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Abstract

Employing a embodied technologic change model in which the time decision of scrap-
ping old vintages of capital and adopt newer one is endogenous we show that the
elasticity of substitutions among capital and labor plays a key role in determining the
optimum life span of capital. In particular, for the CD case the life span of capital does
not depend on the relative price of it. The estimation of the model’s long-run invest-
ment function shows, for a Panel data set consisting of 125 economies for 25 years, that
the price elasticity of investment is lower than one; we rejected the CD specification.
Our calibration for the US suggests 0.4 for the technical elasticity of substitution. In
order to get a theoretical consistent concept of aggregate capital we derive the relative
price profile for a shadow second-hand market for capital. The shape of the model’s
theoretical price curve reproduces the empirical estimation of it. We plug the calibrate
version of the long-run solution of the model to a cross-section of economies data set
to get the implied TFP, that is, the part of the productivity which is not explained
by the model. We show that the model represent a good improvement, comparing to
the standard neoclassical growth model with CD production function and disembodied

technical change, in accounting the world diversity in productivity. In addition the

*Graduate School of Economics, Fundagido Getulio Vargas - Rio de Janeiro, Brazil. Currently visiting
The University of Pennsylvania, pessoa@fgv.br, pessoa@ssc.upenn.edu.
TDepartment of Economics, University of Pennsylvania, rrob@econ.upenn.edu.



model describes the fact that a very poor economy can experience fast growth based
on capital accumulation until the point of becoming a middle income economy; from

this point on it has to rely on TFP increase in order to keep growing.
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1 Introduction

In 1960 Solow published a paper in which technologic change was embodied in new vin-
tages of capital good. He showed that if the production function of a firm of any vintage is
Cobb-Douglas (CD) and if the labor service direct to old vintages can be adjusted smoothly
and continuously as the vintage ages, and, consequently, its productivity decreases, the con-
solidate version of the model resembles the standard model with disembodied technological
change. This correspondence result has turn the attention of the profession way of the
specific investment assumption. Recently, it has been acknowledge that investment specific
technological change! can help to understand some key stylized facts of the long-run path
of the US economy.? In this paper, we argue that the embodied version of the investment
specific technological change with scrapping of old capital can describe some stylized facts for
a cross section of economies. In particular it can help in understanding why poorer economy
presents a lower total factor productivity (TFP).2+

In 1962 Arrow published his famous paper on learning-by-doing. Although the main issue

of that paper was learning-by-doing and, hence, endogenous technical change, it does have

nvestment specific technological change occurs when the innovation is attached to the acquisition of
new units of capital. It could be because the new capital good embodied new technology or because the
technology of producing new capital goods improves continuously.

2Greenwood and Jovanovic (1999) provide a survey of the new literature on growth models with vintage
capital.

SHall and Jones (1999) or Cavalcanti, Issler, and Pessoa (2000), among others, have documented this
phenomenon.

4Prescott (1998) noticed the necessity of a theory that explain this regularity: lower TFP among poorer
economies. Some suggested explanations are: Parent and Prescott (2000) argued that lower TEP is prevalent
among poorer economies due to monopoly groups or unions which impede the adoption of newer technology;
Parente, Rogerson, and Wright (2000) maintained that the lackness of home production statistics could do
a good job in explaining it, once we acknowledged that home production is much higher in poor economies.



a contribution to capital theory. In his model there is a Leontief aggregator linking labor
requirement and capital stock of a specific vintage. Due to the opportunity cost of employing
an old vintage capital unit, which is given by the market wage rate, old capital is scrapped
from production before became unproductive from a physical point of view. There is room
for a theory that take into consideration economic depreciation as a different phenomenon
than physical depreciation. When we apply this idea to development economic the following
result emerge. Poor economies are low wage economies; the opportunity cost of employing
an old vintage capital in Arrow framework is lower. As a consequence, machines in average
are older, which means that productivity is lower. Jovanovic and Rob (1997) worked in a
set up which is a merge of Solow (1960) and Arrow (1962). From Solow they took the idea
of embodiment in a context of exogenous technological change; from Arrow they took the
idea of embodiment with a fix technology linking labor and capital, and, hence, scrapping.
Parente (2000) and Mateos-Planas (2001) extend the Jovanovic and Rob model to take
into consideration learning-by-using and human capital. As in Arrow’s, these three papers
employ a vintage capital model in which the firms combine capital and labor in a Leontief
production function. Consequently, in order to focus on the quality trade off, the impact of
distortion on the average quality of capital, they abstract totally the quantitative margin. In
the usual neoclassical model an increase in the distortion to capital accumulation produces
the result that the higher the distortion, the lower the number of machines a plant employs,
and, consequently, the lower the long-run income is. In these vintage capital models, due to
the Leontief assumption, the quantity of capital that a firm employs is not sensitive to the
level of the distortion. The effect is totally on the quality margin: the higher the distortion
the longer it takes for the firm to update its capital stock, and, consequently, the lower the
economy’s productivity is. The economy is poorer because, in average, it employs older, that
is to say, worse, capital.

The intention of this paper is to build a vintage capital model with embodied technological
change in which in addition to the quality margin, there is a quantity margin: firms chose
the optimum time of adopting the new technology and the quantity of capital that they get.
In order to have economic depreciation in this context, we made the extreme assumption,
which is always true in the Leontief case, that there is a perfect complementarity among
capital of different vintages, such that whenever the firm update its capital the old one get

useless. In this context, the production function of a firm, is an aggregator of labor and the



quantity of capital of the newer vintage the firm has acquired.® The First contribution of
the paper is to show that the impact of a distortion to capital accumulation on the optimum
life span of capital depends critically on the technical elasticity of substitution among capital
and labor. For the CD case there is no effect of capital price on the life span of machines.
The intuition of this result is as follows: the opportunity cost of running an old vintage
firm is the pay-roll. For the CD specification the wage payment by unit of capital does not
depend on the cost of capital.

When both margin are present, that is for the CES production function when the elas-
ticity of substitution is lower than one and larger than zero, there are three effects of the
distortion on long-run income. First, as in the usual neoclassical model, an increase in the
distortion decreases the quantity of capital that each firms employs. This is the ‘capital
deepening’ effect. Second, as in Arrow’s framework, an increase in the distortion increases
the life span of machines. This is the ‘window’ effect. Third, there is a effect which is the
interaction of the increase in the life span of machines with the level of capitalization of the
economy. When the distortion increases, if the elasticity of substitution among capital and
labor is lower that one, the life span of machines increases. This increase in the machines’
life span make optimum for the firm to employ a higher number of machines, counteracting
the first effect. Notwithstanding, we show that this effect does not supplant the first one.

The idea of the model is that a firm is a productive unit which employs one unit of labor
service. The manager has to decide how many unites of capital she buys and how long she will
employ them. When the capital is old enough, she throws way the old capital and acquires
newer unites. Because there are two margins of adjustment following an alteration on the
relative price of capital, the quantity and the life span of capital, the long-run demand for
capital is more elastic than the technical elasticity of substitution among capital and labor.®
The Second contribution of the paper is to estimate the long-run price elasticity of the
demand of capital in order to calibrate the technical elasticity of substitution among capital
and labor. Employing Summers and Heston data set, we built a panel data with data for
investment and relative price of capital. We consider a fix effect, which is associated with
the TFP of the economy. Our result supports the view that the price elasticity of capital

demand is lower than one, what means that the technical elasticity of substitution is lower

5If this aggregator is Leontief we get Jovanovic and Rob model as a particular case.
SWhen there is only the quantity margin both are the same.



than one; we reject the CD specification.

In order to calibrate the model it is required to have a theoretical measure of aggregate
capital. In the model of this paper there is no such thing as an aggregate production
function. Firms from different vintage are evaluated differently. The Third contribution
of the paper is to derive the price profile for a shadow second hand market for capital.
The shape of the profile reproduces quite well empirical estimation of economic depreciation
curve. In addition, the price profile allows us to define precisely a concept of aggregate
capital measured at market prices, which is in accordance with NIPA practice. As a side
result, we derive the fact, which agrees with the empirical evidence, that in poorer economies
the price profile for used machines is less steep than in the developed economies.

It is worth to write some words about the hypothesis backing our calibration procedure.
We chose the rate of technological change in order to match the long-run growth rate for
the US output per worker. Implicitly, we are assuming that 100% of the technical change is
embodied. We do not dispute that there is disembodied technical change. Our calibration
procedure assumes that there is a perfectly complentarity among embodied and disembodied
technical change.”

In our model there are two concepts of the elasticity of substitution: one is the technical
elasticity of substitution and the second is the price-elasticity of the long-run demand for
investment. If there is no qualitative margin both are the same. In our framework they
differs. Due to the possibility of saving capital employing longer an old machine, the technical
elasticity is lower than the price elasticity of the long-run demand for investment. The
calibrated model for the US produces the result that a plant-Leontief economy correspond
to a price elasticity of 0.5; the time dimension adds a lot of flexibility.

After the calibration of the model to reproduces the US economy we make some level
exercise. The Fourth contribution of the paper is to show that for very poor economies,
that is, economies whose relative price of capital is higher than two and a half times the price
in the US there are sizable effects of capital’s market distortion on per capita income. For
a price range between the price in the US and 2.5 times it the model predicts income levels
difference that equals with the standard neoclassical model with disembodied technological

change and CD production function. As a side result, the model provides a framework in

"We follows Romer (1990) here. In his model the invention of a new design adds to the total disembodied
knowledge of the society and at the same time give bird to a new kind of capital good.



which a very poor economy, after some institutional reform that increases the rentability of
the investment, undergo high growth fulled by factor accumulation without expressive gains
of TFP; and that this growth lose momentum when the economy became a middle income
one. It is possible that a computable version of the paper’s model which investigate the
transitory dynamic of a poor economy in succession of a reduction in the relative price of
capital produces path that reproduces the Fast Asian recent economic growth experience,
as documented by Young (1995).

The capability of the model in producing high level effects is an artifact of the CES
specifications with a less than one elasticity of substitution. For this case the Inada condition
at the origin for the Marginal Productivity of capital fails. Hence, the neoclassical model
of capital accumulation with a CES Production Function and disembodied technological
change generates level effects which equals the model developed in this paper. The difference
is that our specification produces very distinct result for the economic depreciation and for
the capital-output ratio. For our specification, given that the depreciation is an economic
phenomenon, it reduces a lot for very distorted economies, due to the increase in the life span
of capital, and, consequently, the capital-output ratio does not decreases as much as it would
for the standard neoclassical model. In particular, for the calibrated value of the technical
elasticity of substitution, 0.4, the capital-output ratio, when the used capital evaluated in
units of new capital is measured at domestic prices but the new capital is measured at
international prices, presents an almost constant behavior.

In the last part of the paper, employing the consolidate version of the model, we make
a development decomposition exercise: we plug in the equations that describe the long-run
equilibrium of the economy the observation on education attainment, long-run investment,
and relative income for a cross-section of economies and we get the implied TFP, that is,
the part of the diversity in productivity that is not explained by the model. The Fifth
contribution of the paper is to show that this residue decreases a lot after taken into con-
sideration capital’s quality. Our conclusion is that capital quality is an important ingredient
for understanding income inequality among economies.®

This paper has the following organization. The problem of the firm, it existence, unique-

8Qur result are in front disagreement with Parente’s (2000). In his paper there is not a market evaluation
of capital from different vintage, and, consequently, he does not have a good theoretical concept of aggregate
capital in order to match the NIPA data of it. That is the reason that makes his calibration so different than
ours.



ness, and comparative statics is study fully in the following and the ensuing Sections. The
fourth Section derives the price profile for a second-hand market for capital and investigates
the functional distribution of income for a firm. The next Section derives the macroeco-
nomic aggregates and the sixth Section characterizes the Planner Economy. In the seventh
Section the model is calibrate to reproduces some features of the US economy in order to
asses, in the eighth Section, the capability of the model to describe relative income diversity
given capital price differences among economies. The calibration of the technical elasticity
of substitution is performed in the ninth Section and the subsequent Section presents the

development decomposition exercises. The eleventh Section concludes.

2 The Firm

The economy is inhabited by a continuum of individuals with measure 1. Each individual is
the owner of an equal share of the economy outside wealth, the total value of the firms, and
supplies inelasticly one unite of labor effort. The firm is an infinitum horizon entity which is
characterized by an unity of entrepreneur capability and an initial plant. The entrepreneur
can supervise one labor. A plant is described by the vintage that its capital stock belongs
with, s, the technological level associated with this vintage, A(s), and the quantity of capital
that it employs, K(s). We assume that the frontier technological level evolves exogenously
as A(t) = A(0)e%, although the technical level of the vintage-s plant is fixed. Let Y'(s,t) be

the production in time t of a vintage-s plant. We assume
Y(s,t) = e max {0,Y(s)} (1)

where

Y(s) = B (1= a)(e?WA(s)) % +aK(s)F |7, (2)

0 < o < 1 is the distribution parameter of the CES production function, and o is the

elasticity of substitution among capital and labor. Although we are interested on the case
0 < ¢ < 1 the results apply for an open set including o = 1, the Cobb-Douglas case.

