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ABSTRACT

This work aims to understand the interaction between competition and network formation in the
banking market. Combining Matutes and Padilla (1994) and Matutes and Vives (2000), we build
a model of imperfect bank competition for deposits in which an interbank relationship network
is a key strategic decision: it affects banks’ profit and risk position. The competition level exerts
influence in the banking network structure since it affects the network outcomes. As result, we
have that different competition levels imply different network topologies. Specifically, greater
competition imply denser networks. Finally, when we allow for the possibility of collusion, the

denser network can come out in the least competitive environment.

Keywords: banking, competition, networks.



RESUMO

Este trabalho tem como objetivo compreender a interacdo entre concorréncia e formacao de
redes no mercado bancario. Combinando Matutes and Padilla (1994) e Matutes and Vives
(2000), construimos um modelo de competi¢do imperfeita por depdsitos em que uma rede de
relacionamento interbancério € uma decisdo estratégica fundamental: ela afeta a posicdo de risco
e o lucro dos bancos. O nivel de concorréncia exerce influéncia na estrutura da rede bancdria,
uma vez que afeta os efeitos da rede. Como resultado, temos que diferentes niveis de competi¢cao
implicam diferentes topologias de rede. Especificamente, um maior nivel de concorréncia implica
redes mais densas. Finalmente, quando permitimos a possibilidade de conluio, a rede mais densa

¢ gerada em um ambiente de baixa competicao.

Palavras-chaves: microeconomia bancdria, competicao, redes.
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1 Introduction

The relationship between competition and stability (CS) in the banking market has been
debated since the financial system liberalization process that begins in 70’s. The 2008 crisis
brought priority to the issue, especially because of the significant role that interbank market
had on the outbreak of the credit crunch. But how competition affects system stability and the
effectiveness of regulation is still not well understood (Carletti, 2008). The idea of a simple
negative trade-off between competition and stability seems not to be intrinsic to the nature of
banking. As put by Allen and Gale (2004), greater competition can be good for a static efficiency
and bad for the financial stability. But, increased competition may also be compatible with a

socially optimal level of stability (Allen and Gale, 2000a).!

There is a small number of papers in the CS literature that use the interbank network
topology as an instability element (Allen and Gale, 2004; Carletti, Hartmann and Spagnolo, 2007;
Carletti and Leonello, 2014) and there is no work that makes the network formation endogenous.
Even so, the notion of competition, network structure and stability are closely linked. Since
interbank relationships have a role in competition (Cocco, Gomes and Martins, 2009; Knittel and
Stango, 2011; Afonso, Kovner and Schoar, 2014), different competition environments can imply
different financial structures. When the resulting financial structure is fragile, a small shock can
have large effects in the economy(Allen and Gale, 2000b; Freixas, Parigi and Rochet, 2000;
Acemoglu, Ozdaglar and Tahbaz-Salehi, 2013).

This work aims to understand the interaction between competition and network formation
decision in the banking market. Combining Matutes and Padilla (1994) and Matutes and Vives
(2000), we build a model of imperfect bank competition in which an interbank network is a
key strategic decision: it affects banks’ profit and risk position. The network is constituted by
long-term relationships between banks.? This relationship can come up as a formal or informal
contract and it involves not only access to loans for liquidity needs, but also trade of information,

monitoring on portfolio composition and standardization of products.

The decision of a bank to join a relationship network with others has two conflicting
effects. On one hand, by making a link with another, banks lower investment risks and reduce
liquidity costs, which increases its depositor’s expected surplus and allows for a large profit,
thereby enhancing its stakes to form a financial network. On the other hand, a relationship makes
a bank more similar to its peers, reducing its ability to extract depositor’s surplus and making the
financial institution less keen to connect with another. If the degree of competition in the bank
market, measured by product differentiation, is high, then the gains from network formation can

dominate the losses from high degree of substitutability intra-network. Therefore, the higher is

On the subject, see Carletti (2008) for a survey on theory and Degryse and Ongena (2008) for empirical works.

2 Long-term in the sense that it can not be easily undone or that their effects take a long period of time to vanish.



the degree of competition, higher will be the incentive to build a dense bank network, which can
have deleterious effects on the financial stability in terms of contagion and beneficial effects in
terms of individual risk positions.’> However, when banks are capable of negotiate a collusion,
we can come up with a different result. The effects of substitutability are suppressed when there
is a concerted strategy by banks, which means that links do not have negative effects anymore.
Therefore, we can have the lowest competition scenario (collusion) inducing the denser network

possible.

This work is divided into six sections. In the next section we present a brief literature
review and some examples of networks for our context. In section 3 we describe the model
framework and present our equilibrium definition. In section 4 we start to solve the model by
the competition subgame. In section 5 we compute possible equilibria for the game and analyze
the effects of a possible collusion between banks. In the final section we discuss some stability

concerns and conclude.

1.1 Literature Review

The CS literature points out two different channels through which competition may affect
stability in the banking market. First, the effect that competition has in an excessive risk taking
behavior by banks. Second, the effect of competition in banks’ vulnerability to runs and systemic

risk.

Theoretical and empirical works discussing the CS relation through agents’ risk taking
behavior present evidence on both inverse (Keeley, 1990; Matutes and Vives, 2000; Hellmann,
Murdock and Stiglitz, 2000; Repullo, 2004) and direct (Boyd and Nicolo, 2005; Martinez-Miera
and Repullo, 2010) effect of competition on stability. Papers that present an expense of stability
in a high competition scenario justify excessive risk in the portfolio of banks through the fall of
charter values. In articles where the relationship is beneficial, increasing competition generates
drops in the charged interest rate, which in turn reduces the moral hazard faced by banks, creating

greater stability.

