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Abstract: We formulate a continuous-time price discovery model in which the price discovery
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1 Introduction

The question of how markets impound information is not new in finance, especially for assets that
trade on multiple venues. There are essentially two standard price discovery measures. The first
comprises any variant of Hasbrouck’s (1995) information share that gauges the contribution of each
market/venue to the total variation of the efficient price innovation (see, for instance, Grammig,
Melvin, and Schlag, 2005; Fernandes and Scherrer, 2014). The second relies on the permanent-
transitory decomposition of Gonzalo and Granger (1995) and Gonzalo and Ng (2001). Applications
to price discovery analysis include, among others, Booth, So, and Tseh (1999) and Chu, Hsieh, and
Tse (1999). Both of these measures rely on the estimation of the vector equilibrium-correction
model (VECM).

Most recent studies attempt to estimate time-varying price discovery measures by employing
a daily VECM. See, for instance, Hasbrouck (2003), Chakravarty, Gulen, and Mayhew (2004),
Hansen and Lunde (2006), and Mizrach and Neely (2008). However, by estimating one VECM
for each day independently, these estimates fail to capture inter-daily information. In this paper,
we propose a framework to estimate time-varying price discovery measures that evolve smoothly
over time and benefit from the use of inter-daily information to obtain estimates with better finite
sample performance. In particular, we assume that asset prices follow a continuous-time VECM
with parameters that change in discrete time (say, at the daily frequency). We then estimate daily
speed-of-adjustment parameters using kernel methods (Giraitis, Kapetanios, and Yates, 2013). This
means we keep the estimates as nonparametric as possible in that our method allows for stochastic
variation of unknown form in the VECM parameters. This is in stark contrast with the very
parametric nature of Ozturk, van der Wel, and van Dijk’s (2014) interesting state-space approach
for the estimation of intraday price discovery measures, for instance. Finally, we investigate how
the price informativeness of the New York Stock Exchange (NYSE) relative to the Nasdaq changes
over time for a set of 10 actively traded stocks. As expected, we find that there is significant daily

variation in the price discovery mechanism.



2 A continuous-time setting for price discovery

Let prices for a given asset that trades on multiple venues follow within day d

AP, =P dt + ¢V aw,,  with Py =p{?, (1)
where H(()d) = a(()d) B is a (k x k) reduced-rank matrix with rank equal to r < k, and both oz(()d) and
B are (k x r) full rank matrices. We also assume that the covariance matrix Eéd) = Céd)C(()d)/ is
positive definite.

The reduced-rank Ornstein-Uhlenbeck process in (1) is the continuous-time counterpart of the
discrete-time VECM in Hasbrouck (1995). As they refer to the same asset, prices at the different
markets should not drift much apart, oscillating around the (latent) efficient price. Accordingly, we
assume without loss of generality that g is not only constant across days, but also known. In turn,
oz((]d) determines how quickly each market reacts to deviations from the long-run equilibria given by
B'P;.

Denote by exp(A) the matrix exponential of a (k x k) matrix A such that exp(A) = 372, 7 A”.

Kessler and Rahbek (2004) show that exact discretization of (1) at frequency § yields
AP, =11"P, , +&, (2)

-1

where H((Sd) = a((sd)/@/ and a((sd) = a(()d) (ﬁ/a(()d)) {exp(dﬁ’aéd)) — Ik] ,8/, with Ik denoting a k-
dimensional identity matrix. The sampling frequency ¢ is such that ¢; = id with i = 1,2,...,n
(d)

with n denoting the number of intraday observations within a day. Lastly, &,° is iid Gaussian

with mean zero and covariance matrix Egd) = f(f exp (uH(()d)> E(()d) exp (uH(()d)/) du. Kessler and
Rahbek’s (2004) Theorem 1 establishes that temporal aggregation preserves the cointegration rank
in that rank H((Sd) = rank Héd). In addition, they show that the definition of (co)integration for
Ornstein-Uhlenbeck processes in continuous time is consistent with the definition in discrete time.
This means that one may conduct inference about rank and cointegrating space using discrete-time
procedures and then interpret the results in the continuous-time setting.