The idea behind the production function (1) is that the technology is a put-clay tech-

nology. Before selecting a plant, that is, before making the choice of the technology and the



factor intensity, the firm faces a CES production function, given by (2). After installing a
plant it is not possible to freely adjust the number of workers to the changing in the environ-
ment. That is, after deciding that one worker is going to operate K (s) units of capital, the
entrepreneur cannot change this ratio. Labor, as capital, became a fix cost. Obviously, when
the moment of renovation has arrived the firm, again, faces the possibility set of technology
represented by (2).

This quite unusual production function is required in order to get an easy close form
analytical solution. In our set up capital, and the technological level attached to it, is a
fix factor. The firm once and a while adjusts it to the optimum level, but between two
consecutive changes in technology it is not possible to adjust the capital stock. If we would
have considered that labor is a flexible factor the relative marginal rate of substitution among
capital and labor would be continuously changing, making the model not as analytically
savable for the CES specification as the model that we consider in this paper.

There are two others possible environment which, as far economics is concerned, are
equivalent to the environment in this paper. First, it is possible to consider that the economy
is a owner-labor economy, that is, each firm is run by the worker which is also the owner.
In this context we consider imputed wage rate instead of the market wage rate for the
production factor labor. Second, it is possible to assume that a firm and a plant are the same
entity. Whenever an old plant is scrapped from production the entrepreneurial capability
attached to it disappeared. Under this interpretation there is a perfectly elastic supply of
entrepreneurial capability in the economy, such that in equilibrium there are firms closing
down and others opening up. Both interpretations are possible, and from the point of view
of economics they are equivalent. This last formulation resembles Arrow’s and Solow’s; the
labor-owner formulation was employed by Jovanovic and Rob. In the interpretation in this
paper. the entrepreneur is the decision maker. It supervises the worker, pays the salary,
distributes the firm’s cash flow net of wages to the share-holders, and issue new equities in
order to buy a new plant when renovation time has arrived. For the rest of this paper a
vintage-s firm is a firm currently operating a vintage-s plant.

Three comments are worth doing at this point. First, it is considered a CES production
function because, as we will see, the elasticity of substitution among capital and labor plays
a very important role on the impact of the distortion on the life span of machines, and con-
sequently, on the average age of machines in the economy. Second, although, as necessarily

is the case in vintage capital models, the technological change is embodied in the capital,



it affects labor’s productivity. Consequently, when the firm updates its capital stock the
labor productivity, A(s), increases. It is known that in order to get a balanced growth path
in a capital accumulation model when the production function is not Cobb-Douglas it is
necessary to assume that the technologic change is labor-saving. The formulation (2) shows
that it is possible to consider an embodied technical change growth model whose technical
change is labor saving. In other words, there is no conflict among the embodied hypothesis
and the nature of the technological change. In addition we think that this is the better
way of considering embodied technological change. By technological change associated to
capital we mean an increase in capital’s quality as time goes by. If the variable A(s) that
represents this qualitative change were multiplying the capital, instead of the labor, this
technical change would be observational identical to an increase in the productivity in the
capital industry, that is, to a continuously reduction in the number of forgone consumption
good that is required in order to get one unit of capital. In our model a better machine is a
unite of machine that makes the worker a better work. Third, the total factor productivity
of a vintage-s plant depreciates at a rate 6. Although the number of machines is not affected
by physical depreciation, it does have a negative impact on the productivity, and this impact
does not change the marginal rate of substitution among capital and labor. As we discussed
last paragraph, this formulation is convenient from the analytical point of view. In addition,
we think that this formulation is theoretically consistent with the labor-saving technologi-
cal change assumption. Given that a better machine increases the labor productivity it is
reasonable to assume that when the machine ages depreciation affects both, the physical
dimension of and the productivity factor attached to it.

Given that we intent to employ this model to make some cross country exercises we
consider that different economies differs in three dimensions. First, although the vintage
capital model helps us to understand diversity in TFP, we allow for others source of difference
in productivity.® The height of the production function, B, describes the portion of the
diversity in TFP which is not accounted for capital’s quality and quantity. Second, although
this paper is not on education decision, we know that diversity in educational endowment
has a important impact on the capitalization level of the economy and labor productivity.
Consequently, we take into consideration the impact of the educational level of the active

population, h, on labor productivity. We assume a Mincerian formulation as e? ™ where

YSee footnote (4).



the function ¢(h) relates increases in the average number of year of education of the active
population with the increase in wages.!’ Finally, the third source of cross country diversity
is on policies that alter the relative price of capital.

The sequence of the decisions made by the firm goes as follows. Let take as an example
a firm currently employing a vintage-s plant. Being a vintage-s plant means that some time
ago, specifically, in time s the firm had chosen the quality of the new machine, which was
the frontier one (the cost of new unit of capital does not depend on the quality of it); and
the number of machines that it will operate during the next period of time (until the next
changing in technology). Consequently, the choice of A(s) and K(s), the plant’s choice, was
done in s. Let’s call V(K (s),t) the value function in ¢ of a firm which operates a plant with
K units of vintage-s capital (which implies that the labor productivity associated with this

capital is A(s)). The maximization problem of the firm is

V(K(s),t) = max){ / T (Y (s ) (1) At (3)

T K(T+s

+e T WV(K(T +5),T + s) — pK(T + 5)] } .

where w(t) is the market wage rate, p is the relative price of machines, and r is the interest
rate (which is constant for a balanced growth path). At time 7"+ s the firm throws way
the old plant and acquire a newer and better one. Consequently, in addition to physical
depreciation there is technological depreciation.

The FOC that solve the maximization problem (3) are

OV(K(T +s), T+s)

for K(T + s): BRI +5) (4)
and
for T ': 0=Y(s,T+s)—wT+s)—rV(K(T+s),T+s)— pK(t+s)]
+5% V(K(T +5), T +s)— pK(T +s)]. (5)

10Tn our development decomposition exercise we employ Hall and Jones (1999) data on e?th),

10



The envelop condition is

AV(K($)8) _ OVIE(S)Y | [TF e, 0V(s ) |
aK(s) | BK(s) ‘/t TR (6)

From (4) and (6) it follows that

Ts Y (s)
—(T+(5)(t—s)—dt _
/S e IR (s) p. (7)

Let call
T+s | — g~ (r+6)T
h(r+6,T) 5/ s gy o 2 ¢ (8)

r+06

If the interest rate is constant (stationary state), the condition (7) can be rewritten as

: Yis) \?
aBh(r+6,T) (Bhg(l)> =p. (9)

Condition (9) is equivalent to the modified golden rule for capital accumulation in the
standard Cass-Koopmans model. It fix the present value of the marginal productivity of
capital to the relative price of it. In a balanced growth path the market interest rate is equal
to the intertemporal discount rate plus the growth rate divided by the intertemporal elasticity
of consumption. In order to understand the intuition behind the other first-order-condition,

equation (5), let rewrite it as follows

Y(s,T+s)—w(T+s)+—a—(?—7:[V(}{(T+s),T+s)—pK(T+S)]

= r{(V(K(T+s),T+s)—pK(t+s)].

It expresses that the benefit of postponing in one unit of time the upgrading time, which is
the addition of the net-of-wages value-added in the old plant with the increase in the quality
of the plant due to this postponing, should be equal to the cost of postponing, which is the
opportunity cost of not using now a newer vintage capital.

From (2) we know that

efMA\ T 17

11



From (9) and (10) it follows that

. K(s) B Qo - T=
Y= S AG) ‘{ —a } ()
where .
P .
= ——
o Bhr +6.7) (12)

Note that &* is per worker capital measured in efficient units, not controlled for depreciation.
Let’s indicate by f* the per firm (which is equal to per capita) output measured in efficient
units. It follows from (10) that

Y(S) o—1 %

fEW: 1—(1—{—0([5)0 (13)
Evidently, (11) only makes sense if 277! — o > 0, which implies that
1 - aa(%)1~gh(r +8,T)P 1 >0 (14)

should be verified for a valid equilibrium.

3 Optimum Time Between Switches

3.1 FOC

The labor’s productivity associated with the vintage s capital stock evolves according to
A(t) = €%, where g is the exogenous technological change. In the stationary state the
capital-labor productivity ratio is constant (it follows from (11)) and the capital-output ratio
is constant (it follows from (10)). We can rewrite condition (5) for the optimum switching

time as

0=Y(s,T+s8)—w(T+s)—7r[VIK(T+5s),T+s)—pK(t+s)]

V(K(T +5),T+5s) 0 K(T + 8) 0K (T + s)
+V(K(T+3),T+S)5§V(K(T+S>,T+s)—pK(TH) T (15)

12



For a balanced growth path

1 OK(T +s)
K(T+s or 7

and

1 0
i v _
V(K(T +s),T + s) 5T (K(T+s),T+s)=g

Consequently, after taking into account (2), (15) can be written as
™Y (s) = ew(s) — (r — g) [V(K(T +5), T +s) = pK(t +5)] = 0. (16)

Let call 7 the firm’s cash flow for ¢t € (I'+ 5,7+ T + s]. We know

VIK(T +s),T+s)—pK(t+s) = i (e”<r_9>T)iTr

1=0
o

1 — e"(T—Q)T )

But,

T = hr+6T)Y(T +s)—h(r—g T)w(T + s) — pK(T + s)
= e [h(r+6,T)Y(s) — h(r — g, T)e" w(s) — pK(s)]

g { {h(r 46, T)g GW%S—T?) - 1} K(s) — h(r - g,T)w<s>} . (18)

where the last equality follows from (9).
Substituting (18) and (17) into (16), it follows that
— r— g Ve s
TV (s) - T [ + 6, T)Y (5) - pK(5)] = 0 19
should be verified for the optimum time.
The firm has to employ one labor. In this economy, with vintage capital and embodied
technologic change, the wage rate is not the marginal productivity of the worker into the
unit but it is her outside option. As we will see later, this outside option is equal to the value

added in the oldest or marginal firm. The inframarginal firms generate a rent which is the

remuneration of the more productive capital. The exogenous evolution of the technological
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frontier produces scrapping, and, consequently, the continuum increase of the wage rate.!!-12
Consequently, the labor cost of the firm-unit is independent of its action. Note that we can

rewrite (19) as follows

—(r=@)T ] _ o= (r+6)T Kr(s)
=P .
E Y (s)

T—g r+0

Making the transformation u = e 97 ¢ = Z and b = % we get

r
g
—1

1—u
———Y(s) = gpK e
Y (8) = gpK(s) +uT——

1 — yot?

Y(s).

This last equation is identical to equation (29) at pg. 163 in Arrow (1962) for the case
§ = 0. The neoclassical model, with exogenous and embodied labor-saving technologic-
change with scrapping is isomorphic to Arrow’s learning-by-doing model.'* In addition, as

we will see later, it has the following interpretation: the present value of the value-added in
l_ua—H)
a+b

firm-unit, gpK (s), plus the present value of the wage rate, u”bl-_;‘?fiY(s).

From (9) we know that Y(s) = (

a firm-unit between two consecutive switches, Y'(s), is equal to the capital cost of the

mp‘m> BK (s). Consequently, we get

T p i r=g9 g : P i
e (PN g T8 T T .
0= <th(r+6,T)> = [(” | )<th(7~+5,7’)) B p}
(20)

Equation (20) highlights the role played by the elasticity of substitution between capital
and labor in assessing the impact of capital’s price on the optimum time between two consec-
utive switches, that is, on T. For the Cobb-Douglas case (o0 = 1) the machines’ price cancels
out in the expression. The window does not depend at all on this price. When this price
increases the window does not change and, it follows from (11) and (12), that the adjustment
is only on k*, the quantitative margin. Another interesting property of the model is that,

due to the linearity among production flow and the number of machines, which is expresses

HFor an endogenous growth version of the model of this paper, scrapping is creative destruction. We deal
with this issue in a companion paper.

121n the short-run a vintage is a non-reproducible factor. That is the reason of the rent. However, in the
long-run the unique no-reproducible factor is labor. We have unbound increase of the imputed wage rate.

I3He considered an One-Hoss-Shay process of physical depreciation.

14The optimality properties are different.
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by (9), the model is separable: first we solve (20) for optimum 7', given the parameters (p, r

7

B, 6, and g), and then, afterwards, we substitute the optimum 7 into (9) to get the optimum

capital-output ratio. Finally, it follows from (12) and (20) that the choice of both margins

depends on the ratio £.

3.2 Uniqueness
Condition (20) can be rewritten as

1 — e~ (r=9)T 1 _ o=(r+&)T D 1 — = (r+8T\ 7
H(T,p) = e 79T — +a (=)W ——— ) =0,
(T.p) r—g r+0 &(B) r+6 0

In order to make the domain compact let make the following change on the variable

u=e9"
what implies that
btg _ ; r+6 _ r—g —(r—
uv =e 0T T =T and y T = 9T,

Substituting this last equations into (21), it follows that

gﬁl—u%ﬁ 1~u%—5 D l—urjé 0
H(u,p) =u's — +a’ (=) | ———— | =0.
r+6

The graph of the function H displayed in Figure 1 motivates the prove of uniqueness.
The function H(u) has the following features:
P

H(0) = —— |-1+a7(5)™"(r+8)~7].