Articles focused on the role of financial fragility in the CS relation state that the source
of instability stems from the bank’s liabilities. However, the channels through which effects
of competition are transmitted differ widely. For example, in Carletti, Hartmann and Spagnolo
(2007) competition affect the stability of the system through internal money markets generated
by banks’ fusions, while in Boyd, Nicol6 and Smith (2004) differences in the probability of
banking crisis in a monopoly and in a perfect competition structure are determined by monetary
policy. In the model of Allen and Gale (2004) the CS relation can be analyzed because the
provision of liquidity through interbank loan market resembles the provision of a public good.

3 A network g is denser then g’ if the ratio of number of links to total possible links of g is greater then the ratio

from g’.



This characteristic implies that the prevention of contagion only happens when the interbank
market is imperfectly competitive. In the best of our knowledge, a channel still not explored by

the literature is one that takes the interbank network topology as a key factor in the CS relation.

Since we assert for a relation between network and stability, we must refer to the bank
run and systemic risk literature (Diamond and Dybvig, 1983; Rochet and Vives, 2004; Goldstein
and Pauzner, 2005). A growing part in this literature use the presence of interbank networks
to show the process of contagion between banks (Freixas, Parigi and Rochet, 2000; Allen and
Gale, 2000b; Acemoglu, Ozdaglar and Tahbaz-Salehi, 2013). But, the role of the interbank
network structure on financial stability is not a consensus. Allen and Gale (2000b) and Freixas,
Parigi and Rochet (2000) suggest that a more connected interbank network is related to greater
resilience among banks. Vivier-Lirimont (2006) and Blume et al. (2011) suggest that a densely
interconnected network can induce a destabilizing force in the system. Finally, Acemoglu,
Ozdaglar and Tahbaz-Salehi (2013) seek to embrace both results, showing a model where the
weakest network structure depends on the magnitude of the shock that reaches one of its elements.
However, there are few works in systemic risk who take as relevant the strategic interaction

between banks in the formation of those networks.(Carletti and Leonello, 2014)

1.2 Relationship Networks

The closer example we can get for our network could be the Suffolk System of the
nineteenth-century New England. This system was a self-regulated interbank note-clearing
network throughout New England’s banks, that functioned from the 1820s to the 1850s. It not
only reduced the costs associated with banknotes brokerage, but also dictated explicit rules of
behavior for participants to limit moral hazard problems, encouraged diligent monitoring by
the individuals who managed the payment system and worked as a coinsurance arrangement to
absorb some liquidity needs, like defaults on overdrafts. It made the participants experience only
minor losses on note clearings through the banking crises of 1837, 1839 and 1857. Moreover, by
agreeing on common standards for products, accounting, and business practices, banks could
reap economies of standardization from the system. Even so, contemporaries observers were
divided between opinions emphasizing the stability and efficiency of theses arrangements and
opinions arguing that this organization was only an anticompetitive scheme by Boston’s Suffolk
Bank.(Calomiris and Kahn, 1996)

Moreover, we can find recent examples of individual types of contracts between banks
that, when grouped, can be translated into a relationship network along the lines of what we
propose. Two possible cases are interbank credit relationships and ATM’s network compatibility.
In the interbank loan market, Cocco, Gomes and Martins (2009) find that weaker Portuguese
banks rely more and pay lower rates for liquidity on lending interbank relationships than they

otherwise would without the relation. Afonso, Kovner and Schoar (2014) find that American
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banks with concentrated borrows can easily get funds when needed and pay a significant lower
rate to their relationship lenders than they would if borrowing from other market participants.
For ATM’s services, Knittel and Stango (2011) find that big banks have large incentives to create
incompatibility constraints between their ATM network and the network of small banks, mostly

because of competition advantages.
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2 Environment

Consider a single good economy consisting of three risk-neutral banks indexed by
{A, B, C'}, a continuum of risk-neutral depositors and an interbank market. Banks are symmetri-
cally located on a circular city, like in Salop (1979). Define neighborhood as the arc between
two banks that is not occupied by a third institution. Depositors are uniformly distributed with
density one in the neighborhoods between those banks and have only one unit of deposit each.
All neighborhoods are of length one. The interbank market is constituted by the three banks and

an outside financier. It lends resources for banks with liquidity necessity.

The economy lasts for three periods: (i) In the first period, banks form relationship links
between them. (ii) Given the network formed, in the second period banks compete for deposits
choosing deposit interest rates (r4, g, 7c). Fixed the rates, depositors must choose in which
bank they will deposit their good based on their expected payoff. Deposits raised by bank ¢ are
invested in a technology with random return R; and mean R. In the end of the second period, after
investments are made, a fraction § of depositors will want to withdraw for early consumption.!
The bank will borrow from the interbank market to pay them and keep the investment intact.
(iii) In the final period the return of the investments is realized and the game ends. The timing is

illustrated by Figure 1. Each step of the model will be better described in the next paragraphs.

Figura 1 — Timing

Time O Time 1
A A(w\
B C B C
(rB) (rc)
Time 1 Time 2
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0w -
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B T ’T‘ C B C

Time 0: In the initial period, banks choose if they want to form links. Formally, a network

is a pair g = (b, [vy;]jp|xs|)- The first element is a set of nodes b and the second element is a

' The fraction of withdraws translate liquidity problems that banks can face during investment and insure the

necessity of the bank to go into the interbank market for liquidity.
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matrix ([v;;]jp)x[s|)) that translates the links formed. Nodes are banks, b = { A, B, C'}, while for
the links we have v;; = 1 if banks 7 and j have a relationship and v;; = 0 otherwise. Links have

three effects on the model.?

