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Abstract In this article we establish new second order necessary and sufficient opti-
mality conditions for a class of control-affine problems with a scalar control and a
scalar state constraint. These optimality conditions extend to the constrained state
framework the Goh transform, which is the classical tool for obtaining an extension
of the Legendre condition.
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1 Introduction

Control-affine problems have been intensively studied since the 1960s and there is a
wide literature on this subject. In what respect to second order conditions, the main
feature of these systems that are affine in the control variable is that the second deriv-
ative of the pre-Hamiltonian function with respect to the control vanishes, and hence
the classical Legendre—Clebsch conditions hold trivially and do not provide any useful
information. Second and higher order necessary conditions for problems affine in the
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control, without control nor state constraints were first established in [3,17,18,23,26].
The case with control constraints and purely bang-bang solutions was investigated by
[4,15,31,33,35,36] among many others, while the class of bang-singular solutions
was analyzed in e.g. [6,16,37].

This article is devoted to the study of Mayer-type optimal control problems governed
by the dynamics

Xr = fo(xs) +us f1(xy), fora.a.te[0,T],
subject to endpoint constraints
P (x0, x7) € Ko,
control constraints
Umin < Uy = Umax,
and a scalar state constraint of the form
glx) <0.

For this class of problems, we show necessary optimality conditions involving the
regularity of the control and the state constraint multiplier at the junction points. Some
of these necessary conditions which hold at the junction points were proved in [29].
Moreover, we provide second order necessary and sufficient optimality conditions in
integral form obtained through the Goh transformation [18].

This investigation is strongly motivated by applications since it allows to deal with
both control and state constraints, which appear naturally in realistic models. Many
practical examples can be found in the existing literature, a non exhaustive list includes
the prey-predator model [19], the Goddard problem in presence of a dynamic pressure
limit [20,45], an optimal production and maintenance system studied in [30], and a
recent optimization problem of running strategies [2]. We refer also to [11,13,44] and
references therein.

About second order analysis in the state constrained case, we quote the early work
by Russak [41,42], and more recently, Malanowski and Maurer [28], Bonnans and
Hermant [9] provided second order necessary and sufficient optimality conditions
and related the sufficient conditions with the convergence of the shooting algorithm
in the case where the strengthened Legendre—Clebsch condition holds. Second order
necessary conditions for the general nonlinear case with phase constraints were also
proved in [7,24]. For control-affine problems with bounded scalar control variable, a
scalar state constraint (as is the case in this article) and solutions (possibly) containing
singular, bang-bang and constrained arcs, Maurer [29] proved necessary conditions
(similar to those developed by McDanell and Powers [32]) that hold at the junction
points of optimal solutions. In Maurer et al. [30] they extended to the state-constrained
framework, a second order sufficient test for optimality given in Agrachev et al. [4] and
Maurer-Osmolovskii [34] for optimal bang-bang solutions. Also in [44], the author
provided a synthesis-like method to prove optimality for a class of control-affine
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problems with scalar control, vector state constraint and bang-constrained solutions.
Some remarks about how the method in [44] could be extended to general bang-
singular-constrained solutions are given in [43], but no proof of the validity of this
extension is provided.

There is a literature dealing with the important case when the standard statement of
Pontryagin’s principle is degenerate in the sense that the costate is equal to zero, so that
the principle is trivially verified and no information of the optimal solution is provided.
In some cases, a nontrivial version of Pontryagin’s principle can be obtained, see in
particular Arutyunov [8], Rampazzo and Vinter [38]. Also second order conditions for
the general nonlinear case were stated in strongly non-degenerate form, see e.g. [8,24].

Up to our knowledge, there is no result in the existing literature about second
order necessary and sufficient conditions in integral (quadratic) form for control-affine
problems with state constraints and solutions containing singular arcs.

The paper is organized as follows. In Sect. 2 we give the basic definitions and
show necessary optimality conditions concerning the regularity of the optimal control
and associated multipliers. Section 3 is devoted to second order necessary optimality
conditions in integral form and to the Goh transformation, while second order sufficient
conditions are provided in Sect. 4.

The “Appendix” is consecrated to the presentation of abstract results on second
order necessary conditions.

Notations. Let R¥ denote the k—dimensional real space, i.e. the space of column
real vectors of dimension k, and by R** its corresponding dual space, which consists
of k—dimensional row real vectors. With ]R’jr and R¥ we refer to the subsets of R¥
consisting of vectors with nonnegative, respectively nonpositive, components. We
write h; for the value of function /A at time ¢ if 4 is a function that depends only
on t, and by h;, the ith component of % evaluated at ¢. Let A(t+) and h(t—) be,
respectively, the right and left limits of % at ¢, if they exist. Partial derivatives of a
function & of (¢, x) are referred as D;h or h for the derivative in time, and D.h, h,
or ' for the differentiations with respect to space variables. The same convention
is extended to higher order derivatives. By L”(0, T)F we mean the Lebesgue space
with domain equal to the interval [0, 7] C R and with values in RX. The notations
W2:5(0, T)* and H! (0, T)¥ refer to the Sobolev spaces (see Adams [1] for further
details on Sobolev spaces). We let BV (0, T') be the set of functions with bounded total
variation. In general, when there is no place for confusion, we omit the argument (0, 7)
when referring to a space of functions. For instance, we write L* for L*°(0, T), or
(W 1.2)k* for the space of W!-°° —functions from [0, 7] to R¥*. We say that a function
h: RF — R? is of class C* if it is £—times continuously differentiable in its domain.

2 Framework and first order analysis
2.1 The problem
Consider the control and state spaces L™ and (W!%)" respectively. We say that a

control-state pair (u, x) € L® x (W1L%)" is a trajectory if it satisfies both the state
equation
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Xt = folxy) +us f1(xy), foraa.re[0,T], 2.1)

and the finitely many endpoint constraints of equality and inequality type
@ (x0, x7) € Kop. 2.2)

Here fj and f are twice continuously differentiable and Lipschitz continuous vector
fields over R”, @ is of class C2 from R” x R" to R"11"2 and

Ko = {O)gm x R™, (2.3)

where {O}gn is the singleton consisting of the zero vector of R"! and R"? := {y €
R™ :y; <0, foralli = 1,...,n2}. Given (u, xg) € L x R", (2.1) has a unique
solution. In addition, we consider the cost functional ¢ : R" x R" — R, then bound
control constraints

Umin < U; < Umax, fora.a.t e[0,T], 2.4)
and a scalar state constraint
g(x;) <0, forallt €[0,T], 2.5)

with ¢ and g : R" — R of class C 2 Here we allow umin and umax to be either finite
real numbers, or to take the values —oo or +00, respectively, in the sense that problems
with control constraints of the form u; < umax Or Umin < u; are also considered in
our investigation, as well as problems in the absence of control constraints. We say
that the trajectory (u, x) is feasible if it satisfies (2.4), (2.5). Let us then consider the
optimal control problem in the Mayer form

min ¢ (xg, x7); subject to (2.1) — (2.5). P)

2.2 Regular extremals

We set f(u, x) := fo(x) + ufi(x), and define the pre-Hamiltonian function and the
endpoint Lagrangian, respectively, by

(2.6)
P (xo, x7) = B (x0, xT) + W D (x0, XT),

{ H(u,x, p) = pfu,x) = p(folx) +ufix)),
where p € R™, 8 € Rand ¥ € R"1H7m2)%,

Any function u € BV (0, T) (shortly, BV) has left limit on (0, 7'] and right limits
on [0, T') and, therefore, the values o4+ and w7 are well-defined. Moreover, u has a
distributional derivative that belongs to the space M (0, T') (shortly, M) of finite Radon
measures. Conversely, any measure dju € M can be identified with the derivative of
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a function p of bounded variation such that ur € BVj, i.e., u belongs to the space
of bounded variation functions that vanish at time T.
Let (u, x) be a feasible trajectory. We say that ¥ € R"1+"2)* is complementary to
the endpoint constraint if
¥ e Ng (¢(x0, xT)), 2.7)

where Ng (@ (x0, xT)) denotes the normal cone to K¢ at the point @ (xo, x7), i.e.