0if 0 <1
H(l)z{ H0<o<

%ifU:O.

(21)

In order to establish that it has the shape displayed in the Figure, let’s study the derivative

of H. Calculating, we get
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Figure 1: Example of the FOC for optimum 7' for o = 0.5

— r+8—g IS o—1
oH g+6 cl—u's (,(p)lﬁui 1—u's (25)
R U9 — I - .
ou g r—g Y= g 7+ 6
The derivative of H presents the following characteristics:
0H
—(0) =0,
= (0) =0,
and
oI 0if o =0,
%(1) = -~ fl<o< 1, (26)
—% ifo=1.
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Substituting (22) into (25) we get for an interior equilibrium that

OH q+51~ugq r+d ue 1w el —u's
" |u* = — T — 1 9
ou ! g 1| r+6 “ r—g
ug g+51—u9 U7‘+5 e l—urzé sl -y 7
- - Tt 7 IR —
9 g 1-u% £ 4
Ub -1 ua—l 1 — ua+b . 1 — Ua_l
— +b
= ?{1+b —a(a+b)1_ua+b{ o tb — U TI_}}’@?)
where 5
a=l>1andb="2
g g
It is possible to rewrite (27) as follows:
oH b1 — ! 1 —Du' (o +but
od, <1+b)u___L e (a—Du™'  (a+bu
ou g a-—1 1+6] 1—quol 1 — yott
b 1— a—1 1  — 1 a—1 ' b a+b
< (1+b)l_L_ u - (a=Du (a+bu
g a-—1 1+6 | 1—wuot 1 — wa+b
> 0 (28)
' (@1 (b
a— 1)u®” a + bju*
— - <1+b. 29
1 — o1 1 — yetdt — + ( )
In order to establish (29) note that
0 au u?(l —u +lnu)>_1

BT Q-2 =

This last result follows because — Inu® < 1—;%@, for 0 < u® < 1. Consequently,

a

J au
0<|—
“10al—u

al <1’

which implies (29). Uniqueness follows from (23) trough (26) and (28) if

—1+a7(2) 7 (r+8)7 <0,
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or
B a

<P o1,
p<p= e (30)

If (30) is satisfied, we have established uniqueness for the balanced growth path solution for

this economy under the proviso that it exists, which implies that (14)

1 T+6 o—1
/aﬁl—a —us
a(B) ( r+0 ) <1

is satisfied.

But, it is possible to rewrite (22) as

1 48 1 r—g L6 1 r48\ 01

—u 9 45 ] — 1 9 r — g

EELESS S o~ L+t (2) | =0,
r+06 T—0 ]y s B r+0

46 oc—1 T
o P10 1’ sl —u's  r46
a(E) 5 = 1—-u's —5
T+ T—0 1—-y3

< 1L (31)

If (30) is not satisfied the firm does not update the capital, and, consequently, there is

no growth.

3.3 The Global Maximum

So far we do not know if the solution for the FOC is the global optimal of the firm’s value
function.'® As we will see, the value function is not concave in the variable T, hence, requiring
another approach to find the solution for the program of the firm. In this subsection we build
the value function and show that the FOC (4) and (5) solve for the global maximum of the
firm’s value function. The prove is constructive. First we show that if p < P the firm
updates its technology an unbound number of time. Second, due to the stationarity of the

environment faced by the firm and to the recursive structure of its maximization problem,

13Ty order to simplify the notation, in this Subsection e®(®) = 1.
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the choice made by the firm in efficient units does not change. With this information it
is possible to compute explicitly the value function. Given this value function we make
its dominium compact. Then we show that (4) and (5) provide its global maximum. The
first step is to note that it follows from (14) and (18) that the strategy described in the last
subsection produces a strictly positive value for the present value of the value-added between
two consecutive switches in the firm. Consequently, any candidate a optimum strategy has
to provide a higher value for .

We can write the firm’s value function as!®

V(K(s),t) = e 0h(r + 6, Ty +s—t)Y(s)

h(r +6,Th1)Y <s + Zﬂ) —pK <5 -+ Zﬂ)
i=1 i=1

where the firm employs the vintage-s + >, T; capital for T,,4, units of time.
Note that

7

oc
+§ e'T(ST‘Z?:lTi_t)

n=1

e IV(K(s),t) + h(r + 6,6 — 8)Y(s)

— h(T + 6, Tl)}/<8) + Z G—T'Z?:1Ti {h(r —+ 6, Tn+1)Y <KS -+ Z E)
n=1 i=1

(et

=1

= V(K(s),s).

Given that V(K (s),t) is an increasing linear transformation of V(K(s),s) we can, without
lose in generality, to study the value function V(K (s), s) reminding the K(s) is a predeter-
mined variable.

The next step is to show that if p > P the firm at least change the technology once. Let

assume that the firm never change the technology. Its value would be

Y(s)

K o Renovation — —  ¢-
V( (3)75>N R t RS

16The labor cost is a fixed cost from the point of view of the firm-unit. To keep the notation clearer we
consider in this Subsection the gross-of-labor-cost value function.
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We compare this value with the alternative value given by the following action: at time T} +s
to change the technology and from this time on to pursue the optimal strategy characterized

in the previous subsections. The firm get

1 = e~ (r+&T ' e \
V(K<S)a S)Altemmivc —“—e—“——Y eirT1 h(T + 6’ T)Y<S + Tl) pA (5 + Tl)

r+6 1 —e-(r=9T
1 — e (rHoTn o hr +8,T)BQ? —p
_ —;—:é—Y(S) + e 1 — €'<T_g)z, K(S + T])
where
Qa—l _ is
}\,(S + T1> = [—1——‘2} /l(S)Gng >0
-«

because p > p. But, for 77 big enough it is true that
e—('F+5>T1

7 hr +6,T)BQ°
r+0

1 — e (r—9)T

-7

PR(s+T) > Y(s).

Hence, it follows the result. Employing a straightforward restatement of this argument we
show that N, the number of switches, is unbound. Let consider a firm which has switched
N times, and let calculate its value function under two strategies. I'irst, never switch again;
second, to switch in time s+ le\:{l T; and then commutate to the optimum strategy. The

value function for the first strategy can be written as

V(K<S)7 S)NO Renovation After N = e_é(twﬂh(r + 5, Tl + S)Y(S)

h(r +6,Tus1)Y (s + Zﬂ) - pK <s + Z:n)
=1

=1

N-1
+ Z e+ Th)
n=1

N ’

~r(s+ TN T)) BY (S T2 ﬂ) -

+e = i s —pK | s+ Z T 1 - (32)
i=1

The alternative would be
V(K<S)v S)Ahcrnative After N — e-é(t_S)h<r + 5; Tl + 5>Y(5)
N-1

+N i ) {h(r + 68, Tn)Y <s +3 in> — pK <5 +y ﬂ-)
1 =1 i=1

n=
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1 — € (T+§)TN+1

N N
eI T >[ Y <s+Zﬂ>-pK<s+Zﬂ>
T =1 i=1
hir +68,T)BQC — sy
+€~TT1\rw (r + ) p < + Z T)

1—e" (r—g)T

where
N+1 0o~ 1 o =
| R gTA
1<<5+ZT> { — } <5T;T1>e N1 ),
Comparing (32) with (33) it follows the result.

The next step is, benefiting from the recursivity structure of the firm’s value function
and from the stationarity of the environment in which the firm is embedded, to show that
the switching time are equally spaced. Let s + T be one instant just before the first choice
of a new capital unit, and let U(s 4+ T) = V(s + T, K(s)) — pK (s +T) be the net value

function. Reminding that A(s) = A(0)e9® we can write

Uls+T ~ ema]5% ~
i-t—z_:h(rJrcS,Tl)B {1—(1+O{]€(S+T)T} —pk(s+T)
A(0)egls+T)
+Ze‘(“9)2?ﬁln h(r +06,T.41)B 1—a+ak(s+ZTi)% — pk 5+2Tz)
n=1 =1 =1

where!” k(s) = A((s))
Let define U(s) = ?0(;95. We have

a

Uls+T)=h(r+6T)B |1 —a+ak(s+T)% | —pk(s+T)+e " 9TU(s+T+Ty),
where
0<er9h <1,

and the choice variables are k(s+T) and T;. So far I do not know if the FOC characterizes the

optimum!® 73, but given recursivity we know that in time s +T +T; the decision maker faces

17Tn this Section and in the Section on the Planner solution k(s) = A( )

k(s) represents the per capita aggregate capital. In equilibrium they have the same value.
18The value function U(s) is not concave in T.



the same problem as it faced in time s+7. Consequently 75 = T3 and k(s +T+T1)
By finite induction it follows that for any integer 7, T; = T and k(5+f+ Sor T

It is possible to calculate explicit the value function U(s). We get

T)

T)

I

k(s+
k(s+

o
1—patb

1 5B 1-a+ak(s+T)% rl—gpk(s#—f)

-1
a—1 1—wd7”
a—1

Uls+T) =

where a, and b as defined in (27) and v = e™97t. So far we have not said anything about
the initial capital, k(s). We investigate the balanced growth path solution. Consequently, it
is natural to assume that the initial condition for the capital stock is compatible with that
solution, that means, let assume that k(s) = k(s +T). But if k(s) = k(s + T) we know that
T = T:, which for simplicity we write!® T. Now we can compute the firm’s value function

evaluated in efficient units. We get

7 — V(S? K(S)) _ —(r=g)T . 3
V[/ (S,A(S)) = —W = € U(S“"T)Tpln(S)
17ua+b o=1 ;i—l
uawl ab Bil—a+ ak™s — gpk‘ 1 — ua—%—b om1 E—i—l
T a-1 lowe? T T B 11—+ ak(s)? (34)

a—1
where we know that, due to construction, k(s) is equal to the value of £ that maximizes the
transformed firm’s value function, W (s, k(s)).
We know that

0<u<l,
and
0<k<k
where .,
1 —o=l757 —
Bll-a+ak“ —pk=0

r+6

The chosen capital stock is lower than & because for k£ > k the present value of the value-

1996 far we have already not proven that this T is equal to the optimum one derived in the first part of
this Section.
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Figure 2: Firm’s Value Function under the standard calibration for the US (Section 6)
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Figure 3: Level curve for the Firm’s Value Function
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added, assuming that the firm never upgrades again, is negative.?! If 0 < p < 7 we already
know that for £ given by (11) and T given by (22) the value of the firm in efficient unites,
W (s, k(s)), is positive and that the value added between two switches in present value is
positive. Consequently (34) has and interior maximum. For a continuum function defined
in a compact dominium, if the maximum is interior it is characterized by the FOC. If the
solution for the FOC is unique it correspond to the global maximum. Simple computation
shows that (11) and (22) are the FOC for (34). Figure 2 presents the 3D graph and Figure
3 the contour plot for the firm’s value function in efficient units for the model’s calibration
for the US economy (Section 6).

So far we have not yet chosen that the market value of a firms, the value given by (34)
net of wages and net of the market cost of the initial capital, is zero. This condition
is required to characterized the equilibrium (otherwise an unbound number of firms will be
open up). To accomplish this we need a price theory of used capital. This is done in the

next Section.

3.4 Comparative Statics on T

From (22) and (27) it follows that

OH
du 5—|u*
_— D
“ . % ®
p %!u*
46\ 7
o(P\l—0o [ 1=u ¢
l1—o a(5) < r+é )
- P s r—g rt8—g a6\ 071
g—(—éugl-u g _O_ag<£_)1—o'u 9 1—u ¢
g T—g B g r+é
< 0 whethero 1

2UNote that .
o—1

#(E) = h(r + 6.T)B [1—a+ak7}a' k<0

for any 0 <T < cx.



because

r— r+6—g -k o—1
OH ~— g+0 g1~u72ﬁ U_]_J_l_au+g 1—u's
o = us oca’ (=) > 0.
ou g r—g B g r+0

That is the main result. The impact of machines’ relative price on the optimal window
depends on the elasticity of substitution among capital and labor. In particular, if ¢ > 1
the effect is on the opposite direction: the higher the relative price the shorter the machines’
life span! The intuition of the result is the following. An increase in capital’s relative
price induces a reduction in the quantity of machines employed in production. Whether the
elasticity of substitution is high or low, capital and labor, in effective unites, are complements
or substitutes. In the first case the reduction in the quantitative margin implies a reduction in
labor’s services, and in the former situation an increase in labor’s services. The firm increases
or reduces the life span of machines in order to employv less or more labor services respectively.
If the elasticity of substitution is one these two factor balances perfectly. Another way of
thinking is the following. The elasticity of substitution determines if quality and quantity are
complements or substitutes. If the elasticity is lower than one they are complements, and,
consequently, an increase in the relative prices reduces both, the quantity and the quality of
capital.