First, for each link formed, banks’ investment become safer (in a mean-preserving-
contraction sense). This effect is related to monitoring activities that interbank relation produces,
specially interbank loans (Rochet and Tirole, 1996). Formally, for a given network g, let ¢’ =
(b, [vi;] 1< ppl) 8-t 32, 5) € {1,..., [b]}*, vi 5 — v] ; < 0. Assuming that R; 4 has a cdf F(-, g) and
support [R,in, Rimaz], We state that:

|b] |b] J
E Vi = E vk = Riyg = Rjy
k=1 k=1

with E[R|g] = E[R|¢].?

Second, links reduce the liquidity costs that banks faces in the interbank market. Assu-

ming that bank i pays a spread s;(g) for using the interbank market, we impose that:
si(g) > si(g)-

Third, links between neighbors banks reduce product differentiation. This effect comes
from a standardization of banks’ services and attitudes after a long-term relationship between
them. Following Matutes and Padilla (1994), in terms of the model, links reduce the transportation
cost of depositors that are located in the neighborhood between the connected banks. The
transportation cost refers to differences in preferences that depositors have for the heterogeneous
products that are offer. Changes in the transportation cost allow us to explore the impact of
changes in the degree of banks’ product differentiation. For a given network g, a depositor of

bank 7 that is in neighborhood ij and is = distant from 7 has a transportation cost z.t;;(g) with:

t, if Vij = 0
tij(g) = .
at, ifvy; #0, aec(0,1).

The transportation cost represents a way to split the surplus generated by the investment

between banks and depositors. Therefore, ¢;;(¢) can be seen as the degree of competition between

2 In this version of the paper we omit possible flows of resources that can happen between two competing banks

through the links formed. Doing so, we abstract from contagion effects. This not only makes the mathematical
part more tractable, but highlights the channels between competition and network structure in a business-as-
usual environment, when contagion problems seems unlikely or when an outside regulator credibly assures that
contagion will not happen. Therefore, even though competing banks take part in the interbank market, there is
no flow of resources between them.

The term < is defined as equality in distribution.
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¢ and 7 in the deposit market, for a given network g. Since it is common to all banks, the term ¢
can be seen as the general level of competition in the market. While, since it only appears for
linked banks and reduce the transportation cost, the term a capture the substitution effect that

comes out from the relationship between two financial institutions.

Time 1: In the second period banks compete for deposits choosing simultaneously
deposits’ interest rates, {74, 75, ¢ }. After that, depositors will choose the bank that leaves him
with the highest expected payoff, taking into account an outside option v - that can be easily
interpret as the utility of the depositor for keeping the good - and the transportation cost. Banks
invest all the gathered deposits in the investment technology. In the end of the second period a
fraction ¢ of depositors from each bank wants to withdraw. To keep its investment intact, banks

must take a loan in the interbank market for paying those withdraws.*

We follow Matutes and Vives (2000) and assume limited liability with a standard debt
contract for deposits and interbank debts. Bank ¢ setting a deposit interest rate r; declares

bankruptcy when revenues cannot cover payment obligations:
Riy < (1=0)r; +6(1 + 5:(9)).

If the bank cannot fulfill its commitments, creditors receive whatever funds left. We assume here
that interbank debts have seniority in the payment in case of a bankruptcy. Therefore, for bank ¢

to starts defaulting on interbank debts the investment return must be:

Ri’g < (5(1 + Sl(g))

Formally, for a given network g, the amount a depositor of bank 7 expect to gain from his
deposit is:

(1=0)ri+5(1+si(g))

0i(ri,8:(9), 9) = 0 +pf (1 — O)r; +/ [R—d(s; + D]dFy(R,g),  (2.1)
0(s;+1)

where p? := 1 — F;((1 — 8)r; + 6(s; + 1), g) is the probability of success of bank 4.’ The first
term in the right side of equation (2.1) is the amount that depositor gather if it withdraw in period
1, times the probability of being a withdrawer. The second term is the amount collected when
the depositor do not withdraw, the bank : sets an interest rate r; and the institution do not go
bankrupt. Finally, the third term is the expected gain for depositor from a liquidation of the bank.
Therefore, taking into account the transportation and the opportunity cost, the expected payoff of

depositor in bank ¢ that is x distant from it will be:

¢i(ri; si(9), 9) — w-tij(g) — v.

There is a shortcut in here. We could have think of a storage asset and let the bank invest in it for paying the
withdraws. Instead, we are going to assume that the cost of the bank to go for the interbank market is lower
enough so we can use Allen and Gale (2000b) result, that is better for banks to invest all it gather from depositors
and appeal for the interbank market if someone withdraw, rather then invest a fraction in the storage asset and
suffer the opportunity cost of the expected long-term return.

We are assuming here that, when choosing a bank, depositor do not know if it want to consume in period one or
period two.
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The expected cost of bank ¢ with the interbank by unit of deposit can be written as:

5(Si+1) _ B
uls(e) ) =plsi+ [ (R 8dF(R.g) 22
Rin
where p? = J: 7 (si(g) + 1)dF;(R, g) is the probability that bank i pays the interbank market.
The first term on the right side of (2.2) is the net payment for the interbank in case of bank ¢ have
enough resources, while the second term is the expected payment for the interbank in case of a
liquidation. Finally, assuming that bank 7 set a deposit interest rate r;, its expected profit by unit

of deposit will be:

Rmal‘ ~ ~
7mﬁn&@%w:=/‘ (R—0(s;i +1) — (1 = &)ry)dFy(R, g). (2.3)
(1=8)r;+6(s:(g)+1)

Hence, we can write bank ¢ profit as:
H = mi.(Mm- —I— Mz,k)

where M ; is the market-share of 4 in the neighborhood ;.

