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Resumo

Esse artigo apresenta um modelo dinamico de competicao em precos que incorpora tanto custos

de procura quanto custos de switching e onde que as decisões do consumidor e das firmas

são simultâneas. Dadas as hipóteses feitas nós veremos que este modelo possui equiĺıbrio. As

principais propriedades do equiĺıbrio deste modelo são: Se os custos de procura forem baixos o

suficiente, em equiĺıbrio o consumidor vai procurar todas as firmas no mercado enquanto que

o aumento dos custos de procura vai reduzir a proporção de firmas que o consumidor busca.

Um resultado contraintuitivo é que os preços esperados pagos pelo consumidor normalmente

decresce em nossas computações numéricas do equiĺıbrio quando os custos de procura aumentam.

Enquanto que aumentar os custos de switching também vai produzir o resultado contraituitivo

que as firmas unmatched vai diminuir suas ofertas de modo a atrair o consumidor.

Palavras-chave: Teoria Económica, Dispersão de Preços, Frições de Mercado



Abstract

This paper presents a dynamic model of price competition that incorporates both switching

and search costs and where the consumer’s and firms’ decisions are simultaneous. Given the

assumptions made we see that this model has an equilibrium. The main properties of the

equilibrium of the model are: If search costs are low enough in equilibrium consumer will

search all firms in the market while increasing search costs will decrease the proportion of

firms being searched. A counterintuitive result is that the expected prices paid by the consumer

usually decrease in our numerical computations of equilibrium when search costs increase. While

increasing switching costs will also produce the counterintuitive result that unmatched firms will

decrease their price offers in order to attract the consumer.

Keywords: Economic Theory, Price Dispersion, Market Frictions
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A Dynamic Model of Simultaneous
Price Competition with Switching and
Search Costs

Rafael Roos Guthmann

Abstract

This paper presents a dynamic model of price competition that incorporates both switch-

ing and search costs and where the consumer’s and firms’ decisions are simultaneous. Given

the assumptions of constant production costs and unbounded reserve prices, we see that

this model has an equilibrium. The main properties of the equilibrium of the model are:

First, that if search costs are low enough in equilibrium consumers will search all firms in

the market while increasing search costs will decrease the proportion of firms being searched.

A counterintuitive result is that the expected prices paid by the consumers usually decrease

in our numerical computations of equilibrium when search costs increase. While increas-

ing switching costs will also produce the counterintuitive result that unmatched firms will

decrease their price offers in order to attract consumers.

1 Introduction

One of the most fundamental principles in economic theory is the law of one price: that the

prices paid for the same good must be uniform across the market. After all, if two sellers sell

the same good for two different prices then rational buyers will purchase only from the lowest

priced seller. Therefore, if any seller wishes to sell anything at all his or her price must be the

same as the price practiced by the other sellers. But it is an ubiquitous fact that the law of

one price is not verified empirically in many markets. Prices for the same good can show great

variation in many markets and these discrepancies appear to be stable equilibrium features of

these markets as they persist for long periods of time.

To explain price dispersion as an equilibrium outcome of the choices made by rational eco-

nomic actors economists have employed the notions of search and switching costs to construct

models where price dispersion is the result of mixed pricing strategies played by the firms. Two

of the best examples of such models are [8] and [6]. Stahl’s model uses search costs to ex-

plain price dispersion. There are two basic ways to model consumer search, with fixed sample

search or with sequential search. In the fixed sample search model, first developed by [9], the

consumers chooses the optimal number of firms to search based on the expected distribution

of prices. The other way to model consumer search is the sequential search model, where the
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consumer searches each time the difference between the smallest known price and expected price

to be searched is smaller than the cost of the search. The sequential search model appears to be

more reasonable in a theoretical sense because if the consumer already finds a very low price in

his/her first search attempt, the consumer will not have the incentive to search again. Overall,

it has been determined theoretically that the optimal search strategy would be a combination

of fixed sample search and sequential search: the consumer searches samples of optimal size

sequentially. However, according to the evidence presented in [2], the empirical data appears

to indicate that consumers use the fixed sample search strategy instead of the sequential search

strategy, at least in the book market.

Stahl’s model is based on sequential search. In his model there are two groups of consumers,

one of these groups face costs in searching for the prices offered by the firms and the other

group has zero search costs. This allows the model to attain a mixed strategy equilibrium where

firms play probability distributions over prices. While in Padilla’s model we have overlapping

generations of consumers, which are not matched to any firm when they are young and when

they are old they become matched to the firm they shopped when they were young. This model

has an equilibrium with price dispersion where the matched firm and the unmatched firm plays

a distribution of prices such that the distribution of prices by the matched firm first order

stochastically dominates the price distribution played by the unmatched firm.