Another implication of the model is that the distributive factor of the CES production

function alters the optimum life span of machines. Calculating

48\ O
oH _ o—1/ P \1-¢ l—us
a—& = 0 (B> . 5 > O,

which implies that

O0H
du 35 | 0
- oH :
do B v

The higher the capital-share on income, the longer the type s machine is employed. The
intuition for the result is as follows: in order to get a balanced path solution it was assumed
that the increase in productivity brought about by the better machine is labor-saving (remind
that the term which describe the quality of machine, A(s), is multiplied by the ‘labor share
on income,” 1 — ). Consequently, the higher is o (the lower 1 —«) the more (less) important

is the quantitative (qualitative) margin. Notice that this results is still valid for the Cobb-
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Douglas case: although there is not anymore any impact of machines’ price on the window,
it is still true that the higher the capital’s share of income the longer is the life span of
machines. Consequently, for that plants whose share on income of machines is very large -
metallurgy, for example - the life span of the plant is very long; for that plants whose share
on income of machines is low - for example, researcher employing personal computer in a
office - the life span of the computer is low. Saying differently, even if the technological
change in metallurgy is as fast as the one in computers, the life span of a metallurgical plant
is longer, only because it is capital intensive comparing with an office with computers.

It seems to me that this last result can be stated in a very general way. It is possible
to imagine that the production of anything is an aggregation of many tasks. In order to
perform a task, capital and labor, both specific to the particular task, is required. Than we
can think that the CES aggregator

og—1

B {(1-a)(e®™A(s) +ak(s)*5 |7 (36)

describes the production of one task. Consequently, the production of the product can be
represented as a complicated aggregation of many different black-boxes-tasks like (36). For
example, to produce cars it is required office work and plant work (white collar and blue
collar works). For each one of these two different tasks there are a specific CES aggregator.
The automobile industry updates its machines in the plant, but also its personal computer
into the office. Office-like task is labor intense, low «, and, consequently, the time span
of personal computer is lower, even if the exogenous technological change is not different

among tasks.

4 Second-Hand Market for Plants

The basic economic productive unit in the economy is a vintage-s plant. A vintage-s plant
is a technology, A(s), plus a quantity of capital, K(s), which has been bought anew in
time s. In this paper embodiment has two distinct features. First, in order to have a
better technology the firm has to buy a new capital unit. Second, there is a perfectly
complemantarity among capital of different vintages. Once a new machine is bought, the
old one get useless. Consequently, the cost of using a old machine is not only the lower

productivity capacity of it; it is also the labor opportunity cost of not using a better one.

26



This last feature, as we have seen, produces capital scrapping. Another implication of it is
that the market prices of a vintage-s plant declines at higher rate than machines physical and
technical depreciation, which is given by e~@+8(t=) " As we will see next Section, the model
delivers two measure for aggregate capital stock: in efficient units and at market prices. For
an economy whose relative price of capital is low, which means that capital renovation and
scrapping is high, these two way of account the capital stock will produce quite different
estimates.

In this Section we derive the price profile for a shadow second-hand market for capital.
It has the following organization. In the first Subsection we derive the price profile for used
capital. In the second Subsection we study the rental price of capital implied for this price
profile and derive the wage rate of the economy and the functional income distribution of
the firm’s value-added (that is, how the value-added in a firm is appropriated by the capital
and the labor). In the third Subsection we show that the market value of a vintage-s plant,
that is the present value of a vintage-s plant net of the market value of its capital and of

wages, 1s zero.

4.1 Price Profile

For the sake of comparison, let’s study the price profile under Jorgenson (1974) framework.?!

He assumes that the production function of a firm created in time s can be represented by

F <L(t), / t e—<g+5><t—t’>1(t')dt’> , (37)

where I(#') is the investment done by the firm in time . In that case e~9*9=%) units of
vintage-t'capital is a perfect substitute for one unit of new capital. Let g(¢t — s) be the price
of a t — s age machine in (37) which is going to be scrapped after T periods of use. In present

value, we get

5) e—(r—i—&)udu

T—(t~
—tg+)i-5) Jo
foT e—(r+8udy

o (g+6)(t=s) h(r+6,T - (t—3))
R(r+6,T)

q(t — s)

21The reader could be interested in Hulten (1996) exposition.
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When there is no scrapping it follows

lim g(t — s) = e~ (9FO=9),

T—oo

In addition, due to this perfect substitutability among different vintages assumed in the
production function (37), there is no economic rationality to scrap any machine from pro-
duction.

In order to derive the price profile of used capital, which in our framework is also the
price profile for used plants, we imagine the existence of a shadow second-hand market, and
ask for the price profile which supports a zero trade result in this market. That will be the
equilibrium price profile for the economy and the market evaluations of an old plant. In
addition, under these price, the entrepreneur is willing to by a new machine after scrapping
the old. Let call w(t) the cash flow by unit of time of the following action of an agent: to

buy a vintage-s firm? in time ¢, run it till time ¢ + A¢, and then resell it.>* We have
T+ At , o1 U—ZI
w(t)At = e_é(t_s>K(s)/ e IR 11 - o) (k)™ +a dt’ — p(s, t) K (s)
t
+e (s, t + AL)K(s),

where p(s,t) is the market price in ¢ of a unit of capital of a vintage-s firm. Due to the

optimum solution in the primary market, we know that
K(s) = e 99K (1),

and, consequently, we get

a

t+AL -2
a2 g s [T o081~ (i) 4 o] o =t
i

+e (s, t + At).

Due to non-arbitrage condition, I“;-%At should not be a function on s.

22 A vintage-s firm is a firm which currently is running a vintage-s plant. In order to run the vintage-s
capital the economic agent has to have one unit of entrepreneurial capability. That is the reason that in the
thought experiment considered in the text the agent buys a vintage-s firm and not a vintage-s plant.

2 Later, we will show that this cash-flow is exactly the wage rate.
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Taken a Taylor decomposition up to first-order terms we get

0N = IR (1 — o) (k)% +a o At—p(s,t)+(1-rAt) (p(s,t) + _c")pé%t)ﬁt)

where C = K(t) After discarding second-order terms and guessing that the profile depends

on the age of the firm, we are left with

a

P(r) = rp(r) = Ce = Be™™ [(1 - a)(k") 5 +a] T (38)

whose solution is

sl s 721 e~ (r+8) Ce‘(r‘@ D
p(r) =¢€" -« "*_T+a] - + :
o) [0~ a)k) 5 - 05— +D}
where D is an integration constant. We have an initial condition, p(0) = p, and terminal
condition, p(7") = 0, in order to determine C and D.
In order to understand the economic intuition behind (38) let’s rewrite this differential

equation as

o

) Ba&w-@wv%ﬂﬂr*—@w

Pir + =7
p(T p(7)
or i
, K@B—&“1—@@w"—+ay” (s +7)
p(7) _
+ - - T7 (39)
p(7) K(s)p(7)
whose interpretation is as follows: the economic depreciation rate of capital, p plus the
, <s>Be-5*[(1—a><k*>*7+a]“_‘l-w<s+r>
profit rate of using it, K()p(7) , should be equal to the opportu-

nity cost of the investment, 7. Reminding that w(s + 7) is the wage rate it follows that
K(s)Be™® |(1—a) (k)% + a}

In other words, the price of a vintage-s machine is the present value of the future rental price

-z _
o—1

— w(s + 7) is the rental price of K(s) units of capital.

of vintage-s machine, discounted at the rate r.**:*® On the other hand, this analysis clarifies

ZGolow (1960), pg. 99-100, derived this condition for his vintage capital model. In his environment the
relative price is equal to the relative physical efficiency, e (9+6)(t=s)
25The fact that the price of a vintage-s machine is equal to the price of a vintage-s firm has the implication,
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when the machine is scrapped: as time goes by the opportunity cost of labor, w(s + 7), is

increasing at a rate g; the value added by the vintage-s capital,

a

K(s)Be™® {(1 o)k a} .

is decreasing at rate §. At the optimum time the economic surplus of running the vintage-s

capital,
K(s)Be™o [(1 — o))+ a] T wls+ 1),
is zero. Replacement time has arrived.?®
Solving and reminding that from (9)-(12) we know that [(1 — o) (k) + a} - 0,
we get )
—(r+8)(t—s) _ ev(r-é—c?)T r— 1— e~(r+6)T
t—s) = =) BQs = S _ IBor—
p( ) { r+ 6 1— e (9T r+6 P
e—(r~g)(t—s) _ e*(T_g)T
r—g } '
From (12) we know that p = aBh(r + §,T)S2 and, hence
1 1 — ~{r+6)(T—(t—s))
p(t _ S) — pe—é(t—s)a——l o—1 : e
hir +6,T) T+
ey LTI R +6,T)
e (1—-af2™%) :
r—4g h'<7' -9, T)

The FOC (21) can be rewritten as

l1-o
e WTh(r — g, T) — h(r +8,T) + ah(r +6,T) <oth(T’p+ 6 T)) -

and we check it below, that the entrepreneur profit is zero. )

%68ee Arrow’s (1962) analysis, pg. 162. In a previous version of this paper the firm was operated by
the labor; we considered an owner-labor firm. Consequently, the surplus was appropriated by the worker.
Differently, in Arrow’s model and in that version there is a labor market, and, hence, the economic surplus
is appropriated by the share-holders of the firm. The fact that the economics does not depend on who
appropriates the surplus is a consequence of Cose theorem.
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Figure 4: Price profile for r = 4.5%, g = 1,36%, 6 = 1% and T = 25.7 years
and, consequently, it follows that

— h(T‘ -9 T) —{g+6)T _ 1-o
ﬁ(T)——_——h(rjté,T)e =1-—aQ277. (40)

Substituting this last equation into the expression for the price profile, we get

e PP 6T —(t=35)1 = H(T - (t - 3))
h(r+6,T) 1-6(1)

plt —s) = pe (41)

The Figure 4 shows the price profile for three different assumptions on the technology.
First, the model’s profile p(t — s), second the profile with perfect substitutability among
different vintages and scrapping, ¢(t — s), and third the profile guny (t — s) without scrapping.
The profile g(t — s) resembles a straight line, and consequently reproduces quite well the
profile of a capital whose efficiency evolves according to the One-Hoss-Shay process when
the discount rate is zero.?” The empirical evidence?® supports a convex profile which is well

adjusted by a exponential decay rate. It seems that the profile p(t — s) represents well the

ZTFor a positive discount rate the One-Hoss-Shay process imply a concave price profile.
?8Gee Fraumeni (1997) for a survey of the evidence. The classical empirical work is Hulten and Wykoff
(1981); the January Issue of the Economic Inquiry (1996) presents a set of papers on the subject.
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empirical estimation of the price curve for many capital goods. When we calibrate the model
to represent a cross-section of economies, the model deliver the result that the price profile
in economies where the relative price of capital is lower is stepper, which is in accordance
with the empirical evidence.?’ In the limit case, for a very distorted economy, the life span

of machines is so long that the price profile keep track of physical depreciation.

4.2 Firm’s Functional Income Distribution

In the next Section we calculate the model’s macroeconomic aggregates in order to match,
in the calibration Section, with the observation of them. In particular, one of the observable
that we consider is the capital-share of income. Here we derive the rental price for vintage-s
capital. This price will allows us to get the total capital income, and, hence, the capital-share
of income.

The non-arbitrage condition (39) can be written as

§E) o) = [t [ o] T - et D]
= —R(7),
where )

is the rental price of an unit of 7-years-old capital.

We guess that R(T) = 0.3 Consequently, we get

fed
-1

w(s +7) = K(s +7—T)Be™*T [(1 Ak 1’ (43)

The wage rate is the value added in the marginal plant. To check if (43) is correct, that

29\Wages are lower in poorer economies, and, consequently, the opportunity cost of running a older vintage
firm is lower. This is not true only for the CD case: in that case the pay-roll by unit of capital does not

depend on the relative price of capital.
30We follow Arrow (1962) here. See his analysis pg. 160.
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means, to verify if the guess is right, let solve the differential equation for the price. We get

—(r+6)T

— €

o1 Uzl o e—(r+§)'r
pir) = Bl =) e e fE 2

—(r—g)m _ o= (r=9)T
_e—(9+5)T€ € } ] (44)
r—4g
Reminding that [(1 —a)(k)"F + a} 207 we get that p(0) = p.
Consequently, we know that
R(t—s)=B [(1 —a) (k)T + a} T gt) (1 — g lordiT=lt=ol)) (45)

Note that it is a immediately consequence of (42) that the action of buying K(s) units of
capital in time s rent them and at the same time to work in another plant for w(t) produces

the same cash-flow of being the labor-owner of a firm, formally

/0 e T (R(T)K(s) +w(s+7))dr

g

o—1 —1

T
= / e A(5)e? B |1 — o+ k)= |7 dr
0

= pK(s)+m, (46)

where 7 as defined in (18). The identification between the economy with rental markets or

the worker-labor economy is complete. We get

/0 e R(T)K(s)dT = pK(s)

and -
/ e "w(s +T1)dr = 7.
0

4.3 The Market Value of a Firm

In this Subsection we show that given the balanced growth path equilibrium that we are
studving, nobody makes money open up a new firm. First, let show that the market value of

the firms which is about to renovate it capital is zero. We can think that this is the market
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price of a ‘new’ firm. We know from (34) that

a.