Time 2: Finally, in ¢ = 3 the game is ended, with investment returns happening and

banks going or not bankrupt.

To make the exposition clear and to separate the choice of the network from the rest
of the game, we name the start of the second period to beyond as the competition subgame.
Moreover, to keep the mathematical part tractable we make some complementary assumptions

for our model:

1. F(-;g) is continuously differentiable and R has a support [0, 00);

2. the net effect of adding a link on the expected interbank market’s cost is negative, i.e.,
Vi(si(9),9) > Vi(si(g),g), Vieb

Note that, for the three banks case, all possible networks that can come out in equilibrium
are: the no-links network gy, the one-link network ¢, the two-links network g, and the all-links
network gs. They are all illustrated in Figure 2. Any other network is only a permutation of
index from these four. It is noteworthy that in all results presented we are not taking into account
equilibria that are only an index permutation of others. If we prove for one set of index, a

permutation of them is trivially an equilibrium.

2.1 Equilibrium

To introduce the definition of equilibrium in our model we adopt two concepts first
defined by Bernheim and Whinston (1987).
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Figura 2 — Possible Networks

9o g1 92 93
A A A A
BQC B‘C B‘C B‘C
Definition 2.1.1 (Bernheim et al, 1987). An agreement is self-enforcing if and only if no proper

subset (coalition) of players, taking the actions of its complement as fixed, can agree to deviate

in a way that makes all of its members better off.

Definition 2.1.2 (Bernheim et al, 1987). An agreement is coalition-proof if and only if it is

Pareto efficient within the class of self-enforcing agreements

The characteristic of coalition-proof definition refine the one of Nash equilibrium in a
way that not only individual deviations must be excluded from a possible equilibrium strategy,
but also deviations of a group of players. If we see links as an agreement between players, we
can naturally apply the definition of coalition-proof to networks. Now, we are able to define an

equilibrium for our game:

Definition 2.1.3. A pair (g, {ri}ics) is an equilibrium of the game if

e given g, {r;}icy is a pure-strategy Nash equilibrium of the competition subgame;

e the network g is coalition-proof.

To avoid uninterested cases like local monopoly, we present results only for equilibria
where, given the interest rates charged, no bank is taken out of the market and there is no

unattended depositor, i.e.:

o Vi, j€b, 0<Mi,j<1;

e all marginal consumers derives a non-negative surplus.

We refer to these as the direct competition conditions (DCC). We refine our definition of

equilibrium to take into account those restrictions:

Definition 2.1.4. A pair (g, {r;}icp) is an interior equilibrium of the game if

o (g,{ri}ico) is an equilibrium of the game;

o {r;}icp satisfies DCC.
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3 Competition Subgame

Using the backward induction method, we start by solving the competition subgame for
a given network.! For a set {r; }icp that satisfy the direct competition conditions, the marginal

depositor in neighborhood 75 with distance n;; of bank i has a payoft:

Gi(7i, 8i) — tijnij — v = ¢j(r;) — (1 — nyj)ty; — v
= ny = qji(mQ; éj(rj) +1/2.

It is easy to see that, in a DCC scenario, the distance of the marginal depositor from the
bank is always equal to the bank’s market-share on the neighborhood. Hence, for a given set of
deposit interest rate {r;, r; } fixed by others, bank ¢ best response is:

{7} = argmax {mi(n,si)- (@'(7’@') — 05(ry) | ¢ilri) — dulre) 1) } .

. 2tz] 2tzk

Using the definition of margin m, depositor expected gain ¢ and expected cost in the interbank

market 1/, we can come to an identity:
m; + ¢i+ i =R, Vieb

This only states that all resources generate by the investment must be distributed between banks,

depositors and interbank market. Therefore, we can rewrite bank 7 problem as:

{r;} = argmax{(R — ¢i(s;) — ¢s(ri, 5:)).(nsj + ni)}- (3.1)
As a first result, we prove that for any network a best response for a bank always exists

and is unique.

Lemma 3.0.1. For a given network g € {qo, 91, 92, g3}, a competition subgame pure strategy

Nash equilibrium exists and is unique.

Hence, with {r; },c; attending for the direct competition conditions, we have a unique
expression for banks’ best response on deposit interest rate. Below we describe and discuss the
solution of the competition subgame for each possible network. We came to a general result for
a generic g, but since it is not intuitive to present it in an extensive form, we opt for showing the
result separately by networks. After each competition scenario we follow with the parameters’

inequalities that express the direct competition conditions.

' From now own, to make the exposition clear, we suppress the term ¢ from the functions when we deal with a

generic network.
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3.1 Symmetric Network

Let gs € {90, g3} as showed in Graph 2. Solving (3.1) for this structure, we can come to

a simple solution for banks margin and market-share.

Lemma 3.1.1. For a given network gs, supposing that DCC holds, the set {r 4, rg,rc} is a Nash
Equilibrium of the competition subgame if and only if

m; = ti;(gs)

for all v € b. Which implies n;; = %for any pair (i,7) € b x b.

This result is analogous to the original one from Salop (1979). As ¢;; falls, demand
becomes more elastic and prices (that can be seen as —¢(r;, s;)) move toward marginal cost.

Thus, the term ¢;; is the relevant measure of monopolistic product differentiation in the model.

