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1. Introduction

Several economic problems exhibit strategic complementarities, where decisions
of agents mutually reinforce one another. For example, firms’ investment decisions
depend on the expected demand for their goods, which in turn depends on whether
other firms decide to invest or not. In these settings, coordination failures may
arise, and effective intervention could raise welfare. What is the optimal stimulus
policy for an economy subject to this problem? In particular, to which firms should
a government intervention be targeted?

The seminal contribution of Frankel and Pauzner (2000) provides a particularly
suitable model to study coordination in a dynamic environment. Agents make a
binary choice between two actions (say, investing or not). Their instantaneous
utility flow depends on an exogenously moving fundamental (which captures, for
example, the overall economy’s productivity) and on how many others are in the
network. Agents get opportunities to revise their behavior according to a Poisson
clock, which can be seen as a simple way to capture production decisions that
cannot adjust overnight.

One limitation of the model of [Frankel and Pauzner| (2000)) is that all agents
are ex ante identical. Hence the model cannot be used to study who matters in
coordination problems, i.e., which types of agents should be targeted by policies
aiming at facilitating coordination.

Our setting adds much heterogeneity to the framework of Frankel and Pauzner
(2000). Each agent might affect and be affected by others in different ways, and
they might differ on how often they make decisions. Our first contribution is
to extend the uniqueness results in the literature to our setting. There is a
unique rationalizable equilibrium characterized by a threshold for each agent. Each
threshold depends on the number of agents of each type in a network and on the
exogenous fundamental.

Guimaraes and Pereira (2017) have extended the framework of Frankel and
Pauzner| (2000)) to include some heterogeneity in preferences. However, in their
setting, there is no heterogeneity regarding how often agents make decisions and

how a given type affects the payoffs of others.



In the model, coordination failures may trap the economy in a low-output
regime: less investment today implies lower economic activity and lower investment
tomorrow. A natural question is about what policy should do. In particular, should
government intervention be targeted to those who make frequent decisions and
would quickly react to subsidies or to those who make long-lasting investment
decisions?

Subsidizing firms that make frequent decisions might be cheaper: they are more
prone to investing since doing so does not entail a strong commitment for a long
period. Also, once the subsidies are in place, it would not take much time for them
to effectively start investing and generate positive spillovers to other firms. On the
other hand, their decision to invest today tell us little about their decisions on the
future as they can easily move back-and-forth between investment regimes. Thus,
targeting firms with low adjustment costs could prove to be a waste: the subsidy
would alter their decisions for a brief period of time and they would rapidly return
to the low-output regime. At the end, would it be better to subsidize firms that
make long-lasting decisions?

Our model allows us to make sense of all those trade-offs and identify the
characteristics of a firm that should be targeted by optimal interventions. Our
second contribution is to understand the inefficiencies that arise in equilibrium and
assess the effects of policies targeting distinct types.

We solve the planner’s problem assuming no financial constraint and full com-
mitment. The optimal flow subsidy schedule is actually insensitive to how often
an agent makes decisions and only depends on network externalities. At each
point in time, the planner should reward agents by their externality on others at
that particular moment. Once that is done, no dynamic considerations affect the
planner solution.

It might seem strange that rewarding firms for their current externalities only is
enough to implement the first best. Why is this seemingly myopic policy providing
the right incentives for forward-looking agents deciding about investing? One key
intuition is that firms form expectations about what other firms will do exactly as
the planner forms expectations about the actions of its future selves.

The remainder of this introduction discusses the related literature. Section [2]



presents the model, Section [3| shows the uniqueness result, Section 4] solves the

planner problem, and Section [5| concludes.

1.1. Related literature

Sékovics and Steiner| (2012) study who matters in coordination problems in

a static environment. In their global-games model, the optimal subsidy scheme
should stimulate those who impose high externalities on others and on whom others
impose low externalities. In this paper, we study the problem of optimal stimulus

policies in a dynamic coordination game.

The framework of Frankel and Pauzner| (2000) has been employed in a variety

of applied settings. Examples includes business cycles (Frankel and Burdzy),

2005 (Guimaraes and Machado|, 2018]), technology adoption (Crouzet et al., [2020)),

network externalities (Guimaraes and Pereiral 2016; Angeli, 2018), currency trading

(Plantin and Shin, 2018)), and neighborhood changes (Frankel and Pauzner} |2002).

