face output

costs.

For each different default cost function, the model is calibrated and simulated.

Then, with data generated by each model, comparisons are performed to enlighten the

main argument of this research.

Figure 1 – Default cost functions h(Y )
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Related literature. The first paper to incorporate rollover risk in a quantitative

model of sovereign debt and default was Chatterjee and Eyigungor (2012). In their model,
Yue (2012), Niemann and Pichler (2017), Park (2017), Sosa-Padilla (2018) and Thaler (2019). There is
much to learn from these models, but it is not clear this would be the best solution for the problem. A
drawback of this approach is that only one source of default cost is considered.
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without rollover risk, the government would only issue one-period debt. Once the possibility

of miscoordination among agents is considered, longer maturities become optimal because

they nullify rollover risk.

As it is proven in Cole and Kehoe (2000), by extending debt maturity, the state

space in which coordination affects default decisions is shortened. This implies that longer

maturity could be desired even with limited commitment.

More recently, Bocola and Dovis (2019) extend Chatterjee and Eyigungor (2012)

framework to quantify the importance of rollover risk on Italian interest rate spreads. In

their model, government is allowed to choose not only the amount of debt it should issue,

but also the optimal level of its debt maturity. Therefore, they use the maturity structure

of the Italian debt to assess whether interest rate spreads are driven by fundamental shocks

or lenders’ pessimistic beliefs about the solvency of a government.

By building a model in which fundamental shocks provide incentives to governments

to shorten maturity, they use Chatterjee and Eyigungor (2012) idea that longer maturity

is desired in rollover crisis situations to isolate the effect probability in bad coordination

have on interest rates. Then, they compare interest rates implied by a model with no

rollover risk with the data post announcement of the Outright Monetary Transactions

(OMT) program to evaluate how this policy was able to reduce spreads.

What Bocola and Dovis (2019) imply is that the presence of a lender of last resort

would implement a fundamental equilibrium (an equilibrium in which rollover crisis never

occur) by setting a floor on bond prices.

This is also consistent with other authors in the sovereign default literature like

Roch and Uhlig (2018). Nonetheless, while the first authors just model this kind of bailout

as a mechanism that sets bad coordination probability to zero, the latter explicitly model

the role of a large, risk-neutral investor or agency in coordinating expectations on a good

equilibrium. This authors use a default cost similar to Aguiar and Amador (2014), but

instead of having a constant drop in output for all its levels, they consider a constant drop

in utility.

Longer maturity structure and lenders of last resort are not the only precautionary

measures argued to mitigate rollover crisis. As Hernandez (2017) proposes, accumulating

reserves makes the sovereign more willing to service its debt even if there is an episode
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of a market panic and no new borrowing is possible. Actually, with reserves, sovereign

diminishes the set of states that admit a self-fulfilling crises. In his case, the default cost

used is similar to Chatterjee and Eyigungor (2012).

As noticed, all this papers answer different questions using different default cost

functions. What will become clear throughout this research is that all of those functional

forms have drastic implications on how the possibility of self-fulfilling debt runs affect the

odds of default and the equilibrium quantity and price of sovereign debt.

Layout. The paper is organized as follows. The model is presented in Section 2.

Section 3 specifies how this model is solved and details the algorithm used. In Section 4

the results are obtained by varying default cost functions in the presented model and by

simulating data from each of its variations. Section 5 concludes.
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2 Model

The model follows the tradition of Aguiar and Gopinath (2006) and Arellano (2008),

borrowing the self-fulfilling debt crises features from Cole and Kehoe (2000) and including

a maturity structure to sovereign debt. Therefore, the decision maker is a benevolent

government of a small open economy that borrows from risk-neutral foreign creditors, the

foreign lenders must be compensated for default risk, the government borrows and lends

abroad in order to smooth consumption of its citizens and, most importantly, the interest

rate on government debt adjusts in response to the state-dependent default probability

chosen by government.

2.1 Output, Consumption

The economy is endowed with an exogenous stochastically fluctuating potential

output stream Yt, where Yt = exp{yt} and:

yt+1 = ρyt + ηεy,t+1, εy,t+1 ∼ N (0, 1).1

Households within the country are identical and maximizes:

E
∞∑
t=0

βtu (ct) ,

where u(ct) = c1−γ
t

1−γ .
2

2.2 Asset Markets

The only credit instrument available to the government is a multi-period non state

contingent bond B with exogenous maturity decay λ traded in international credit markets.

Every period there is a fraction λB of the outstanding debt maturing. If, now,

government raises qB′, next period it will have to pay λB′. Notice that q is the current

price of its whole structure of next period debt. Therefore, the budget constraint will be:

c = Y − λB + q (B′, Y ) [B′ − (1− λ)B] .
2 From now on, solely for notation reasons, we assume that for all variables that are function of time

such as ct, we use c such that ct ≡ c(t) ≡ c and c′ such that ct+1 ≡ c(t+ 1) ≡ c′.



Chapter 2. Model 17

To rule out Ponzi schemes we must have B ≤ Z.3

2.3 Government Decision

At each point in time, the government chooses between defaulting and meeting its

current obligations. If government pays the owned debt, it can choose to purchase or sell

an optimal quantity of sovereign debt. Thus, in that case, it chooses optimally next period

level of debt.

Nonetheless, if government defaults, there are two consequences: the country loses

access to foreign credit markets and output immediately falls from Y to h(Y ), where

0 ≤ h(Y ) ≤ Y , returning to Y only after regaining access to international markets with

probability θ. In this paper we are going to vary this h function in order to observe the

effects this specification implies to agents’ decisions in the model.

2.4 Timing of The Events

The self-fulfilling component of this model is presented through the following game

played by lenders and Government:

Table 1 – Static Coordination Game

Repay Default
Lend 0, Vc −∆, Vd

Don’t Lend 0, Vno roll 0, Vd

Where ∆ represents lender’s loss due to a defaulting government.

Notice that if Vno roll ≥ Vd there is an unique equilibrium.4 If, on the other hand,

Vno roll < Vd multiple equilibrium arise. Indeed, both {Repay, Lend} and {Default, Don’t

Lend} sets of strategies would be Nash Equilibrium in pure strategies. To select among

them, Cole and Kehoe (2000) use a sunspot device. This means that every period there

is an exogenous probability π of coordinating in {Default, Don’t Lend} equilibrium and

(1− π) of coordinating in {Repay, Lend} equilibrium.5

3 The value of Z is chosen to be large enough so that the constraint never binds in equilibrium.
4 Notice that Vc is necessarily always greater or equal than Vno roll due to Revealed Preferece Axiom.
5 In the original formulation, Cole and Kehoe (2000) define π as also stochastic, but here the intent is
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Therefore, model’s timing of events in the debt market follows Cole and Kehoe

(2000):

• Product Y and a sunspot variable s are realized, s ∼ U(0, 1). If s ≤ π, it means that

agents will coordinate in a bad equilibrium depending on the state (B, Y ).6

• Government chooses B′.

• Lenders post price schedules for the bond.

• Government decides whether to default (d = 1) or not (d = 0).

Finally δ is defined so that Et[d′] ≡ δ and ξ so that ξ ≡ 1{s≤π}. If ξ = 1, foreign investors

will only lend you qB′ if even if they do not buy next period government bonds at price q,

government would not choose to default.

2.5 Government Payoff

The decision problem for the government can be written using three sub-problems.

The value of repaying conditional on lenders rolling over the debt, Vc(B, y), is defined as

follows:

Vc(B, Y ) = max
B′≤Z

{u(Y − λB + q (B′, Y ) [B′ − (1− λ)B]) + βE [V (B′, Y ′)]} .

The value of repaying conditional on lenders not rolling over the debt is defined by:

Vno roll(B, Y ) = {u(Y − λB) + βE [V (B′, Y ′)]}

.

Finally, the value of defaulting, Vd(Y ), is:

Vd(Y ) = u (h (Y )) + βE [θVc (0, Y ′) + (1− θ)Vd (Y ′)] .
also to vary π and verify if, conditional on function h, agents react more or less to the possibility of a
rollover crisis.