Bl——a%—akg?:‘l;—:l——gpk 1 — 0+ e
Bl|l—-a+ak(s) =

1_,ua+b

Ua—l a+b

a-1 lowir? + a-+b

a—1

is the value, in efficient units and gross of wages, of a firm whose initial capital stock is k(s).

In equilibrium k = k(s) = k*. For the market value?! net of wages we get

1 {—-——1’“&“ — u”b———-—l*“a_l} B [1 Cat kT T gpk

a+b a—1

a — 1 1___ua—l 3
a—1

because the present value of wages in efficient units is

1 T
——_4(0)69(5”)/0 e Tw(s+T)dr

T —
= / AR [1 —a+ ak%} dr

0
l—l—bl_ a—1 o Bz_
L B ]
g a—1
But, note that

1 — yott 1+bl——u‘l”l e

M 3{1— kT} — gpk

1 — yot? 1+bl—u‘l_l k o=11357T

= _— — = B{l- kT}
D U P qgp = o+ «

B[l—a+ak9;_1r_

1 — yott Hbl—u“"1 p\I=o /1 — N\ o-11550
S S LY. 0 & v 3[1— sz} ,
{ a+b B a—1 “ (gB> a—1 aTa

where the last equality come from (9). But this last equation is the FOC for the optimum
time between consecutive switches, equation (22). Hence, the market price of a new firm is
zero. Note that this last result reestablishes (46).

Next, let check if the market price of any firm, when it capital is evaluated at the price

31The firm’s market value is its value net of the market price of the initial capital.
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given by the second-hand market is zero. We have already established that the valued-added
between consecutive switches net of wages and net of capital cost is zero. It remains to show
that the firms does not make money in the first period. The wage cost of a vintage-s firm
in time s + 7 1S

vs+T

A(0)ed(sHTl e l90)T /

S+T

e~ (r=9t'p (1 —a+ alcgo;l> Ty

o
1

= A(0)es e lorOT B (1 —a+t ak-"c?—l> T hir +6,T— 7).

Analogy, for the value-added we get
A(0)e%*e™ "B <1 —a+ akd—;l> o h(r+6,T — 7).

Form (44) it follows that the market value for this firm is

—Z_
-1

p(T)K(s) = A(0)e”B (1 —a+ a/ng_l) g
{ehr+6T—71)—eTe T hr —h, T - 1)}

It easy to check that the value-added, net of wages and of the capital cost, is zero.

5 Aggregation

In this Section we derive the macroeconomic aggregate for the model. 1t has three Subsection
organized as follows. In the first we study the macroeconomics aggregate from the optic of
the output. In the second Subsection we derive them from the optic of factor’s income. The

last Subsection derive the concept of aggregate capital.

5.1 Output Account

Income

1

Because there is a measure = of vintage s firms, it follows that the aggregate per capila
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output is given by

y(t) = %/t_TY(s,t)ds

o

1/ =151
= —/ e 0= BefWess | (1 — o) + Oz(lc*)T1 " ds
T Jir

1

= TBe¢<h>+gt(1 —a+alk?)S)F (47)

From (13) it is possible to rewrite the expression for aggregate per capita output as

. y(t) 1 — e (oro)T

= W) _ g
V"= Femra W) g

where, we know from (11) and (12) that

= K(s) Qo1 — ] T=
e A(s) N 11—« ’
and )
O=-— *"
a Bh(r+6,T)

As we saw,* for p > P the firm does not update its capital stock, and, consequently, there
is no growth. The model produces a poverty trap. As was argued in the introductory section,

an alteration in p produces three impacts on the aggregate per capita output. Formally,

:(f*)/ ?_k.i| +%} 31_,1: }ﬂ"—egtf(k’*)_d— ﬂ é—j:
dp ap T T aTPdp | (g+0)T T\ Geor )&

The standard Solow model or the vintage capital model when the elasticity of substitution

is one present the capital deepening effect:

ok*

%

}T<O.

328ee (30).
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The vintage capital model with a Leontief production function presents the window effect:

od (1 —e @I dT
s (o) & <

Both are in the direction of reducing the long-run output after an increase in the distortion.
For the general situation there is another effect which is the interaction among the increase
on the machines’ life span, due to the increase in the distortion, with the capitalization level

of the economy, that is to say

Ok* dT 1 — e lgtoT

F 57 (g+6) > 0.

This effect is on the opposite direction: an increase in the distortion produces an increase in
the machines’ life span, which deepen the level of capitalization of the economy, counteracting
in part the first effect.

Let’s calculate the net result of the first and the third effects. We get

(?k*l i 8k*| g
op " oT Mdp
L Qo1 (T+g)e—(r+g)T a7
= 05T 4 1—-p _
Qa 1 1 — e (rta)T dp
k* ot ) (r+ g)e~r+9T dT du
p Qo — o Pt @ dp

After substituting (35) and u = ¢797 it is possible to write

ak*! ok* oK dT
op GT pd
r+é—g T a-—1
cfP\l-ou +Z 1—u__9L5‘
k* QO’—l @ (E) g r7+6
= —0— 1- (1 - U) o—1
p QO~1 - m g l—u%ﬂ of PY1 o"ur+g_ l—ut;—é
g Wy T () g 45



i T3 rt8-g s\ o1
g6 £1-47F . )l—au 9 (l—uﬂg—)
g

g o(2
k* Qa—l g u r—g « (B r+6
g —0—
p Q- 5, =g rtb=g rs\ 971
g+é gl-u 9 __O_aa<£>1_gu g l1—u 9
r—g B g 46
=g rib=g =g r4b-g
g-!—fu% i1—u ¢ u_ 9 +u£-§_5 1—u ¢ r+6 u 9
E* Qot g r—g g g | 5 g
= ~—F — &
p Qo —a s, =2 rbog T AN
q+6u§ l-u 9 O_ag<£)1_gu [ 1—u 9
r—g B g r+6

where the last equality come from (31). Finally,

p [0k* Ok dT
ol el (v e
k* | dp oT ¥ dp

- r—g
Qo g+6 sl—ue
= —0 use
Qo1 — o g r—g s r—g r+6— res\ O—1
q‘{“éu; l—u 9 ___O.a(j(E)l_a"U, g 1—u 9
r—g B g r+6
> 0

as we saw in (28).
Note that due to (31), this last equation simplifies as

D 6/{*’ +8k*! dT Q! 1-®
- it ] = -0
e |op' T aT Pdp Q1 _qil—0od
B £8k"b 1-9
k* Op TI1-0d
where
T_gur_gz ﬂur_}é
d=-Lr f <1
1—u5  1-u5

Investment
L of firms is updating their technological level. In order to

At each instant a measure =+
accomplish this the firm has to throw way its old capital stock and has to acquire new

machines. It follows from (11) that the investment of a firm which is updating its capital
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stock at ¢ is
K(t) = e¢<h)+gtk*,

and, consequently, the per capita investment is

1
i(t) = —e?WFatpx (48)
T
Note that (48) expresses the fact that the relative price of capital is a pure distortion.
Although the firm faces the cost p per unit of capital that it acquires, the social cost of one
unit of capital is one unit of consumption good.*?

From (47) and (48) it follows that the share on output of investment is

N0 Tk
== = - = —
v(t)  B(l-a+a(k)S )71l
_ 1
N N (o) —2=4 —Z 1~ (g+6)T
B((1—a)(k)™5 +a)7 12—
1 Q7
T Bloerer: (49)
g+06

where the last line follows from (11). Equation (49) provides an important observable statistic
in order to calibrate the model.

After substituting the expression for €2 into (49), we are left with

1_e=(T+86)T a
_1_(Q_Z_3_)a ( r+6 )
B p 1—e—(g+8)T

g+é

(50)

This expression shows that two economies with the same incentive, that is, the same value
for £, the one with higher productivity presents ceteris paribus lower investment-output
ratio. This result depends strongly of a value of the elasticity of substitution lower than one.

For the CD case i does not varies with B.

33We can think that p = 1+ 75, where 75 is an ad valorem tax on capital’s purchase, which is, in general

equilibrium, rebounded back to the household in a lump sum fashion.
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5.2 Income Account

Capital Share of Income

The total income from capital is

1 t
Capital Income = —/ R(t — s)K(s)ds,
T Ji-r

1 c—1 ?E—l

= —T—B {(1 —a)(k")" + oz}

=1

¢
/ o= 6(t—s) (1 _ 6—(g+5)(T—(t—5)>) K(s)ds
t-T

_o t
= FEOB[(1 )b 4] T e [ lortred (1t g
t—

1 e 155 [ |
— (e B {(1—a)(k*)—7+a} / (eG+OT=(t=5)) _ 1)ds
t

1 . o (g+6)T—1
— ZK()e 7B (1= a)(k) 5 ol <€— - T> .

Given that K (t) = e®™+9k* we get

1
Capital Income = Te‘z’(hHgtB [1 —a+alk") =

It follows from (47) that
(g + 6)Te (90T
1 e—Gror

o =1-

where ax stands for the capital share of income.
Labor Share of Income
From (43) we know that

o

o—1

w(t) = KB [(1-a)(k) ™ +af

fod

— Mgt px g (g+O)T [(1 . a)(k*)_ga;l N a} ==

el

= efhrote—lerdT R {1 —a+ a(ls*)%_l] T
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It follows form (47) that
(g + 8)Teta+oT

l—ag= 1 — e~(g+o)T

Income Account at Factor Cost

The economy is a one good economy. Capital is forgone output and the social cost of capital
measured in units of consumption good is one. As we explained above, we understand the
relative price of capital as a pure distortion, which change the relative incentive to capital
accumulation but does not alter the possibility choice set for the economy. This fact has
consequences for National Accounts. We can think that p — 1 is a taxation on capital
purchase whose proceeds are rebound back to the household in a lump-sum fashion. Because
the market reflects this distortion the addition of the labor income with the capital income,
evaluated at market prices, provide total income, including the proceeds of the distortion.**
The distortion reduces the net income of capital. Hence, there is another concept of income
account, evaluated at factor cost, instead of market prices. In this concept we calculate
the total income, the income from capital, and the income form labor, net of distortion.
Then, we calculate the factor’s share. At each moment the aggregate investment is given by
Le? W9+ Consequently, we have

a-l} GL-1 <1 — 8_(g+6)T

Cap. 1. Net = %ed’(h)ﬂ” {B [1 —a+oalk) e — Te”(g“Lé)T) - (p- 1)1:*} ;

g+0
and )T
]. o1 }i—l 1 — e 9
pNet = — gdlh)+gt B[l—a+ak* o} —(p—1)k*
y(t) Te (k") P (p—1)
Calculating, we get
o (p—1)k" 1
QK ac—1 O'—U——T h(g+6aT)
B{l—am(k*)—r]
QK Factor Cost — 1 (p— 1)k~ 1

g—17]5=T h(g+6,T)
Bll—cwra(k*) T

34When we calculated ag and 1 — ax we took care of not getting this last as the complement of the first.
Both were calculated from primary sources.
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It follows from (49) that
g — (p — 1)1
6 actor Cost — ~—=% 7 .. - 2
K Factor Cost 1 — (p “ 1)1 (5 )
Additionally, it is possible that the distortion is mainly a transference among the buyer
of capital towards wages, and consequently, that the proceeds of it is accounted as labor

income. Under this situation the capital share of income will be

ak — (p— l)i.

1 (53)

QK Tarnsfer —

Those three different measure of capital share of income produces totally different values.
When confronting to the data the researcher should take care on the methodology behind

the data, and, consequently, what is the better model’s statistics in order to match the data.

5.3 Stocks

Capital in Efficient Units

The total capital stock, in efficient units, controlled for depreciation, is given by

1 t

k(t) = T/TK(s)e"é(t_s)ds
t—
1 t

_ = eqb(h)+gsk*e—6(t—s)ds

T Jer
—(g+6)T
_ 1 JH(h)+ot s 1 — e~ lgt+9)
g+o
1 — e”(g+6>T
=t o4
i) 5
Let’s call & the capital-output ratio. It follows form (47) and (54) that
Q—O'
R = , 5%5)
- (55)
and, consequently, from (25) we get
— e~ (g+8)T
R_1-een -

i g+o
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In order to understand better this last equation, let’s consider first the neoclassical model

without technological change. Then, it follows that

it
R:/ e'ésN“'s)ids =

EF
o o

where the superscript EF stands for effective depreciation. If instead, we consider a model

such that technological change is disembodied, we get

t .
] = / e~(6D+gD)(t—s)idS — Tl—_’
o 5" +¢gP

where the superscript D stands for disembodied. For the model explored in this paper, with

embodiment and scrapping, we can write

g+o

L -
R T TG (57)
B (g + &)e”toroT
= 0+g+ i a7
_ 6D +QD

§EF.