\Guimaraes et al. (2020) provide a survey of this literature.

All those papers consider a homogeneous population. Our extension, gener-

alizing |Guimaraes and Pereiral (2017)), could be useful for a variety of settings

where heterogeneity matters. Indeed, applied work on static coordination games
employing the global games methodology has often allowed for heterogeneous

populationsEl

Guimaraes et al.[(2020) discuss the general solution of the planner’s problem with

homogeneous agents and several applications from the literature. The planner’s
solution can be implemented by taxes or subsidies that make individuals consider
their externalities on others at every point in time. Our results show that a similar
principle applies in an environment with heterogeneity in timing frictions and
externalities — though the one-off optimal subsidies are very different.

Other branches of the literature study settings with strategic complementarities

in different ways. The global-games models are coordination games where agents

have noisy information (Carlsson and Van Damme| 1993; |Morris and Shin, 1998}

'Angeletos and Lian|, 2016). Another stream of the literature studies equilibrium

ISékovics and Steiner| (2012)) is one example, but this literature has also considered heterogeneity in wealth

(Goldstein and Pauzner] |2004); roles (Goldstein| |2005); risk aversion and consumption profile (Guimaraes and|

; financial health ; and ideological convictions (IMorris and Shadmehrl, |2020[).
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selection in supermodular games with perfect foresight dynamics (Matsui and
Matsuyama, 1995; Hofbauer and Sorger}, |1999; |Oyama) [2002)). The Frankel-Pauzner
setting is particularly convenient to the study of dynamic questionsﬂ Last, a body
of research incorporates dynamics in coordination games with multiple equilibria
through learning, but fundamentals are typically assumed to be fixed (Ennis and

Keister, 2005, Amir and Lazzati, [2011)).

2. Model

The economy is populated by a continuum of infinitely-lived agents indexed by ¢
€ [0,1]. Each agent i is of a type ¢q(i) € Q := {1,..,Q}. We let n be the proportion
of agents choosing action 1 and we denote by n the vector in [0, 1]% of shares of
agents of each type currently playing 1, that is, n = (n4,...,ng). Moreover, we
let o, be the mass of type-g players in the total population. This implies that
the share of type-q players currently choosing 1 among the total population is
ay - ng. The total mass of agents currently committed to 1 can be written as
ny = Zqul Mgt

Time is continuous and agents discount the future at an homogeneous rate p.
There are two possible actions, a; € {0, 1}, but agents cannot switch from one
to another at will. They receive chances to revise their actions according to a
Poisson process with arrival rate 07, which is type-specific, and stay committed
to this choice until the arrival of another opportunity. This captures differences
in adjustment costs/depreciation rates to labor and capital inputs, both of which
significantly vary across sectors of the economy.ﬂ

Agents’ instantaneous payoff from either action depends on their own action,
the action of others and some exogenous fundamental, summarized by 6. For a
type-q agent the instantaneous payoff of action 1 is given by u{(6;, n) and the

payoff of action 0 is given by ud(6;, n;), both continuously differentiable for all

2Guimaraes et al.|(2020)) provides a comparison among these different frameworks.
3See|Cooper and Haltiwanger| (2006)) and [Hall| (2004)) for comparisons between different sources and magnitudes

of adjustment costs across sectors, and House and Shapiro| (2008) for estimates of depreciation rates for different

types of capital.



g € Q. We define the instantaneous relative gain of action 1 for type-q agents as
A (O, mve) = u(0r, mp) — ug(6r, 1oe) (1)

Assumption 1. For all ¢ € Q, the function Auf is increasing in 6 and in a subset
of {n1,....,nq}-

This is sufficiently general to allow for strategic complementarities arising due
to one-sided externalities or two-sided externalities: either the payoff of choosing
action 0 is independent of n; but the payoff of choosing 1 is increasing in a subset
of {ni,...,ng} (as in the homogeneous case of Matsuyama| (1991)); or both actions
become more appealing the larger is the proportion of agents taking them (along
the lines of |Argenziano| (2008))); or flow-payoffs from both actions can be increasing
in each element of the relevant subset of {ni,...,ng} but the difference in payoffs
is also monotonically increasing in each one of those n, (as in the homogeneous
case of (Guimaraes and Machado| (2018)).