In this dissertation we use a modified version of [6] model of price dispersion with switching

costs. The model is modified to also include consumer search and hence, we should be able

to model both phenomena in the same model. We use fixed sample search in the model since

empirical findings regarding search (such as [2]) show, consumers appear to perform search in

a fixed sample fashion instead of a sequential fashion. This is an interesting result mainly

because sequential search would appear to be more optimal relative fixed sample search. But,

however, the empirical evidence indicates otherwise so we use fixed sample search in the model.

A theoretical explanation for the reason why consumers search in a fixed sample fashion may

use the assumption that the technology for collecting information may only allow fixed sample

search or that the costs of search would increase if search were performed sequentially to such

a degree that would make fixed sample search preferable.

2 The Model

In the model we have two types of players: A consumer and firms. The consumer experiences

costs of searching for the individual prices offered by the firms and costs to switch supplier

between periods. The consumer can consume at most one unit of the indivisible good offered
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by the firms and they don’t have a reserve price. The consumers are utility maximizers so each

consumer chooses how many firms to search in each period and, out of the set of searched firms

they choose the lowest price taking into account the costs of switching suppliers. While the firms

choose the price to offer to the consumers. Firms and consumers play simultaneously and the

equilibrium consists of the price strategies such that each firm’s price strategy is optimal given

the prices offered by the other firms and the number of firms each of the consumers search and

the consumer’s strategy (i.e. the number of firms searched by each consumer) is such that it

minimizes the total expected cost, switching and search costs included.

2.1 The Environment

Time is discrete, denoted by t over a countably infinite number of periods t = 1, 2, 3, ....

There are J + 1 firms, indexed by j ∈ J = {0, 1, . . . , J} and one consumer, who we call by i.

The firms and the consumer have a discount factor 1−β > 0. There are two goods, a numeraire

good and a perishable indivisible good. The consumer has an infinite reservation price of the

indivisible good in terms of the numeraire, hence they are willing to pay any amount p ∈ R+

to acquire the good at each period. Firms can supply the good at a constant marginal cost,

normalized to 0, offering it in exchange for a price in terms of the numeraire good. Firm’s price

policies last for one period. The total cost in terms of the numeraire incurred by the consumer

at each period is given by the price paid plus the costs of switching and searching.

Since the consumer is a utility maximizer and given that his reservation price is infinite,

therefore, expected lifetime utility maximization implies in the minimization of the costs of

acquiring a unit of the indivisible good at each period. Hence, so the consumer chooses his

search sample size in order to minimize cost. Which means that he chooses a number of firms

to search such that searching for one additional firm would increase search costs to a greater

degree than the decrease in the minimum expected price derived from the set of firms in the

search sample.

2.2 The Game

The consumer is initially matched to one of the firms chosen randomly over the set of firms

indexed by j ∈ J. The consumer can engage in costly search activity, where the search cost

is denoted by s, the cost to search for the exchange proposals offered by another additional

firm. The consumer has a cost of switching supplier, we denote the switching cost by c. We

assume that the consumer uses fixed sample search strategies: The consumer at each period t

will search a number of firms k∗t ≤ J , randomly selected among the set of firms J, we denote by
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the set Ji(k
∗) ⊂ J\{j = 0} = {1, . . . , J}. The consumer can randomize over the number of firms

that he searches. We denote a mixed strategy profile by α : J = {1, . . . , J} → R+ such that∑J
j=0(α(j)) = 1. Let Si = ∆(J) be the space of mixed search profiles for the consumer i. Firms

know if the consumer has brought the good from the firm in the period before and therefore

if he is matched to the firm since he has a switching cost to change to a another (unmatched)

firm.

The model consists of a simultaneous dynamic recursive game where each firm chooses a

distribution of price offers in the action space P = [0,+∞) for each firm j ∈ J. The consumer

simultaneously can choose his search strategy α. The firm’s payoff depend on state variable

zt ∈ Z = {m,u}, where m denotes matched status and u unmatched status. Conditional

on (zt, kt) the payoffs do not depend on the history of the game. As result we will focus on

equilibria with time-independent stationary strategies. A recursive strategy for each player

j ∈ J is a function σj : Z → P(P ), where P(P ) is the space of probability distributions defined

over P . We use the notation for the strategy profile σ = (σ0, σ1, . . . , σJ) = (σj , σ−j).

For each ki ∈ supp(α), the consumer’s search strategy, where the offers of ki of firms chosen

randomly over J, they minimize the total cost he expects to incur. Thus, given that we assume

in this article that firms play symmetric mixed pricing strategies with probability distribution

given by σ = {σj}j∈J and such that, ki must satisfy:

ki ∈ argmin
k

(Eσ[min{pmj , {puj + c}j∈Ji(k)}] + ks) (1)

Where Ji(k) ⊂ J\{j = 0} is the sample of firms searched by the consumer i of cardinality

ki (i.e. ](Ji(k)) = k). If k < J , the firms that are searched and chosen randomly among the set

of unmatched firms, however, since they play symmetric pricing strategies, it’s doesn’t matter

which firms are being searched.