6 Although the coordination stochastic process is i.i.d., agents only coordinate in a not rolling debt
equilibrium if they are in a crisis zone, i.e., as it is shown later, if the payoff of not defaulting when no
one rolls debt is lower than the payoff of defaulting. If Y is high enough and B is low enough, agents
will never be able to coordinate in a not rolling government debt equilibrium since Vno roll ≥ Vd.
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Therefore, value function of the government can then be written as:

V (B, Y ) =



Vc(B, Y ) if Vno roll(B, Y ) ≥ Vd(Y )

Vc(B, Y ) if Vno roll(B, Y ) < Vd(Y ), ξ = 0, Vc(B, Y ) > Vd(Y )

Vd(Y ) if Vno roll(B, Y ) < Vd(Y ), ξ = 1

Vd(Y ) if Vc(B, Y ) < Vd(Y ).

2.6 Equilibrium

The equilibrium price that guarantees that the zero-profits condition of lenders is

given by the following recursion:

q(B′, Y ) = 1
1 + r

(1− δ)E [λ+ (1− λ)q(B′′, Y ′)] . [2.1]

Given B′ the probability of default next period is:

δ = (1− E[ξ′])E[1{Vc(B,Y )<Vd(Y )}] + E[ξ′]E[1{Vno roll(B,Y )<Vd(Y )}]

Now we can easily characterize our recursive equilibrium:

1. a pricing function q(B′, Y ),

2. a quadruple of value functions (Vc(B, Y ), Vd(Y ), Vno roll(B, Y ), V (B, Y )),

3. a decision rule telling the government when to default and when to pay as a function

of the state (B, Y ),

4. an asset accumulation rule that, conditional on choosing not to default, maps (B, Y )

into B′,

such that:

1. the four Bellman equations for (Vc(B, Y ), Vd(Y ), Vno roll(B, Y ), V (B, Y )) are satisfied,

2. given the price function q(B′, Y ), the default decision rule and the asset accumulation

decision rule attains the optimal value function V (B, Y ) and

3. the price function q(B′, Y ) satisfies equation (2.1).
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2.7 Default Cost Functions

The following default cost functions can be visualized in Figure 1. The top left

panel exhibits Arellano (2008) default cost function:

h1(Y ) =

 αE[Y ] if Y > E[Y ]

Y if Y ≤ E[Y ].

Chatterjee and Eyigungor (2012) default cost function is at the top right panel:

h2(Y ) = Y −max{0, d0Y + d1Y
2}, d1 ≥ 0 and d0 < 0.

Aguiar and Amador (2014) default cost function, which can be seen at the bottom

left panel:

h3(Y ) = Y − τ.

Finally, Bocola and Dovis (2019) default cost function, portrayed in the bottom

right panel, is defined by:

h4(Y ) = Y −max{0, d0Y + d1Y
2}, d0 =

(a− b exp
(
−3

(
η2

1−ρ2

)1/2
)

(1− exp
(
−3

(
η2

1−ρ2

)1/2
) and d1 = b− d0.

Notice that exp
(
−3

(
η2

1−ρ2

)1/2
)
is actually the output three standard deviations

below its average value. As they put it, The parameter a stands for the percentage loss in

output after a default when output is three standard deviations below its average value.

The parameter b represents the percentage loss in output when the latter is at its average

value.
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3 Solution

Since the experiment consists in simulating data with the model presented through

out the last section, the model calibration is presented in Table 2.

Table 2 – Calibration

β 0.9540 Time discount parameter
γ 2.0000 Risk aversion
r 0.0100 International interest rate
ρ 0.9485 Persistence of output shock
η 0.0271 St. dev output shock
θ 0.0385 Prob of regaining access

This calibration follows closely Chatterjee and Eyigungor (2012) and is standard

in literature.

With respect to the calibration of the default cost functions, parameter values are

chosen to be equal to those in the respective original paper.1

Table 3 – Calibration of default cost functions

h1 α = 0.969
h2 d0 = −0.188 and d1 = 0.245
h3 τ = 0.15
h4 a = 0.140625 and b = 0.225

It is important to point out that the value functions (Vc(B, Y ), Vd(Y ), Vno roll(B, Y ),

V (B, Y )) are obtained through numeric methods of value function iterations, and the

codes can be found in the Appendix C.

Regarding the specifics of the algorithm, we set the grids for Y with 200 equally

spaced points. The upper and lower bounds for B are [0, 7.5] and there are 1000 equally

spaced points.

1 Although the Bocola and Dovis (2019) state that a = 0.058 and b = 0.092, the code obtained in
https://www.aeaweb.org/doi/10.1257/aer.20161471.data that reproduce their results has the
same values for a and b as those portrayed in the Table 3.

https://www.aeaweb.org/doi/10.1257/aer.20161471.data
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4 Results

For each specification of the function h, we solve the model with no rollover risk

(π = 0) and with substantial rollover risk (π = 0.2).1 In each case, we consider an economy

with one-period bonds only (λ = 1) and with an average debt maturity of two years

(λ = 0.125). We then simulate these economies. Table 4 reports results by simulating

1000000 data points. The time unit is one year.

Table 4 – Statistics

h1 h1
λ = 1.000 λ = 0.125

π = 0 π = 0.20 π = 0 π = 0.20

debt to ouput mean 0.05650 0.04738 0.10761 0.10669
std dev debt to output 0.02449 0.02034 0.06982 0.06953
default freq 0.00713 0.00697 0.04856 0.04889

h2 h2
λ = 1.000 λ = 0.125

π = 0 π = 0.20 π = 0 π = 0.20

debt to ouput mean 0.19466 0.09140 0.21900 0.21683
std dev debt to output 0.02261 0.01122 0.02944 0.03052
default freq 0.00272 0.00214 0.00560 0.00614

h3 h3
λ = 1.000 λ = 0.125

π = 0 π = 0.20 π = 0 π = 0.20

debt to ouput mean 1.21410 0.16124 1.29821 0.95587
std dev debt to output 0.11971 0.00386 0.12855 0.06278
default freq 0.00019 0.00024 0.00024 0.00030

h4 h4
λ = 1.000 λ = 0.125

π = 0 π = 0.20 π = 0 π = 0.20

debt to ouput mean 1.52370 0.17271 1.63366 1.08450
std dev debt to output 0.08055 0.00421 0.08656 0.04776
default freq 0.00042 0.00035 0.00048 0.00134

Notes: the statistics presented were obtained by simulating 1000000 data
points.

4.1 The effect of the output loss function with no rollover risk

The default frequency with two-year debt goes from once every 18 years using h1,

to less than once every hundred years with h2, less than once every thousand years using

h4 and almost never with h3. To understand these results, it is useful to first consider a

simple example with constant output, no shocks and issuance of one period bonds only.

Owing to the losses from default, repaying debt is incentive compatible for the country,
1 The model is also simulated with π = 0.05 and π = 0.9 in Appendix A.
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but only if debt is below a certain threshold. Hence the price of debt is 1/(1 + r) if debt is

below that level (because it would be risk-free), but it is equal to 0 otherwise (because

default would occur with certainty). Since the time discount factor is low, the country

borrows up to the incentive-compatible level of debt.

If the economy is subject to shocks, the output losses from default might vary along

the business cycle. At time t, these losses are given by the difference between Y and h(Y ).

It is easy to see from Figure 1 that Y − h(Y ) varies a lot with the business cycle when

function h1 is used, but is constant or close to constant with functions similar to h3.

If Y − h(Y ) is constant or close to constant, as in the case of function h3, the

situation is similar to the deterministic case. Hence the country chooses to borrow up

to the point that repaying is always incentive compatible. Further borrowing from that

point on would be very expensive, since a very small increase in debt would imply a large

increase in the default probability and thus a large fall in the price of debt. In contrast, if

the output losses from default are given by h1, borrowing always entails a risk, since a

sequence of bad shocks taking the economy to a state of very low output would imply zero

default cost in the current period and very small expected default cost in the near future.

Lending in this case is always risky.

In an economy with shocks to Y − h(Y ), the sovereign faces a trade-off: more debt

implies a larger set of states where default is the optimal choice and, consequently, a lower

price of debt. With a low time discount factor, the country has incentives to borrow even

if the price of debt is significantly lower than 1/(1 + r), but not if it is too low. But if

Y − h(Y ) is always high, repaying large amounts is incentive compatible, so issuing debt is

cheap. This is why the amount of debt varies so much. With function h1, average debt is

5% or 10% of GDP, depending on λ. But with function h4, the debt-to-GDP ratio hovers

around 150% or 160%.