No (@ (x. x7)) := (¥ € RUTF2* g > 0, ;@i (xo, x1) = 0,
i=ni+1,...,n1 +no}. (2.8)
A bounded variation function wu is complementary to the state constraint if and only
if ’
du >0, and / gxp)du, =0. (2.9)
0

For B € R, ¥ e R™*")* and ;. € BV, the costate equation associated with
(B, ¥, dp) is given by

—dp: = pe folur, x)de + g'(xp) dpy, foraa.r € [0, T1, (2.10)
with endpoint conditions
(=po, pr) = DEP¥ (xo, x7). 2.11)
Given (8, ¥, du) € RxR"1+m2)% 5 AL, the boundary value problem (2.10), (2.11) has
at most one solution. In addition, the condition of minimization of the pre-Hamiltonian
H implied by the Pontryagin’s Maximum Principle can be expressed as follows, for
aa.te[0,T],
Uy = Umin, if min > —o0 and p; f1(x;) > 0,
Ut = Umax, if umax < 400 and p; f1(x;) <0, (2.12)
Prf1(xt) =0, if umin < U < Umax.
Denote the quadruple of dual variables by A := (8, ¥, p, du), element of the space
EA =R, x R o By 5 M. (2.13)

The Lagrangian of the problem is

T T
L, x,2) = 8% (xo, x7) + /0 pi(f g, x0) — i) dr + /O gC)du.  (2.14)

Note that the costate equation (2.10) expresses the stationarity of £ with respect to the
state. For a feasible trajectory (u, x) € L>® x (W1%°)" define the set of Lagrange
multipliers as
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= (B, ¥ p,dp) € EN: (B, W, dp) #0; ]

AW ) =1 5 1)22.5) and (2.7)-(2.12) hold

(2.15)

Remark 1 We could as well call A(u, x) the set of Pontryagin multipliers since they
satisfy condition of minimization of the Hamiltonian. But since the dynamics is an
affine function of the control variable, the condition of minimization of the Hamiltonian
is equivalent to the stationarity condition (2.12) which gives the classical definition of
Lagrange multipliers in this setting.

In addition we set, for 8 € R,

Ag(u, x) = {(B, ¥, p,du) € A(u, x)}. (2.16)

Since A(u, x) is a cone we have that

_ Ry A, x), if Ao(u, x) =9,
A, x) = [ Ag(u, x) + Ry Aq(u, x), otherwise. .17
Consider a nominal feasible trajectory (i, £) € L™ x (W), Set
A; = Dy f(u;, %), forrel0,T]. (2.18)

From now on, when the argument of a function is omitted, we mean that it is evaluated
at the nominal pair (i, X). In particular, we write A to refer to A(#, X).
For (v, 2%) € L® xR", let z[v, z°] € (W"°°)" denote the solution of the linearized
State equation
2t = Asze + v f1y, foraa.tel0,T], (2.19)

with initial condition
20 = 2°. (2.20)

Let @ denote the function from L x R” to R™! that, to each (u, xg) € L™ x R”,
assigns the value (@ (xo, x7), ..., Py, (x0, x7)), where x is the solution of (2.1)
associated with (u, xq). For some results obtained in this article, we shall consider the
following qualification condition, which corresponds to Robinson condition [39] (see
also (5.5) and Remark 10 in the “Appendix”):

(i) D®g(i, Xo) is onto from L™ x R” to R"!,
(ii) there exists (7, z%) € L® x R” in the kernel of D®g (i1, X9),
such that, for some ¢ > 0, setting 7 = z[v, ZO], one has:
U + U € [Umin + &, Umax — €], fora.a.t e [0, T],
g(x) + g (X)zr <0, forallr € [0, T],
@/ (%o, x7)(Z°, 21) < 0, if @; (R0, X7) = 0, forny +1 <i <ny +no.

2.21)
Here the notation #; + U; € [Umin + &, Umax — €] means that, a.e., i; + Uy € [Umin +
&, +00) if max = +00 and um;, is finite; i; + v; € (—00, Umax — &) if Umin = —00

and umayx 1s finite; and #; + v; € R if neither umin NOT Umax 1S finite.
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Definition 1 A weak minimum for (P) is a feasible trajectory (u, x) such that
¢ (x0, x7) < ¢ (X0, X7) for any feasible (i, x) for which || (i, X) — (u, x)||co is small
enough.

Theorem 1 Assume that (i, X) is a weak minimum for (P). Then (i) the set A of
Lagrange multipliers is nonempty, (ii) if the qualification condition (2.21) holds, then
Ao is empty, and Ay is bounded and weakly* compact.

Proof If (2.21)(i) holds, we deduce the result from proposition (8). Otherwise, there
exists some nonzero ¥ in the image of normal space to D®g (i, %o). Setting ¥; =0
foralln; <i <nj+ny,and p = 0, we obtain a (singular) Lagrange multiplier. This
ends the proof.

2.3 Jump conditions

Given a function of time 4 : [0, T] — RY for d € N, we define its jump at time
t € [0, T] by
[A;] :=h(t+) — h(t—), (2.22)

when the left and right limits, /2 (#—) and i (¢+), respectively, exist and are finite. Here
we adopt the convention #(0—) := hg and h(T +) := hr. For any function of bounded
variation the associated jump function is well-defined. For a function defined almost
everywhere with respect to the Lebesgue measure, we will accord that its jump at time
t is the jump at ¢ of a representative of this function for which the left and right limit
exist, provided that such a representative exists. By the costate equation (2.10), we
have that, for any (8, ¥, p,duw) € A,

[ Q) [p = —[pelg (), (223)
(ii) [Hu(f)] = [pl f1 (X)) = —[pelg' (Re) f1(Xr). ’

In addition, if [#,] makes sense, then the jump in the derivative of the state constraint
exists and satisfies

d
[ag()@)] = [a,18' (&) fr(Ro). (2.24)

Lemmal Let (B8,Y, p,du) € A. Then, ift € [0, T] is such that [H,(¢)] = 0 and
g (X)) f1(x;) # 0, then p is continuous at t.

Proof 1t follows from item (ii) in Eq. (2.23).
Lemma 2 Lett € (0, T) be such that [ii;] makes sense. Then the following conditions
hold

(i) [a]H, ()] =0,

.. d . (2.25)
(1) [pr] [Eg(xt)] =0.
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Proof Note that

d
1223 [58()@)] = (18 (Rp) f1 Go)ldae] = —[Hyu (][], (2.26)

where the last equality follows from (2.23). This implies that (i) is equivalent to (ii),
and so we only need to prove (i), which holds trivially when [;] = 0. Hence, let us
assume that [p;] # 0. Then g(x;) = 0 in view of (2.9) and, necessarily, r — g(x;)
attains its maximum at ¢, so that [%g()@)] < 0.Sincedyu > 0, it follows that [, ] > 0,
and therefore by (2.26), [H, ()][i,] > 0. However, the converse inequality holds in
view of (2.12). The conclusion follows.

We say that the state constraint is of first order if

§'G) fi(&) #0, when g(%) =0. (2.27)

Corollary 1 Assume that the state constraint is of first order. Then if the control has
a jump at time T € (0, T) for which g(x;) = 0, then | is continuous at t for any
associated multiplier (8, ¥, p,du) € A.

Proof From the identity (2.25) in Lemma 2, if [ii;] # 0, then [H, ()] = 0. The latter
implies that [u,] = 0, in view of the second equality in (2.26) and since the state
constraint is of first order, i.e. (2.27) holds.

We refer to Remark 3 regarding the link between previous Corollary 1 and Maurer
[29].