We denote by σm the strategy profile played by the firms if they are matched with the

consumer and σu the price distributions played by the firms if they are unmatched with the

consumer. Later we will characterize further these strategy profiles.

2.3 Nash Equilibrium in Pure Pricing Strategies

There exists an equilibrium for this model in pure pricing strategies (where the firms play a

deterministic price): let the matched firm offer the good at price pm = c+ s and the unmatched

firms offer the good at price pu = 0, where 0 is the lower bound in P = [0,+∞), the action

space. And the consumer doesn’t search any firms. Given pm = c+ s and that the unmatched

firms are restricted to setting pu ≥ 0 the consumer will shop at the matched firm since he doesn’t
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have any incentive to deviate. The unmatched firms cannot offer prices lower than pu = 0 to

attract the consumer away from the matched firm and if the matched firm offers higher prices

the consumer will shop at the unmatched firms. Hence, this is a Nash Equilibrium.

If we allow firms to play negative prices (the action space is expanded to R), the pure strategy

equilibrium is for the unmatched firms to play pu = −β(c + s) and the matched firm to play

pm = (1−β)(c+ s) and for the consumer to not search any firms. To prove that note that since

all unmatched firms play the same price, the consumer knows that if he searches for one firm

and switches to the firm he searches, he will pay −β(c+ s) plus the switching and search costs

c+ s, which yields the total cost (1− β)(c+ s) = pm, so we assume that the consumer shops at

the matched firm, whose discounted lifetime payoff is given by

∞∑
t=0

βt(1− β)(c+ s) = c+ s

The lifetime payoffs of unmatched firms are zero. If one of the unmatched firms deviates

and offers a price −β(c+ s)− ε where ε > 0, given that there are J unmatched firms the price

the consumer expects to pay for searching one firm and switching is −β(c + s) − 1
J ε. Given

the switching and search costs, the total cost of switching and searching one firm is strictly

smaller than the price offered by the matched firm, thus the consumer has incentives to search

for the prices offered by additional firms. However, the expected discounted lifetime payoff of the

deviant unmatched firm by offering a lower price at t = 0 and being matched at t > 0, offering

the matched price (1−β)(c+s) (the highest offer the consumer can accept given the unmatched

firms play pu) is given by, where 1
J is the probability of the deviant firm being searched by the

consumer:

1

J
(−β(c+ s)− ε+

∞∑
t=1

βt(1− β)(c+ s)) = − 1

J
ε < 0

Lower than the payoff of offering pu. Thus nobody has an incentive to deviate given these

strategies, hence it is a Nash equilibrium.

However, we are interested in Nash Equilibria with mixed pricing strategies to allow for price

dispersion as an equilibrium outcome. Thus, from now on we focus our attention on equilibria

with mixed pricing strategies.

2.4 Firm’s Payoff Functions in Symmetric Mixed Pricing Strategies

Each firm j plays a price distribution strategy denoted by σmj (.) if matched and σuj (.) if

unmatched to the consumer i. Where supp(σuj (.)) = [b,+∞), supp(σmj (.)) = [b + c,+∞), for
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some b ≥ −βc. Denote by σ = (σ−i, σi) = (σj 6=i, σi) the vector of firm’s strategies which has

J + 1 entries.

Proposition 1. With symmetric mixed pricing strategies with supports on [b,+∞) and [b +

c,+∞) we have that: E[min {pmj , {puj + c}j∈Ji(k)}] =
∫∞
b+c y(1 − σu(y − c))kdσm(y) + k

∫∞
b (y +

c)(1− σm(y + c))(1− σu(y))k−1dσu(y).

The probability of a consumer of accepting a price p ∈ P from a matched firm j
′

given that

the consumer search sample is Ji(k) (again note that Ji(k) ⊂ J\{j = 0}, ](Ji(k)) = k), is given

by:

πm
j
′ (p, k, σ−j′ ) = (1− σuj (p− c))k. (2)

while the probability of an unmatched consumer in accepting a price p by firm j
′

is given

by:

πu
j′

(p, k, σ−j′ ) = (1− σml (p+ c))(1− σuj (p))k−1. (3)

where l represents the matched firm. This is the probability that all the other’s firms prices

adjusted by switching costs in the set of firms known to the consumer are higher than p.

If the consumer plays a mixed strategy α, the probability of the consumer accepting a price

p ∈ P by firm j
′

is given by:

πm
j′

(p, α, σ−j′ ) =

J∑
k=0

α(k)
[
(1− σuj (p− c))k

]
. (4)

And the probability of an unmatched consumer in accepting a price p from a firm j
′

is given

by:

πu
j′

(p, α, σ−j′ ) =

J∑
k=0

α(k)
[
(1− σml (p+ c))(1− σuj (p))k−1

]
. (5)

Let’s define the life-time discounted payoffs associated to each action p ∈ P for the firms

when facing a matched and an unmatched consumer, given the probability of the consumer

searching for it’s price.