A simple extension would also allow for strategic complementarities arising from
congestion externalities. We would derive the same insights if we were to model
a situation in which action 1 harms everyone but it is even more prejudicial to
agents currently choosing action (ﬂ The framework, however, is not suitable to
model situations with mixed externalities, where agents’ decisions generate positive
spillovers to some types and negative spillovers to others.

A type is characterized by the triple (uf, ul,d7). At any given period 7, a type-q
agent perfectly observes the fundamental, the current share of each type that
is committed to playing 1 and forms expectations on the dynamics of n. The
expected discounted relative payoff of choosing action 1 at some date 7 for type-¢q

agent is then

Ve = / e~ (HNEDE[Aw1(0,, g)] dt 2)

A type-q agents chooses to play 1 whenever she gets the chance to revise their
choice and V¢ > 0, and to play 0 if V¢ < 0. The agent discounts the future at rate
p, but only until she gets selected again. She must then discount any future period

t by the probability of not being chosen by the Poisson process, e=%(¢=7),

4See |Guimaraes et al.| (2020) for a brief discussion on negative externalities.



We further assume that payoff functions Au? are such that there are dominance

regions for all types of agents.

Assumption 2. (Dominance regions) For all ¢ € Q there exists P, and O, such
that if 0, > P, choosing 1 is strictly dominant for type-q agents; and if 0, < O,

choosing 0 is strictly dominant for type-q agents.

3. Equilibrium

3.1. Multiple equilibria benchmark

Suppose 6, is constant and equal to #. Owing to the assumption of dominance
regions, we can compute for any ¢ the upper dominance region boundary F,, that
is, a surface on the R x [0, 1] space along which any type-q agent is indifferent
between playing 1 or 0 under her personal belief that every one else, of every other
type, will choose to play 0 whenever the opportunity to change actions presents
itself. More formally, we define the upper dominance region boundary for type ¢

as the surface FP,(n,) satisfying

/ e PR [Au(0,, n})|0 = P,] dt =0 (3)
where n} = (ni, ...,nét) and n} = ng e =7 for all ¢ € Q represents the

dynamics of n,, under the pessimistic belief described above.
Analogously, we can define the lower dominance region boundary for type ¢ as
the surface O,(n.) satisfying

/ o (PHN (TR [Auq(é’t, '"’I )0 = Oq} dt =0 (4)

T

where n] = (nl, - ngf) and n} :=1— (1 —ny )e "7 Vg € Q represents the

dynamics of ng, under the agent’s optimistic belief that every other type-q agent
will choose to play 1 whenever the opportunity to change actions presents itself.
For any ¢ > 7 and n., nI > nf. Hence, for any given 6 and n.., the expression
in must be lower than . For both to equalize 0, it must be that 6 satisfying
(3) is larger than € that solves , that is, P, > O,, for any initial value n,.

Intuitively, this states that agents require a larger fundamental to be indifferent



between actions 1 and 0 when they expect every one else to play 0 than when they
expect every one else to play 1.

Moreover, because n}, is increasing in n,_ for all r € Q, at least one element
of the vector nf increases as at least one element of n., increase. Then, since
Aul(0,ny) is (weakly) increasing in n,, for all r € Q, the quantity P, is (weakly)
decreasing in n,_ for all r € Q. The more sensitive Au?(f, n;) is to a certain type r,
the more P, decreases as n,. increases for this specific type. Analogously, since n,
also increases with n,_for all r € Q, nI increases with n, and thus O, decreases
with any increment in n,_for all » € Q, the degree of such a decrease depending
on the sensitiveness of Au?(f,n;) to each type.

It is useful representing both boundaries, P, and O,, for a simplified two-
type, linear version of the model. In what follows, Q@ = {A, B}, n, = (na_.,ng,),
ud(0°,m,) = 0°+ai(1—na )+ P9(1—np,) and u(6*, n.) = 0'+viny +¢ing ,Vq €
{A, B}. Thus,

Aul(0,na,,np,)=0+vna +AXnp,, Vqe{A B} (5)

where § = 0' — 0° — a7 — 9, 47 = 7 + o and N\ = ¢? + 34, for both q € {A, B}.
Also, types differ in their arrival rates, 64 and §%.