Remark 2 Let us illustrate by means of this example that the associated © might have
jumps at the initial and or at final times. In fact, consider the problem

min x1,7 + X2,7;
)‘Cl,t =u; €[—1,1]; )'Cz,t = X1,t;
glx1) =—x1;,<0; x10=1, x20=0.

with 7 = 2, and note that

. [-1 onfo.1],
“Z1 0 on(l,2]

is optimal for it. Over [0, 1) the state constraint is not active, and on [1, 2] it is. The
Hamiltonian here is H = pju + pyxi, the costate being p = (p1, p2). We obtain
p2 = 0,s0 that po;, = po.r = 1, and —dp; = dr — du with boundary condition
p1(1) = 1. Furthermore, on the constraint arc (1, 2) we necessarily have H, = 0,
leading to p; = 0. We conclude that [pr] = 1 and therefore, due to (2.23), [ur] =1,
this is, ;o jumps at the final time.
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2.4 Arcs and junction points

The contact set associated with the state constraint is defined as
C:={rel0,T]: gx) =0}. (2.28)

For 0 < a < b < T, we say that (a, b) is a (maximal) active arc for the state
constraint, or a C arc, if C contains (a, b), but no open interval in which (a, b) is
strictly contained. Note that, since ¢ > g(%;) is continuous, the set C consists of a
countable union of arcs, which can be ordered by size. We say that t € (0,7T) is a
Jjunction point of the state constraint if it is the extreme point of a C arc.

We give similar definitions for the control constraint, paying attention to the fact
that the control variable is not continuous, and is defined only almost everywhere. So,
we define the contact and interior sets for the control bounds as

[ B_:={tel0,T]: u; = umin}, (2.29)

By ={te[0,T]: i = Umax )

and set B := B_ U B,. We shall make clear that if uyj, = —oo then B_ = {J and,
analogously, if umax = +00 then B = @J. These sets are defined up to a null measure
set and they can be identified with their characteristic functions. We define arcs in
a similar way, using representatives of the characteristic functions. That is, we say
that (a, b) is a B_, By arc (or simply B arc if we do not want to precise in which
bound # lies) if (a, b) is included, up to a null measure set, in B_, B, (in B_ or By)
respectively, but no open interval strictly containing (a, b) is. Finally, let S denote the
singular set

S:={te[0,T]: umin < Uy < umax and g(x;) < 0}. (2.30)

Junction times are in general points T € (0, T') at which the trajectory (X, it) switches
from one type of arc (B_, B4, C or S) to another type. We may have, for instance,
CS junctions, BC junctions, etc. With BC control we refer to a control that is a
concatenation of a bang arc and a constrained arc, and we extend this notation for any
finite sequence, i.e. SC, SBC, etc.

Remark 3 The result in Corollary 1 above was proved by Maurer [29] at times T €
(0, T) being junction points of the state constraint, and extended to state constraints
of any order.

Consider the following geometric hypotheses on the control structure:

(1) the interval [0, T] is (up to a zero measure set) the disjoint
union of finitely many arcs of type B, C and S,

(ii) the control # is at uniformly positive distance of the bounds (2.31)
Umin and umax, over C and S arcs,

(iii) the control z is discontinuous at CS and SC junctions.
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Remark 4 Condition (2.31)(ii) implies the discontinuity of the control at BS and SB
junctions. Therefore, (2.31) yields the discontinuity of the control at any junction.

Observe that the example in Remark 2 above verifies the structural hypothesis
(2.31).
Let us note that we can rewrite the condition (2.27) of first order state constraint as

g'(x) fi(&) #0, onC. (2.32)

From g(x;) = 0 on C, we get

d . R . N oa
0= 8@ =g @) (fod) +ifi(5), onC, (2.33)
and, whenever (2.32) holds, we obtain that

Jon N

i, = _g/(ft)fO(ft)’ on C. (2.34)
&' (xr) f1(Xr)

In the remainder of the article we assume that (X, ) satisfies the geometric hypotheses

(2.31) and that the state constraint is of first order, that is, (2.32) holds true.

2.5 About du

Observe that, along a constrained arc (a, b), over which umin < #; < umax a.e.,
in view of the minimum condition (2.12), we have that H, = pf; = 0, for any
(B, ¥, p,du) € A.Differentiating this equation with respect to time and using (2.10),
we get

0=dH, = plfi. foldt — ¢’ frdu. (2.35)

Thus, since the state constraint is of first order, du has a density v > 0 over C given
by the absolutely continuous function

_ S folGo)

[0, T R, = = —, 2.36
v S g/ (X)) f1(X¢) (230

where [X, Y] := X'Y — Y’X denotes the Lie bracket associated to a pair of vector
fields X, Y : R" — R".

3 Second order necessary conditions

In this section we state second order necessary conditions for weak optimality of
problem (P). We start by defining the cones of critical directions and giving necessary
conditions, obtained by applying the abstract result in Theorem 8 in the “Appendix”.
Afterwards, we present the Goh transformation [18] and we state second order condi-
tions in the transformed variables.
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3.1 Critical directions

Let us extend the use of z[v, zo] to denote the solution of the linearized state equa-
tion (2.19), (2.20) for (v, z°) € L? x R”, and let us write T to refer to the fangent
cone to {0}gn x R at the point (%o, £7), given by

Tp :={O}gn X {n e R™; n; <0 :if <15,11+,~()20,£T) =0,i=1,...,n}.
Forv € L?and zg € R", consider the linearization of the cost and endpoint constraints

[¢'(£0, x7)(z0, 27) <0,

~ A 1
&' (Ro. £1)(z0. 21) € To, G-

where z := z[v, z¢o]. Define the critical cone as the set

0o (v,2) € L™ x (Who®)" : (v, 7) satisfies (2.19) and (3.1), (32)
" lw>=0aeonB_, vy <0aeonBy, gE)z<0onC|’ '

Define the strict critical cone,
Cs:={(v,2) €C:v, =0 ae onBs, g'(%)z; =0 onC}. (3.3)

Note that the strict critical cone is a polyhedron of a closed subspace of L x (W 1->°)",
Consider the following weak complementarity condition: there exists a Lagrange mul-
tiplier (B8, ¥, p,du) € A (defined in (2.15)) such that

(3.4)

(i) H,(i, x, p) #0, ae.over B,
(ii) the support of du is C.

We have the following identity:
Proposition 1 Assume that the weak complementarity condition (3.4) holds, then the

critical and strict critical cones coincide, this is C = Cg.

3.2 Radiality of critical directions

In order to prove the necessary condition of Theorem 2 below, we make use of the
abstract result in Theorem 8 of the “Appendix” and of its related concepts. We consider
in particular radial critical directions as given in Definition 7 of Sect. 5.2. For our
optimal control problem, an element (v, z) of C is said to be radial if and only if, for
some o > 0, the following conditions are satisfied:

Umin < Uy + 0V < Umax, a.e.on[0, 7], (3.5)
g(x) + Ug/()?,)z, <0, forallt €0, T]. 3.6)
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Recall hypotheses (2.31) and (2.32) on the control structure and the order of the
state constraint, respectively.

Proposition 2 Any critical direction (in C) is radial.

Proof Let (v, z) € C. Relation (3.5) holds for o > 0 small enough over B arcs, and
on S and C arcs by (2.31)(ii). Relation (3.6) trivially holds over C arcs and, since the
state constraint is not active over B and S arcs, it does also hold over these arcs, except
perhaps in the vicinity of entry or exit points to C arcs. For ¢ € [0, T], let §; denote the
distance between ¢ and C. By (2.31)(ii)—(iii) and (2.32), % g(x;) has a jump at the entry
and exit points of any C arc. Let us check that, for ¢ > 0 and 0 > 0 small enough, we
have g(X;)+0g'(x,)z; < Oforallz € [0, T]suchthatd, € (0, ¢). For such 7, reducing
¢ > 0 if necessary, we have that g(X;) < —c18,. On the other hand, since g’(X;)z; is
Lipschitz continuous and nonpositive over C arcs, we have that g’ (X;)z; < ¢28;, where
¢z > 0 depends on v. Therefore, g(x;) + o0g'(X;)z; < (oca — ¢1)8; < 0 as soon as
o < c1/ca. The conclusion follows.

We next give an example of a problem in which the optimal control is not discontin-
uous at the junction points of C arcs, but whose associated critical cone is nevertheless

radial since it reduces to {0}.

Remark 5 Let us consider the problem

2
min/ x1 dt,
0

X1y =u;se[-1,11, x2;,=1, ae.on[0,T], (.7
x10=1,x0=0; —(x2; — > —x1,, < 0over [0, T].
Notice that x; = ¢ and that the state constraint is of first order since g(x) :=

—(xp — 1)2 — x satisfies %g(x,) = —2(x3; — 1) —u+t. Thus, u; = =2t — 1)
on a constraint arc. It is easy to see that the optimal control is of type B_C B_. More
precisely,

-1, t €[0,1],
=14 -20t—-1), te(,3/2], (3.8)
-1, te3/2,2].