Note that if k < J an unmatched firm may not be included in the consumer’s search sample.

Thus the probability of a unmatched firm being searched is given by k/J if the consumer searches

k firms. With the mixed strategy α, the probability of an unmatched firm being searched is∑J
k=0(kα(k))/J . The life time discounted payoff given that the consumer plays either a pure

strategy k ∈ Si or mixed α ∈ Si is the function vj′ : J × P × Z → R+ ∪ {+∞} given by:
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vmj (k, p) = pπm(p, s, σ−j) + βWm (6)

if the firm j is matched to the consumer (i.e. zt,j = m). While the life time discounted

payoff is given by

vuj (k, p) =
k

J
[pπu(p, k, σ−j) + βWu] + (1− k

J
)β

∫
vuj (α, y)dσuj (y) (7)

if the consumer play pure strategies and the firm j is unmatched to the consumer (i.e.

zt,j = u). And finally, if the consumer play mixed strategies and the firm j is unmatched to the

consumer, the value function is given by

vuj (α, p) =
J∑
k=0

kα(k)

J
[pπu(p, k, σ−j) + βWu] +

(
1−

J∑
k=0

(α(k)
k

J
)

)
β

∫
vuj (α, y)dσuj (y). (8)

The expected continuation values Wm,Wu for firm j are given by:

Wm

Wu

 =

∫ πmj (y, α, σ−j)dσ
m
j (y)

∫
(1− πmj (y, α, σ−j))dσ

m
j (y)∫

πuj (y, α, σ−j)dσ
u
j (y)

∫
(1− πuj (y, α, σ−j))dσ

u
j (y)

×
∫ vmj (α, y)dσmj (y)∫

vuj (α, y)dσuj (y)


Denote by Q the transition matrix, that is:

Q =

∫ πmj (y, α, σ−j)dσ
m
j (y)

∫
(1− πmj (y, α, σ−j))dσ

m
j (y)∫

πuj (y, α, σ−j)dσ
u
j (y)

∫
(1− πuj (y, α, σ−j))dσ

u
j (y)


Which shows the probabilities of a firm transitioning from matched to unmatched states.

Where πmj (p, α, σ−j) is the probability of the matched firm to continued matched and 1 −

πm(p, α, σ−j) is the probability of the matched firm to become unmatched next period. While

πuj (p, α, σ−j) is the probability of an unmatched firm to become matched and 1− πu(p, α, σ−j)

is the probability of an unmatched firm to continue unmatched.

Also note that if consumer i plays mixed strategy α therefore for firm j
′

and each z ∈ Z we

have

πz
j′

(p, α, σ−j′ ) =
J∑
k=0

[α(k)πz
j′

(p, k, σ−j′ )]. (9)

Which means for the matched firm that
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vm
j′

(α, p) = pπm(p, α, σ−j) + βWm =

J∑
k=0

[α(k)pπz
j′

(p, k, σ−j′ )] +

J∑
k=0

[α(k)βWm] (10)

Hence vm
j′

(α, p) =
∑J

k=0[α(k)vm
j′

(k, p)]. We have that for the unmatched firms that:

vuj (α, p) =

J∑
k=0

(
α(k)

[
k

J
[pπu(p, k, σ−j(k))] + βWu

]
+ α(k)

[(
1− k

J

)
β

∫
vuj (α, y)dσj,u(y)

])
(11)

Given that

1−
J∑
k=0

(α(k)
k

J
) =

J∑
k=0

α(k)−
J∑
k=0

kα(k)

J
=

J∑
k=0

α(k)

[
1− k

J

]
.

And that

J∑
k=0

α(k) = 1.

Therefore

vu
j′

(α, p) =
J∑
k=0

(α(k)vu
j′

(k, p)). (12)

This fact will be of help when we characterize equilibrium in mixed strategies. That’s because

a p that maximizes vu
j′

(α, p) is such that it maximizes
∑J

k=0(α(k)vu
j′

(k, p)).

2.5 Symmetric Nash Equilibrium in Mixed Strategies

We now define the Symmetric Nash Equilibria in Mixed Pricing Strategies of this game. Let’s

denote by σ̄z(α) ∈ P(P ), z ∈ {m,u} the best response price distribution played by the firms

(given that we are interested only on symmetric equilibria of the game, σ̄zj (k) = σ̄z(k),∀j ∈ J)

given that the consumer i plays strategy α ∈ Si, where i searches for k ∈ J firms with probability

α(k).

Definition 1. A price p played by firm j is a best response to the strategy profile σ−j played

by the other firms, denoted by −j (i.e. −j = {j′ ∈ J : j
′ 6= j}), and to α ∈ Si played by the

consumer i if and only if vj(α, p) ≥ vj(α, p
′
), ∀p′ ∈ P .