Computing price discovery measures requires the Granger representation of (1) and (2). Kessler

and Rahbek’s (2001) Theorem 1 shows that the Granger representation indeed holds in continuous

time, namely,

P == (COW, + PO+, )



/ -1 /
where E(()d) =3 (a(()('i) I3 L) aé‘i) , and n,fd) is a stationary Ornstein-Uhlenbeck process. In turn,
the Granger representation in discrete time reads

—(d : d - d d
Py = :g ) Z Egh) + Z T((S,]‘)Lgti—h + PO( )’ (4)
h=1 h=0

—(d) @ , \“' (a) @) . . .
where =57 = 81 <a 5L B J_) as/ and Py is a vector of initial values. The stochastic common

trend given by the first term on the right-hand side of (4) reflects the efficient price of the asset and

follows from B, being a vector of ones which implies that Egd) has common rows. In particular, it

(d)

t, » is a martingale as

is reassuring to observe that the stochastic trend, (oz((;dl) I} L) a((;i) Soho1€
discussed in Hansen and Lunde (2006).

The speed-of-adjustment matrix a((;d) plays a major role on price discovery. The usual inter-

pretation of a((;d) is that it shows that satellite markets have to adjust more strongly to deviations

from the long-run equilibrium than leading markets. The orthogonal projection, agﬁ, has the op-
posite interpretation in that it is increasing with price informativeness (see, among others, Harris,
MclInish, and Wood, 2002; Hansen and Lunde, 2006). Dias, Fernandes, and Scherrer (2016) show
that, interestingly, discretization does not affect ozécﬂ_ in that aé[z)_ = agﬂ)_ for any 0 < < 1.1

It is evident from the notation that the price discovery mechanism is constant within the
day, but may change across days. The idea is that the ability of a trading venue to impound
new information depends mostly on institutional and market features, e.g., cost structure, market
design, technological infrastructure, and relative presence of high-frequency traders. Institutional
and market characteristics definitely change over time, but perhaps neither in a continuous nor
brusk fashion. This is why we deem reasonable to allow only for smooth discrete-time variation
in price discovery mechanism. In particular, we assume that agd) changes in discrete time, say

at the daily frequency, as a bounded random walk process. The latter is convenient because it

accommodates the stochastic and persistent nature of the price discovery mechanism.

3 Estimating daily measures of price discovery

Consistent estimation of a((;di requires only a consistent estimator of a((sd) for any frequency 0 < § < 1

given that we assume 8 known. The daily VECM approach typically augments the lag structure

1 See Figure A.1 in the Appendix.



in (2) to estimate a((;d) by least squares:

-1
j=1

In contrast, we employ Giraitis, Kapetanios, and Yates’s (2013) easy to implement kernel-based
estimator to retrieve daily estimates of agd) and ngj). This means that, as opposed to the daily

VECM least square estimates, our a((;d)

estimates are not independent across days. The kernel
approach exploits the assumption that the daily variations in the alpha and Gamma matrices are
smooth to obtain more efficient estimates. For simplicity of exposition, assume k& = 2, i.e., there

are two trading venues. From Giraitis, Kapetanios, and Yates (2013, 2015), the kernel-based least

squares estimator is given by

T T -1
B@ — (Z bi,dAPtiXQJ (Z bi,dXtiX4i> , (6)
=1 i=1

where B are the estimates from the (k: x 1+ k2(0— 1)) matrix B(@ = (agd),Fgfll), ...,1“((5,@)_1),
Xy, = (Plvti—l — Py, AP, ..., A‘Pti—é—l)/ with dimension (k2(€ —1)+1x 1), big =K ((nd—1)/H)
are weights so that K (z) > 0, € R is a continuous function (kernel), H is the bandwidth param-
eter such that, for fixed n, H — oo and H = o(T/In(T)) as D — oo, and T' = nD with n and D

denoting the number of intraday observations and the number of trading days, respectively.
4 Monte Carlo study

We assess the relative performance of our estimation strategy to retrieve daily measures of price
discovery. We consider a setting in which one security trades on two venues. In particular, we
simulate data from the continuous-time process in (2) for D = 500 trading days (about 2 years),
with contemporaneous correlation p € {0,0.5,0.9}, and then apply exact discretization at fixed

2 We report the relative root mean squared error of the

intervals of 1/2, 1, 3, and 5 minutes.
speed-of-adjustment parameters and as ;.| computed with the daily VECM approach and with the
kernel-based estimator in (6) with bandwidth set to H € {n®19v/D, n?/19\/D,n\/D}.? The relative

measures have the kernel-based least-squares estimator in the denominator.