4.2 Arellano (2008) function h1

As it should be expected, given the fact that there are no costs in terms of output

losses when defaulting with low output, simulation from a model with that default cost

function should exhibit a higher default frequency behavior for both maturity structures.

Table 4 shows that the frequency of default is 0.00713 per year for λ = 1 and 0.04856 per
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year for λ = 0.125 if π = 0.

Since the risk of defaulting in this economy is higher when using Arellano (2008)

default cost function, the debt price should be lower in this case than in simulations

presented further. Figures 2 and 3 evince this claim.

Notice that when the maturity structure is set to λ = 1, there is a small difference

between the government’s behavior towards debt choice when π = 0.2 and when π = 0.0.

Moreover, if λ = 0.125 there is no difference at all between the choice of debt when varying

π. Thus, with a model with that default cost function, Cole and Kehoe (2000) mechanism

of self fulfilling debt crisis would have little impact on government choices.

Although it is noticeable that there is an increase in the default probability in a

region of the state space, as the heat maps presented in panels of Figures 10, in Appendix

A, show, there is little impact on government choice of level of debt and debt price.

This can be better seen in Figure 14 and Figure 15, also in Appendix A. The blue

(gray) dots indicate where is the actual realization of the state in each period of time,

while the white colored section indicates where bad coordination would imply a default.

Bocola and Dovis (2019) call this region of the state space as Crisis Zone. The gray area

is the region of the state space where defaulting is always the preferred choice while the

black colored area indicates the states in which repaying debt yields the best allocation for

the government. Notice that in a one period bonds economy, there exists a Crisis Zone,

but it is rarely reached by this economy. By lengthening the maturity, this already non

visited area disappears, implying that increasing π would not affect government decision.
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Figure 2 – Simulated Data - Arellano (2008) - Average maturity of one trimester (λ = 1)
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Notes: data simulated from the model with Arellano (2008) default cost function. Colored shaded areas represent
time excluded from financial markets after a sovereign default in each model. Red lines are data simulated from
a model with 0 probability of rollover crisis, and dashed blue lines are data simulated from a model with 0.20
probability of rollover crisis.

Figure 3 – Simulated Data - Arellano (2008) - Average maturity of two years (λ = 0.125)
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Notes: data simulated from the model with Arellano (2008) default cost function. Colored shaded areas represent
time excluded from financial markets after a sovereign default in each model. Red lines are data simulated from
a model with 0 probability of rollover crisis, and dashed blue lines are data simulated from a model with 0.20
probability of rollover crisis.
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4.3 Chatterjee & Eyigungor (2012) function h2

Now, there is an increasing cost, in terms of output losses, for defaulting debt.

Nonetheless, it reaches 0 for the lowest value of output of its grid. This implies that not

meeting government’s obligations is costlier then in the previous case for low output,

inhibiting defaults. Table 4 shows that the frequency of default is 0.00272 for λ = 1 and

0.00560 for λ = 0.125, if π = 0.

Figure 4 and 5 show the behavior of debt through time. Notice that when λ = 1

there is a sizable difference between the behavior of government with π = 0 and when

π = 0.2. Indeed, with a lower λ, government can increase its borrowing by mitigating

coordination issues. This, partially, justify a maturity choice with a larger length structure.

Nonetheless, as seen in Figure 5, by lengthening the maturity, the Cole and Kehoe

(2000) mechanism rapidly loses its importance. In other words π = 0 and π = 0.2 (or

even π = 0.9 as shown in Table 5 in the Appendix B) yield the same debt choice by the

government when λ decreases.

By varying π, the heat maps presented in Figure 11 show that there is a sizable

difference between the probability of default in a large portion of the state space when

λ = 1, but almost no difference when λ = 0.125.

By observing Figures 16 and 17, it is noticeable that lengthening debt maturity

makes the Crisis Zone disappear. So, although there exists room for a longer maturity

structure, there is no room for strategically choosing different maturity structures if π

increases.
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Figure 4 – Simulated Data - Chatterjee and Eyigungor (2012) - Avg. maturity of 1 trimester
(λ = 1)
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Notes: data simulated from the model with Chatterjee and Eyigungor (2012) default cost function. Colored shaded
areas represent time excluded from financial markets after a sovereign default in each model. Red lines are data
simulated from a model with 0 probability of rollover crisis, and dashed blue lines are data simulated from a model
with 0.20 probability of rollover crisis.

Figure 5 – Simulated Data - Chatterjee and Eyigungor (2012) - Avg. maturity of 2 years
(λ = 0.125)
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Notes: data simulated from the model with Chatterjee and Eyigungor (2012) default cost function. Colored shaded
areas represent time excluded from financial markets after a sovereign default in each model. Red lines are data
simulated from a model with 0 probability of rollover crisis, and dashed blue lines are data simulated from a model
with 0.20 probability of rollover crisis.
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4.4 Aguiar & Amador (2014) function h3

With a fixed default cost in terms of output losses, this default cost function implies

that output losses are equal for default in any realization of output. Therefore, since

defaults are always costly, they happen with a very low frequency, independently of the

maturity structure, as it should be noticed in Table 4.

Nonetheless, there is a high difference, both with long and short maturities, between

debt choice when π = 0 and when π = 0.2.

Now, by varying π, the heat maps presented in Figure 12 show that there is a

sizable difference between the probability of default in a large portion of the state space

when λ = 1 and when λ = 0.125.

This can also be seen in Figures 18 and 19. Notice that though larger maturities

imply a narrower Crisis Zone, now it does not disappear with a longer maturity structure.

Indeed, with this default cost function, high losses of output in all default scenarios

generate a large region of the state space where repaying debt is mildly better than

defaulting even with a very low output. Nonetheless, if agents decide not to roll over debt,

it is sufficient for the sovereign to have incentives not to repay its outstanding debt.

Thus, Cole and Kehoe (2000) features seem to matter in a model with this kind of

default cost function. Nonetheless, what happens in turn is that volatility of bond prices

decreases dramatically, which is usually not seen in data as Aguiar et al. (2016) point out.
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Figure 6 – Simulated Data - Aguiar and Amador (2014) - Average maturity of one trimester
(λ = 1)
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Notes: data simulated from the model with Aguiar and Amador (2014) default cost function. Colored shaded areas
represent time excluded from financial markets after a sovereign default in each model. Red lines are data simulated
from a model with 0 probability of rollover crisis, and dashed blue lines are data simulated from a model with 0.20
probability of rollover crisis.

Figure 7 – Simulated Data - Aguiar and Amador (2014) - Average maturity of two years
(λ = 0.125)
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Notes: data simulated from the model with Aguiar and Amador (2014) default cost function. Colored shaded areas
represent time excluded from financial markets after a sovereign default in each model. Red lines are data simulated
from a model with 0 probability of rollover crisis, and dashed blue lines are data simulated from a model with 0.20
probability of rollover crisis.



Chapter 4. Results 30

4.5 Bocola & Dovis (2019) function h4

Although default costs also increase with the output level, this default cost func-

tion also implies high output losses for default in any realization of output. Therefore,

since defaults are again always costly, they will also happen with a very low frequency,

independently of the maturity structure, as it should be noticed in Table 4.

Again, due to this always costly default, there is a high difference, both with long

and short maturities, between debt choice when π = 0 and when π = 0.2.

By varying π, the heat maps presented in Figure 13 show that there is a sizable

difference between the probability of default in a large portion of the state space when

λ = 1 and when λ = 0.125.

This can also be seen in Figures 20 and 21. Notice that, though larger maturities

imply a narrower Crisis Zone, it does not disappear with a longer maturity structure.

As seen in the previous case, Cole and Kehoe (2000) features seem to matter in a

model with this kind of default cost function. Moreover, even by lengthening maturity,

government would still have room for using maturity as a precautionary measure when

probability of coordination in bad equilibrium became higher. Nonetheless, though a larger

volatility in prices is generated in that case, it is still not high enough. As we can see in

Bocola and Dovis (2019), their targeted standard deviation of spread is almost half the

observed one.
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Figure 8 – Simulated Data - Bocola and Dovis (2019) - Average maturity of one trimester
(λ = 1)
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Notes: data simulated from the model with Bocola and Dovis (2019) default cost function. Colored shaded areas
represent time excluded from financial markets after a sovereign default in each model. Red lines are data simulated
from a model with 0 probability of rollover crisis, and dashed blue lines are data simulated from a model with 0.20
probability of rollover crisis.