Thus, i is continuous at the junction time ¢t = 3/2. Yet, since no singular arc occurs,
the critical cone reduces to {0} and, therefore, any critical direction is radial.

3.3 Statement of second order necessary conditions

Next we state a second order necessary condition in terms of the Hessian of the
Lagrangian £ (which respect to (u, x)), which is given by the quadratic form

0:= 0"+ 0F + 08, (3.9)
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where ’
QO(U’ Z,A) = / (ZtT Hyx zp + 20 Hyy Zt)dt,
0

0Fw, z, 1) := D*PY (20, 21)%, (3.10)
T
04wz h = [ 2 ¢
0

We recall that the Lagrangian £ was defined in (2.14).

Proposition 3 For every multiplier .. € A, we have
Dy, o LG, 2, )0, 2 = Q,z,4),  forall (v,2) €C. (3.11)

As a consequence of Proposition 2 and Theorem 8 in the “Appendix”, the following
result holds.

Theorem 2 (Second order necessary condition) Assume that (i, X) is a weak minimum
of problem (P). Then

rkna/)f OW,z,2) >0, forall (v,z)e€C. (3.12)
€

3.4 Goh transformation and primitives of critical directions

For (v,z°) € L™ x R", and z := z[v, z°] being the solution of the linearized state
equation (2.19), (2.20), let us set,

t
e :=/0 vds; & =z —wfiGG), fort €0, 7], (3.13)

This change of variables is called Goh transformation [18]. Defining E; := A, f1(X;)—
% f1(x;) (where A was defined in (2.18)), observe that & is solution of

£ = Ak + i Ey, (3.14)
on the interval [0, T'], with initial condition
£ = 2"

Consider the set of strict primitive critical directions
Psi= {1, 6) € Wh s Rx (WH)" 1 5o =0, yr = h, (3§ + /1) € Cs}

and let Py denote its closure with respect to the L> x R x (H')" —topology. The final
value yr of y is involved in the definition of Py since it becomes an independent vari-
able when we consider its closure. We provide a characterization of Pg in Theorem 3
below.
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Let us note that if (v, z) € Cg is a strict critical direction, then (y, &) given by Goh
transform (3.13) satisfies the following conditions:

() ') (& +yifi(E)) =0on C, a15)

(i1) y is constant on each B arc, ’
and if (v, z) satisfies the linearized endpoint relations (3.1), then

@' (X0, £1) (60, &7 + hf1(G7)) <0, 3.16)

@' (R0, X7) (50, &7 + hf1(57)) € To, '
where we set h := yr. In the sequel we let 0 =: Ty < 7] < --- < Ty := T denote

the union of the set of junction times with {0, T'}.
A B arc starting at time O (respectively ending attime 7") is called a B+ (respectively
Bry) arc.

Proposition 4 Any (y,h,§&) € ’P_S verifies (3.15), (3.16) and

(1) y is continuous at the BC, CB and B B junctions,
(i) yr =0, on Bo+ if a Byt arc exists,

(iii) y; = h, on Br+ if a Bri arc exists,

(iv) limyyr yr = h, if T € C.

(3.17)

Proof Let (v, h, &) € Ps be the limit of a sequence Ok, y?, &6y,  Pginthe L? x
R x (H')"—topology. By the Ascoli—Arzela theorem, if (y¥) is equi-bounded and
equi-Lipschitz continuous over an interval [a, b], then y* — y uniformly over [a, b]
and the limit function y is Lipschitz continuous on [a, b]. Consequently, we obtain
that y is constant over B arcs, and continuous at BC, C B and B B junctions. We can
prove the other statements by an analogous reasoning. O

Define the set
P2 = {(y, hE) e L2 xRx (HY' : (3.14)-(3.17) hold} . (3.18)
Then the following characterization holds.

Theorem 3 We have that Pé = Ps.

Proof That Ps C Pg follows from Proposition 4. Let us prove the converse inclusion.
Define the linear space

Z =

N
(v, yr.§) € Wh s Rox | [TWh(E-1,8)"
i . (319

yo =0, (3.14) holds at each (;_1, ;), and (3.15) holds
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that is obtained from Pg by removing condition (3.16) and allowing & to be discon-
tinuous at the junctions 7;, j =1,...N — L.
Let (y,h, &) € Pg. For any ¢ > 0, we now construct (ye, Ye.7, &) € Z such that
Ye,r = h and
Iy = yell2 + 1§ — &clloo = o(D). (3.20)

First set
Ye,r ‘= Vit %_8,[ =&, onBUC. (3.21)

On S, define y, in such a way that y, € W1*°°(0, T), the values at the junction times
are fixed in the following way:

ye(Tj+) = y(t;—), ifT; > Ois an entry point of an S arc,
ye(Tj—) = y(t;4), ifT; < T is an exit point of an § arc, (3.22)
Yeo=0, if0eS; yer=h, ifT €S,

and ||y — yell2 < &. Such an y, exists, see [6, Lemma8.1]. Define & over each S
arc by integrating (3.14) over the respective arc with y = y, and the initial condition
&:.r = &, where 7 denotes the entry point of the arc. Then (y;, ye, 7, &) € Z satisfies
the estimate (3.20). In particular, we have

& (Tj—) — &:(TjH)| = l&(Tj—) — (Tl =o(1), forall j=1,....N—1,

(3.23)

19" (X0, £7)(§6,0, &, 7 + [1(XT) e, 1) — @' (R0, X7) (60, &7 + f1(XT)M)| = o(1),
(3.24)

|®' (X0, £7)(§6,0, &7 + [1(E7)ye, 1) — @' (R0, X1) (0, §7 + f1(X7)R)| = 0(1).
(3.25)

Notice that the cone Py is obtained from Z by adding the constraints in (3.16) and
the continuity conditions

E(fj—) —&@F+) =0, forallj=1,...,N—1. (3.26)

In view of Hgffman’s lemma [22] and estimates (3.23)—(3.25), we get that there
exists (e, Ve, 7, &) € Ps such that

[Fe — vell2 + & — Eelloc = 0(1). (3.27)

Finally, from (3.20) and (3.27) we have that

15 = yll2 + I1& — &lloo = o(1), (3.28)

and hence, the density of Py in Pg follows.
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3.5 Goh transformation on the Hessian of Lagrangian

Next, we want to express each of the quadratic functions in (3.9), (3.10) as functions
of (y, h, &). For the terms that are quadratic in z, it suffices to replace z by & + f1(X)y
as given in Goh transform. With this aim, set for (y, h, &) € L? x R x (H"Y" and
A= (:3’ v, P dM) €A,

27y, h, &, 1) :=2h Hyx 7é1 + h Hyx 7 f1(XT)A,
2%y h. &) = /0 ' (& Hex& + 2y, ME& + y Ry)dt,
2F (. h.&.2) = DXPY &0 &1 + LGN, (3.29)
28(y, h &, 1) = /0 T(& + G0 G E + fiG)y)due,
Q=027+ 2"+ 2F + 28,
with
M := f'Hyy — Hyx — Hyx A, (3.30)

d
R:= f|' Hox fi — 2H E — o (Hux ). (3.31)

Here, when we omit the argument of M, R, H or its derivatives, we mean that they
are evaluated at (X, i, A).

Remark 6 Easy computations show that R does not depend on u. More precisely, R
is given by

RGyr, Ao) = pi[Lfo, A1l 1] Go) + &' Go) £ (G f1Gowi, (3.32)

where v is the density of du given in (2.36).