Suppose that A\Z = 44 > A = 48 ie. both are more sensitive to their own
types. For this specific setting, P, and O, are planes in the R x [0, 1] x [0, 1] space
parallel to one another, for both ¢ € {A, B}. Figure [l represents both P4 and
04 for arbitrary parameter values. For any 6 larger than threshold Py, a type-A
agent strictly prefers to play 1: 6 is sufficiently large to outweight the fact that
every one else is prescribed to play 0. Likewise, choosing 0 is a dominant action
for the region below O4. A subset of the state space in between exhibits multiple
equilibria: it supports both choosing 1 and 0, depending on the agent’s beliefs
about the actions of others[f

5 Abusing notation, one could state that n;l’ is increasing in 1.

6Figure [1] sketches the pessimistic and optimistic thresholds for a two-type case, the intuition extends to the
general version of the model: for a given type ¢, the region where action 1 is dominant lies above the P, threshold,
the action 0 dominant region lies below the threshold O, and always exists a subset of the state space with

equilibrium multiplicity.



Figure 1: Dominance regions for type-A agent
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Note: Figure 1 presents upper and lower boundaries, P4 and O 4, for a type-A agent who faces a linear
utility function of the form of (5)) with parameter values §4 = p =1 /2, ~A =2 and A = 1 and is called
to play at period 7 = 0. In this example, P4 is such that E fooo et + an4 + n%) dt‘& = PA:| =0,

where né = ngoe /2, for both ¢ € {A, B}.

3.2. Equilibrium Uniqueness

We now assume that the fundamental is subject to stochastic shocks.
d9t = ,LLdt + O'dBt

where dB, is a standard Brownian motion, x4 is a constant drift and ¢ > 0 is the
volatility. The processes above is especially convenient as (i) it make 6 subject to
frequent shocks - for any interval of length dt > 0 we have that P(6;, = 0;,14) = 0;
(ii) and those increments are independent of history, i.e. 0;,4 — 6; is independent
of (0s)s<t-

Agents can no longer perfectly anticipate the actions of others in the future, as
there will always be a probability of # falling in each one of each type’s dominance

regions. We can now state the equilibrium uniqueness result.

Proposition 3. When 0 is subject to shocks, there is a unique profile of strategies

surviving iterated deletion of strictly dominated strategies. This profile of strategies



is characterized by a vector of surfaces 8* = (05, ...,05) in the R x [0,1]9 space
such that, for each q € Q,
L if0, > 0;(n;)

gt = (6)
0 ife, < 0:;(”7)

Proof. See Appendix O

Our proof builds on the proof of equilibrium uniqueness in [Frankel and Pauzner
(2000) and Frankel et al| (2003)). It employs a strategy of iterative deletion of
strictly dominated strategies, starting from the dominance regions. They key idea
is that, no matter how remote these regions are, their existence triggers a iterative
process of elimination of strategies until, for each type of agent, there is a single
rationalizable strategy left.

Pick a type-q agent at any point on its upper dominance region boundary, F,.
She is indifferent between playing 0 and 1 under the most pessimistic believe that
all other agents, of all other types, will choose to play 0 whenever they have the
chance. As we introduce stochastic shocks to the fundamental, there is now a
positive probability that, in some future period, # falls within the upper dominance
region of other type-¢ agents, making them choose to play 1. Thus, the type-q
agent can no longer hold the belief that all other players, of all other types, will
choose 0 no matter the circumstances. The “new” most pessimistic belief is that
agents will play 0 whenever it is not strictly dominated to do so, which is a bit
more optimistic than the initial pessimistic belief under which we built F,.

This reasoning applies for all types. Once shocks are introduced, the belief that
everyone will play 0 is not rationalizable anymore and this is important for agents
close to the dominance threshold.

Under this “new” most pessimistic beliefs, there is a new level of fundamental,
smaller than P,, for which type-q players are indifferent between the two actions
(for all type ¢’s). This leads to less pessimistic rationalizable beliefs, and hence
playing 0 ceases to be rationalizable for some values of  and n.

We then iterate in this process. As the type-¢’s upper dominance region
boundary move downwards, playing 0 becomes strictly dominated for a larger

portion of the state-space. The type-q players, then, continue to update their
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beliefs, making their indifference surface (under the most possible pessimistic belief)
even lower. At the end, we obtain ¢ “pessimistic” thresholds, all of them below the
dominance thresholds, such that agents will not play 0 whenever they are above
this threshold.

An analogous procedure starting from the lower dominance regions yields ¢
“optimistic” thresholds, all of them above the dominance thresholds, such that
agents will not play 1 whenever they are below this threshold.