Note that, in a game where there is no flow through links, the complete network g; does
not create any differentiation between banks and only increases the substitutability for everyone.
Hence, banks always want to deviate from g3 back to gy. In addition, it is noteworthy the fact that
the investment return does not appear in banks’ best-response margin. Since we are dealing with
a direct competition case, any increase in the expected return is translated into a higher deposit

interest rate, so that banks would not lose market-share for the neighbor.

By symmetry, market-shares are the same for any set of parameters. Therefore, we only
need to worry with the DCC of a non-negative surplus for the marginal depositor. For a given
bank 7,

_ 3
R —1;(s;) > 5%‘(9) +v

This condition states that the mean return must be large enough so that banks can be capable of
offering an interest rate that covers the costs of any depositor in near neighborhoods and still
have positive margins. If this condition is not attended, banks will have monopoly regions and

depositors in the middle of the neighborhoods will opt for the outside option.

3.2 Asymmetric Networks

In this section we have two cases to deal with. The one that only two banks are connected
(g1) and the one that only one bank is connected to two others (g2). In both cases, since the model
has three players, we only need to separate the response of the most connected bank from the

response of the least connected one.

First we present the result for an asymmetric network ¢g;, where only A and B are
connected. Let K := ¥ (sc) — 1¥a(sa) be the difference of expected liquidity costs between
the least and the most connected bank. By the assumption (2), we have K > 0 in an asymmetric

network.
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Lemma 3.2.1. For the network gy, assuming DCC holds, the set {ra,rp,rc} is a Nash Equili-
brium of the competition subgame if and only if
5a a
= t K
3a+ 2 + 3a+ 2
B 4a + lt a+1
C3a+2  3a+2

Which implies nap = 1/2 and npc = nac = 2(23‘;132) + 2(§cﬁ2) %

mp =may

mc

Now, margins depend not only on the substitution effect, but also on the difference of
liquidity costs. The link made between A and B clearly becomes an advantage in the competition
for depositors in terms of cost reduction. A higher difference in what banks expected to pay for
the interbank market (/) affects positively both margin and market-share of the ones with more
relationships. Moreover, the substitution effect (a) has an important role on the best response.
The parameter a intensifies the competition in the neighborhood between the two linked banks.
It can be strong enough to compensate all the gains from the difference of liquidity costs in
margin and make banks unwilling to form the link. Therefore, excluding the demand elasticity
(t) that appears also in the symmetric network case, we have two main forces acting here. A
positive incentive for banks to connect because of the gains over the difference in liquidity costs.
A negative effect in the willingness of making links with neighbors due to the substitution effect,

that can come out of practices’ standardization in the interbank relationship.

The DCC inequalities for this case are the following:

a+1
t2 oK (3.2)
_ 3(4
R—(sa) > ﬁ Yot 3@612 (3.3)
_ 3(4a + 1) 3(1+ a)
R=dlse) 2 55 ot Y " 35ar ™ 4)

Inequality (3.2) refer to market-shares in neighborhoods AC and BC. It guarantees that
the asymmetry of liquidity costs is not too large so that A and B could exclude C from the market
and still set positive margins. Note that, the lower the substitution effect becomes (higher a), the
higher the difference in liquidity cost must be for A and B to exclude C from the market. This
happens because the market-share of the connected banks is increasing on the substitution effect.
If competition intranet is intense, banks must set lower margins for not loosing too much share
against their peer. But, lower margins make connected players to gain share outside the network.
With high market-shares, it is only needed a small advantage in costs to exclude not connected

banks from the market.

The other two conditions refer to the marginal depositor’s surplus. Inequality (3.3) is

related to the neighborhood AB and (3.4) to AC. The interpretation is analogous of the symmetric
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case, except for the liquidity cost difference. Those inequalities make clear the difference in
competition in each neighborhood that comes out of the asymmetric case. In neighborhood AB
banks must have an expected return high enough to compensate the gains from lower spreads
that others have and so be able to compete direct with them. While in neighborhoods AC and
BC, the fact that one competitor has an advantage over the other, makes possible for them to set

lower margins and still compete directly.
Next, we present the result for an asymmetric network go, where bank A is connected to

B and C, but B and C are not.

Lemma 3.2.2. For a given gs, assuming DCC holds, the set {ra,rp,rc} is a Nash Equilibrium
of the competition subgame if and only if

a(4—i—a)t 4a +5
2a+3 ' 4(2a+3)

mag =

5a 1

— t —
2a + 3 2a + 3

Which implies npc = 1/2 and nac = nap = 2(%?3) + QG(‘L;;}H&)%

mp = Mc

In this network structure, the two forces that where playing in g, are still valid. A higher
difference in liquidity cost (higher K') implies a higher margin and share for the most connected.
A higher substitution effect (lower a) implies a lower margin set by bank A. However, now the
most connected bank has a lower bound for the second force that is different from zero. Even
if the substitution effect increases substantially (¢ — 0), the most connected bank can keep
positive margin and market-share simply because it has a liquidity cost lower than the others.
We will prove in the next section that, in this network, profits of the most connected bank will

always be higher than the others.

For this case, direct competition conditions are similar to the ones from ¢, case, with
small differences in weights of ¢ and K. Since they do not give different insights, we present the

inequalities of DCC in the g, scenario only in the appendix.
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4 Solving the Model

Substituting the results found in the lemmas above, we can rewrite banks’ expected profits
as a function of only three exogenous parameters: ¢, a and K. To differentiate the networks and
institutions, we denote profits by II with a lower index for each possible network and an upper
index for differences in the number of links, with A for the most connected and [ for the least

connected agent.

h _ ala+1)[K+5t)? h _ [K(14+a)+at(4+a)]?
Hgl T 2t(3a+2)2 H92 - at(2a+3)2

1 [t(1+4a)—K(1+a)]? 1 _ (at+1)[5at—K]?
Hgl - t(3a+2)? ng T 2at(2a+3)?