Proposition 5 Let (v,z) € L> x (HY)" be a solution of (2.19) and let (y, &) be
defined by the Goh transformation (3.13). Then, for any . € A,

QW,z,A) = 82(y,y7, 8, 1). (3.33)

Proof Take (v, z) and (y, &) as in the statement. It is straightforward to prove that
Q% (.2, 1) =R (v, yr, € 2), and Q%(v,z,2) = 2%(y, yr.§,3).  (3.34)

In order to prove the equality between Q° and £2°, let us replace each occurrence of z
in Q°, by its expression in the Goh transformation (3.13), i.e. change z by & + f1(X)y.
The first term in Q° can be written as

T T
/ T Hyzdr = / E+ fiy) Hex (6 + f1y)dr. (335)
0 0
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Let us consider the second term in Q° :

T T
/ vH, (& + fiy)de =/ (UHuxf;: + UHuxfly)dl‘. (3.36)
0 0

Integrating by parts the first term in previous equation we get

T T
/ vH,§dt = [yHuxg]g _/ Y(Huxé + Huxé)dt
0 0 (3.37)

T
=yr Hyx ré71 _/) y(Hux%_ + H,xA§ + Hy Ey)dr.

For the second term in the right hand-side of (3.36) we obtain

T T d
/O vHy, fiydt = [yHuxfIY]g _/0 y (E(Huxfl)y + Huxflv) dr. (3.38)

This identity yields the following

T

T
d
/ vH,x f1ydt = %yTHux,TflyT - %/ yzd_t(Huxfl)dt- (3.39)
0 0

From (3.35), (3.37) and (3.39) we get the desired result.

3.6 Second order necessary condition in the new variables

We can obtain the following new necessary condition in the variables after Goh’s
transformation.

Theorem 4 If (i1, X) is a weak minimum, then

max Q(y. h,§,2) 2 0. forall (y.h.§) € PI. (3.40)
€

Proof Let us assume first that the qualification condition (2.21)(i) does not hold.
Therefore, there exists a nonzero element ¥ in [Im D (i, )?())]L. Hence, the multi-
plier A composed by such ¥, and having (8, ¥, di) := 0 and the associated costate
p, is a Lagrange multiplier, as well as its opposite —A. Therefore, either 2(y, &, &, 1)
or $2(y, h, &, —)) is greater or equal zero, and the conclusion follows.

Let us now consider the case when (2.21)(i) holds true. Then, the corresponding
abstract problem (P4) (defined in the “Appendix 5.17) verifies the qualification con-
dition (5.5)(i). Recall the definition of Ain (5.10), and the corresponding set Ay (see
(2.16)). In view of Theorem 6, Ay is non empty and bounded. Furthermore, due to
the Banach—Alaoglu Theorem, and since the space of continuous functions in [0, T']
is separable, we get that Aqis weakly* sequentially compact.
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Consider now (y, h, &) € Pg. By Theorem 3, there exists a sequence (yk, y?, Ek)
in Pgs such that

(yk, y?, g5 - (y,h,&), inthe L2 xR x (H])”-topology. (3.41)
By Proposition 5, forall A € A,
Q0 yi &y =008 ), (3.42)

where vf := %yk and zF == Sk + fi yk. For each (vk, zk), due to Theorem 2, there
exists Ak € A for which
o0, .0 =0 (3.43)

Let Ax be the corresponding element of A given by the bijection (5.11), and consider
Ax € A such that A = (1, ). Then

ok, X, %) >0, (3.44)

in view of (3.43) and since A is obtained from A; by multiplying by a positive scalar.
Given that A; is weakly* sequentially compact, there exists a subsequence (Ai) j

weakly* convergent to A = (1, 1) € A;, where A € A. Thus, A X Xin A and we
get

Q(y.h.£.2) = lim 20 yp. 65,05 = 1im 0%, 5.5 =0, (349
k— 00 k— 00
This concludes the proof. O

4 Second order sufficient conditions

In this section we show a second order sufficient condition in terms of the uniform
positivity of £2 and guaranteeing that the nominal solution (i, X) is a strict Pontryagin
minimum whenever this condition is satisfied.

To state the main result of this section (see Theorem 5) we need to introduce the
following concepts.

Definition 2 We say that (i, X) is a Pontryagin minimum of problem (P) if for any

M > 0, there exists gy > 0 such that (i, X) is a minimum in the set of feasible
trajectories (u, x) satisfying

lx = Xlloo + llu —itlly < ep,  lu—illo < M. 4.1

A sequence (vg) C L is said to converge to 0 in the Pontryagin sense if |Jvg]l; — 0
and there exists M > 0 such that ||v||cc < M, forall k € N.
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Definition 3 Let us define the function y : L? x R x R” — R, given by

T
Y (3, 30) = /0 y2dt + 1% + Jxol. 42)

We say that (iz, x) satisfies the y —growth condition in the Pontryagin sense if there
exists p > 0 such that, for every sequence of feasible variations (vg, 8xx) having (vg)
convergent to 0 in the Pontryagin sense and xx 0 — 0, one has

¢ (Xo + 8xk,7, X1 + 0xk,7) — @ (%0, X17) = pY (ks YE. T X£.0), (4.3)
for k large enough, where yj ; := fot v sds, fort € [0, T'].
Definition 4 We say that (iz, x) satisfies strict complementarity condition for the con-
trol constraints if the following conditions hold:
6)) I)}’la{)‘( H, (it;, X;, py) > 0, for all  in the interior of B_,
€
(ii) 1)3112 H, (it;, X, pr) < 0, for all 7 in the interior of B,
€
(iii) rknaj‘( H, (i19, X0, po) > 0,if0 € B_, and I){la/)‘( H,(ir, X7, pr) > 0,if T € B_,
S €

min Hy (&g, X0, po) < 0, if 0 € B4, and min H, (ir, X7, pr) <0, if T € By.
reA rEA
Consider the following extended cones of critical directions (compare to Pé defined
in (3.18)):

7?2 ={(y,h, &) € L*> x R x (HY" : (3.14)=(3.16), (3.17)(ii)—(iii) hold},

ff)2 ._ {( h P2 . : (44)
— {(y, h, &) € P2 : (3.17)(iv) holds},

and

P2 Hfﬂ, it T € Cand [i(T)] > 0, forsome (B, W, p.du) € A, 45
x T ’\2 . *
P+, otherwise.

Let us recall the definition of Legendre form (see e.g. [21]):

Definition 5 Let W be a Hilbert space. We say that a quadratic mapping Q : W — R
is a Legendre form if it is sequentially weakly lower semi continuous such that, if
wy — w weakly in W and Q(wy) — Q(w), then wy — w strongly.

Theorem 5 Suppose that the following conditions hold true:

(1) (@, X) satisfies strict complementarity for the control constraint and the comple-
mentarity for the state constraint (3.4)(ii);

(i) for each . € A, $2(-, L) is a Legendre form in the linear space {(y,h,§) €
L2 x R x (HY" : (3.14) holds}; and
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(iii) there exists p > 0 such that

max 2(y, h.£.3) = py (y.h. k). forall (y.h.6) €P;.  (46)
€

Then (i1, x) is a Pontryagin minimum satisfying y —growth.
Remark 7 We have that £2(-, A) is a Legendre form iff there exists « > 0, such that,
forevery A € A,

R, k) + iG)Tg"@) fiGGve >« on [0, T, 4.7

where v is the density of du, which vanishes on [0, T]\C, and is given by the expres-
sion (2.36) on the set C. See [21] for more details.

The remainder of this section is devoted to the proof of Theorem 5. We first show
the technical results in Lemma 3, Propositions 6 and 7, and then give the proof of the
Theorem 5.

For the lemma below recall the definition of the Lagrangian function £ which was
given in (2.14).