There is an additional term, %, which represents depreciation due to machines
scrapping.

Capital at Market Prices

As we saw last Section, the model delivers two concepts of aggregate capital.*®> Due to the
nature of technology, and, consequently, to scrapping of obsolete machines, the evaluation

of capital at the shadow-price given by the second-hand market for firms is not equal to the

35 Actually, there is a third one, which is the number of machines, given by

#k(t) = /t_T i(s)ds.
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physical depreciation and obsolescence. In market values we have,

kM(t) = %—/t_Tp(S).K'<S)dS

d(h)+gtx i

e :

- ———T——~/Te_g(t*5)p(s)ds
t—

_ pe¢>(h)+gt . /T o) h(r + 5T —7)1-9H(T — T)dT
T 0 h{r+6,T) 1—-9(T)
T
_ B h(r+6,T—7)1—9(T — 1)
= iy(t (gt6)7 : d
ina ( )/O ¢ h(r +6,T) 1—9(T) "
where
(1) = e o
T .
The stock-flow ratio for this evaluation of capital is
Au kul(t T h T — _ _
Ru _ kult) :/ e—taeyr Pr 6T = 7)1 = H(T T>d75%- (58)
W m) W+ 8,1)  1—$(T) i

Besides being the market evaluation of the capital stock, (58) has another economic signifi-
cation. Due to the fact that the price profile represents accurately the opportunity cost of
having the vintage-s plant in the household portfolio, the market evaluation of capital rep-
resents the net present value of the market evaluation of the future services that the current

stock will produce.

6 The Planner Problem

The objective of this Section is to check if the market balanced growth path solution max-
imizes the present value of future aggregate consumption discounted at the market interest
rate. If we assume a situation in which the relative price of capital is one, there is no dis-
tortion in this economy, hence the first Welfare Theorem should apply, and, evidently, the
Planner Problem should reproduces the market economy. We consider worth checking this
fact for this economy due to the non-standard nature of it. Because our model does not

deliver an aggregate production function and both production factors are fixed in many as-
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pects it produces non standard results. Particularly, the functional distribution of income is
quite unusual. Neither labor nor capital is compensated according to their marginal produc-
tivity. The Planner Problem provides another toll to get a better acquaintance with these
non-standard implications of our environment.

Let assume that the Planner solves

max/ e“”c(t)dt:A(O)/ e~ 9ty (t)dt (59)
0 0
where z(t) = C(%, subject to
y(t)
t) = =z(t) + N(t)k
#(t) = §o5 = o) + N(OK( (60)
and .
/ N(s)ds =1, (61)
0
where k(t) = 71—(—- nd N(s) is the quantity of vintage-s plants.
Let A(0)e™"9%\(¢) be the Lagranger multiplier associated with the full employment

condition, restriction (61). We can write the following Lagrangian auxiliary function:

o] t
£ = A(0) / e~(r=o)t { / e~ 0= N (5)B (1 — o+ ak(s)F ) T ds — N()k(t)
0 t—T(t)

—A(t) ULW N(s)ds — 1} } dt,

where, from the aggregation we know that

o

t —_—
2(t) = / e wrUIN(s)B (1 —a+ ak(S)L;“) T ds.
t-T(1)

The choice functions are k(t), N(t), and, T(t) for t € [0,00). We assume an initial condition,
that is a value for T(0), and a profile for vintages, N(s), s € [-T(0),0], and for capital k(s),
s € [=T(0),0] compatible with a balanced growth path solution.



The FOC for k(7) is as follows

{/:T(t) e_<g+6)(t_S)N<s)aB ((1 —a)k(s)™ + Cl’) = §(s —7)ds — N(t)6(t — T)} dt

where 6(t — 7) is the Dirac delta function.
For 7 ¢ (t — T'(t),t) the first term in the right side does not contribute and we get
N(r)=0for 7 ¢ (t —T(t),t). When 7 € (t — T(¢),t) we can first change the order of the

double integration. Given that

oo t 00 s+T'(s) 0 s+T(s)
[a] as=[asf a+ | as [ at
0 t—T(t) Jo s —T(0) 0

where the second term is fix by the initial condition, we get
o0 5+T(s) g—1 -1
A(0) / ds/ dt {e_(T_g)te_("*‘s)(t”s)N(s)aB ((1 —a)k(s)” = + oz) (s~ 'r)}
0 s

—A(0) /Ooo "IN (H)S(t — 7)dt = 0.

Solving we get

1

7—+T(7) g—1 o—1
/ e~ (r=9te= et BN () ((1 —a)k(r)" " + a) dt = e "N (7),

and, consequently, it follows

1

aB ((1 —a)k(r)F a) T h(r+6,T(r)) = 1. (62)

Equation (62) is the equivalent of (9) when the relative price of capital is equal to the

social opportunity cost of capital, that is, one. Next, let evaluate the social optimum life

span of capital. We get .
0= _ A0 / e~(ro)
0
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{e—(9+5>T<t>N(t ~T()B (1 —a+ ak(s)gf_) T AON(t - T(t))} o(t — 7)dt.

Solving, we get

A7) = e~ 0T B (1 —a+ok(r — T(T»%—l) - : (63)

Equation (63) is equivalent to (43). It says that the shadow price of labor in efficient
units, A(7), is equal to the value-added in the marginal firm. Next, we find the optimum
condition for N(7). We have

[e59) t o
/ o—(r=g)t {/ o~ (g0 t-5) B (1 a4+ ak(s)%—l> " 6(s — 7)ds — k()6(t — 7)
0 t=T(t)
A )/t &( )d }d ac 1
-\t s—T)ds pdt = —_—.
) dT(7) A(0)

Again, if 7 ¢ (t — T(t),t) we get k(7) = 0; otherwise, after manipulations, it follows that

T+T(7) o1\ 27 T+T(7)
/ o~ (r+8)(t-7) g (1 — o+ ak(r)F ) dt = k(7) + / e~ rmOUTIN() L. (64)

This last condition is equivalent to (46). The value-added in a firm unit, in present value, has
to match the resource cost of running the firm, k(7), plus the present value of the opportunity
cost of labor. Note that the value-added is discounted at the rate r + § and that the shadow
price of labor is discounted at a rate r — g.

Now we turn to a balanced growth path solution.’® Let consider a constant value for
T. Given this value, it follows from (62) that k() is equal to £* when the relative price
of capital is the social opportunity cost of it. In addition, if T is constant it follows that
the shadow price of labor is constant. Substituting (62) and (63) into (64) we get (20)
for the case p = 1. The Central Planner balanced growth path solution reproduces the
market equilibrium. Given this solution, which assumes a constant value for T', it is possible
to explicitly calculate the present value of aggregate consumption and show that indeed the
FOC for the planner problem find the maximum of the present value of the consumption. It is

missing to show that the balanced growth path solution is better than any other possible. The

36The results (62) through (64) apply out of balanced growth path. They represent static allocation
condition which are verified either in a long run equilibrium or in a capital accumulation dynamic.
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reader could has noticed that the Planner solution does not solve for the optimum distribution
of firms across vintages, N(t). This follows because the planner is maximizing a linear
function of aggregate consumption, and, consequently, the marginal social value of aggregate
consumption is independent of it. Short-run variations of aggregate consumption will not
have a negative impact on the present value of aggregate consumption. That would change if
the Planner objective function were the present value of any strictly concave function of the
aggregate consumption. In this case the constancy of the social marginal benefit of aggregate
consumption would fix a value for aggregate consumption for each moment, fixing a value

for the distribution of firms across vintages.

7 Calibrating the Model for the US

The calibration procedure has two stages. In this section we describe the first one. We
consider the elasticity of substitution a free parameter. Given this, we calibrate the model
to reproduces the US economy. There is direct observation for the interest rate, 7, the impact
of the education level on productivity, e*™, and the long-run per worker growth rate, g. Four
parameters and one variable remain to be determinate: the distributional parameter for the
CES, «, the economy’s productivity, B, the relative price of capital, p, the depreciation
rate, §, and the optimum time between changing in technology, 7. We fix them such that
the FOC (20) for the optimum stopping time is satisfied; the per worker output given by
(47) is normalized; the investment-output ratio given by (50) is equal to its observation; the
effective depreciation rate, 6%, is equal to the capital-investment ratio; and, capital’s share
of income, given by (51), is equal to its observation.

In the last Section we saw two different concept of capital, and, hence, two effective
depreciation rate: at market value and at efficiency units. In order to decide which one we
are going to employ we need to check the methodology of the calculation of capital stock.
The total capital stock data for the US in the National Account (NIPA) is calculated by
the Bureau of Economics Analysis. According to the publication “Fixed and Reproducible
Tangible Wealth in the United States 1925-947%" the capital stock is calculated by the per-
petual inventory method: it is the addition of old investment depreciated by a geometric

depreciation rate estimated from market price profile for second-hand market for capital

37It is possible to download it from the BEA web page http://www.bea.doc.gov/bea/anl.htm.
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goods.*® The current-cost estimates for the net stock “is the market value of the stock, that
is, the value for which the assets in the stock could be bought or sold. In equilibrium, this
market value will equal the present value of all expected future services embodied in exiting

assets.”?

That concept correspond to the concept of aggregate capital at market value.
Another issue is what should be classed as capital. The Summers and Heston definition of
investment comprise machines, structures, and household structures. We consider the equiv-
alent concept from NIPA: the addition of Private Equipment, Private Structures, Private
Residential, and Government Fixed Asset. We exclude durable. We take observation from
data for investment and capital in current value. The observation of effective depreciation

rate that we employ is given by

1999 Z ;
SEF — L 10 Lai=t—4a1 M — 0.066.
Y 30 t;Q?O Re

That depreciation rate makes the capital stock equal to 15.67 years of investment.
Summarizing, given the free parameter o, and observations of r, e?" | g, (5M , and ay we

solve

o—1 ;z_
1 = B€¢(h)<1 _ a)f,"_l { (EB_hTrEJrTT—)) " h{g+8T)
(

____P__)"—l_a T
aBh(r+6,T)

i= _l_(chh(T+6,T))g 1
B P h{g+6,T)

(g+6)Te= (94T (65)
1—e—(g+8)T g

_ g B _
€ (g+6)T (Zﬁ‘(f‘i'—é,ﬂ) %h(?“ - gT) - |:h(7‘ "|’5 T) (m) ; - 1} = 0

1 (T (g8 h(r+8T—1) 1=H(T=7)
FEF fo€<g+> R 6,7 1-H(1) dr

OéK:1—

for o, B, p, 6, and T.
The third and fifth equations provide the value for T and 6, given observation of ag,

65, g, and 7. The fourth equation of system (65) simplifies as

Al =1 — §(T), (66)

330n the depreciation methodology see Fraumeni (1997).
398ee “Fixed and Reproducible Tangible Wealth in the United States 1925-94”, BEA, August 1999, pg.
M-T.
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where

hir—g,T) o—(g+8)T
h{r +6,T) '

Substituting (66) into the first and the second we get

H(T) =

1—a\#1 h(g+6,T)
1 = Be*® < ) S
H(T) T o

b= %(1—5@));& h(gjé,T)'

Given that we already know the value of T" and 6, this last two equations solve for o and B.

We get

1
o = —,

g

L+ 250 (i) =
s - tleom |- (5) T ks
The relative price of capital follows from (66) and the definition of 2. We get
p = aBh(r + 6,T)(1—_5—;’)—@)1+a.

(87

Substituting (67) and (68) into this last equation we get

_1-H(D) h(r+6,T)

P i h(g+8.T)

(69)

It is worth mentioning that the value of p does not have any economic content. To see this,

write the production function (2) as

o—1

V(s,t) = Y (s) =S98 | (11— 0) ("M A(S) T + a(CK(s)) 7 =

where C is a constant with translate forgone output into capital goods, and capital goods
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into capital services. Redoing all the calculation one arrives at

1—=9(T)h(r+6,T)

= .
P i hlg+e.T)

Without any lose in generality, it is either possible to chose C such that p = 1, or, if p is
consider an observable, it is possible to recover the constant C.

The others parameter for the US are: the per worker growth rate is 1.36% per year,?® an
annual riskless interest rate of 4.5, and an investment output ratio of 0.22.#! 'We normalize the

Mincerian factor for the US. Summarizing, we have chosen the following set of parameters:

e®(h) 5511““

1 ]0.066

o

(6774 q A
1/3 | log(1.0136) | log(1.045) | 0.

]
[Nl

Proceeding the first calibration step we get 0.35% for physical depreciation, and 44.5 years
for the life span of machines. Remind that in order to pick a value for the others parameters,
«, and B, we have to nail down the elasticity of substitution. What is very interesting
with this first step of the calibration procedure is that it is possible to find the depreciation
rate, the relative price of capital, and the optimum time between switches, without any
information on ¢. It seems that the life span of capital is quite long. Notwithstanding this,
it seems difficult to match a value for 7". This value is an average among a huge diversity of
capital goods, machines and structures. According to Coen (1980)*? the average life span of
machines is 12 years. Gort et alit (1999) documented a life span of structures of 50 years.
In order to get an average of 44 years the share of machines in total capital stock should be
14%. According to NIPA data, the share of machines (equipment in NIPA nomenclature)
in total private capital is 16%. We should not take this result at face value, if instead of 50
we employ 48 the number drops to 10%, but it is an indication that the result of 44 years

for T is not unrealistic.