To show there is a unique rationalizable equilibrium, we must show that the
“optimistic” and the “pessimistic” thresholds coincide. A complete proof is in
Appendix but the reasoning is the following. Suppose they do not coincide.
For each type-q player, compare the points in each threshold for the same vector
n with the largest difference in . The payoffs would have to be zero in both cases,
but we show they cannot be the same, which is a contradiction. Payoffs for the
threshold below must be smaller because 6 is smaller and the expected values of
future n cannot be large.

As in [Frankel and Pauzner| (2000)), this result can be achieved even with vanishing
shocks to fundamentals (that is, when in the limit p, 0 — 0). Equilibria multiplicity
in this environment is not robust to the introduction of the smallest amount of
shocks.

The unique equilibrium is fully characterized by the indifference conditions

/ RN A ul(6,,m,)[60%, 6 (nr), my] dE =0 Vg € Q (7)

T

where the operator E []é, 0., nT] denotes agents’ expectation when the current

state is (6,,m,) and she expects other to play according to the vector of strategies

6.

Type-q agents play 1 when 6 is above 67, and 0 if 6 lies below ;. Each threshold
¢, is a function of the distribution of arrival rates, of the own payoff function
Au? and, inasmuch as complementarities are relevant, of the payoff functions of
other types. Differently from the homogeneous case and from the heterogeneous
idiosyncratic preferences case in (Guimaraes and Pereira) (2017)), the dynamics of
the system does not depend only on n, the total mass of players playing 1, but

on the vector n - that is, we must separately keep track of all types’ different
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strategies in order to understand if a given initial condition (#,,n.) implies an

upward or downward path for each ny, and for the overall n.

4. Planner’s problem

One important question is about the inefficiencies that arise in this environment
and how would a social planner optimally address them. We now turn to the social
planner’s problem.

Instantaneous welfare is given by the sum of individual agents’ payoff, weighted
by the proportion of each type’s agents locked at each action (0 or 1). Hence,

W (0, m0) = o [nful (6, 1) + (1 = nf)ud (6, m,)] (8)
qeQ

Total welfare is given by the discounted sum of instantaneous welfare:

W, =E { / e PEIW (6, my) dt (9)
t=1

The social planner maximizes @ choosing proportions ¢7 € [0, 1] of each type
among those that received a chance to switch actions that will pick action 1.
Although the social planer can reevaluate the share of type-¢q players choosing 1
at any point in time, he is subject to the same timing frictions as agents are. An
optimum is characterized by a series of vectors {gbt}zzl , such that dW, <0
for any possible deviation. Following |Guimaraes et al. (2020), Proposition

characterizes the social planner’s problem.

Proposition 4. The planner’s optimal strategy is characterized by a vector of

surfaces Z = (Zy, .., Zq), where each Z, belongs to the R x [0,1]9 space and for

each q € Q
/ e~ (PNt ) W (2, m) nt)dt =0 (10)
t=T on{
Proof. See Appendix O

The social planner chooses ¢? = 1 whenever § > Z, and ¢? = 0 whenever
0 < Z,. Importantly, the planner’s problem is similar to the decentralized one:

for each type ¢ he takes into account the exact same discount rate (p + d9) as

12



the decentralized equilibrium and thus chooses according to a threshold Z, such
that holds with equality at Z, for all n € [0,1]9. The only difference is the
planner’s flow utility accrued over time.

The planner’s decision rule incorporates the overall gains from inducing an
additional type-q agent to play 1. Due to strategic complementarities, this not
only affects the agent who has been selected to switch, but also all other players.
Therefore, the planner plays a modified game with its future selves in which the

flow gain from marginally increasing a type’s share of agents playing 1 is given by

oW (6, 1) ¢ q ou] ouyg)
U /R Y e Sy S I 11
ang [Aul v U’Oj =~ Qp | Ty 8”? ( nt)an;] ( )

Externality

The key difference between the planner’s and the decentralized equilibrium,
then, is the externality component. Whether the planner’s threshold for a type-
q agent, Z,, lies above or below the decentralized threshold ¢ at any given
n; depends on whether the positive externalities from marginally increasing a
type-¢’s share of agents playing 1 surpasses the negative externalities, that is, if
> reo arngg—:% > = co(l— n{)g—zg. This implies that the optimal policy boils
down to making agents internalize the externalities they generate, which will make

them decide according to the expression in ((10)).