2 See the Appendix for the specific details.
3 By construction, the relative measure associated with as2 | is numerically the same as the one associated with
the first market, i.e., as,1,1 -



Table 1 displays the results. Our daily measures entail much lower root mean squared errors
than those based on a daily VECM approach. This holds for every instance we entertain, that is
to say, regardless of the contemporaneous correlation between markets, sampling frequency, and

bandwidth choice.
5 Price informativeness: NYSE versus Nasdaq

We compute daily price discovery measures for 10 very actively traded stocks, namely, Bank of
America (BAC), General Electric (GE), Hewlett-Packard (HPQ), International Business Machines
(IBM), J.C. Penney Company (JCP), JP Morgan Chase (JPM), Coca-Cola Company (KO), Altria
Group (MO), Verizon Communications (VZ), and Exxon Mobil (XOM). We focus on the two most
active trading venues, NYSE and Nasdagq.

We extract quotes data from TAQ from January 2007 to December 2013 and implement the
cleaning filters as in Barndorff-Nielsen, Hansen, Lunde, and Shephard (2009). We then synchronize
the midquotes from both trading venues by sampling at regularly spaced intervals of 1 minute.
We set the bandwidth to H = ny/D given that it entails the best performance in the previous
section and in Giraitis, Kapetanios, and Yates (2013). We choose the lag length that minimizes
the Bayesian information criterion.

Figure 1 plots the kernel-based least squares estimates of «; | and their respective 95% confi-
dence intervals.* The daily variation in the component share measure of price discovery is evident,
with NYSE seemingly impounding more quickly new information than Nasdaq, especially in the

second half of the sample.
6 Conclusion

We construct a continuous-time price discovery model in which the speed-of-adjustment parame-
ters are allowed to evolve stochastically at discrete time (daily). Alternatively to compute daily
VECM regressions, as it is standard in this literature, we adopt the kernel-based OLS estimator
of Giraitis, Kapetanios, and Yates (2013). Monte Carlo simulations confirm that the kernel-based

OLS estimator largely outperforms the standard least-square estimator. Finally, we estimate daily

4 The confidence intervals of as, 1 are obtained by applying the Delta method to the asymptotic distribution of the
speed-of-adjustment parameters.



measures of price discovery for 10 actively traded U.S. stocks and find strong evidence that market

importance changes over time.
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Table 1: Monte Carlo results for daily estimates of price discovery measures
We report the relative root mean squared error of the LS estimator relative to the KLS estimator. The sampling

frequencies are set to 1/2, 1, 2, 3 and 5 minute frequency, which yield n equals to 780, 390, 195, 130 and 78 for

respectively, whereas p ranges from 0 to 0.9.