Lemma 3 Let (u,x) € L2 x (HY" be a solution of (2.1), and set (8x,8u) :=
(x,u) — (X, ). Then, the following expression for the Lagrangian function holds for
every multiplier .. € A,

L(u,x,\) = L3, %, 0) + O@u, 8x, 1) + r(Su, dx, 1), 4.8)
where ’
O(Su, 8x, 1) :=/ H,8udt + Q(Su, 8x, 1)
0
and

r(8u, 8x) := O(|(8x0, 8x7)|)

T T
+/ {%Huxx(Su,Sx,é;x)+p(12+8u)(9(|8x|3)}dt+/ O(I8x]%)dpu.
0 0

Proof Let us consider the following second order Taylor expansions, written in com-
pact form,

P (xo, x7) = 0P¥ + DEPY (8x0, 8x7) + 1 D 0P (8x0, 8x7)2 +O(|(8x0, 8x7)1,
fiGe) = fir + Dfidxr + §D* fix7 + O(16x), i =0,1,

g(x) = Sg + Dgdx, + Lg"8x2 + O(16x]%).
4.9)
Observe that

T T
DEPY (8xg, 8x7) = [p 8x1% =/ p(—fx8x+8}c)dt—/ g (X)dxdu. (4.10)
0 0
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Using the identities (4.9) and (4.10) in the following equation

T T
»C(M,X,K)=fﬂ’w(x0,xr)+/0 p(fo+uf1—5c)dt+/0 gdp,  (@11)

we obtain the desired expression for L(u, x, 1). The result follows. O
In view of the previous Lemma 3 and [6, Lemma 8.4] we can prove the following:

Proposition 6 Let (v) C L™ be a sequence converging to 0 in the Pontryagin sense
and (xx,0) a sequence in R" converging to Xo. Set uy := u + vk, and let xi be the
corresponding solution of Eq. (2.1) with initial value equal to xi . Then, for every
A € A, one has

T
c(uk,xk,x)=c(ﬁ,f,x>+/ Hy(tvesdt + O, 710 0) + o), (@412)
0

where zj := z[vk, Xk,0 — R0l Yer = Jo Ve.sds and v ==y (k. Yi,1+ Xk,0 — Ko).
Remark 8 Notice that Lemma 8.4 in [6] was proved for y depending only on (y, k)
since the initial value xo was fixed throughout the article, while here y depends also

on the initial variation of the state. The extension of Lemmas 8.3 and 8.4 in [6] for the
case with variable initial state are immediate, and the proofs are given in detail in [5].

Proposition 7 Let (p, du) € (BV)™ x M verify the costate equation (2.10), (2.11),
and let (v, z) € L* x (HY)" satisfy the linearized state equation (2.19). Then,

T T
/ ¢ G zidpy + DEPY (20, z7) = / H, (t)v,dt. (4.13)
0 0

Proof Note that
T T n T
oo A A
/ g (X)zdpy = —/ ZZj,thj,t —/ Pr [ (g, X))z dt
0 0 i=1 0
/ Zz,,dp,t - / piGi— fiGovyde  (414)
0

—[pz / H, (t)vdr.

The wanted result follows from latter equation and the boundary conditions (2.11). O

Proof (of Theorem 5). Let us suppose on the contrary that the conclusion does not
hold. Hence, there should exist a sequence (vk, xx,0) C L* x R" of non identically
zero functions having (vg) converging to 0 in the Pontryagin sense and x; ¢ — Xo, and
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such that, setting uy := it + vy, the corresponding solutions xj of (2.1) are feasible
and
¢ (xk.0, Xk, 7) < (X0, £7) + 0(¥k), (4.15)

where yi ; 1= fot vk.sds and vk := ¥ (Vk, Y. T, Xk.0 — X0). Set zx := z[vk, zk.0] With
2k,0 := Xk,0 — Xo. Take any A = (B8, ¥, p,du) € A, and multiply inequality (4.15)
by B (which is nonnegative), afterwards add the nonpositive term ¥ - @ (x, 0, Xk,7) +
fOT g(xx)du to the left hand-side of the resulting inequality, and obtain the following:

L(ug, xg, ) < L3, X, L) + o(y).- (4.16)

Set (yx, h, ékyo) = (Vk» Yk.T» 2,0)/+/Vk- Note that the elements of this sequence
have unit norm in L?> x R x R”. By the Banach-Alaoglu Theorem, extracting if
necessary a subsequence, we may assume that there exists (7, 2, &) € L? x R x R”"
such that

& — ¥, and (h, &.0) — (h, &), (4.17)

where the first limit is given in the weak topology of L2. Define & as the solution of
(3.14) associated to y and the initial condition éo.

The remainder of the proof is split in two parts:

Fact 1: The weak limit (¥, /1, £) belongs to P2,

Fact 2: The inequality (4.16) contradicts the hypothesis of uniform positivity (4.6).

Proof of Fact 1. Recall the definition of the cone P2 given in Eq. (4.5). The proof of
Fact 1 into four parts, in which we establish: A) condition (3.15)(ii), B) (3.17)(ii)—(iii),
C) (3.15)(i) and (3.17)(iv), and D) that (¥, h, &) satisfies (3.16).

A) Let us show that (7, &z, €) verifies (3.15)(ii), i.e. ¥ is constant on each B arc.
From (4.12), (4.16) and the equivalence between Q and £2 stated in Proposition 35, it
follows that

T
— 828k, Yi» hies 1) + o(vi) Z/O Hy(t)vy,dr = 0, (4.18)

where & is solution of (3.14) corresponding to yi. The last inequality in (4.18) holds in
view of the minimum condition (2.12) and since i + vy satisfies the control constraint
(2.4). By the continuity of the mapping 2 over the space L> x R x (H')" and from
(4.18) we deduce that

T
0< / Hy(vegdt < O,
0

Hence, since the integrand in previous inequality is nonnegative for all k € N, we
have that

T
. Uk,t
1 H,(t —dt =0, 4.19

for any nonnegative C ! function ¢ : [0, T] — R.Letus consider, in particular, such a
function ¢ having its support included in a B arc (c, d). Integrating by parts in (4.19)
and in view of (4.17), we obtain

ddq dq
0=tim [ L (H,()p0) Fidi = / o Hu00) 7,
C

k—o0 /. dt
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Over (c, d), vi has constant sign and therefore, y is either nondecreasing or nonin-
creasing. Thus, we can integrate by parts in the previous equation to get

d
/ Hy(t)gd5; = 0. (4.20)

Take now any 79 € (c,d). By the strict complementary condition for the control
constraint assumed here (see Definition 4), there exists a multiplier a multiplier A=
B, ¥, p,dit) € A such that H, (i, X4y, Pr,) > 0. Hence, in view of the continuity
of H, on B,! there exists ¢ > 0 such that H, (ii;, %;, p;) > 0 on (tg — 2¢, tg + 2¢) C
(¢, d). Choose ¢ such that supp ¢ C (to — 2¢, t9 + 2¢), and H, (iis, X;, pr)g; = 1 on
(to — &, 10 + ¢). Since dy > 0, Eq. (4.20) yields

d fo+e
0= / H, (i, %, pHedy, > / H, (i, %, pr)eidy;
¢ f0=e (4.21)

to+e

=/ d)_’t = )_’t0+e - yzo—e~
0]

—&
As both ¢ and #y € (c, d) are arbitrary we deduce that
dy; =0, onB. 4.22)

Hence, (3, h, &) satisfies (3.15)(ii).

B) Assume now that a Byt arc exists, and let us prove that y = 0 on Bo+ (see the
definition of Byt in the paragraph preceding Proposition 4). Let Bo+ be equal to [0, #1]
for some #; > 0. Assume without loss of generality that I = wup, on [0, ¢]. Notice
that by the strict complementarity condition for the control constraint (condition (i)
of the present theorem) there exists A" = (8, ¥/, p’, du’) € A and ¢, § > 0 such that
H, (i, %, p;) > 8 forall r € [0, ], and thus, by considering in (4.19) a nonnegative
Lipschitz continuous function ¢ : [0, T] — R being equal to 1/§ on [0, ¢], we obtain

t

Vet = / Vks ds — 0, since vy > 0 on [0, #;]. Hence y = 0 on [0, ¢]. This last
0 «/Vk

assertion, together with (4.22), imply that y = 0 on By.