Proposition 5. A subsidy schedule that compensates each agent for the amount

of externalities it generates at every point in time implements the first best.

Proof. See Appendix O

The optimal (flow) subsidy scheme seems to abstract from dynamic issues and
instead focuses on resolving current externalities at each period. However, the
expectation of subsidies to others in the future affects one’s decision now. Com-
pensating agents for their externalites at each point in time suffices because agents
make expectations about others in the same way the planner makes expectations
about its future selves.

Moreover, this does not imply that the distribution of arrival rates is irrelevant
to the overall amount of subsidies disbursed. Types’ equilibrium strategies differ

inasmuch as their parameter of revision differ. Hence, the distribution of arrival

13



rates affects the distribution of firms investing in each state of the economy, which
is crucial in determining optimal subsidies. However, Proposition [5| does imply
that a social planner might as well be uninformed about the different arrival rates
in order to design the optimal subsidy: it suffices to observe the vector n; and the
network externalities.

The optimal scheme can also be implemented with one-off subsidies (instead of
flow subsidies). This would be the present value of expected flow subsidies until the
next time they choose. Hence it would depend on arrival rates §, as how far down
the road agents would re-optimize would matter when calculating the expected
externality. However, the dependence on ¢ is entirely due to the mechanic effect of
some types re-optimizing less often.

In the static model in Sakovics and Steiner| (2012)), the optimal plan prescribes
targeting agents who impose high externalities on others and on whom others
impose low externalities. This intuition is partly extended to our case: for a given
ng, flow subsidies are increasing in the amount of positive externalities each type
generates.

However, when compensating externalities at each point in time, the planner
must bear in mind not only how influential is a given type on others but also the
size and composition of each type’s network. When it comes to network size, the
planner would rather allocate resources to a type who has mild spillovers on a
large fraction of the population than to types whose decisions have larger effects
on a small group.

On top of that, the optimal policy also features history dependence. At any
given time the distribution of subsidies depends not only on how each agent’s
decision affects the others but also on the stock of agents of each type playing 1
or 0. Since coordination matters, those playing 1 will benefit more from positive
externalities than those playing 0.

In the business cycle example from the introduction, it would seem appealing to
target subsidies to firms with a large potential for generating externalities. Consider,
however, a big influential firm that largely affects others who are currently not
investing, and another firm which does not generates as much externalities but is

placed at a network largely comprised of firms which are already investing. The
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optimal plan allocates more subsidies to the latter. This seemingly myopic policy
is actually providing the right incentives for forward-looking agents deciding about

investing.

5. Concluding remarks

This paper extends the homogeneous dynamic coordination model of [Frankel
and Pauzner| (2000) to study how heterogeneous network externalities and timing
frictions impact subsidy schemes. We show that as long as flow subsidies are
available, the optimal policy is designed in such a fashion as to embrace network
externalities, but is insensitive to heterogeneous timing frictions.

There are three different dimensions in each network relevant for allocating
subsidies: (i) how influential is each type to the decision of others on his network;
(ii) the size of each type’s network; and (iii) the fraction of agents among those
affected by a given type who currently choose the same action as the targeted type.
The planner should at each time allocate more resources to types who have larger
spillovers on the economy, after taking into account those three dimensions.

We reach those conclusions in a rather general environment, allowing for a broad
range of payoffs and shocks structures. However, we restrict our attention to a
version of the planner’s problem, where no budgetary or commitment issues are at

stake. Relaxing those two assumptions is left for future research.
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A. Proofs

A.1. Proof of Proposition 1

The proof of equilibrium uniqueness is similar to the proof of equilibrium
uniqueness in Frankel et al.| (2003), even though that is a static global-game model.
Instead of looking for a strategy profile that is a Nash Equilibrium, we are going to
look for strategy profiles that survive the iterated elimination of strictly dominated
strategies (hereafter, IESDS). This is a less restrictive equilibrium concept, since
every Nash Equilibrium also survives IESDS (but not all strategy that survives
[ESDS is a Nash Equilibrium). A strategy here is a map from every possible history
to a probability of choosing action 1 (i.e., a map that prescribes what an agent
selected by the Poisson process will choose in every contingency). All exemplifying

figures depict the linear two-type case, with @ = {A, B} and n = (n4,ng).