5 minutes
H =n81%/D H =n19/D H=nvD
P as1 Q52 Q5| sl Q52 Q1| Qg1 Q52 QgL
0.00 3.32 3.30 3.50 3.54 351 3.71 3.54 3.52  3.69
0.50 3.78 3.77 3.86 4.27 425 4.34 4.60 4.59 4.68
0.90 4.23 4.23 4.33 5.14 513 524 6.08 6.07 6.19
3 minutes
H = n®10/D H = n%10/D H =nVD
P as1 Q52 QL as1 Q52 Q511 as1 Q52 QgL
0.00 270 2.70 2.70 2.72 2772 272 255 2.54  2.59
0.50 3.22 3.22 3.26 3.50 3.50 3.54 3.55 3.56 3.59
0.90 381 3.81 391 4.60 4.60 4.72 531 531 5.44
2 minutes
H =n81%/D H =n19%/D H=nvD
P as1 Q52 QgL Qas1 Q52 Q1| Q51 Q52 Q1L
0.00 230 2.29 237 2.20 220 2.25 1.95 1.94 2.04
0.50 285 2.84 3.01 296 296 3.09 2.84 2.84 2.96
0.90 3.53 3.52 3.87 4.21 421 4.61 4.69 4.69 5.13
1 minute
H = n8/19/D H =n%19/D H =nvVD
P as1 Q52 Q11 a5l Qg2 Q11 Q51 Q52 Q1L
0.00 176 1.77 1.80 1.55 1.7 1.58 1.26 1.27 1.34
0.50 2.28 2.30 247 2.20 221 2.36 1.91 194 2.09
0.90 3.09 3.09 3.71 3.54 356 4.24 3.63 3.66 4.40
1/2 minute
H = n®10/D H = n%10D H =nVD
P Qg1 Q52 Q51| Q51 Q52 Q51| Q51 Q52 Q1L
0.00 1.38 1.40 147 1.12 1.14 1.22 0.86 0.87 0.98
0.50 1.85 186 2.22 1.62 1.65 2.01 1.30 1.33 1.68
0.90 270 270 2.96 2.92 294 3.33 2.72 2774 3.25




Figure 1: Component share kernel-based estimates, with 95% confidence intervals

We normalize the kernel-based estimates of a(f) such that ag\‘,i) i —|—a§ii )J_ = 1, with N and T denoting NYSE and Nasdaq,
respectively. The lag length in (5) is chosen so it minimizes the B;ayesian information criterion. The bandwidth is
fixed at nv/D, where n is the number of intraday observations (average of 390 observations per day) and D is the
number of trading days (1735 days). The shaded area represents the 95% confidence interval.
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7 Appendix

Appendix A.1 Estimation

The baseline mode considered in Section 3 in the manuscript follows from the exact discretization
of the continuous-time VECM model in (1) at frequency §. As it is standard when fitting VECM
models to intraday log-prices, we augment the lag structure in (2), so that the autoregressive

parameter matrices, F((;dj) with j =1,..,¢ — 1, are also allowed to be time-varying,

/-1
AP, =a{"8 P, + Y TWAPR,  +c?. (A1)
7j=1

For simplicity of exposition, assume k = 2, i.e. there are two trading venues. Because we assume
that g is known, ' = (1,—1) , estimation of the time-varying parameters in (A.1) follows directly
from the easy to implement kernel-based estimator of Giraitis, Kapetanios, and Yates (2013, 2015).
The kernel-based least squares (KLS) estimator exploits the assumption that the time-varying
parameters are persistent processes (either deterministic or stochastic). Rewrite (A.1) in a compact

notation

AP, = BDX,, +&?, (A.2)

7

where B@ is a (k x 1+ k?(¢ — 1)) matrix collecting the free parameters in (A.1), and X;, =

(Pit,, — Poyy (s AP, ..., AP, )/ with dimension (1 + k?(¢ — 1) x 1). Specifically for the case

i—0—1
where the parameters are driven by stochastic processes, Giraitis, Kapetanios, and Yates (2013)

show that it suffices to consider a local stability condition such that®

sup B — B ’
£:6—d|<h

=0, (h/d). (A.3)

sp
As in Giraitis, Kapetanios, and Yates (2013, 2015), the kernel-based least squares estimator assumes

the form of

T T !
@ = (Z bi,dAPtiX£i> (Z biadXtiX£i> ; (A.4)
=1

=1

)

with weights given by b; 4 := K ((nd —i) /H), where K(z) > 0, x € R is a continuous function

(kernel), H is the bandwidth parameter such that, for fixed n, H — oo and H = o(T/In(T)) as

®In the case BV is driven by deterministic function, Robinson (1989) shows that asymptotic normality of the kernel-
based least squares estimator requires this function to satisfy a Lipschitz condition of order ¢, with 0 < ¢ < 1.
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D — oo, and T'= nD with n and D denoting the number of intraday observations and the number
of trading days, respectively. Under some regularity conditions, Giraitis, Kapetanios, and Yates