Suppose that T is in a boundary arc Br+. Let Br+ = [ty, T]. Then, we can derive

- - Uk, s
that for some ¢ > 0, yx.7 — Ykr = / ks
t Yk

argument analogous to the one above. Thus, y, = h on [T — &, T], and hence, by
(4.22) we get that

ds — Oforallt € [T —¢,T], by an

y=h, on(ty,T], if T € B. (4.23)

Therefore, (¥, h, &) verifies (3.17)(ii)—(iii)

1 Actually Hy, is continuous on B since p does not jump on B.
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C) Let us prove that (¥, i, &) satisfies (3.15)(i) and (3.17)(iv). For all r € [0, T'], a
first order Taylor expansion gives

0> g(xks) = g(&) + g (R)dxr + O(18x1.4 7). (4.24)
From latter estimate and [6, Lemma8.12], we deduce that
g Xk < o(Jv) + 0(|5xk,,|2), forallt € C. (4.25)

Let ¢ > 0 be some continuous function with support in C. From (4.25), we get that

T T
/ 08 () (ks + f1 (&) yx,)de =/ @18 (%) zk, dt
0 0 (4.26)

T
< lollos /0 (070 + 0(xesD)dr < 0(/7).

where the last inequality follows from [6, Lemma8.4]. Therefore, dividing by ./vk
and passing to the limit, we obtain

T
/0 @8’ (&) & + fi(E)I)dr < 0. (4.27)

Since ¢ is an arbitrary nonnegative continuous function with support in C (and C is a
finite union of intervals), we deduce that

g G)E + fik)y,) <0, foraa.teC. (4.28)
In particular, if 7 € C, we get from (4.25):
g'Gr)Er + filkip)h) <0 if T € C. (4.29)

Take (8, ¥, p,du) € A. By Proposition 7 and since umin < it + vg < tmax, We have

T T
Deﬁ’w()?o,)?T)(Zk,o,Zk,T)+/0 g (X)) zkrdpts :/o H,(t)vi,dr > 0. (4.30)

On the other hand, a first order Taylor expansion of 28-¥ and [6, Lemma8.12] lead to

DEPY (R, 37)(zk.0 z1) = L2 (0, xir) — €8 (o, &7) + 0(7)). (431)
Hence, by (4.30),
T
0 < P (g0, xi,7) — €07 (Ro, X7) + 0( V7)) +/ g (X)zi iy
0

J 4.32)
< B (. xir) — B (Gos 1) + 0T ) + /0 o
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where the last inequality holds since Z:’; :l"}rl Y D; (xk,0, Xk, 7) < 0. Observe now

that, due to (4.15), B¢ (xk.0, Xk, 7) — Bd (X0, XT) < 0(yx). Hence, by latter estimate
and from (4.32), we deduce that

1 T T _
—/ 8 (X)) zk,rd ks =/ &' &) Err + f1ED) Y )dp: > o(1). (4.33)
Ve Jo 0

Since du, has an essentially bounded density over [0, T'), we have that

T
0 <lim inf/ g (&) Grr + [1ED)Ie)dp
k—o0 Jo

= lim (/[0 . g R Es + fiEDe)dws + &' Rr)Er + AiED) i) [ (T)])

k— 00

= /[0 ” g RNE+ fiG)Idu + & Rr)Er + fiGEr)h)[(T)].

(4.34)
In view of (4.28), (4.29) and the complementary condition for the state constraint
(3.4)(i1), we get from (4.34) that

g'GE)E + fiG)y) =0, foraa.teC, (4.35)
and
g'()?T)(ér + fi (X7)h) =0, whenever T € C and [u(T)] > 0. (4.36)

Then, (y, h, é) satisfies (3.15)(i). Furthermore, if 7 € and [ (7T)] > O for some
A € A, itholds

(o N\ & I(oN\E
P S50 . ) 1) (437)
g ikr) o1 gGE) i) T
so that (3.17)(iv) holds.
D) We shall now prove (3.16). Leti =1, ..., n; + na, then

@/ Gio. &) Go. Er + fiEr)) = lim (o, by Sl ST £ NETT)

N4
— lim @Gy, £) SO kT).
k—00 \/ﬁ
(4.38)
A first order Taylor expansion of @; at (Xg, X7) and [6, Lemma8.12] yield
) ¢ ) - @ X ) X
cbi’()?o,)?r)(Zk’O Zk,T) _ Pi(xo Xk, T) i (X0, XT) +ol). (4.39)

Ve Ve
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Thus, from (4.38), (4.39) we get

@/ (R0, X1) (&0, E7 + fr(Er)h) =0, fori=1,...,ny,
@/ (R0, X1) (€0, Er + fr(Er)h) <0, fori =ny +1,...,n1 +na,
with @; ()’50, )27“) =0.

For the endpoint cost, we can obtain analogous expressions to (4.38), (4.39), and then,
from (4.15) we get

¢ (Xo, X1) (o, &7 + f1(Fr)h) < 0. (4.40)

Hence, (3.16) is verified.
We conclude that (y, 1, &) € Pf, this is, Fact 1 follows.
Proof of Fact 2. From equation (4.12) in Proposition 6 we obtain that

T
Q0 by £y 2) = Ll X, 1) — LG £,0) — / Ha(®)vr.1dt + 0(y0) < 0(y),
0

(4.41)
where the last inequality follows from (4.16) and since H, (¢#)vk, > 0, a.e. on [0, T'].
Hence,
hm mf 2 (v, hi, &k, A) < limsup 2 (yk, hi, &, 1) < 0. (4.42)
k— 00

Let us recall that, for each A € A, the mapping £2(-, 1) is a Legendre form in the
Hilbert space {(y, h, &) € L? xR x (HY)" : (3.14) holds} (in view of hypothesis (iii)
of the current theorem). In particular, for A € A reaching the maximum in (4.6) for

the critical direction (y, h, § ), one has

py (3, h, &) < (3, h, &, 1) =liminf 2k, hi, &, 1) <0, (4.43)
where the equality holds since £2 is a Legenc_lre_ form and the last inequality follows
from (4.42). In view of (4 43), we getthat (y, h, &9) = 0and lim £2 (yk, hy, &, A) = 0.
Consequently, (yk, Iy, &.0) converges strongly to (7, 2, &) = 0, which is a contra-

diction since (¥, Ay, ék o) has unit norm in L2 x R x R". We conclude that (i, %) is
a Pontryagin minimum satisfying y —growth in the Pontryagin sense.
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5 Appendix: On second order necessary conditions
5.1 General constraints
We will study an abstract optimization problem of the form

min f(x); Ggp(kx)=0, G;(x) € Ky, 5.1
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where X, Yg, Y; are Banach spaces, f : X > R,Gg: X — Yg,and G; : X — ¥

are functions of class C?, and K7 is a closed convex subset of ¥; with nonempty

interior. The subindex E is used to refer to ‘equalities’ and [ to ‘inequalities’.
Setting

Y: =Yg xY;, Gkx):=(Ggkx),Grx)), K :={0}x, x Ky, (5.2)
we can rewrite problem (5.1) in the more compact form
min f(x); G(x) € K. (Pa)

We use F(P,4) to denote the set of feasible solutions of (P4).

Remark 9 We refer to [10] for a systematic study of problem (P4). Here we will
take advantage of the product structure (that one can find in essentially all practical
applications) to introduce a non qualified version of second order necessary conditions
specialized to the case of quasi radial directions, that extends in some sense [10,
Theorem3.50]. See Kawasaki [25] for non radial directions.

The tangent cone (in the sense of convex analysis) to K; at y € K is defined as
Tk, (y) :={z e Yy : dist(y + 1z, K;) = o(t), witht > 0}, (5.3)
and the normal coneto Ky aty € Ky is
Nk, (y) :={* e Y} : (z",y —y) <0, forall y’ € K;}. (5.4)

In what follows, we shall study a nominal feasible solution x € F(P,) that may satisfy
or not the qualification condition

[ (1) DGEg(x) is onto, (5.5)

(ii) there exists z € Ker DG g (%) such that G;(x) + DG;(x)z € int(K).

The latter condition coincides with the qualification condition in (2.21) which was
introduced for the optimal control problem (P).

Remark 10 Condition (5.5) is equivalent to the Robinson qualification condition in
[39]. See the discussion in [10, Section 2.3.4].

The Lagrangian function of problem (Py4) is defined as
L(x,2) = Bf(x) + (A, GE(X)) + (A1, G (x)), (5.6)

where weset A := (B, Ag, A1) € Ry x Y x Y. Define the set of Lagrange multipliers
associated with x € F(Py) as

A(x) == {L € Ry X Y5 x Ng,(G(x)) : A #0, D,L(x, 1) =0}. (5.7)
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Let y; € int(Ky), y; # G;(x). We consider the following auxiliary problem, where
(x,y)e X xR:

miny; fx) - & =y, Gex)=0, y=-1/2,

—1 (APA)
yi+1+y) " (Gi(x) —yr) € K.