Formally the definition of a symmetric best response distribution of prices played by the

firms (which we denote by σ̄z(α)) is as follows:
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Definition 2. The symmetric best response price distribution function σ̄z is such that for each

p
′

in the supp(σ̄z) and p ∈ P = [0,∞) we have vzj (α, p
′
) ≥ vzj (α, p), ∀z ∈ {m,u},∀j ∈ J.

Proposition 2. For each firm j ∈ J, with z = m,u and each price p ∈ P in the support of the

price distribution σ̄z is a best response for j given that all the other firms play σ̄z.

It’s easy to see that ∃σ̄z such that it satisfies the definition of a symmetric best response

price distribution, given that

lim
p→+∞

πzj (p, α, σ−j) = 0

For each α ∈ Si and σ−j defined over P .

To see that there exists a distribution of prices that satisfy such property simultaneously for

every j ∈ J note the symmetry of the game for every firm means that vzj (k, p) = vz
j′

(k, p),∀j, j′ ∈

J.

Let’s define the respective von Neumann Morgenstern payoff functions of consumers and

firms. Given that the firms play σ ∈ P(P ) × Z the consumer i payoff function induced by

playing α ∈ Si is given by:

uc(α, sJ) =
J∑
k=0

α(k)
(
−ks− Eσ[min{pmj , {puj + c}j∈Ji(k)}]

)
(13)

While the firm’s j payoff function given that the consumer play α ∈ Si induced by the firm

playing σ is

uj(α, σ) = Ez[vz(α, σ] =

[
J∑
k=0

α(k)(Ez[vz(k, σ)])

]
(14)

Where we denote by vz(k, σ) is the value function of playing σ, given that the consumer

searches k firms and the state variable is z ∈ Z = {m,u}. The second equality comes from

equation 12. We are now ready to define the equilibrium of the model:

Definition 3. A symmetric equilibrium in mixed pricing strategies consists of stationary mixed

strategy profile σ∗ ∈ P(P )× Z, where σ∗ = σj , ∀j ∈ J, and α∗ ∈ Si such that:

(i) α∗ is a best response to σ∗, which implies that uc(α
∗, σ∗) ≥ uc(α, σ

∗),∀α ∈ Si. Equiva-

lently that uc(k, σ
∗) ≥ uc(k

′
, σ∗),∀k′ ≤ J, ∀k ∈ supp(si).

(ii) σ∗ is a best response to s∗i (i.e. σ∗ = σ̄(s∗i )).

So an equilibrium is a situation where the consumer, taking as given the price distributions

played by the firms, chooses the optimal distribution of probabilities in the number of firms to
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search. While each of the firms take as given that the consumer has a probability distribution

over the firms that he searches and thus play a distribution of price offers over P(P ) that is a

best response to the consumer’s strategies and to the strategies of the other firms.

Denote by ᾱ(σ) the set of best responses of the consumer to the σ symmetric strategy played

by the firms, thus if for any k ∈ J,

k ∈ ᾱ(σ)⇒ k ∈ argmin
k

(Eσ[min{pmj , {puj + c}j∈Ji(k)}] + ks).

We can write that s∗i ∈ Si, σ∗ ∈ P(P ) is an equilibrium if supp(s∗i ) ⊆ ᾱ(σ∗) and σ∗ = σ̄(s∗i ).

2.6 Characterizing equilibria

First we focus on computing equilibria with pure strategies where the consumer searches a

determinate number of firms. Hence there isn’t the possibility of firms playing the best response

(σ̄(α)) for a mixed strategy (a non-degenerate distribution α : RJ+1
+ → [0, 1]) if the consumers

search k firms, in other words, firm play the best response to a deterministic number of searches.

If we restrict the consumer to these pure strategies his strategy set is not convex and therefore

the existence of equilibrium is not guaranteed. Thus we may also need to focus on equilibrium

in mixed strategies.

We derive the best response played by the firms conditional on k, in words, conditional

on a given number of firms searched by the consumers. So given each of the σ(k)’s, for each

k ∈ J = {0, . . . , J}, we derive the payoff function of the consumers in searching for j ∈ J firms

and use them to compute the equilibrium of the whole game. In the case where we cannot find

any equilibrium in pure strategies a equilibrium in mixed strategies will be characterized.

However, the typical case of inexistence of equilibria in pure strategies is when the best

response of consumer to the best response of the firms to x firms being searched is x − 1 and

the best response of the consumers to the best response of the firms to x − 1 is x. So there

isn’t an equilibrium in pure strategies, however, in this hypothetical case the equilibrium will

correspond to the consumer randomizing search over a convex combination of x and x− 1 firms

and the firms will play the best response to this randomized strategy.

2.7 Best response price distributions to pure search strategies

Let us begin by fixing the supports of the firm’s strategies supp(σu) = [b,+∞), and supp(σm) =

[b+ c,∞), with b ∈ R+. First we analyse the case where k ∈ {1, . . . , J}, while we deal with the

case of k = 0 later.