To compute non trivial equilibria, we are going to eliminate the cases where the substitu-
tion effect is so strong that any link become a competition disadvantage for banks. If we set a
lower bound of 2/7 for the substitution effect a, then DCC is a sufficient condition to eliminate
this extreme cases, i.e., if the effect of a relationship is harmful for the bank, we must already be

in a situation of monopoly or entrance elimination.

Lemma 4.0.3. Fora given (a, K,t) € (2/7,1) x Ry, x Ry, if (a, K, t) attends DCC for any
network, then:
1, > I, and Iy > 11,

Since post-network play is uniquely determined, we may replace the subgame with the
associated continuation payoff to produce a static network game between banks.! A Coalition-
Proof Nash Equilibrium? of this new static game is an interior equilibrium of the original one.
Evaluating the possibility of deviations in this new game, we can come up with four thresholds

that define regions in the competition level space that fully characterize the game equilibrium.

Proposition 4.0.4. For a given (a, K) € (0.36,1) x R, ,, an interior equilibrium in the game

is completely characterized by four thresholds in the competition dimension.

In Figure 3 we present two possible positions for the thresholds, that are driven by
different values of a and K. Note that the region of interior equilibrium can only be characterized
after the DCC is attended. Moreover, different values of @ and K can result in different orders

between thresholds. Finally, note that this fully characterization only holds for values of a greater

Remember that the unique determination of the subgames holds only if we are in a DCC environment.
2 Bernheim and Whinston (1987)
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then 0.36, i.e., the substitution effect can not be too large. This comes out to ensure that banks
will be able to make any relationship and still attend DCC, as can be seen in the proof of the

proposition.

Figura 3 — Possible equilibrium determinations

0 DCC
— | ] | -
9 No Eq. 91 g
0 DCC
— — - .
~~ ~~ N ~~
92 9 No Eq. 90 t

Moreover, when we compute the thresholds and evaluate limits for a and K we have a
similar result to that found by Matutes and Padilla (1994). For a fixed level of competition ¢,
we can always find a value for K or a large enough so that the no-link network do not come
out in equilibrium. But, the possibility of no pure strategy equilibrium in our environment does
not allow us to state that we can always find parameters for a partial network to come out in

equilibrium.

The corollary we present below is the main result of the monopolistic competition
environment. It comes out directly from the determination of equilibrium through thresholds. It
states not only that, in this framework, competition is a major element in the determination of
the interbank network structure, but also that the effect has a unique direction. As a consequence
of the model, in a monopolistic environment more competition is related to a denser relationship

network between banks.

Corolary 4.0.5. For a given (a, K) € (0.36,1) x R, in direct competition conditions the density

of the network is increasing on the competition level.

4.1 Collusion

In this subsection we allow for a different competition strategy in the same environment.
Now we suppose that banks engage into a collusion in the deposit market. Different from the first
problem, in collusion banks look for the set of deposit interest rates that maximize the sum of
profits. We make the simplification that, after maximization, the sum is divided equally between
players. Even though we can think of collusion as the lowest competition scenario, it is the most

dense network that comes out in equilibrium from it, as the proposition below shows.
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Proposition 4.1.1. Let a € (0.5, 1) and assume that R > 1(s(gs3), g3) + & +v.3 If banks get into

a collusion for deposits that attends DCC, then the network gs always come out in equilibrium.

In a collusion environment there is no gains in volume when banks have differences
in the interest rates set. Transfers for depositors through interest rates imply only a reduction
in margin. Therefore, banks want to set rates small enough so to extract all surplus from the
marginal depositor, taking into account a participation constraint. Note that links reduce both
the transportation and the expected interbank cost. Hence, denser networks imply large profits
for all. The result here inverts the one from the monopolistic competition case. The effect of

competition level becomes ambiguous when we take into account the possibility of collusion.

3 The condition R > 9(s(g3), g3) + % + v only assure that banks have a non-negative profit at least in network

gs for a. The lower bound for a guarantees that a pure-strategy Nash for the competition subgame in DCC exist.
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5 Conclusion

In this paper we develop a framework to understand the interaction between competition
and network formation decision in the banking market. From it we can conclude that the
competition level exerts a key role in the construction of relationship networks between banks.
This role comes from the effect that banks’ competitive conduct have on the network outcomes.
In a monopolistic competition environment, the decision of making connections between banks
has a trade-off between cost reductions and substitutability. The competition level affects the final
choice of the bank to make a link, since it affects the importance of the elements in this trade-off.
When the general competition is not too intense, the lost of margin in a fierce competition
intra-network becomes a great sacrifice when comparing to the gains of lower liquidity cost in an
inter-network competition. When banks are competing sharply for depositors, a bigger demand
elasticity in the competition against their peers does not seem relevant for the bank, comparing
with the advantages that the relationship will bring in the inter-network competition. Therefore,
different network topologies come out of different competition levels and greater competition

imply denser networks.

The possibility of collusion between banks alter drastically that trade-off. When there is a
concerted strategy, the effect of margin reduction that comes out of substitution effect is vanished.
The gains from standardizing products are completely internalized by the banks. Therefore,
in this new competition environment, links exert only positive effects of costs reduction. As a
direct consequence, only the densest network comes out in equilibrium. When we allow for the

possibility of collusion, the effect of competition on the network topology becomes ambiguous.