(2013, 2015) show that, as D — oo,
\/E(vec (E@) ~ vec (B(d>)> R N(O, /oo K(u)2du Q' ® zd), (A.5)

where plim [% ST /fi,dXtin{i} =Q.
()

The orthogonal projections of the speed-of-adjustment parameters, o |, are computed as

d &2 5.1
GLTN\ @ @ @@ | (A.6)
Q51 — Qso Qg — Q59
where a((;di/a((;d) = 0. In turn, the asymptotic distribution of a((;di is obtained by means of the Delta

method (see pg. 1084 Greene, 2012), with partial derivatives given by

Q@ @
5,2 4,1
2 2
ool | (i-el)" (elfi-eld)
W = . (A.7)
0% o) o}
2 2
(o2 -042) " (od2-0s3)
Appendix A.2 Simulation Design
We simulate price data from the exact discretization of the continuous-time process in (2)
d d
AP, =T P,  +&?, (A.8)

for D = 500 trading days (about 2 years), with contemporaneous correlation p € {0,0.3,0.5,0.7,0.9}.
Our setup consists of an asset traded at two trading venues, i.e. kK = 2. We consider five alter-
native frequencies, so that we sample at fixed intervals of 1/2, 1, 3, and 5 minutes. As a usual
trading day entails 23400 seconds (6.5 hours), our sample size ranges from 39,000 to 390,000 ob-
servations. The elements of the speed-of-adjustment matrix a((;d) = (a&ig, a;fg)/ are generated as
bounded random walk processes at the 5 minute frequency with upper and lower bounds given
by agcig:5 € {-0.49,-0.01} and aéfl§:5 € {0.01,0.49}. We then convert the speed-of-adjustment

parameters to the continuous time frequency using the exact discretization and back to the different

sampling frequencies through
-1
ol? = ol (5@3‘”) [exp(aﬁ’agd)) - Ik] g (A.9)

12



: . . . . . . . d) .
where I denotes a k-dimensional identity matrix. The instantaneous covariance matrix E(() ) is

set to evolve daily in a stochastic manner. Specifically, we design the conditional variances as
log-AR(1) models, while the correlation between the two venues is set constant and equal to 0.95.

The conditional variances are simulated by

In azt = o+ ¢ln azt,l + ¢ ¢, fori=1,2 (A.10)

with O‘Zt denoting the diagonal elements of Z‘(()d);  is the autoregressive parameter; and the co-

efficient of variation is given by var (Jzt> /E [aitr = exp (g / (1 — @2)) — 1. We calibrate the
stochastic volatility models using the results in Jacquier, Polson, and Rossi (1994), so that the
autoregressive parameter is fixed at 0.98, the expected annual volatility is 20% and the coefficient
of variation equals 0.5.

We assume that the cointegrating vector is known with 8 = (1, —1)’, and estimate a((;d) by least
squares as in the daily VECM approach and by Giraitis, Kapetanios, and Yates’s (2013) kernel-
based methods using a Epanechnikov kernel, with bandwidth H € {n®19\/D,n%10\/D n\/D},

where n and D account for the number of intraday and trading days, respectively.
Appendix A.3 Data

We extract quotes data from TAQ for the period ranging from January 2007 to December 2013. We
implement the same cleaning filters as in (Barndorff-Nielsen, Hansen, Lunde, and Shephard, 2009),
discarding any observation with a zero quote, negative bid-ask spread, or outside the main trading
hours (9:30 to 16:00). We also discard any data point with a bid-ask spread higher than 50 times the
median spread on that day or with a midquote deviating by more than 10 mean absolute deviations
from a rolling centered median of 50 observations. Finally, we take the median bid and ask quotes
at each second in the event that there are multiple ticks taking place at the same second. We then
synchronize the midquotes from both trading venues by sampling at regularly spaced intervals of
1 minute. Table A.1 details the cleaning process and the final number of observations for the 10

stocks we consider.