In addition, we take arbitrary strategies such that limp→+∞pπ
z
j (p, k, σ

k
−j) < +∞, which
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implies that vzj (k) < +∞, for each z ∈ Z. We will also look for distributions that are atomless

such that σ̄z(k, p) = 0 for each p ∈ P and z ∈ Z. Usually this assumption is an equilibrium result,

using the undercut argument: that is, if firms play one price with strictly positive probability it

is a best response for the other firms to undercut this price and therefore an atom in the firm’s

distribution of probability over prices is not consistent with a best response to the undercutting

(see Padilla (1995) [6] and Stahl (1989) [8]).

As we focus on symmetric recursive equilibria, the equations 2 and 3 that give the probability

of a firm’s price offer being accepted given symmetric pricing strategies are reproduced below:

πm
j′

(p, k, σ̄−j′ ) = (1− σ̄u(k, p− c))k

and

πu
j′

(p, k, σ̄−j′ ) = (1− σ̄m(k, p+ c))(1− σ̄u(k, p))k−1.

Where σ̄z, z = u,m denote the best response strategy of price distribution. We begin with

the conditional distribution σ̄u (i.e. the distribution played by the unmatched firms). For

constant values v̄m and v̄u define σ̄u(.) such that:

v̄m(k) = (1− σ̄u(k, p− c))k[p+ βv̄m(k)] + (1− (1− σ̄u(k, p− c))k)βv̄u(k),∀p ∈ [b+ c,+∞).

Solving for σ̄u(k, p):

σ̄u(k, p) = 1−
[

v̄m(k)− βv̄u(k)

p+ c+ β(v̄m(k)− v̄u(k))

]1/k

, ∀p ≥ b (15)

Now define σ̄m(k, .) such that for each p ∈ supp(σ̄u) = [b,+∞) = supp(σ̄m)− c we have

v̄u(k) =
k

J
{(1− σ̄m(k, p+ c))(1− σ̄u(k, p))k−1(p+ βv̄m(k))}

+
k

J
{[1− (1− σ̄m(k, p+ c))(1− σ̄u(k, p))k−1]βv̄u(k)}+ (1− k/J)βv̄u(k)

Substituting σ̄u in equation 15 and solving for σ̄m(k, p),

σ̄m(k, p) = 1− (1− β)v̄u(k)
k
J [p− c+ β(v̄m(k)− v̄u(k))]

[
p+ β(v̄m(k)− v̄u(k))

v̄m(k)− βv̄u(k)

](k−1)/k

, ∀p ≥ c+ b.
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Notice that limp→∞σ̄
z(k, p) = 1 for each z ∈ Z. To find v̄m(k) and v̄u(k) we just use the

conditions σ̄u(k, b) = 0 and σ̄m(k, c+ b) = 0. These conditions imply that v̄m(k) = b+ c+ βv̄m,

thus

v̄m =
c+ b

1− β
. (16)

And that v̄u(k) = k
J {p + βv̄m(k)} + (1 − k

J )βv̄u(k), substituting v̄m and solving for v̄u we

have

v̄u(k) =

(
k

J

)
βc+ b

(1− β)(1− β(1− k/J))
. (17)

We restrict b to positive values so that firms will have incentive to play these pricing strategies

instead of withdrawing from the market, which would be preferable if the discounted lifetime

utilities become negative. We could relax this restriction and set b ≥ −βc a less strict restriction

on b that still preserves non-negative utilities for firms participating in the market. Notice that

v̄u is a function of k as k/J appears in the value function of the unmatched firm as the probability

of the firm being visited, which is smaller than one if k < J . While for the matched firm it is

not of concern as it is necessarily visited by the consumer due to it’s state as matched.

Let’s analyse the case with k = 0. Now we have vuj (h, k, p) = vuj (h, 0, p) and vuj (h, 0, p) =

β
∫

(vuj (h, 0, y))dσj,u(h, y) hence vuj (h, k = 0, p) is constant, thus vuj (h, k = 0, p) ≡ 0. In words,

if the consumer don’t search then the unmatched firms will have zero expected lifetime payoffs

and their strategies are irrelevant. While in this case, without competition, as the consumer

only knows one firm the best response of the matched firm is to put prices at infinity, given that

the consumer has an infinite reservation price. Or, being more mathematically rigorous, there

isn’t any best response price as any p ∈ R+ is strictly dominated by any p
′
> p. While, if the

consumer had a reservation price in R+ the best response of the matched firm is the set the

price equal to the reservation price.

For an unmatched firm to have the incentive to participate in the market v̄u ≥ 0 which implies

that these best response price distributions can only occur if βc + b ≥ 0. By construction, we

have that the value function of the unmatched firms satisfy vu(k, p) ≤ v̄u(k) for p < b and

vu(k, p) = v̄u(k) for p ≥ b, analogously, for the value function of the matched firm satisfy

vm(k, p) ≤ v̄m(k) for p < b+ c and vm(k, p) = v̄m(k) for p ≥ b+ c.