Tterations from above. Fix a type ¢ and a contingency (6,n) such that § = P,. A
typical type-q agent is indifferent between choosing 0 and 1 under the pessimistic
belief that everyone, whenever called upon to choose, will pick 0 under any
circumstances. But when # moves stochastically, there will always be a positive
possibility that it will spend some time above other players’ dominance region
boundaries.

Notice that even if ¢ is such that P, > P, for all » € Q when on contingency n
(Point X in Figure , from the perspective of type-A agents) she cannot expect
every other player to choose 0 under any circumstances. If # moves slightly upwards
it will be strictly dominant at least for other type-g players to pick 1, and thus a
fraction «, of the agents that get the chance will not choose 0. Hence, the new most
pessimistic believe that agents can hold consistent with the dominance regions is
that each type-q agent plays 1 when above P, and 0 when below it. In other words,
agents do not play strictly dominated strategies. Under this not-so-pessimistic new

belief, the agent on P, is not indifferent anymore, but strictly prefers to play 1. To
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Figure 2: Action 1 dominance region for types A and B

(a) Action 1 dominance region for type-B
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(b) Action 1 dominance region for type-A
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Note: We slice the 3-D figure at some arbitrary np. Figures above depict thresholds P4 and Pp for the two-type

linear case. The red region shows the points for which action 1 is dominant for all type-B agents and the blue

region, for type-A agents. The yellow area represents the intersection of both regions.
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make her indifferent, # must be lower. We can then construct for each type q a
new boundary qu, with qu < F,, above which a type-g player chooses 1 when she
expects all other agents to play according to (F,),co. In Figure [3al we depict the
new threshold P?% for type-A players.

For any n, P} < P,. This implies that when on a point between P, and P,
strategies that prescribe playing 0 for type-q are now dominated. Hence, the
not-so-pessimistic belief we had constructed does not hold in equilibrium anymore:
when on Pq2 under the belief that everyone else is playing according to (P,),co,
type-q players cannot be indifferent between action 0 and 1 as there is a positive
probability of # falling in the region between Pq2 and F,. We must again lower 6 of
indifference to Pq3, which is entirely below Pq2 (Figure . This procedure can be
repeated ad infinitum. At each round, we look for the curve Pf on which a type-q
player has zero discounted payoff when assuming that other agents play according
to (PF~')geq. Denote the limit of this sequence by (P;®)seo. Notice that each
agent 4 playing according to P>°(i) is, in fact, an equilibrium: if she expects others

to play according to (FP;°),cq, her best response is to play according to P2°(i).

Iterations from below. We now turn to a iterative process starting from O,. Again,
consider a type-¢q player on O,. She is indifferent between 0 and 1 under the
optimistic belief that everyone when called upon choosing will pick 1, always.
When 6 follows a Brownian motion, there is a positive probability of it lying in
some players action 0 dominance region. As before, the most optimistic belief
consistent with dominance regions must be updated and we must move O, upwards,
to Og. Again, we repeat the procedure ad infinitum. We reach the limit (O5°)4e0,

which is a Nash Equilibrium.

Limit of iterations coincide. Finally, we argue that it must be that O° = P>* for
all ¢ € Q. As a result, there is a single surface 6 for each type ¢ such that type-q
players choose to play 1 whenever 6 > 67, and to play 0 whenever 6 < ;.

First notice that it cannot be the case that Og° > P*, for any type ¢ on any
contigency. Otherwise there would be no strategy that survives IESDS and we

know that this cannot be true, since a Nash Equilibrium exists and every Nash
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Figure 3: Iterations from above

(a) Type-A first round of iterations
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(b) Type-A second round of iterations
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Note: We slice the 3-D figure at some arbitrary np. Figures above depict thresholds P4 and Pp for the two-type

linear case. The red region shows the points for which action 1 is dominant for all type-B agents.
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Figure 4: Translations