Figure 9 – Simulated Data - Bocola and Dovis (2019) - Average maturity of two years
(λ = 0.125)
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Notes: data simulated from the model with Bocola and Dovis (2019) default cost function. Colored shaded areas
represent time excluded from financial markets after a sovereign default in each model. Red lines are data simulated
from a model with 0 probability of rollover crisis, and dashed blue lines are data simulated from a model with 0.20
probability of rollover crisis.
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5 Conclusion

By building a standard sovereign default model with coordination failures in the

lines of Cole and Kehoe (2000), it was possible to assess quantitatively the importance

of different default cost functions in government decisions of debt issuance with different

probabilities of rollover crisis.

If Chatterjee and Eyigungor (2012) had used a default cost function as in Arellano

(2008), no debt dilution would still be a problem and including rollover risk would not

justify long maturity in their model.

If Bocola and Dovis (2019) had assumed default costs as in Arellano (2008) or

Chatterjee and Eyigungor (2012), there would be no room for fine tuning of maturity

structure in cases where there are deterioration of expectations.

Finally, if Arellano (2008) had used default costs as in Aguiar and Amador (2014)

or Bocola and Dovis (2019), she would end with a never defaulting economy, which was

precisely what she was trying to avoid by building her default cost function.

Thus, the relation between output costs of default and the business cycle is crucial

for the predictions of sovereign default models. The set of admissible functions portraying

this relationship allows for drastically different results. A better understanding of how

large are the output losses from default and how they vary across the business cycle would

enable us to discard some of the existing explanations in the literature and shape a research

agenda for moving forward.

Moments from the data might hold the key to the problem. Sovereign defaults

are relatively rare events, but research using large historical databases has uncovered

many important findings in this literature.1 Empirical estimates about output falls in

the aftermath of sovereign default would provide much-needed targets for quantitative

models.

1 Examples include Tomz and Wright (2007), Cruces and Trebesch (2013), and Meyer et al. (2019)
among many others.
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APPENDIX A – Graphs

Figure 10 – Default probabilities heat map with Arellano (2008) default cost function

(a) λ = 1 and π = 0 (b) λ = 1 and π = 0.2

(c) λ = 0.125 and π = 0 (d) λ = 0.125 and π = 0.2
Notes: The heat maps presented in each panel show that, for a given π and a given λ, the
probability of default associated to each level of Y and B′. The lighter the color associated
to a pair (Y,B′), the higher is the probability of a next period default.
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Figure 11 – Default probabilities heat map with Chatterjee and Eyigungor (2012) default
cost function

(a) λ = 1 and π = 0 (b) λ = 1 and π = 0.2

(c) λ = 0.125 and π = 0 (d) λ = 0.125 and π = 0.2
Notes: The heat maps presented in each panel show that, for a given π and a given λ, the
probability of default associated to each level of Y and B′. The lighter the color associated
to a pair (Y,B′), the higher is the probability of a next period default.
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Figure 12 – Default probabilities heat map with Aguiar and Amador (2014) default cost
function

(a) λ = 1 and π = 0 (b) λ = 1 and π = 0.2

(c) λ = 0.125 and π = 0 (d) λ = 0.125 and π = 0.2
Notes: The heat maps presented in each panel show that, for a given π and a given λ, the
probability of default associated to each level of Y and B′. The lighter the color associated
to a pair (Y,B′), the higher is the probability of a next period default.
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Figure 13 – Default probabilities heat map with Bocola and Dovis (2019) default cost
function

(a) λ = 1 and π = 0 (b) λ = 1 and π = 0.2

(c) λ = 0.125 and π = 0 (d) λ = 0.125 and π = 0.2
Notes: The heat maps presented in each panel show that, for a given π and a given λ, the
probability of default associated to each level of Y and B′. The lighter the color associated
to a pair (Y,B′), the higher is the probability of a next period default.

Figure 14 – Crisis Zone - 1 trimester bond - Arellano (2008)

Notes: blue (gray) dots indicate where is the actual real-
ization of the state in each period of time, while the white
colored section indicates where bad coordination would im-
ply a default. The gray area is the region of the state space
where defaulting is always the preferred choice while the
black colored area indicates the states in which repaying
debt yields the best allocation for the government. Bad
coordination probability is set to π = 0.2 and λ = 1.000
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Figure 15 – Crisis Zone - 2 years bond - Arellano (2008)

Notes: blue (gray) dots indicate where is the actual real-
ization of the state in each period of time, while the white
colored section indicates where bad coordination would
imply a default. Bad coordination probability is set to
π = 0.2 and λ = 0.125

Figure 16 – Crisis Zone - 1 trimester bond - Chatterjee and Eyigungor (2012)

Notes: blue (gray) dots indicate where is the actual real-
ization of the state in each period of time, while the white
colored section indicates where bad coordination would
imply a default. Bad coordination probability is set to
π = 0.2 and λ = 1.000
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Figure 17 – Crisis Zone - 2 years bond - Chatterjee and Eyigungor (2012)

Notes: blue (gray) dots indicate where is the actual real-
ization of the state in each period of time, while the white
colored section indicates where bad coordination would
imply a default. Bad coordination probability is set to
π = 0.2 and λ = 0.125

Figure 18 – Crisis Zone - 1 trimester bond - Aguiar and Amador (2014)

Notes: blue (gray) dots indicate where is the actual real-
ization of the state in each period of time, while the white
colored section indicates where bad coordination would
imply a default. Bad coordination probability is set to
π = 0.2 and λ = 1.000
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Figure 19 – Crisis Zone - 2 years bond - Aguiar and Amador (2014)

Notes: blue (gray) dots indicate where is the actual real-
ization of the state in each period of time, while the white
colored section indicates where bad coordination would
imply a default. Bad coordination probability is set to
π = 0.2 and λ = 0.125

Figure 20 – Crisis Zone - 1 trimester bond - Bocola and Dovis (2019)

Notes: blue (gray) dots indicate where is the actual real-
ization of the state in each period of time, while the white
colored section indicates where bad coordination would
imply a default. Bad coordination probability is set to
π = 0.2 and λ = 1.000
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Figure 21 – Crisis Zone - 2 years bond - Bocola and Dovis (2019)

Notes: blue (gray) dots indicate where is the actual real-
ization of the state in each period of time, while the white
colored section indicates where bad coordination would
imply a default. Bad coordination probability is set to
π = 0.2 and λ = 0.125



46

APPENDIX B – Tables

Table 5 – Statistics - Robustness Check

h1 h1
λ = 1.000 λ = 0.125

π = 0.05 π = 0.90 π = 0.05 π = 0.90

debt to ouput mean 0.07639 0.04232 0.10609 0.10426
std dev debt to output 0.07646 0.01846 0.07060 0.06864
default freq 0.00713 0.00602 0.04856 0.04804

h2 h2
λ = 1.000 λ = 0.125

π = 0.05 π = 0.90 π = 0.05 π = 0.90

debt to ouput mean 0.21240 0.08767 0.21620 0.21537
std dev debt to output 0.04417 0.01132 0.03421 0.03095
default freq 0.00272 0.00178 0.00560 0.00628

h3 h3
λ = 1.000 λ = 0.125

π = 0.05 π = 0.90 π = 0.05 π = 0.90

debt to ouput mean 0.95869 0.15969 0.95871 0.95216
std dev debt to output 0.07683 0.00375 0.07682 0.06168
default freq 0.00019 0.00017 0.00024 0.00022

h4 h4
λ = 1.000 λ = 0.125

π = 0.05 π = 0.90 π = 0.05 π = 0.90

debt to ouput mean 1.10311 0.17006 1.10334 1.06022
std dev debt to output 0.12362 0.00405 0.12262 0.04295
default freq 0.00042 0.00026 0.00048 0.00112

Notes: the statistics presented were obtained by simulating 1000000 data
points.