From equation 1 we have that the expected price paid by the consumer given the number of

searches he or she had made is given by
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E[min {pmj , {puj + c}j∈Ji(k)}] =

∫ ∞
b+c

y(1− σu(y − c))kdσm(y)

+k

∫ ∞
b

(y + c)(1− σm(y + c))(1− σu(y))k−1dσu(y)

We will compute these values numerically for each k ∈ {0, . . . , J} find the best response of

the consumer to the firms’ strategies of price distribution. And given that for z = u,m, we have

σz = σ̄z(k
′
, .).

Example 1: Let J = 4, b = 0, β = 0.96, switching cost equal to c = 10 and let’s vary the

search cost from s = 0 to s = 250. With zero search costs the consumer i’s (for each i ∈ I) the

expected price plus switching cost he/she expects to pay for the good according to the number

of firms he searches k and to the firm’s best response functions {σ(k)}z∈Z,h≤J is given by:

[insert table 1]

A pure strategy symmetric equilibrium would be a best response to a best response, that

is, si ∈ {1, . . . , 4} : ui(si, σ̄(si)) ≥ ui(s
′
i, σ̄(si)), ∀s

′
i ∈ Si (which is the same si∀i ∈ I). In

this particular case the search cost is low enough so that the only equilibrium in the game is

si = 4. Also note that the expected price generally increases with a larger number of firms in

the search sample, this occurs because a larger number of firms in the sample means that the

probability of each firm having the lowest price decreases for each price p ∈ P therefore reducing

the incentives of each firm to offer lower prices. This only didn’t occur in this example with

only one search because the expected price offered by the matched firm doesn’t have to decrease

(see the propositions in the subsection 2.10) and with only one unmatched firm competing the

expected minimum price offered by the two firms plus switching costs (if the consumer changes

supplier) may decrease when we increase the number of searchers in the firms’ best response

function.

For search costs approximately equal or under 58 the equilibrium is given by k∗ = 4, with

search costs between 64 and 100 the equilibrium is given by k∗ = 3 and with search costs between

110 and 200 the equilibrium is given by si = 2 and with search costs above 228 the equilibrium is

given by si = 1. In the intervals between these pure strategy equilibria we have mixed strategy

equilibria that we will compute in the next subsection.

24



2.8 Best response price distributions to mixed search strategies

We know that v̄m(α) =
∑J

k=0 α(k)v̄m(k). Thus for constant values v̄m and v̄u we have that

the best response σ̄u(α) is such that:

v̄m(α) =

J∑
k=0

α(k)
[
(1− σ̄u(α, p− c))k[p+ βv̄m(k)] + (1− (1− σ̄u(α, p− c))k)βv̄u(k)

]

for each p ∈ [b+ c,+∞). Rearranging we have that σ̄u(α) must satisfy:

J∑
k=0

α(k)(1− σ̄u(α, p))k =
(v̄m(α)− βv̄u(α))

p+ c+ β(v̄m(α)− v̄u(α))
, ∀p ∈ P.

It’s not possible to give a general solution for σu for each α ∈ Si, so we compute it numerically

on a case by case basis. The following is a proposition that is useful for computing σ̄u(α):

Proposition 3. Let si = α, α : J → R+,
∑J

k=0 α(k) = 1. We have that for every J ∈ N ∪

{0} k ∈ {0, 1, . . . , J} and for every p ∈ supp(σ̄(α, .)), therefore ∃β : J → R+ ∈ R+ and∑J
k=0 β(k)σ̄(k, p) = σ̄(α, p) such that β ∈ SJ . In words, for every price in the support P , the

best response cumulative probability distribution of the firms relative to α is a convex combination

of the best responses in the support of α.

Unfortunately, it wasn’t possible to solve for the mixed best responses of the unmatched

firms σ̄u(α), thus I wasn’t able to compute examples of equilibria in mixed search strategies. In

example 1, we would have mixed search in equilibrium when search costs s are between certain

intervals but I wasn’t able to compute these equilibria.

2.9 Existence of the Symmetric Equilibrium

The main reason why we gave so much attention to the firm’s best response to mixed search

strategies is because we need the assumption that the consumer can randomize the number of

firms that they search to prove the existence of equilibrium. Since, by allowing randomization,

we convexify the set of strategies available to the consumer. A convex strategy set is a necessary

condition to the proof of existence, which uses the Kakutani fixed-point theorem to prove the

existence of equilibrium. The equilibrium in this model is a fixed point of a correspondence that

goes from the set of consumer’s strategies to the set of consumer’s strategies, which is defined

as the consumer’s best response to the firm’s best response to a consumer strategy.