40We estimated a trend line for the variable RGDPW of Summers and Heston from 1960-1992.
41The average value for the variable i in Summers and Heston from 1960-1985.
42 Apud in Parent (2000), pg. 691.
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Figure 5: Relative Income (US=1) as a function of relative price of capital (US=1) for
c=1,0.6,04,0.2, and 0

8 Quantitative Predictions of the Model

The model has quantitative predictions in many dimensions. In this section we explore them.
We calculate an implied economic statics, for example, per capita income, for values of the
relative price of capital ranging from 0.1 till 7.0 and for the following values of the elasticity
of substitution: 1.0, 0.6, 0.40, 0.2 and 0.

8.1 Per Capita Income

In this subsection we employ the calibrate model to asses the capability of the model to ac-
count to difference in per capita income given different values for the distortion. In particular
we an interested to investigate the sensibility of the following statistics, the relative income
among a high distorted and a low distorted economy, to different values for the elasticity of
substitution.

Assuming that the economies share the same value for the parameter B, we can rewrite
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Figure 6: A CD and a CES (0 = 0.5) economy whose relative income is half the benchmark
economy when the relative price is one
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Reminding that T is a function of p, for each value for p it follows a value for per capita

income.*
Figure 5 shows that the CES specification produces sizable effect for high values for
the distortion. For the range p € [1,2.5] the model predicts the same behavior as for the

BTt follows from (11) and (12).
44 Because we normalize for the US economy these results are in units of American’s per capita output.
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CD case. Additionally, the CES specification shows that policies that try to subsidize the
accumulation of capital produces lower long-run impact on income than what should be
expect having the CD specification as the benchmark.

The model can produce miracle experience of economic growth, based on capital accu-
mulation, for reasonable value of the relative price of capital. Figure 6 shows two economies
which where calibrated to have an income of half the income of the benchmark economy
when the relative price of capital is equal to the social cost of it.*> For the CD specification,
when the relative price of capital is 4 the relative income is 1/4; for the CES specification
with 0.5 value for the elasticity of substitution the relative income tends toward zero as the
relative price approaches 4. Let assume the our CD economy initially is in the low income
equilibrium with a relative price of 4. If all of the sudden it faces a reduction in the rela-
tive price from 4 to 1 it will witness a remarkable growth experience; its distance form the
frontier will be halved. The same experiment with the CES economy will produce a growth
miracle: from almost nothing to half! Notwithstanding this miracle, the model predicts that
it will lost it pace when the economy became a middle income economy; from this point
on, to continuing to catching up the economy has to rely on increases in the TFP. Capital
accumulation per se has already done it service.

The economic reason behind this result is the same economic reason that produces the
poverty trap result. The poverty trap is a consequence of a technologic feature of the
CES production when the elasticity of substitution is lower than one: this less than one
elasticity of substitution makes the demand for capital more price inelastic: it is hard to
substitute labor for capital when this last one became dearer. In particular, when the
quantity of capital reduces a lot, its not possible to reducing its quantity employing an
ever large labor with a declining quantity of capital. Formally, the marginal productivity of
capital is bounded away from infinitum when the quantity of capital goes to zero. When
a threshold for the relative price of capital is attained the demand for capital renovation
goes to zero. The Inada condition for the marginal productivity of capital, which applies to
the CD production function or the CES with a elasticity higher than one, implies that it is
possible for an unbound number of workers to benefit from the employment of one machine.
Which description is better from the point of view of development economy and the facts is

a very disputable case. We show in the following Section some evidence supporting the CES

4> The constant B was ajusted in order to get Income= 1/2 for p = 1.
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Figure 7: Optimum time between switches and relative price of capital for ¢ = 1,0.6,0.4,0.2,
and 0

specification with a less than one elasticity of substitution. We go back to this issue in the

Section on Development Decomposition Exercise.

8.2 Optimum Capital Life Span

Figure 7 illustrates the response of the optimum time between consecutive switches to chang-
ing on the relative price of capital. We do not think that this value should be taken at face
value. The calibration procedure consider a capital’s share of income for the US of 1/3 and
a capital-investment ratio of 15.67. This calibration is consistent with a broad concept of
capital; that is, any tangible stuff that helps labor to produces the flow of goods. These ‘ma-
terials things’ comprise from personal computer to roads and everything in between. Hence,
the model result for T is an average that we do not try to match against any observation of
one of those class of capital goods. What seems to be true is that any kind of capital goods
evolves as vintage.* When we see a third world country using non-paved roads, mainly a

eighteenth century vintage road, our interpretation is that the relative price of roads in that

46See Gort et alid (1999) for evidence of embodied technological change in structures.
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economy is so high that it employs more than two hundred years old vintage!*”

8.3 Depreciation and Capital-Output Ratio

For the standard neoclassical model with disembodied technological change depreciation is a
physical phenomenon. In the set up developed in this paper the depreciation is an economic
decision. Figure 8 depicts the effective depreciation rate, or the flow-stock ratio, when both,
the investment and the capital stock are evaluated at market prices.*® For the CD case,
the unit elasticity of substitution makes that the model works exactly like the standard
neoclassical model with an aggregate production function and physical depreciation: the
flow-stock ratio does not depend on the relative price of the capital good. But the result
changes dramatically when the elasticity of substitution is lower than one. Because it pays
off to user longer the capital the effective depreciation rate decreases when the relative prices
increases. For economies which are about to be trapped it goes down to 1.8% a year. (Which
still is much higher than the calibrated physical depreciation rate which is 0.35% a year.)
Figure 9 presents the capital-output ratio evaluated at domestic market prices for used
capital, controlled for international differences on relative prices for new machines. Formally,

we computed
pis,t)
1]€M(t)_Tft r - K(s)ds

pylt) y(t)
1 [ B\ hir +8T) = (hlg+6,T) — e Th(r — g,T)) = =2 (T = hir - g,T))
B (O‘E) Mg +6,T) h(r +6,T) — e~ 9tOTh(r — g, T) '

We interpreted this ratio as the long-run capital demand. For the CD case the model behave
like the standard neoclassical model: T" does not depend on p, and accordingly we get an
equilateral hyperbole for this ratio. When the elasticity of substitution is lower than one
the price elasticity is lower. Let’s compare the model with the model with disembodied

technological change and a CES production function. It predicts that

s =sl) (=)

4TPritchett (2000) provides evidence of distortion in roads building in some third world economies.
48 See equation (58).
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Figure 8: Flow-Stock ratio at market prices for ¢ = 0.2, 0.4, 0.6, and 1.0

In particular, for the Leontief case the price elasticity of capital demand at international
prices is zero. Our model predicts that this elasticity is close to zero for the case ¢ =
0.4 (Figure 9). The reason is that the reduction in the economic depreciation rate makes
the capital stock larger. Figure 10 shows the capital-output ratio when the new capital is
evaluated at domestic prices. We see that the capital-output ratio at market value when the
new capital is evaluated at domestic price behaves like the optimum time between switches

of technology (compare Figure 10 with Figure 7).

8.4 Capital’s Share of Income

A known result respecting the CES production function is the increase of capital’s share of
income as the capitalization level of the economy reduces. In this model, in which there is not
a notion of aggregate production function, this fact appears in the increase of the optimum
life span of capital when the relative price of capital increases, as equation (51) expresses.
Notwithstanding this, depending on the details of the national account practice, the value
for this statistics can change a lot. Figure 11 report the model’s result for the capital share of

income for the three concepts of it, equations (51) to (53), when the elasticity of substitution
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Figure 9: Capital-Output ratio at market prices, when it is employed international prices to
evaluate new capital for o = 0.2, 0.4, 0.6, and 1.0
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Figure 10: Capital-Output ratio at market prices, when new capital is evaluated according
to the domestic market for o0 = 0.2, 0.4, 0.6, and 1.0
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Figure 11: Capital Share on Income for the three concepts (Accounted at Market Prices,
Factor Prices, Wages Imputed Public Sector), for o = 0.4

is 0.4.4° We deal with to this issue in the end of the Section on Development Decomposition

Exercise.

9 Calibrating the Elasticity of Substitution

The novelty in the calibration procedure is the second stage. It is required in order fix a value
for the elasticity of substitution. Note that, neither the relative price of capital, nor the time
between consecutive switches and the physical depreciation rate, that were calibrated in the
first stage of the calibration procedure, are dependent on the elasticity of substitution. That
means, even in the case of a good observation for p, T, or § being available for the benchmark
economy, the US, it is impossible to pick up a value for ¢. The difficulty in identifying the
elasticity of substitution should not be surprising. The elasticity of substitution is a curvature
parameter. In order to identify it we need to have some observation of the inclination of a

demand curve for capital. We do not have it for a economy under a balanced growth path,

' Gollin (2001) documented that there is no evidence that the capital share on income vary in a systematic
way with the level of development.
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as was the case when we calibrate the model to reproduces some features of the US economy:.
An way of getting this problem around is to have observation of a set of economies which are
at a very different capitalization level. If somehow we can control for the others source of
diversity among the economies, maybe we can identify the elasticity of substitution among
capital and labor. That is the strategy taken here,

In a previous section we calculated the stationary state investment-output ratio. We got

<1~e-<r+m)”

i= %(QE)”—J*‘“;T‘*- (70)
915

Let consider an infinitum horizon household model. In this set up the long-run capital supply
is perfectly elastic at a rent price of capital, net of depreciation and taxation, equal to house-
hold’s discount rate plus the product of the growth rate and the inverse of the intertemporal
elasticity of substitution. Under these assumptions, we can consider the interest rate, net of
distortion and polices differences, for distinct economies as equal, and, hence, the estimation
of equation (70) for a set of economies reproduces the long-run demand schedule for capital.®
It associates the flow-demand of capital with capital’s price. As a result, for each value of
guessed o, it is possible to get the model’s implied relation between the investment-output
ratio and the relative price of capital. Then, we can turn to Summers and Heston data set
where is possible to find data for these two variables. Due to the functional dependence
between £ and T, equation (70) is not log-linear in these variables. Notwithstanding, it
suggests the following specification for a Panel containing data for relative price of capital

and investment-output ratio
logi; = —log FE; — Blogp;: + €51, (71)

where p,; is the observation of the relative price of capital, in Summers and Heston data

set, for country j in year ¢, and FE; is the fix effect of country j.°! Given an estimate

50 A perfectly elastic supply function is one of the situation where it is possible to identify a demand
function.
51Tf the model have not considered vintage capital the estimated equation would be

logijs = —log F'E; — Blogpjt + €54
=—(1-0)logB;+ologa —clogp; + €.
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for 3, we pick the value of ¢ which produces the best match between model’s implication
and the empirical observation for 5. Note that, if it is true that ¢ < 1 and if it is true
that B differs among the economies and co-varies negatively with p, than the cross-section
estimation of a regression of capital’s price on investment-output, without controlling for
economies diversity in TFP, biases upward S.

Employing Summers and Heston data set we built a panel for data from 1960 until 1985.
The relative price of capital is the ratio between the price level of investment, S-H variable
PI, and the price level of consumption, S-H variable PC. For investment we took real gross
domestic investment at 1985 international prices.”> We estimate the panel by OLS. We got
0.57 for 8. This result suggests that the cross-section estimation of the demand for capital,
which does not take into account diversity in TFP among economy are miss-specificated.’
To test this we run the panel assuming a common intercept among the economies. We
got 1.09 for 3, exactly Restuccia and Urrutia (2001) result for the cross-section estimation
with the same data set. The lower than one result seems to be quite robust. We try OLS
estimation with random effects, weight least square, instrumental variable with lagged price
as an instrument, and weight least square estimation of the instrumental variable model with
lagged price as an instrument. For these regressions we get for § respectively 0.64,0.45,0.63,
and 0.45.%4

In addition, there is some evidence that the investment data is overestimated for the very
poor economies whose share of Public Sector investment into total investment is very high.%’
If this is true, for many high-capital-price economies, the investment data is overestimated,

introducing a downward bias on . In order to test this we built a panel without Africa

The coeflicient 5 would be the estimation of ¢ and FE; would be the estimation of le-_"a“" .

32Qur Panel is the same as Restuccia and Urrutia (2001). For details see the Statistical Appendix in their
paper.

53T ucas (1969) working with industry data showed that the cross-section estimation of the elasticity of
substitution does not reject CD while the time series estimation get values centered between 0.3 and 0.5.