Note that we recognize the idea of a gauge function (see e.g. [40]) in the last constraint.

Lemma 4 Assume that X is a local solution of (Pa). Then (x, 0) is a local solution of
(APy).

Proof We easily check that (x,0) € F(AP4). Now take (x,y) € F(AP,4). Let us
prove that if —1/2 < y < 0, then x cannot be closed to x (in the norm of the
Banach space X). Assuming that —1/2 < y < 0, we get Gg(x) = 0, G;(x) €
K; + (—=y)yr € Ky, and f(x) < f(x). Since x is a local solution of (Py4), the x
cannot be too closed to x. The conclusion follows.

The Lagrangian function of (A P4), in qualified form, is

y+BU @)= fR) =)+ (e, GE) + p. yr + 1 4+y) " (Gr(x) —yn). (5.8)

or equivalently
L(x,2)+ (Bo— By + (A +y) " = 1)1, G1(x) — yi). (5.9

Setting A= (Bo, B, LE, A1), we see that the set of Lagrange multipliers of the auxiliary
problem (A Py4) at (x, 0) is

(5.10)

~ [?\e& x Ry x Yi x N, (G(%)) :A;éo,]
DyL(%, 1) =0; B+ (A1, G (X) —yr) =1 |

Proposition 8 Suppose that (5.5)(i) holds. Then, the mapping

B+ A, Gr(x) —y1), B, Ag, A1)
JAES A 5.11
(B, AE, Ap) > 5+ 0. G —n) (5.11)

is a bijection between A(X) and Ay (recall the definition in (2.16)).

Proof Since (5.5)(i) holds, then we necessarily have that (8, A7) # 0 for all A =
(B, AE, A1) € A(X). Therefore,if .; =0then 8 > Oand 8 + (A;, G;(x) — y;) > 0.
Ifby the contrary, A; # 0, then (A7, G;(x)—y;) > Oandagain, B+(A;, G;(x)—y;) >
0. Hence, the mapping in (5.11) is well-defined and is a bijection from A (%) to Al
as we wanted to show.

rI:heorem 6 Let X be a local solution of (Pa), such that DG g (x) is surjective. Then
A1 is non empty and bounded.
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Proof By lemma 4, (x, 0) is a local solution of (A P4). In addition the qualification
condition for the latter problem at the point (x, 0) states as follows: there exists (z, §) €
Ker DG (x) x R such that

Df(&)z <8, §>0,
Gi(X) + DG[(¥)z — 8(G(x) — yr) € int(K).

These conditions trivially hold for (z, §) = (0, 1). Hence, in view of classical results
by e.g. Robinson [39], the conclusion follows.

5.2 Second order necessary optimality conditions

Let us introduce the notation [a, b] to refer to the segment {pa + (1 — p)b; for p €
[0, 1]}, defined for any pair of points a, b in an arbitrary vector space Z.

Definition 6 Let y € K. We say that z € Y is a radial direction to K at y if [y, y +
ez] C K for some ¢ > 0, and a quasi-radial direction if dist(y + oz, K) = o(c?) for
o > 0.

Note that any radial direction is also quasi-radial, and both radial and quasi radial
directions are tangent. With X € F(P,4), we associate the crifical cone

C(X):={z€eX:Df(X)z<0, DGE(X)z=0, DG;(X)z € Tx(G;(X))}. (5.12)

Definition 7 We say that z € C(x) is a radial (quasi radial) critical direction for
problem (P4) if DG (x)z is a radial (quasi radial) direction to K at G (x). We write
Cor (%) for the set of quasi radial critical directions. The critical cone C (X) is quasi
radial if Cgg (%) is a dense subset of C(X).

It is immediate to check that Cgg(X) is a convex cone.
We next state primal second order necessary conditions for the problem (Pjy).
Consider the following optimization problem, where z € X, w € X and 0 € R:

min 6,
w,0

Df(®)w + D* f(#)(z, 2) <0,
DGg(®)w + D*Gg(R)(z,2) =0,
DG (X)w + D*G1(X)(z,2) — 0(G(X) — y1) € Tk (G (R)).

(Q2)

Theorem 7 Let (X, 0) be a local solution of (APy), such that DG g (X) is surjective,
and let h € Cogr(X). Then problem (Q;) is feasible, and has a nonnegative value.

Proof We shall first show that (Q;) is feasible. Since DG g(x) is surjective, there
exists w € X such that DG g (£)w + D2>Gg(X)(z, z) = 0. Since Tk (G (X)) is a cone,
the last equation divided by 6 > 0 is equivalent to

0~ (DG (®)w + D*G(R)(z,2)) + y1 — GR) € Tk (G[(R)). (5.13)
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Since y; € int(K;), we have that y; — G(X) € int Tx (G (X)), and therefore the last
constraint of (Q;) holds when 6 is large enough. So it does the first constraint, and
hence, (Q) is feasible.

We next have to show that we cannot have (w, 6y) € F(Q,) with 6y < 0. Let us
suppose, on the contrary, that there is such a feasible solution (w, 6p). Set 6 := 100.
Then Df (X)w + sz()?)(z, 7) < 6. Using (5.13) and y; € int(K;), we can easily
show that, for some & > 0:

DGi(®)w + D*G(£)(z.2) —0(G (%) — y1) + €B € T (G (R)). (5.14)
Consider, for o > 0, the path

Xo :=X+o0z7+ %azw. (5.15)

By a second order Taylor expansion we obtain that Gg(xy) = 0(0?). Since DG g (%)

is onto, by Lyusternik’s theorem [27], there exists a path xg =Xy + 0(02), such that
GE(x}) = 0. Assuming, without loss of generality, that G;(X) = 0, we get

Gi(x)) =0 DG (®)z + 30° [DG,()%)w + D*G(R)(z, z)] +o(0?). (5.16)

Setting
k(o) := (1 —0) loDG; %)z,
1(0) = ( ) ) 1(2) ) 5.17)
ka(0) := 0 (DG (X)w + D*G (%) (z, 2)),
we can rewrite (5.16) as
Gi(x))=(1—o0)ki(o) + %akz(o) + 0(c?). (5.18)
Since z is a quasi radial critical direction, there exists k; (o) € K; such that
o DG (%)z = K| (0) + 0(c?), (5.19)
and so,
Gi(x}) € (1 —0)K| + Yoka(0) + o(c?). (5.20)
Using (5.14) and G;(x) = 0 we obtain
ko(o) +00y; +0¢eB € K. (5.21)
Therefore, for o > 0 small enough
Gi(x}) e (1 —$0)K; + SoK; — Yo%(@y; +o(1)) C K, (5.22)

where we have used the fact that since 0 = G;(x) € K, we have that (remember that
0 <0): $02(—0)(y; +&B) C K.
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We check easily that f (x(’,) < 0, and so, we have constructed a feasible path for
(A Pa), contradicting the local optimality of (x, 0).

We conclude that such a solution (w, 6y) of (Q) with 8y < 0 cannot exist and,
therefore, (Q;) has nonnegative value.

We now present dual second order necessary conditions.

Theorem 8 Let X be alocal minimum of (P,), that satisfies the qualification condition
(5.5). Then, for every z € Cor(X),

max D2 L(%,1)(z,2) > 0. (5.23)
)

rEAG

Proof Since problem (Q;) is qualified with a finite nonnegative value, by the convex
duality theory [14], its dual has a nonnegative value and a nonempty set of solutions.
The Lagrangian of problem (Q;) in qualified form (89 = 1) can be written as

D L, Mw+ D2 L(B, %, M)(z,2) + (1—=B+ (A1, GR) —y1)0, (5.24)
where A = (B, Ag, A1) as before, and so, the dual problem of (Q_) can be written as

Max D} L(B. %, 1)(z.2); B+ (h, G(E) —y) = 1.
AEA(R)

The conclusion follows.

Remark 11 Whereas the above theorem follows from Cominetti [12] or Kawasaki
[25], our proof avoids the concepts of second order tangent set and its associated
calculus, used in these references. This considerably simplifies the proof.
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