13



Table A.1: Data Description

We report summary statistics for raw and cleaned data for Nasdaq and Nyse. The first two columns present the
number of quotes (in millions) for each stock on the different trading venues before any cleaning filter (raw data).
The following two columns (Clean obs) display the total number of quotes (in millions) after the implementation of
the cleaning procedure. The following two columns (Avg obs per day) stand for the daily average (in thousands) of
quotes. The last two columns report the total number of days we have for each stock for the time span Jan/2007 to
Dec/2013.

Initial Obs (Million) Clean Obs (Million) Avg obs per day (Thousand) Number of days

Nasdaq Nyse Nasdaq Nyse Nasdaq Nyse Nasdaq Nyse

BAC 523 503 31 34 17.85 19.05 1735 1762
GE 363 427 29 31 16.53 17.78 1735 1762
HPQ 326 277 26 28 14.84 15.86 1735 1762
IBM 122 149 21 25 11.96 14.13 1735 1762
JCP 175 149 20 22 11.55 12.26 1735 1762
JPM 696 542 32 33 18.43 18.64 1735 1762
KO 244 205 23 25 13.27 14.44 1735 1762
MO 178 204 22 26 12.40 14.90 1735 1762
VZ 264 257 25 29 14.44 16.19 1735 1762
XOM 503 417 31 33 18.10 18.84 1735 1762

14
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Figure A.1: Information share and contemporaneous correlation as sampling frequency decreases

The first plot displays the average information share IS5 and component share as, for é ranging from 1/23400 (1 second) to 1/390 (30 minutes). These are theoretical
measures computed using the exact discretization of the continuous-time price discovery model in (1). The speed-of-adjustment parameters are calibrated as the mean of
as,q estimates for BAC (Bank of America) over the Jan/2007-Dec/2013 period. The second plot depicts the exact correlation between the two markets for the same range
of ¢ values. Source: Dias, Fernandes, and Scherrer (2016).
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Table S.2: Monte Carlo results for daily estimates of price discovery measures: p € {0.3,0.7}

We document the performance of the least squares and the kernel-based least squares estimators of the daily measures
of the speed-of-adjustment parameters, as,1 and as,2, and the orthogonal projection of as,1, as,1,1 over 500 days,
D = 500. In particular, we report the relative root mean squared error of the LS estimator relative to the KLS
estimator. Relative measures greater than one implies that the KLS estimator outperforms the LS estimator. The
instantaneous correlation between markets is p = 0.3 and p = 0.7, whereas the sampling frequency ranges from 1/2
to 5 minutes. The five different sampling frequencies yield n equals to 780, 390, 195, 130 and 78 for 1/2, 1, 2, 3 and
5 minute frequency, respectively. We report results considering three alternative bandwidths of the KLS estimator:
H = ns/lo\@, H = ng/w\/ﬁ and H = nv/D. Finally, note that the relative measure associated with as,2,1 is, by
construction, the same as the one associated with as,1,1 .

5 minutes
H =n%1/D H =n%1/D H =nvVD
P 51 Q52 Qg1 1 as1 Qg2 Q51,1 a5l Q52 Qg1 1

0.30 3.57 3.55 3.71 3.91 3.89 4.08 4.14 411 4.26
0.70 3.98 398 4.04 4.64 4.63 4.69 5.17 5.14 5.22

3 minutes
H =n%1/D H =n%1/D H =nvVD
P Qg1 Qg2 Q51 | Q51 Qg2 Q511 Qg1 Qg2 Q511

0.30 3.00 2.99 3.07 3.13 3.12  3.18 3.10 3.09 3.10
0.70 348 3.48 3.60 3.94 395 4.05 4.18 4.18 4.29

2 minutes
H =n81%D H =n"D H=nvD
P a5l G2 Q1,1 Q51 G2 Qs L a5l Gs2 0§11

0.30 2.60 259 2.79 2.59 2,58 2.74 242 241 2.52
0.70 3.13 3.12 3.28 3.43 343 3.57 3.45 344  3.58