% The Summers and Heston data set provides two data on investment-output rate, both at international
prices. The variable ‘i,” which the results reported in the text correspond with, is the price of capital at 1985
constant international prices. We re-run all the regression employing the variable ‘ci,’ investment calculated
at current international prices, and the results reproduce the other set of regression. All these estimations
produced small confident interval for 5. The problem with these regressions, as the very different point
estimations for 8 shows, is miss-specification of the econometric model. The intention of this paper is not
to conduct a full battery of specification test, but to make the point that the CD specification does not

represent well the data.
59See Pritchett (2000).
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economies. The instrumental variable estimation of it without weighting produces 0.73
for 8. The others estimations, OLS, weighted OLS, and weighted IV estimation produces
respectively 0.56, 0.40, and 0.47.

At least, there are two problems with the Panel technique, as comparing to the cross-
section estimation. First, with Panel it is difficult to distinguish among short-run and long-
rum movements in the demand for investment. In principle we are interested in estimating
the long-run demand for investment. The second is that if there is no variability in the time
dimension the Panel estimation will produce zero for the estimation of 3: the term 5logp;
in (71) is captured by the fix-effect.’® In order to address the short-run/long-run issue we
built a Panel with a five-years moving-average data, and another Panel with filtered data by
Hodrick and Prescott filter. The result for OLS and weighted OLS were, respectively, 0.59
and 0.48 for the five years moving average data set, and 0.73 and 0.63 for the HP filtered
data set. The fact that filtering or taking moving averages does not reduce [ is a signal
that we do have enough variability in the data in order to estimate 5. On the other hand,
if we consider the filtered estimation closer to a notion of long-run investment demand, it
is not a surprise that the price elasticity increases when we move from the original data set
to the filtered one. The results that emerge from all these regressions suggests that there is
enough variability in the time dimension. Overall, our results place § somewhere into the
range [0.45,0.75].57

Going back to the model, Figure 12 displays model’s prediction for g, for ¢ = 1,0.6,0.4,0.2
and 0. The following table associates the § implied for each value of the elasticity of substi-

tution, and Figure 13 presents an interpolation of those points.

36To test this we built a Panel with constant values, in the time dimension, for i, and p;;. We consider

for p;; the average value of it, that is
1985

1
5¢ Pjt
and an analogue data for investment. In order to estimate it we perturb it with a random error. The result
was, as expected, zero for 3.
57Yuhn (1991), surveying works that estimated the elasticity of substitution for the US, reports a value
between 0.078 and 0.763. See his discussion on pg. 343 and the following.
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Looking to Figure 13 it highlights the flexibility that the time decision gives to the
economy. Even for the extreme case of a Leontief production function at the plant level, the
economy behavior resembles a 0.55 elasticity-of-substitution economy. The result suggests
that o is into the range [0,0.4]. For the rest of the paper we pick 0.4 which correspond to
the HP filtered data estimation for 3. For this value of o the calibrated value for o is 0.95
and for B is 0.27.58

10 Development Decomposition Exercises

In an influential paper Hall and Jones (1999) argued that TFP varies a lot among the
economies and that this variation has a huge explanation power to asses the income variation
among different economies. In order to verify the variability in TFP they performed a
development decomposition exercise. They assumed a CD aggregate production function

with labor modified by a Mincer coefficient, as follows
y; = TFP kg (e?M))1 =2,

They have data for capital, education, and per worker income, net of the mineral sector

output.”® With this data it is possible to calculate

y; yl—a+a
. = J = I
TFP; k;;(e¢(hj))1—a ]f]@v(eﬂhj))lw
(e¢(hj>> Re’ (72

% See expressions (67) and (68).
59The mineral sector output is considered a bounty of Nature. Its added value is much larger and did not
reflect factors employed in the extraction of minerals product.
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where k; is capital per worker. Given observation of j-th economy’s output, y;, average level
of education of the active population, h;, and capital stock data, k;, Hall and Jones solved
(72) for the productivity level of the j-th economy. They got a very high correlation among
TEFP; and y;, which means that factors other than factors account for the income inequality
among economies.

In this Section we assess how better than Hall and Jones the model perform, given that
we are taken into account capital’s quality and CES specification, factors not contemplated

in (72). We can rewrite the first, second, and fourth equations of the system (65) as follows

(o) |
— P
. o ofl ; Bh(r+6,T) h(g+6,T;
yj = QljB€¢<hJ)(1 — )71 Jp‘ =T (g.Tj, 8
j -
ST BRTET) “ ’

1 (anth(‘r—HS,Tj) )O’ 1

(73)

1. =

Y P; h{g+6,T})
O _ fL(T"—gvTi> —(g+5)TJ _ 1 + o Py 1o
= Rirrel;)© o, Bh{(r16,75) ,

where 2, is the j-th economy TFP relative to the US (remind that B is the calibrate value
for TFPyg). It is possible to get for a given year, for example, 1988, observation for j-th
economy’s output, y;, average level of education of the active population, h;, and investment-
output ratio, i;.9° Given these observations one can solve the system (73) for the productivity
level of the j-th economy, 2, relative price of capital, p;, and the optimum time between
switches, Tj. If this model is better than the standard neoclassical model to explain TFP
among economies, the correlation between economy specific productivity, 2;, and per capita
output, y;, should be lower than the number that Hall and Jones (1999) gotten.

The productivity level 2, is the part of TFP which is not explained by the vintage
capital model. Comparing to Hall and Jones calculations of TFP our formulation has two
departures. First, the fact that we employ a CES production function, and second the fact

that different capital prices implies different values for the average age of capital, the term

h(g +6,T;)
—

50We took the output net of mineral sector value-added, and the labor efficiency controlled for education
from Jones web page (http://www-econ.stanford.edu/faculty/jones.html). Data refers to 1988. The data
from investment was taken from our Panel. It is the average investment-output ratio from 1965-1985, variable
‘1’ from Summers and Heston data set.



We can think of 2(; as being a residual, not from an account exercise, but the residual
produced by the model or the artificial economy being in consideration. In this aspect we
are applying the RBC methodology to development economics. We can think that in the
calibration part of the paper we have adjusted a measurement devise, an weightier. This
weightier, which is represented by the equation system (73), is in this Section applied to
measure or to get information about a cross-section of economies.

From the third equation in (73) we get

p; o
1—ﬁgv:a(w%BMr+&TQ (74)

where
hr —g,T;) —(g+8)T;

) =5 ve.1,° ’

as defined in (40). Solving the second equation for 2; B and substituting the result and (74)

into the first equation we get

o—1
<yjijTj) T 1-al-9()

c(h3) 9T, «

which solves for the optimum time.
Substituting (74) into the first equation in (73) we get

H(T3) T

J

y; = QIjB€¢(hj) {

which solves for 2 given T;. From the second equation in (74) we get

I . .
o A;Bh(r +6,T;) | (75)

pj 1
ig (A;Bh(g+06,T;))°

ale

)

Evidently, we test if the model predicts or not that the economy is under a poverty trap.

That is, we test condition (30)
AB

pj <p; = TTéao—l.

For nine countries, namely, Angola, Burkina Faso, Burundi, Madagascar, Mozambique,
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Figure 14: Optimum life span of capital implied by the model and per capita income

Rwanda, Chad, Uganda, and Zaire, this condition is marginally attained.®* These are exactly
the same economies whose optimum capital life span (Figure 14) is between 200 and 300
years. We decided to consider these economies as trapped and to report the results for a set
excluding them.%? A regression shows that the optimum life span of capital is price inelastic
with elasticity 0.7. That is one dimension in which the model can be tested against data.
Figure 14 shows that for very poor economies it could take up to 200 years to update the
technology. Although this number could seem quite large, remembering that the calibrate
value of T for the US was 44 years, it means that it takes 4.5 times longer in these very
poor economies than the US to replace the capital. Figure 15 shows that the implied price
reproduces quite well SH estimation of it. In particular a regression of implied price on
observed one produces a coefficient of 1.2, with zero intercept and standard deviation of 0.1.
Although it is possible to marginally accept the hypothesis that this coefficient is equal to

one, the fact that the point estimation of it is a little larger than one is a indication that

610 < B2P <01

PPy —

62Amoné these set of nine economies, which according to the model is closed to be trapped, two of them,
Burkina Faso and Rwanda, actually presented positive growth for the period 1960-1988. The others either

were stagnated or presented a negative growth rate.
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Figure 16: Implied productivity, 2;, and per worker income net of mineral value-added for
1988. log2l, = 0.10logIncome; R* = 0.10. It is not possible to reject a zero intercept
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the price elasticity of capital in the calibrated model corresponding to the chosen value of
o, 0.4, is a little higher than the value suggested by the data.’® One possibility is to chose a
lower value for . The problem of doing this is that the model misbehave in other directions:
much more economies are going to be trapped. On the other hand, we believe that this
misbehave of the model in this dimension, the long-run price elasticity of capital, is mainly
due to the limitation of theory: our concept of capital lump together machines, structure,
and housing. In particular, the demand for housing is not a derived demand, as is the case for
capital as a productive factor, and we believe that the price elasticity of long-run investment
in housing, as a share of per capita income, is quite low. Consequently, we believe that in
order to address those issues we need a theory that distinguish among productive capital
and housing, which by itself is a subject to another paper.

Figure 16 displays the implied productivity against per worker income. Employing Hall
and Jones calculation of productivity, based on the CD production function, we got a co-
efficient of 0.4 for a regression of TFP on income and a R?> = 0.8.%¢ When we run the

same regression with the model’s implication for TFP we get 0.10 and a R? = 0.24. These

83For the entire set of economies the regression’s coefficient is 1.4.
64Because they consider a Harrod neutral productivity and we a Hicks neutral, Hall and Jones report an
inclination of 0.6 instead of 0.4.
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numbers refers to the data set exclusive trapped economies. If we include them the numbers
drop to 0.04 and 0.002. The ideal would be to have a development model which after take
into consideration some factors which varies among the economies it would produce zero
correlation between per worker income and the residual model’s TFP. From the perspective
of this ideal, our model represents a good improvement to the standard neoclassical model
with CD: we walked 3/4 of the way: from 0.4 to 0.1. Another fact that came out of that
scatter is the higher correlation among the implied productivity and per worker income for
intermediate income and rich economies as comparing to the value of this correlation for
very poor economies. As was seen, the model is powerful to generate diversity in per capita
income for very distorted economies, for median one it reproduces the neoclassical model
with CD and disembodied technological change. Consequently, although this paper does not
deal with transitory dynamic, it predicts that an economy which all of the suddenly witness
an once and permanent reduction in the relative price of capital, from an initial equilibrium
with high price and low TFP, would experience a boom of growth based on factor accumu-
lation. In addition, if there had not been any policy to increase the TFP this growth would
lost it moment when the economy became a middle income economy. It is possible that this

path reproduces the experience of some East Asian Economies.%

Figure 17 presents the capital share of income implied by the model at market prices.%
A regression of capital share on income provides a coefficient of -0.32, which reduces for
-0.17 when the proceeds of the distortion are accounted as wages.%” In this dimension, it
seems that the model is not performing well. According to the recent research of Gollin
(2001) there is no relationship among capital share of income and the level of development.
One of the possibilities is the specific way that the proceeds of the distortion is treated.
The model predicts a much lees clear relationship when we consider that the distortion is a
transference between capital towards wages. Another possibility rests on limitation of the
theory in this paper. In our model, when the distortion increases and approaches 7 the
quantity of capital goes to zero and both, the level of output, due to Inada condition, and

the wage rate, go towards zero. That limitation of the theory points toward an improvement

%Young (1995) documented that the East Asian growth is mainly due to factor accumulation. Ferreira et
alii (2000) showed that these economy presents low relative price of capital and low TFP, as comparing to
the world norm.

66See subsection 5.2.

67See the third concept of capital share of income in Subsection 5.2.
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of it. As a model of development economics, specifically, as a model for very poor economies,
probably, when the economy approaches 7 a structural transition is taking place. We can
imagine that there is a subsistence Sector, which employs only labor and that pays the very
low wage rate given by w. Hence there is a limit value for the capital-labor ratio at the
plant level. Let call p < P the prices that produces this limit for the capital-labor ratio. If
the relative prices increases beyond this threshold wages does not anymore declines and the
modern Sector coexists with the subsistence one. Given w it follows the demand for capital
and consequently the demand for labor in the modern Sector. The complement of the work
force is employed in the subsistence Sector. That economy resembles Lewis dual economy as
modeled by Findlay in his very elegant 1980 paper. In addition, although w can be very low,
it does not go to zero; consequently, the functional income distribution will be very different

in the dual economy.

11 Conclusion

This paper re-visits Arrow’s Learning-by-Doing paper in the context of Development Eco-
nomics. We showed that the economic decision of renovating the capital stock in a less-than-
one elasticity of substitution economy can generates large level effect for reasonable value
for the intertemporal distortion. In addition, both the empirical and the analytical results
support the view that a less-than-one elasticity of substitution describe better either the
data or the casual evidence on capital renovation and price profile for used capital among
a cross-section of economies. The availability of more comprising and better data set on
international cross countries data will allow to empirically asses many of the implications of
the model. A lot of research has to be done but we think that the analytical structure put
forth by this paper is quite promising.
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