Appendix C - Code

This Python code is based on the Arellano (2008) code from the Quant Econ website.

In [1]: import numpy as np
import random
import quantecon as qe
from numba import jit
import timeit

class Cole_Kehoe_Economy:
"""
Parameters
----------
α : float

cordination parameter
π_bar : float

cordination parameter
β : float

Time discounting parameter
γ : float

Risk-aversion parameter
r : float

int lending rate
ρ : float

Persistence in the income process
η : float

Standard deviation of the income process
θ : float

Probability of re-entering financial markets in each period
λ : float

Maturity decay
ny : int

Number of points in y grid
nB : int

Number of points in B grid
tol : float

Error tolerance in iteration
maxit : int

Maximum number of iterations
"""

def __init__(self,
α=2., # coord param
π_bar=0.5, # coord param
β=.953, # time discount rate
γ=2., # risk aversion
r=0.017, # international interest rate
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ρ=.945, # persistence in output
η=0.025, # st dev of output shock
θ=0.282, # prob of regaining access
λ=0.15, # maturity
ny=21, # number of points in y grid
nB=251, # number of points in B grid
tol=1e-8, # error tolerance in iteration
a = 1, # pricing function param
maxit=10000):

# Save parameters
self.β, self.γ, self.r = β, γ, r
self.π_bar, self.α = π_bar, α
self.ρ, self.η, self.θ, self.λ = ρ, η, θ, λ
self.ny, self.nB = ny, nB
self.a = a

# Create grids and discretize Markov process
self.Bgrid = np.linspace(0, 7.5, nB)
self.mc = qe.markov.tauchen(ρ, η, 3, ny)
self.ygrid = np.exp(self.mc.state_values)
self.Py = self.mc.P

# Coordination matrix

self.π = np.zeros((ny, nB))
ymean = np.mean(self.ygrid)

# Output when in default

#Arellano (2008)

#self.def_y = np.minimum(0.969 * ymean, self.ygrid)

#Aguiar & Amador (2014)

#self.def_y = self.ygrid - 0.15

#Chatterjee & Eyigungor (2012)

#self.def_y = self.ygrid - np.maximum(0, (-0.18819)*self.ygrid + \
#(0.24558)*(self.ygrid**2))

#Bocola & Dovis (2019)
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d0 = (0.140625 - (0.225)*min(self.ygrid))/(1-min(self.ygrid))
d1 = 0.225 - d0
self.def_y = self.ygrid - np.maximum(0, d0*self.ygrid + \

d1*(self.ygrid**2))

# Allocate memory
self.Vd = np.zeros((ny, nB))
self.Vc = np.zeros((ny, nB))
self.V = np.zeros((ny, nB))
self.V1 = np.zeros((ny, nB))
self.Vc_no_roll = np.zeros((ny, nB))
self.Q = np.ones((ny, nB)) * .95 # Initial guess for prices
self.next_period_Q = np.ones((ny, nB)) * .95
self.default_prob = np.empty((ny, nB))

# Compute the value functions, prices, and default prob
self.solve(tol=tol, maxit=maxit)
# Compute the optimal savings policy conditional on no default
self.compute_savings_policy()

def solve(self, tol=1e-8, maxit=10000):
# Iteration Stuff
it = 0
dist = 10.
dist0 = 10.

# Alloc memory to store next iterate of value function
V_upd = np.zeros((self.ny, self.nB)) # value function when ξ = 0
V1_upd = np.zeros((self.ny, self.nB)) # value function when ξ = 1
V_aux = np.zeros((self.ny, self.nB))
V_aux1 = np.zeros((self.ny, self.nB))
V_aux2 = np.zeros((self.ny, self.nB))
V_aux3 = np.zeros((self.ny, self.nB))

# == Main loop == #
while dist > tol and maxit > it:

for i in range(self.ny):
for j in range(self.nB):

if self.Vd[i,j] > self.Vc[i,j]:
self.π[i, j] = 0

else:
self.π[i, j] = self.π_bar*np.exp(-self.α*(self.Vc[i,j] \

- self.Vd[i,j]))

# Compute expectations for this iteration
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EVd = np.zeros((self.ny, self.nB))
EV = np.zeros((self.ny, self.nB))
EV1 = np.zeros((self.ny, self.nB))
EVc = np.zeros((self.ny, self.nB))
EVc_no_roll = np.zeros((self.ny, self.nB))
Vs = self.Vd, self.V, self.V1, self.Vc, self.Vc_no_roll
EVd, EV, EV1, EVc, EVc_no_roll = (self.Py @ v for v in Vs)

# Run inner loop to update value functions Vc and Vd.
# Note that Vc and Vd are updated in place. Other objects
# are not modified.
_inner_loop(self.ygrid, self.def_y,

self.Bgrid, self.π, self.Vd, self.Vc,
EVc, EVd, EV, EV1, self.Q,
self.β, self.θ, self.γ, self.λ)

_inner_loop_hat(self.ygrid, self.Bgrid, self.π,
self.Vc_no_roll, EV, EV1, self.β, self.γ, self.λ)

# Update prices
default_states = self.Vd > self.Vc
default_states_hat = self.Vd > self.Vc_no_roll

self.default_prob[:,:] = self.Py @ (default_states[:,:] * \
(1 - self.π[:,:])) + \

self.Py @ (default_states_hat[:,:]*(self.π[:,:]))

self.next_period_Q[:, :] = self.Q

self.Q[:, :] = self.a*(1 - self.default_prob)* \
(self.λ + (1 - self.λ)*self.next_period_Q)/(1 + self.r) + \
(1 - self.a)*self.next_period_Q

dist2 = np.max(np.abs(self.Q - self.next_period_Q))

# Update first main value function and distance
V_upd[:,:] = np.maximum(self.Vc, self.Vd)
dist = np.max(np.abs(V_upd - self.V))
self.V[:,:] = V_upd[:,:]

# Update second main value function and distance
V_aux[:,:] = np.maximum(self.Vc_no_roll, self.Vd)
V_aux1[:,:] = np.where(V_aux==self.Vc_no_roll,1,0)
V_aux2[:,:] = self.Vc*V_aux1
V_aux3[:,:] = V_aux - self.Vc_no_roll*V_aux1
V1_upd[:,:] = V_aux3 + V_aux2
dist1 = np.max(np.abs(V1_upd - self.V1))
self.V1[:,:] = V1_upd[:,:]
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it += 1
if it % 25 == 0:

print(f"Running iteration {it} with dist of {dist}, \
{dist1} and {dist2}")

return None

def compute_savings_policy(self):
"""
Compute optimal savings B' conditional on not defaulting.
The policy is recorded as an index value in Bgrid.
"""

# Allocate memory
self.next_B_index = np.empty((self.ny, self.nB))
Vs = self.V, self.V1
EV, EV1 = (self.Py @ v for v in Vs)

_compute_savings_policy(self.ygrid, self.Bgrid, self.π, \
self.Q, EV, EV1,
self.γ, self.β, self.λ, self.next_B_index)

def simulate(self, T, seed, y_init=None, B_init=None, ξ_init=None):

np.random.seed(seed)
RU = np.random.uniform(0, 1, T+1)
zero_B_index = 0

if y_init is None:
y_init = np.searchsorted(self.ygrid, self.ygrid.mean())

if B_init is None:
B_init = zero_B_index

if ξ_init is None:
ξ_init = 0

in_default = False

y_sim_indices = self.mc.simulate_indices(T, init=y_init)
B_sim_indices = np.empty(T, dtype=np.int64)
B_sim_indices[0] = B_init
ξ_sim = np.empty(T, dtype=np.int64)
ξ_sim[0] = ξ_init
q_sim = np.empty(T)
in_default_series = np.zeros(T, dtype=np.int64)
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for t in range(T-1):
yi, Bi = y_sim_indices[t], B_sim_indices[t]
if not in_default:

if self.Vc[yi, Bi] < self.Vd[yi, Bi] or \
(self.Vc_no_roll[yi, Bi] < self.Vd[yi, Bi] and ξ_sim[t] == 1):

in_default = True
Bi_next = zero_B_index

else:
new_index = self.next_B_index[yi, Bi]
Bi_next = new_index

else:
in_default_series[t] = 1
Bi_next = zero_B_index
if RU[t+1] < self.θ:

in_default = False

if RU[t] < self.π[yi, Bi]:
ξ_sim[t+1] = 1

else:
ξ_sim[t+1] = 0

B_sim_indices[t+1] = Bi_next
q_sim[t] = self.Q[yi, int(Bi_next)]

q_sim[-1] = q_sim[-2] # Extrapolate for the last price
return_vecs = (self.ygrid[y_sim_indices],

self.Bgrid[B_sim_indices],
ξ_sim,
q_sim,
in_default_series)

return return_vecs

def default_prob_function(self, y_0, B_0, ξ_0, t):

def_prob_t = np.zeros(t)
π_t_seq = np.zeros(t)

prob_mat = np.zeros((self.ny, self.nB))
prob_mat[np.searchsorted(self.ygrid, y_0),\

np.searchsorted(self.Bgrid, B_0)] = 1
prob_mat_prime = np.zeros((self.ny, self.nB))