0 02 04 06 08 1

na
Note: We slice the 3-D figure at some arbitrary np. The figure depicts thresholds for the two-type

linear case. When under the belief that all other agents play according to {P;O}qeg, type-A agents
choose 1 whenever 6 lies in the red or yellow regions. Analogously, type-B players choose to play 1
whenever 0 lies in the blue or yellow regions and they expect all others to play according to {P;o}qeg.
Type-A players choose to play 0 whenever 6 is on the pink or gray regions and they expect all others to
play according to {Of;o}qeg; and type-B players always choose 0 if 6 lies in the green or gray regions

and they expect all others to play according to {O°}4c0-

Equilibrium survives IESDS. Suppose by contradiction that for some ¢ € Q, OF°
and P;° do not coincide, as exemplified in Figure . Then, we can always make an
upward translation of (O, )seq by A where
A= sup {PX -0}
qeQ,nE(0,1]Q
That is, A is the biggest distance between any two points among all possible pairs
P and OFF of all ¢ € Q, and all contingencies m. For all agents of each type

q € Q, we move Og° upwards by A and arrive at O;‘. That is, for any given n
A _ oo
O, =07+X VgeQ

This implies that for every ¢, Oé\ lies entirely above P° and for at least some type
r, O} touches P> in at least one point.

Without loss of generality, suppose that there is a single type r and a single
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point at which O = P>. We shall call this point K, as exemplified in Figure . For
all types other than r, O;‘ > P at all points. Consider a type-r player choosing
at K, under the belief that every other agent will play according to (Oé‘)qeg. Her
pay-off of choosing 1 must be strictly negative, since it would be zero if she believed
every one would play according to (ng>O )qeo, and therefore choose 1 more often for
any Brownian path.

Consider now the payoff of type-r choosing at point J, where J = K — A. For
her, the increments (0, , — 0,) follow the same distribution as the increments for
player positioned at point K, since (O))q4eo is a translation of (O°)4eq. Thus, for
any Brownian path, player positioned at K will have 6, above (below) each types’
threshold if, and only if, player positioned at J also has observes 6, above (below) of
each types’ threshold. Thus, they will always experience the same dynamics of n,
but player J always experiences a smaller fundamental. Thus, the relative pay-off
of player J of choosing action 1 (which we know to be zero, since (OF°)4cq is an

equilibrium) must be smaller than that of player K. Thus we get the contradiction:

0 > (Player K’s gain of choosing 1) > (Player J’s gain of choosing 1) = 0

A.2. Proof of Proposition 2

Fix r € {1,...Q} and suppose that at a given date 7 it is optimal for the planner
to choose ¢ < 1 and consider the following deviation: the planner increases ¢ in
A¢" > 0 units today, but keeps the future values of ¢{ Vg € {1, ..., @} unchanged,
for any realization of the Brownian path. Increasing ¢, by A¢" today raises n! by
O"A¢"dt := d¢", but leaves n? unchanged for all other types ¢ # r. For any given
period T" > 7, the change in n/. due to deviations in ¢, is ”"depreciated” by rate
e~ (T=7)_ Because ¢! is unchanged, we have no deviations in n?, Vq,t > 7. It then
follows that

dnl, = dge=?"(T=7)

This deviation is not profitable if
ow, & [/00 (=) OW (0;,ny) dnj at| <o
t

- r
on’ — on; dn’”
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which becomes
E [/ e—(ﬁ#”)@-ﬂwdt} <0 (12)
t

—r on;
Now assume that ¢7 > 0 and the planner chooses a similar deviation, but with
d¢” < 0. The same reasoning implies that this deviation is not profitable if
E [/Oo e—(p+6*><t—r>wdt] >0 (13)
t=T ony
This implies the following necessary conditions for optimality: Vg € {1, ..., @},
if 2 = 0 then holds; if ¢? = 1, then holds; if ¢2 € (0,1) then ({12])

holds with equality. Those are the necessary conditions for a Nash Equilibrium in

8W(9t,llt)

the game where the type-specific relative payoft Au?(f,n) is replaced by =3

Hence, if we find the set of Nash Equilibria in this modified game, we have found

8W(9t,nt)

all the candidates for the planner solution. But as long as = 7= satisfies the
t
same conditions we imposed on Au?(#,n) and we have shocks, the equilibrium is

unique and therefore these necessary conditions are also sufficient for optimality.

A.3. Proof of Proposition 3

Fix a type q. The solution to the planner’s problem prescribes action 1 if

/ " e W Zana) 4, (14)
t=1 an?

and action 0 if this inequality is reversed. For the decentralized problem, choosing
1 is optimal if

/ o~ (PRI AL (8, my)] At > 0 (15)

Adding the externality generated by a typical type-q player to yields the
condition for the planner to set type-q agents to choose 1, as in .
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