1 minute
H =n8D H =n"D H=nvD
1Y Qg1 Qg2 Q51 1 as1 Qs Q511 as1 Q52 Q57 |

0.30 2.04 205 222 1.87 1.88 2.03 1.60 1.61 1.69
0.70 2.60 2.60 287 2.66 2.67 2.92 241 244 2.68

1/2 minute
H=n8D H=n"YD H=nvD
p as1 Qg2 0§11 Qg1 Qg2 0§11 Qs1 Qg2 0§11

0.30 1.63 1.63 247 1.37 139 210 1.08 110 1.74
0.70 2.16 217 2.38 2.03 2.05 232 1.68 1.71 2.00
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We document the performance of the least squares and the kernel-based least squares estimators of the daily measures of the speed-of-adjustment parameters, as,1 and
as,2, the orthogonal projection of as,1, as,1,1 over 500 days, D = 500. In particular, we report the bias of the LS and KLS estimators, B(LS) and B(KLS), respectively.
The instantaneous correlation between markets is p € {0,0.5,0.9}, whereas the sampling frequency ranges from 1/2 to 5 minutes. The five different sampling frequencies
yield n equals to 780, 390, 195, 130 and 78 for 1/2, 1, 2, 3 and 5 minute frequency, respectively. We report results considering three alternative bandwidths of the KLS

Table S.3: Monte Carlo results for daily estimates of price discovery measures: bias, p € {0,0.5,0.9}

estimator: H = n®/1°v/D, H = n®/*°/D and H = nv/D.

5 minutes

H:n8/10\/5 H:ng/m\/ﬁ H=nVvD
Qg1 Qg2 QgL as1 Qas2 QgL Qas1 Qg2 QgL

p B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS)
0.00 0.01 0.00 -0.01 0.00 0.00 0.00 0.01 0.00 -0.01 0.00 0.00 0.00 0.01 -0.01 -0.01 0.01 0.00 0.00
0.50 0.01 0.00 -0.01 0.00 0.00 0.00 0.01 0.00 -0.01 0.01 0.00 0.00 0.01 -0.01 -0.01 0.01 0.00 0.00
0.90 0.02 0.00 -0.01 0.01 0.00 0.00 0.02 0.00 -0.01 0.01 0.00 0.00 0.02 0.00 -0.01 0.01 0.00 0.00

3 minutes
H:ns/m\/ﬁ H:ng/m\/ﬁ H =nvD
a1 Qg2 QgL a1 as2 QgL ag Qg2 QgL

p B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS)
0.00  0.01 0.00 -0.01 0.00 0.00 0.00 0.01 0.00 -0.01 0.01 0.00 0.00 0.01 -0.01 -0.01 0.01 0.00 0.00
0.50 0.01 0.00 -0.01 0.00 0.00 0.00 0.01 0.00 -0.01 0.01 0.00 0.00 0.01 -0.01 -0.01 0.01 0.00 0.00
0.90 0.01 0.00 -0.01 0.00 0.00 0.00 0.01 0.00 -0.01 0.01 0.00 0.00 0.01 -0.01 -0.01 0.01 0.00 0.00

2 minutes
H= ng/m\/ﬁ H= n9/10\/5 H= n\/ﬁ
a1 Qg2 g1, 1 Qg1 Qg2 g1, 1 s,1 Q52 g1, 1

p B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS)
0.00  0.01 0.00 -0.01 0.00 0.00 0.00 0.01 -0.01 -0.01 0.01 0.00 0.00 0.01 -0.01 -0.01 0.01 0.00 0.00
0.50  0.01 0.00 -0.01 0.00 0.00 0.00 0.01 -0.01 -0.01 0.01 0.00 0.00 0.01 -0.01 -0.01 0.01 0.00 0.00
0.90 0.01 0.00 -0.01 0.00 0.00 0.00 0.01 0.00 -0.01 0.01 0.00 0.00 0.01 -0.01 -0.01 0.01 0.00 0.00