The model we build made possible to find aspects of interbank relationships and competi-
tion that give rise to four different network topologies. Since, by definition, a link between banks
imply less risk investments, in our model a denser network is also more stable.! Therefore, in a
monopolistic competition environment, more competition is related to a more stable financial
system. But, note that we are not taking into account contagion effects. Therefore, we are at some
point overstating the likelihood of networks with connections. An important step for the research
is to incorporate effects of contagion on banks’ decision to form links in different competition

scenarios.

In addition of the contagion aspects already mentioned, another path for our research is
an empirical analyses of the relations that where presented in this work. Most importantly, to look
for a possible identification strategy that isolates the relation competition-network topology from
other determinants. The major barrier for this kind of analysis relies in the privacy of interbank

relationship data. In the best of our knowledge, there is no empirical work in banking that deal

' We borrow from Acemoglu, Ozdaglar and Tahbaz-Salehi (2013) the term stable. For the authors, the stability of
a financial network is the inverse of the expected number of defaults.
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with this subject.
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APPENDIX A — Proofs

Demonstragdo. (Lemma 3.0.1) Fix g and a pair (7, ;). Note that ¢'(z) = p®(z)(1 — §) >
0,Vz € R, = ¢ 1is an injection from R, to R,.

Let f: Im(¢) — Rs.t.

z — P(ry) Lt o(rx)

= (R—z— (s 1
(@) = (R = = v(s) ("5 S )
Rewrite f as:
T
flz) = —3325 + x(%T —C)+m.C
where 1" = %+im = R — ¢(s;) and C = —%—%+1Itisea3ytoseethatf

is a strictly concave function = Jlz* € Im(¢) s.t. z* € argmaxzf. Finally, ¢ an injection
= dIr* € Ry s.t. o(r*) = x*.

]

In the proof below we solve for a generic network ¢g. Lemma 3.1.1, 3.2.1 and 3.2.2 comes

out by the substitution of the transport cost.

Demonstragdo. (Lemma 3.1.1, 3.2.1 and 3.2.2) For a given pair network g and a pair (1}, r}),
supposing that DCC holds, we can use the definition of the marginal consumer to write bank ¢
problem as:

o(ri) — o(r)) I o(ri) — o(rr)
2t;5 (9) 2t (9)

By lemma 3.0.1 a solution exist and is unique. The first order condition is such that:

max{(R — ¢(rs) = v (s:))( +1)

R — S; t; ¢ T tii ry t;it;
o(r?) = Y(si) + k ( J) + J o(r}) __ vijhik
2 tij +lie 2 tij +tie 2 tij + tik

Let A = [aij]gxg s.t. a;; = 0 and Q5 = (tzk/(tw + tik))’ and C' = [Ci]?)a:l s.t. ¢; =

(tij-tix)/(tij + tir;) we can solve for the vector of best responses using:

¢ =(I—054)""05R—C)

where R = [R — 9;(s;)]3x1. It is easy to see that an inverse of (I — A) exist for any

network. L]
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Demonstra¢do. (Lemma 4.0.3) Fix (a, K,t) € (2/7,1) x Ry, x Ry, . Using the subgame
profits solution, define fy, := II? —II, and f,, := II"? —II. . For a given ¢ we have:
(=7a* + 9a — 2)t* + K (26a* + 30a + 4)t — K?*(a* + 3a + 2)
(18a? + 24a + 8)t
fo(t) = a?(2a* — 9a + 7)t* + Ka(4a® + 30a + 26)t + K*(2a* + 3a + 1)
g a(8a2 4 24a + 18)t

Note that, since t > 0 and a € (0, 1), the signals and roots of f,, and f,, are completely charac-

f91 (t) =

terized by the second order polynomial in the numerator. Let ,, and 5,4, be those numerators

for the respective networks.

e (a,K) € (2/7,1) x Ryy = hy(0) < Oandh (t) > 0,¥vt € Ry = 3 >
0s.t. hy, (t) > 0,Vt > t],= f,,(t) > 0,Vt >t

e (a,K) € (0,1) xRy, = hy,(0) > 0and by, (t) > 0,Vt € Ry ,. Since argmin{hg,} <
0,V(a,K) € (0,1) x Ry, then hy,(t) > 0,Yt > 0 = f,,(t) > 0,Vt > 0.

Let ¢, = t7;. Solving hy (t) = 0, we have:

. _BK 3K((2a(a+1))1/2) +2) 12K (7(2a(a + 1))(1/2) + 6)
Mo * a—1 B 7(7a — 2)
V(a,K) € (1/7,1) x R,

> 0,

(a+1)K
4a+1

Finally, we know that (a, K, t) attends DCC for any g = t >
see that z > ty,;,V(a, K) € (2/7,1) x Ry .

=: z. Itis easy to

]

Demonstracdo. (Proposition 4.0.4) Fix (a, K) € (0.36,1) x R, ,.Lett € R, such that DCC
holds.

Since DCC holds, for each possible network there is a unique solution for the competition
subgame. Hence, we may replace the subgame with the associated continuation payoff to produce
a static network game. Deviations between the four possible networks can be fully characterize

by differences in profits:

Deviation Difference
Gptog = 07 () > Ty, (t) (1)
gotogs <= I (t) > Iy (t) and IT. (t) > T4 () (2)
gotogs < I, (t) > IL,,(¢) (6)
gitogy <= I (t) > 1} (t) and IT (t) > IT, () (3)
gitogs <= Iy, (t) > T2 (t) and ILy, (t) > IIL (t) (4)
gatogs < IT,, (t) > I (t) 5)
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Note that this relation is antisymmetric, i.e., if there is no deviation from g, to g,, then
banks will deviate from g, to g,. We assume here that if profits are equal, banks prefer not to
make the link.