Y_bar_b = self.Vc < self.Vd
Y_bar_prime_b = self.Vc_no_roll < self.Vd
Y_bar = self.Vc >= self.Vd
Y_bar_prime = self.Vc_no_roll >= self.Vd
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for i in range(self.ny):
for j in range(self.nB):

f_t_new = (prob_mat * Y_bar) * (1 - self.π) + \
(prob_mat * Y_bar_prime) * (self.π)

B2 = B_Q_transition(self.next_B_index, self.Q, self.ygrid, \
self.Bgrid, \
self.Vc, self.Vd, self.Vc_no_roll, \
self.ygrid[i], self.Bgrid[j], ξ_0, 0)[0]

aux = f_t_new[i,j] * self.Py[i,:]

prob_mat_prime[:,np.searchsorted(self.Bgrid ,B2)] \
= prob_mat_prime[:,np.searchsorted(self.Bgrid ,B2)] + aux

def_prob_t[0] = np.sum(Y_bar_b * (1 - self.π) * prob_mat_prime) + \
np.sum(Y_bar_prime_b * self.π * prob_mat_prime)
prob_mat[:,:] = prob_mat_prime
π_t_seq[0] = def_prob_t[0]/np.sum(prob_mat)

for t in range(1, t):
prob_mat_prime[:,:] = np.zeros((self.ny, self.nB))
for i in range(self.ny):

for j in range(self.nB):
f_t_new = (prob_mat * Y_bar) * (1 - self.π) + \
(prob_mat * Y_bar_prime) * (self.π)
B2_0 = B_Q_transition(self.next_B_index, self.Q, self.ygrid,\

self.Bgrid, \
self.Vc, self.Vd, self.Vc_no_roll, \
self.ygrid[i], self.Bgrid[j], 0, 0)[0]

B2_1 = B_Q_transition(self.next_B_index, self.Q, self.ygrid,\
self.Bgrid, \
self.Vc, self.Vd, self.Vc_no_roll, \
self.ygrid[i], self.Bgrid[j], 1, 0)[0]

aux = f_t_new[i,j] * self.Py[i,:]

prob_mat_prime[:,np.searchsorted(self.Bgrid ,B2_0)] \
= prob_mat_prime[:,np.searchsorted(self.Bgrid ,B2_0)] + \
(1 - self.π[i,j])*aux
prob_mat_prime[:,np.searchsorted(self.Bgrid ,B2_1)]\
= prob_mat_prime[:,np.searchsorted(self.Bgrid ,B2_1)] + \
(self.π[i,j])*aux

def_prob_t[t] = np.sum(Y_bar_b * (1 - self.π) * prob_mat_prime) + \
np.sum(Y_bar_prime_b * self.π * prob_mat_prime)
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prob_mat[:,:] = prob_mat_prime
π_t_seq[t] = def_prob_t[t]/np.sum(prob_mat)

return π_t_seq, def_prob_t, prob_mat

@jit(nopython=True)
def u(c, γ):

return c**(1-γ)/(1-γ)

@jit(nopython=True)
def _inner_loop(ygrid, def_y, Bgrid, π, Vd, Vc, EVc,

EVd, EV, EV1, qq, β, θ, γ, λ):

ny, nB = len(ygrid), len(Bgrid)
zero_ind = 0 # Integer division
for iy in range(ny):

y = ygrid[iy] # Pull out current y
for ib in range(nB):

B = Bgrid[ib] # Pull out current B
# Compute Vd
Vd[iy, ib] = u(def_y[iy], γ) +\

β * (θ * EVc[iy, zero_ind] + (1 - θ) * EVd[iy, ib])
# Compute Vc
current_max = -1e14
for ib_next in range(nB):

c = max(y - λ*B + qq[iy, ib_next] * Bgrid[ib_next] - \
qq[iy, ib_next] * (1 - λ)*B, 1e-14)

m = u(c, γ) + β * ((1 - π[iy, ib_next])*EV[iy, ib_next] + \
(π[iy, ib_next])*EV1[iy, ib_next])

if m > current_max:
current_max = m

Vc[iy, ib] = current_max

return None

@jit(nopython=True)
def _inner_loop_hat(ygrid, Bgrid, π, Vc_no_roll,

EV, EV1, β, γ, λ):

ny, nB = len(ygrid), len(Bgrid)
zero_ind = 0
for iy in range(ny):

y = ygrid[iy]
# Compute Vc_no_roll
for ib in range(nB):

ib_λ = np.searchsorted(Bgrid, (1 - λ)*Bgrid[ib])
B = Bgrid[ib]
c = max(y - λ*B, 1e-14)

54



Vc_no_roll[iy, ib] = u(c, γ) + β * \
((1-π[iy, ib_λ])*EV[iy, ib_λ] + (π[iy, ib_λ])*EV1[iy, ib_λ])

return None

@jit(nopython=True)
def _compute_savings_policy(ygrid, Bgrid, π, Q, EV, EV1, γ, β, λ, next_B_index):

# Compute best index in Bgrid given iy, ib
ny, nB = len(ygrid), len(Bgrid)
for iy in range(ny):

y = ygrid[iy]
for ib in range(nB):

B = Bgrid[ib]
current_max = -1e10
for ib_next in range(nB):

c = max(y - λ*B + Q[iy, ib_next] * Bgrid[ib_next] - \
Q[iy, ib_next] * (1 - λ)*B, 1e-14)

m = u(c, γ) + β * ((1 - π[iy, ib_next])*EV[iy, ib_next] + \
(π[iy, ib_next])*EV1[iy, ib_next])

if m > current_max:
current_max = m
current_max_index = ib_next

next_B_index[iy, ib] = current_max_index
return None

def B_Q_transition(cknext_B_index, ckQ, ckygrid, ckBgrid, \
ckVc, ckVd, ckVc_no_roll, \
y, B, ξ, default):

yi, Bi = np.searchsorted(ckygrid, y), np.searchsorted(ckBgrid, B)

if yi == len(ckygrid):
yi = yi-1

if Bi == len(ckBgrid):
Bi = Bi-1

if default == 0:
if ckVc[yi, Bi] < ckVd[yi, Bi] or (ckVc_no_roll[yi, Bi] < ckVd[yi, Bi] \

and ξ == 1):
Bi_next = 0
default_next = 1

else:
Bi_next = cknext_B_index[yi, Bi]
default_next = 0

else:
Bi_next = 0
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default_next = 1

B_prime = ckBgrid[int(Bi_next)]
q = ckQ[yi, int(Bi_next)]
return B_prime, q, default_next

In [2]: import matplotlib.pyplot as plt
%matplotlib inline

ae = Cole_Kehoe_Economy(α=0, # coord param
π_bar=0, # coord param
β=.95402, # time discount rate
γ=2., # risk aversion
r=0.01, # international interest rate
ρ=.948503, # persistence in output
η=0.027092, # st dev of output shock
θ=0.0385, # prob of regaining access
λ=1.0, # maturity decay
ny=200, # number of points in y grid
nB=1000, # number of points in B grid
tol=1e-8, # error tolerance in iteration
a = 1, # convergence parameter
maxit=100000)