1 minute
H= ng/m\/ﬁ H= 11,9/10\/5 H= 'IL\/E
Qg1 Qg2 g1, Qg1 Qg2 g1, 1 sl Q52 Qg1 L

p  B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS)
0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01 0.00 0.01 0.00 0.00 0.00 -0.01 0.00 0.01 0.00 0.00
0.50  0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01 0.00 0.01 0.00 0.00 0.00 -0.01 0.00 0.01 0.00 0.00
0.90  0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01 0.00 0.01 0.00 0.00 0.00 -0.01 0.00 0.01 0.00 0.00

1/2 minute
H = 718/10\/5 H= n‘g/m\/ﬁ H= 77,\/5
Qg1 Q52 QgL Qg1 Q52 ag, 1 Qg1 Qg2 a1,

p B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS)
0.00  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01 0.00 0.01 0.00 0.00
0.50  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01 0.00 0.01 0.00 0.00
0.90  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01 0.00 0.01 0.00 0.00
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Table S.4: Monte Carlo results for daily estimates of price discovery measures: bias, p € {0.3,0.7}

We document the performance of the least squares and the kernel-based least squares estimators of the daily measures of the speed-of-adjustment parameters, as,1 and
as,2, and the orthogonal projection of a1, as,1,1 over 500 days, D = 500. In particular, we report the bias of the LS and KLS estimators, B(LS) and B(KLS), respectively.
The instantaneous correlation between markets is p € {0.3,0.7}, whereas the sampling frequency ranges from 1/2 to 5 minutes. The five different sampling frequencies
yield n equals to 780, 390, 195, 130 and 78 for 1/2, 1, 2, 3 and 5 minute frequency, respectively. We report results considering three alternative bandwidths of the KLS
estimator: H = ns/w\/ﬁ, H = n9/10\/5 and H = nvD.

5 minutes

H =n81/D H =n%10yD H=nVD
as1 Q52 Q51,1 as 1 Q52 Qs 1 as1 52 Q51,1
p  B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS)
0.30  0.01 0.00 -0.01 0.00 0.00 0.00 0.01 0.00 -0.01 0.01 0.00 0.00 -0.01 0.01 0.01 -0.01 0.00 0.00
0.70  0.01 0.00 -0.01 0.00 0.00 0.00 0.01 0.00 -0.01 0.00 0.00 0.00 0.01 -0.01 -0.01 0.01 0.00 0.00

3 minutes

H =n¥10/D H = n%10/D H=nvD
g1 Q52 g1, Qg1 Q52 Q51,1 g1 a2 Q1,1
p B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS)
0.30 0.01 0.00 -0.01 0.00 0.00 0.00 0.01 0.00 -0.01 0.01 0.00 0.00 0.01 -0.01 -0.01 0.01 0.00 0.00
0.70  0.01 0.00 -0.01 0.00 0.00 0.00 0.01 0.00 -0.01 0.01 0.00 0.00 0.01 -0.01 -0.01 0.01 0.00 0.00
2 minutes
H =n8/10/D H =n%1yD H=nVD
@51 Q52 Q51,1 as,1 Q52 Q1,1 a1 as,2 as1,1
p  B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS)
0.30  0.01 0.00 -0.01 0.00 0.00 0.00 0.01 -0.01 -0.01 0.01 0.00 0.00 0.01 -0.01 -0.01 0.01 0.00 0.00
0.70  0.01 0.00 -0.01 0.00 0.00 0.00 0.01 -0.01 -0.01 0.01 0.00 0.00 0.01 -0.01 -0.01 0.01 0.00 0.00

1 minute
H =n8/10/D H = ng/m\/ﬁ H=nvD
Qg1 Qg2 QgL Qg1 Q52 s, L Qg1 Qg2 QgL
p B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS)
0.30  0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01 0.00 0.01 0.00 0.00 0.00 -0.01 0.00 0.01 0.00 0.00
0.70  0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01 0.00 0.01 0.00 0.00 0.00 -0.01 0.00 0.01 0.00 0.00

1/2 minute
H =n?19/D H =n%19/D H=nvVD
51 Qs 2 Q51,1 Qg1 Q52 s, a5 1 @52 Q51,1
p B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS) B(LS) B(KLS)
0.30  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01 0.00 0.01 0.00 0.00
0.70  0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01 0.00 0.01 0.00 0.00