Using lemma 4.0.3 and the fact that II,, < II,, always hold, some simplifications can be

made:

e ¢ attend DCC = (2) resume to Hﬁ;g (t) > T4 () and (4) to Iy, (1) > H;Ll (t)-
e (1) and not(6) = not(4)

e (5) and not(6) = not(2)

Therefore, we can characterize pure strategy equilibria by only 3 main differences:

Conditions Equilibrium
not(l) and not(2) = 90
(1) and not(3) = a1
(3) and (2) = 92

(1) and (3) and not(2) = No equilibrium
(2) and not(l) and not(3) = No equilibrium
Since conditions are inequalities, we only need to find the thresholds in the space of
competition level (¢) that rule where conditions are valid or not.
Let fi :=TI! — Tl fo := 11! — Ty, f3 := 112 —TI" and f, := II') — I/ . In an
extensive form:
hilt) = (7a® + a — 8)t? + (10a* + 10a)tK + (a® + a)K?
B (18a2 + 24a + 8)t
(a* + 4a3 + 4a® — 9a)t? + (2a® + 10a® + 8a)tK + (a* + 2a + 1) K>

t) =
fa(t) (4a3 + 1242 + 9a)t

fo(t) = (18a® + 68a® + 88a* — 77a® — 97a?)t? + (—4a® + 68a* + 190a> + 182a® + 64a) Kt

S (72a® + 312a* + 48243 + 31242 + 72a)t

(—4a® + 2a* + 39a® + 6502 + 40a + 8) K2
(72a® + 312a* 4 482a3 + 312a? + T2a)t

falt) (97a® + 77a* — 88a® — 68a* — 18a)t? + (64a® + 182a* + 190a® + 68a® — 4a) Kt

4 =

(72a5 + 312a* + 482a3 + 31242 + T2a)t
(—8a® — 40a* — 65a3 — 3942 — 2a + 4) K2
(72a5 + 312a* + 482a3 + 312a2 + T2a)t
Note that, in all functions the signal and roots are fully determined by the second order

polynomial in the numerator. Let hq, ho, hg and h, the numerator of each respective function.

The existence of thresholds comes from the fact that:
hi(0) >0AR, <0 =31 >0 st fit) <0, Vt>1t
a€(0,))ANK >0= Qho(0) >0Ahy <0 =3y >0 st fot) <0,V >ty
hs(0) >0AR, <0 =33 >0 st f3(t) <0,V >t3
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a &€ 036,1 /\K>O:>h//<0,h4 0 <0,a7“gmin h4 >Oand min h4 >0=
4
3'{252””,254} s.t. f4(t) < 0, vt ¢ (tgm'n’t4)

Finally, we only need to prove that thresholds attends the DCC. Since we can always
increase R to guarantee that marginal depositors have non-negative expected payoff, DCC

conditions resume to:
(a+ 1)K (a+1)K

> >
~ da+1 (3a+2)a

Substituting the DCC limit DCC' = % in the second order polynomials, we have
V(a, K) € (0.36,1) x Ry 4:

hi(DCC) > 0, hy(DCC) > 0, h3(DCC) > 0 and hy(DCC) > 0 =

t1, 1o, t3 and ¢, attends DCC, but tTi" do not.

Therefore, for a generic (a, K) € (0.36,1) x R, the regions defined by ¢y, t5, 3 and

t4 fully characterized the network that comes out in an interior equilibrium. 0

Demonstragdo. (Corollary 4.0.5) For a given (a, K) € (0.36,1) x R, ,lett,t and t” s.t. DCC
holds for all and:

e for (a, K,t), go comes out in equilibrium;
e for (a, K,t'), gy comes out in equilibrium;
e for (a, K,t"), go comes out in equilibrium.
If we prove that ¢ > ¢’ > t” we are done. Using the proof of proposition 4.0.4, we know:
go interior equilibrium =t > t; At > 1

g1 interior equilibrium = ¢, > ' A (t' > t3 V1 > ;)

go interior equilibrium =ty > t" Atz > t" Aty > "

st>ty>tand (' >tz >t"ort! >t >t") =t >t >
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Demonstragdo. (Proposition 4.1.1)

Fix (a,t) € (0.5,1) x Ry and assume R > t(s(g3), g3) + % + v holds. For a given

network g, if banks get into a collusion for deposits respecting DCC, then they solve the problem

(i) — o(ry) — d(ri) — d(ri)
{TAIE;??iC}{ZSR Zzeb: (r:) +(s:))( 7 ZEA T +1)} st

ST tolty—v=20, Vijebi# (A1)

1> o(ri) — o(r))

>0
2tij

(A.2)

Let {r%,r}, r&} a solution for the problem. Since (2) holds, it is easy to see that (1) must
be biding in the solution. Solving the system w =v+ %, Vi, 7 € b,i # j, we have:

X tij  tik  tik .
K — W4 R IR A.
o(r?) 5 + 2 9 +v,Vi€b (A.3)

Note that, for a > 1/2 this solution attend condition (2) for any network. Substituting (3)

in the profits’ sum function and diving the amount equally between the players we come to an
individual profit for each possible network:

— v

M, = = (G = 5+ 2= [0~ 200 s0() + = dlonsalon))] —v

_ 4a° — 3 2 2—1
HgQZR—(a a+ y /a

2—1/a
— 1— —
oot [ ¥(9alg2), g2) + 5 W(9c(92), g2)] — v

Note that:

e (s(gs), gs) is strictly lower then any strict convex combination of interbank costs in g;
and ¢o

o Lcdltdel? a2 ] Yae (0.5,1)

c¥(a,t) €

(0.5,1) x R4, every bank is strictly better of in the network gs.
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