In [3]: ck = Cole_Kehoe_Economy(α=0, # coord param
π_bar=0.2, # coord param
β=.95402, # time discount rate
γ=2., # risk aversion
r=0.01, # international interest rate
ρ=.948503, # persistence in output
η=0.027092, # st dev of output shock
θ=0.0385, # prob of regaining access
λ=1.0, # maturity decay
ny=200, # number of points in y grid
nB=1000, # number of points in B grid
tol=1e-8, # error tolerance in iteration
a = 1, # convergence parameter
maxit=100000)

In [4]: ck9 = Cole_Kehoe_Economy(α=0, # coord param
π_bar=0.9, # coord param
β=.95402, # time discount rate
γ=2., # risk aversion
r=0.01, # international interest rate
ρ=.948503, # persistence in output
η=0.027092, # st dev of output shock
θ=0.0385, # prob of regaining access
λ=1.0, # maturity decay
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ny=200, # number of points in y grid
nB=1000, # number of points in B grid
tol=1e-8, # error tolerance in iteration
a = 1, # convergence parameter
maxit=100000)

In [5]: ck05 = Cole_Kehoe_Economy(α=0, # coord param
π_bar=0.05, # coord param
β=.95402, # time discount rate
γ=2., # risk aversion
r=0.01, # international interest rate
ρ=.948503, # persistence in output
η=0.027092, # st dev of output shock
θ=0.0385, # prob of regaining access
λ=0.125, # maturity decay
ny=200, # number of points in y grid
nB=1000, # number of points in B grid
tol=1e-8, # error tolerance in iteration
a = 1, # convergence parameter
maxit=100000)

In [13]: xx, yy = ck.Bgrid, ck.ygrid
zz = ck.default_prob[:,:]

#plt.rcParams.update(plt.rcParamsDefault)
plt.rcParams.update({'font.size': 30})

# Create figure
fig, ax = plt.subplots(figsize=(12, 8))
hm = ax.pcolormesh(xx, yy, zz)
cax = fig.add_axes([.92, .1, .02, .8])
fig.colorbar(hm, cax=cax, cmap='gray')
ax.axis([0, 7.5, 0.8, yy.max()])
fig.suptitle("Def Prob $\pi = 0.2$ $\lambda = 0.125$", fontsize=50)
ax.set(xlabel="$B'$", ylabel="$y$")
plt.set_cmap('gist_gray')

fig.savefig("cole_kehoe_econ_prob_def.pdf")
fig.savefig("cole_kehoe_econ_prob_def.png", bbox_inches='tight')
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In [7]: xx, yy = ae.Bgrid, ae.ygrid
zz = ae.default_prob[:,:]

#plt.rcParams.update(plt.rcParamsDefault)
plt.rcParams.update({'font.size': 30})

# Create figure
fig, ax = plt.subplots(figsize=(12, 8))
hm = ax.pcolormesh(xx, yy, zz)
cax = fig.add_axes([.92, .1, .02, .8])
fig.colorbar(hm, cax=cax, cmap='gray')
ax.axis([0, 7.5, 0.8, yy.max()])
ax.set(xlabel="$B'$", ylabel="$y$")
plt.set_cmap('gist_gray')
fig.suptitle("Def Prob $\pi = 0.0$ $\lambda = 0.125$", fontsize=50)
fig.savefig("arellano_econ_prob_def.pdf")
fig.savefig("arellano_econ_prob_def.png", bbox_inches='tight')
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In [8]: T = 400

plt.rcParams.update({'font.size': 20})

y_vec, B_vec, ξ_vec, q_vec, default_vec = \
ae.simulate(T, seed = 1729)

y_vec_2, B_vec_2, ξ_vec_2, q_vec_2, default_vec_2 = \
ck.simulate(T, seed = 1729)

# Pick up default start and end dates
start_end_pairs = []
i = 0
while i < len(default_vec):

if default_vec[i] == 0:
i += 1

else:
# If we get to here we're in default
start_default = i
while i < len(default_vec) and default_vec[i] == 1:

i += 1
end_default = i - 1
start_end_pairs.append((start_default, end_default))
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# Pick up default start and end dates
start_end_pairs_2 = []
i = 0
while i < len(default_vec):

if default_vec_2[i] == 0:
i += 1

else:
# If we get to here we're in default
start_default_2 = i
while i < len(default_vec_2) and default_vec_2[i] == 1:

i += 1
end_default_2 = i - 1
start_end_pairs_2.append((start_default_2, end_default_2))

plot_series = B_vec, q_vec
plot_series2 = B_vec_2, q_vec_2
titles = 'Foreign assets', 'Bond price'

fig, ax = plt.subplots(2, 1, figsize=(10, 10))
fig.subplots_adjust(hspace=0.3)

s_max, s_min = max(max(B_vec), max(B_vec_2)), min(min(B_vec), min(B_vec_2))
s_range = s_max - s_min
y_max = s_max + s_range * 0.1
y_min = s_min - s_range * 0.1
ax[0].set_ylim(y_min, y_max)
for pair in start_end_pairs:

ax[0].fill_between(pair, (y_min, y_min), (y_max, y_max),
color='r', alpha=0.3)

for pair in start_end_pairs_2:
ax[0].fill_between(pair, (y_min, y_min), (y_max, y_max),

color='b', alpha=0.3)
ax[0].grid()
ax[0].plot(range(T), B_vec, lw=2, alpha=0.7, color = "red", \

label = "$\pi = 0.0$")
ax[0].plot(range(T), B_vec_2, lw=2, alpha=0.7, color = "blue", \

label = "$\pi = 0.2$", linestyle = '--')
ax[0].set(title="Foreign assets", xlabel="time")
ax[0].legend()

q_max, q_min = max(max(q_vec), max(q_vec_2)), min(min(q_vec), min(q_vec_2))
q_range = q_max - q_min
qy_max = 0.995
qy_min = 0.970
ax[1].set_ylim(0.970, 0.995)
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for pair in start_end_pairs:
ax[1].fill_between(pair, (qy_min, qy_min), (qy_max, qy_max),

color='r', alpha=0.3)
for pair in start_end_pairs_2:

ax[1].fill_between(pair, (qy_min, qy_min), (qy_max, qy_max),
color='b', alpha=0.3)

ax[1].grid()
ax[1].plot(range(T), q_vec, lw=2, alpha=0.7, color = "red",\

label = "$\pi = 0.0$")
ax[1].plot(range(T), q_vec_2, lw=2, alpha=0.7, color = "blue",\

label = "$\pi = 0.2$", linestyle = '--')
ax[1].set(title="Bond price", xlabel="time")
ax[1].legend()

plt.show()
fig.savefig("sim_data_blue2.pdf")
fig.savefig("sim_data_blue2.png")

61



In [9]: xx, yy = ck.Bgrid, ck.ygrid
tt = (np.where(ck.Vc>ck.Vd,1,0) - np.where(ck.Vc_no_roll>ck.Vd,1,0))
ww = (np.where(ck.Vd>ck.Vc,1,0))
zz = tt + 0.5*ww

plt.rcParams.update({'font.size': 30})

# Create figure
fig, ax = plt.subplots(figsize=(12, 8))
hm = ax.pcolormesh(xx, yy, zz)
cax = fig.add_axes([.92, .1, .02, .8])
cb = fig.colorbar(hm, cax=cax, cmap='gray')
ax.axis([0,6, 0.8, yy.max()])
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ax.plot(B_vec_2, y_vec_2, 'cyan', marker='o', linestyle='none')

ax.set(xlabel="$B'$", ylabel="$y$")
fig.suptitle("Crisis Zone $\pi = 0.2$ $\lambda = 1.0$", fontsize=50)

cb.remove()

plt.set_cmap('gist_gray')

plt.show()

fig.savefig("Crisis_Zone.pdf")
fig.savefig("Crisis_Zone1.png", bbox_inches='tight')

In [10]: T = 1000000

y_vec, B_vec, ξ_vec, q_vec, default_vec = \
ae.simulate(T, seed = 1729)

y_vec_2, B_vec_2, ξ_vec_2, q_vec_2, default_vec_2 = \
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ck.simulate(T, seed = 1729)

y_vec_9, B_vec_9, ξ_vec_9, q_vec_9, default_vec_9 = \
ck9.simulate(T, seed = 1729)

import pandas as pd
import xlsxwriter
import os
import openpyxl
os.chdir('C:\\Users\\Lucas\\Desktop\\\latest\\results')

df = pd.DataFrame({'y_vec':y_vec, 'B_vec':B_vec, 'def_vec':default_vec})
df['y_vec_annual'] = df['y_vec'].rolling(window=4).sum()
df = df.dropna()
df['B_to_y'] = df['B_vec']/df['y_vec_annual']
df = df[df.def_vec == 0]

freq = np.append(default_vec, 0) - np.append(0, default_vec)
freq = freq[freq != -1]

data = [np.mean(df.B_to_y), np.std(df.B_to_y), (sum(freq)/(T))*4]

df = pd.DataFrame({'y_vec':y_vec, 'B_vec':B_vec_2, 'def_vec':default_vec_2})
df['y_vec_annual'] = df['y_vec'].rolling(window=4).sum()
df = df.dropna()
df['B_to_y'] = df['B_vec']/df['y_vec_annual']
df = df[df.def_vec == 0]

freq = np.append(default_vec_2, 0) - np.append(0, default_vec_2)
freq = freq[freq != -1]

data2 = [np.mean(df.B_to_y), np.std(df.B_to_y), (sum(freq)/(T))*4]

xfile = openpyxl.load_workbook('results_table.xlsx')

sheet = xfile['paper']

col = "B"
col2 = "C"
row = 22

x=0

end = row+2

while (row <= end):
y = str(row)
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cell = col + y
sheet[cell] = data[x]

cell = col2 + y
sheet[cell] = data2[x]
row = row + 1
x = x + 1

xfile.save('results_table.xlsx')

In [11]: T = 1000000

y_vec, B_vec, ξ_vec, q_vec, default_vec_9 = \
ck05.simulate(T, seed = 1729)

y_vec_2, B_vec_2, ξ_vec_2, q_vec_2, default_vec_2 = \
ck9.simulate(T, seed = 1729)

import pandas as pd
import xlsxwriter
import os
import openpyxl
os.chdir('C:\\Users\\Lucas\\Desktop\\\latest\\results')

df = pd.DataFrame({'y_vec':y_vec, 'B_vec':B_vec, 'def_vec':default_vec})
df['y_vec_annual'] = df['y_vec'].rolling(window=4).sum()
df = df.dropna()
df['B_to_y'] = df['B_vec']/df['y_vec_annual']
df = df[df.def_vec == 0]

freq = np.append(default_vec, 0) - np.append(0, default_vec)
freq = freq[freq != -1]

data = [np.mean(df.B_to_y), np.std(df.B_to_y), (sum(freq)/(T))*4]

df = pd.DataFrame({'y_vec':y_vec, 'B_vec':B_vec_2, 'def_vec':default_vec_2})
df['y_vec_annual'] = df['y_vec'].rolling(window=4).sum()
df = df.dropna()
df['B_to_y'] = df['B_vec']/df['y_vec_annual']
df = df[df.def_vec == 0]

freq = np.append(default_vec_2, 0) - np.append(0, default_vec_2)
freq = freq[freq != -1]

data2 = [np.mean(df.B_to_y), np.std(df.B_to_y), (sum(freq)/(T))*4]

xfile = openpyxl.load_workbook('results_table.xlsx')
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sheet = xfile['robustness']

col = "B"
col2 = "C"
row = 22

x=0

end = row+2

while (row <= end):
y = str(row)
cell = col + y
sheet[cell] = data[x]

cell = col2 + y
sheet[cell] = data2[x]
row = row + 1
x = x + 1

xfile.save('results_table.xlsx')

In [12]: os.chdir('C:\\Users\\Lucas\\Desktop\\sim_data')

T = 400

plt.rcParams.update({'font.size': 20})

y_vec, B_vec, ξ_vec, q_vec, default_vec = \
ae.simulate(T, seed = 1729)

y_vec_2, B_vec_2, ξ_vec_2, q_vec_2, default_vec_2 = \
ck.simulate(T, seed = 1729)

df = pd.DataFrame({'y_vec':y_vec, \
'B_vec':B_vec, 'B_vec_2':B_vec_2, \
'default_vec':default_vec, 'default_vec_2':default_vec_2, \
'q_vec':q_vec, 'q_vec_2':q_vec_2})

df['y_vec_annual'] = df['y_vec'].rolling(window=4).sum()
df = df.dropna()
df = df.reset_index()

# Pick up default start and end dates
start_end_pairs = []
i = 0
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while i < len(df.default_vec):
if df.default_vec[i] == 0:

i += 1
else:

# If we get to here we're in default
start_default = i
while i < len(df.default_vec) and df.default_vec[i] == 1:

i += 1
end_default = i - 1
start_end_pairs.append((start_default, end_default))

# Pick up default start and end dates
start_end_pairs_2 = []
i = 0
while i < len(df.default_vec):

if df.default_vec_2[i] == 0:
i += 1

else:
# If we get to here we're in default
start_default_2 = i
while i < len(df.default_vec_2) and df.default_vec_2[i] == 1:

i += 1
end_default_2 = i - 1
start_end_pairs_2.append((start_default_2, end_default_2))

plot_series = df.B_vec/df.y_vec_annual, df.q_vec
plot_series2 = df.B_vec_2/df.y_vec_annual, df.q_vec_2
titles = 'Debt to output', 'Bond price'

fig, ax = plt.subplots(len(plot_series2), 1, figsize=(10, 10))
fig.subplots_adjust(hspace=0.3)

T = T-3

s_max, s_min = max(max(df.B_vec/df.y_vec_annual), \
max(df.B_vec_2/df.y_vec_annual)), \

min(min(df.B_vec/df.y_vec_annual), \
min(df.B_vec_2/df.y_vec_annual))

s_range = s_max - s_min
y_max = s_max + s_range * 0.1
y_min = s_min - s_range * 0.1
ax[0].set_ylim(y_min, y_max)
for pair in start_end_pairs:

ax[0].fill_between(pair, (y_min, y_min), (y_max, y_max),
color='r', alpha=0.3)

for pair in start_end_pairs_2:
ax[0].fill_between(pair, (y_min, y_min), (y_max, y_max),
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color='b', alpha=0.3)
ax[0].grid()
ax[0].plot(range(T), df.B_vec/df.y_vec_annual, lw=2, alpha=0.7, \

color = "red", label = "$\pi = 0.0$")
ax[0].plot(range(T), df.B_vec_2/df.y_vec_annual, lw=2, alpha=0.7, \

color = "blue", label = "$\pi = 0.2$", linestyle = '--')
ax[0].set(title="Debt to output", xlabel="time")
ax[0].legend()

q_max, q_min = max(max(df.q_vec), max(q_vec_2)), \
min(min(df.q_vec), min(q_vec_2))

q_range = q_max - q_min
qy_max = 0.995
qy_min = 0.970
ax[1].set_ylim(0.970, 0.995)
for pair in start_end_pairs:

ax[1].fill_between(pair, (qy_min, qy_min), (qy_max, qy_max),
color='r', alpha=0.3)

for pair in start_end_pairs_2:
ax[1].fill_between(pair, (qy_min, qy_min), (qy_max, qy_max),

color='b', alpha=0.3)
ax[1].grid()
ax[1].plot(range(T), df.q_vec, lw=2, alpha=0.7, color = "red",\

label = "$\pi = 0.0$")
ax[1].plot(range(T), df.q_vec_2, lw=2, alpha=0.7, color = "blue",\

label = "$\pi = 0.2$", linestyle = '--')
ax[1].set(title="Bond price", xlabel="time")
ax[1].legend()

plt.show()

plt.show()
fig.savefig("sim_data_blueBD1000.pdf")
fig.savefig("sim_data_blueBD1000.png")

68



69


	Folha de rosto
	Folha de aprovação
	Agradecimentos
	Resumo
	Abstract
	List of Figures
	List of Tables
	Contents
	Introduction
	Model
	Output, Consumption
	Asset Markets
	Government Decision
	Timing of The Events
	Government Payoff
	Equilibrium
	Default Cost Functions

	Solution
	Results
	The effect of the output loss function with no rollover risk
	Arellano (2008) function h1
	Chatterjee & Eyigungor (2012) function h2
	Aguiar & Amador (2014) function h3
	Bocola & Dovis (2019) function h4

	Conclusion
	Bibliography
	Graphs
	Tables