Proposition 4. A symmetric equilibrium (α∗, σ0, . . . , σJ) : (J, Z, . . . , Z)→ ([0, 1],P(P ), . . . ,P(P ))

in mixed strategies exists.
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2.10 Properties of the Symmetric Equilibrium in Mixed Strategies

The equilibrium of this model has a very intuitive property: if search costs are low enough

the consumer will search the prices offered by all firms in equilibrium. As we did before, ᾱ(σ)

is denoted as the consumer’s best response to the firms playing strategy σ ∈ P(P ).

Proposition 5. For any J ∈ N, and b ∈ R+, there exists s > 0 such that α∗ = ᾱ(σ̄(α∗)) and

α∗(J) = 1 and α∗ is the only fixed point in ᾱ(σ̄(α
′
)) : Si → Si. In words, there always exists a

search cost small enough such that searching the prices of all firms is the only equilibrium.

We also analyse some comparative static results. The first counter-intuitive result of the

model is that increasing switching costs decrease the expected equilibrium prices offered by

unmatched firms in pure strategy equilibria:

Proposition 6. Let α∗ the consumer’s best response to σ̄(α∗) (i.e., let σ̄(α∗) be an equilibrium

pricing strategy). We have that for c, c
′ ∈ R+ : c > c

′
,
∫∞
b pσ̄

′u(α∗, p, c)dp <
∫∞
b pσ̄

′u(α∗, p, c
′
)dp,∀z ∈

Z. Informally, the expected prices offered by the unmatched firms in equilibrium are decreasing

in the switching costs.

The second counter intuitive result in comparative statics is that expected price offered by

unmatched firms in pure strategy equilibria are non-increasing in search costs.

Proposition 7. Let s, s
′ ∈ R+ : s > s

′
. Then we have that σ̄u(.) in pure strategy equilibria is

non-decreasing in s. Thus, increasing search costs will not increase expected prices offered by

the unmatched firms in pure strategy equilibria.

In the numerical simulations show that the equilibrium expected price paid by the consumer

tends to increase when the consumer increase the number of firms they search (usually when

the number of firms in the market is greater than three). Also, with the decrease in search

costs the consumer tend to search more firms in equilibrium. Therefore, lowering search costs

will tend to increase the expected prices paid by the consumer. Which, ultimately, means that

although it may intuitively appear that low search costs would benefit the consumer the actual

conclusion that we can take from this model is the exact inverse: lower search costs tend to

make the consumer worse off and these lower costs will also make he search a greater number

of firms.

In this model the Pareto optimal number of searches that the consumer makes would be

zero. That’s because the mass of transactions that is executed by the consumer will always be

equal to one, regardless of price charged by the firms, given that we assumed that the consumer

always has an infinite reservation price. So the Pareto optimal allocation would occur if the

26



consumer keep purchasing from the same firm as before and do not search the prices announced

by any other firms, reducing total search and switching costs to zero and maximizing aggregate

surplus in terms of the numeraire.

3 Concluding Remarks

The model developed here has some advantages over the models developed in the literature.

In the model developed in Stahl (1989) [8], to attain equilibrium with price dispersion there is the

need for a class of consumers with zero search costs and a class of consumers with positive search

costs. In the equilibrium the consumers with positive search costs only search one firm while

the consumers with zero search costs search all firms. If we only have consumers with positive

search costs the equilibrium is a monopoly, while if we only have consumers with zero search

costs the equilibrium is a Bertrand (i.e. prices equal marginal cost). In the model developed

here, instead, our consumer has positive search costs and he may search all or several firms in

equilibrium and the equilibrium is neither a Bertrand nor a monopoly.

One conclusion of the model is fairly intuitive: if search costs are very low, the consumers will

search all films. But another is not so: if consumers search more firms, given that they search

the prices offered by many firms, the expected price increases (as the expected price offered by

the unmatched firms increases), which is also a conclusion of Stahl (1989)’s.

However, the main conclusion of this model is that, always given strictly positive search

costs, is that reducing search costs will always move the allocation further away from efficiency

as consumers will tend to search more firms, given that and the Pareto optimal number of

searches is zero if search costs are strictly positive.

Still, the set of hypotheses used in constructing this model is quite restrictive. Specially

the hypothesis that consumers have a unit demand for the good at any price. Reproducing the

results of this model with less restrictive assumptions can be an avenue for further research.
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4 Appendix

Proof of proposition 1: Let Y = min{pmj , {puj + c}j∈J(k)}. We have that for each firm j,

supp(σmj ) = [b+ c,+∞) and supp(σuj ) = [b,+∞). And ](J(k)) = k.

Fy(y) = P [min{pmj , {puj + c}j∈Ji(k)} ≤ y] = 1− P [min{pmj , {puj + c}j∈Ji(k)} ≥ y]

Since each σj is independently distributed:

= 1− P (y ≤ pmj )P (y ≤ pu1 + c)× . . .× P (y ≤ puk + c) = 1− P (y ≤ pmj )
k∏
j=1

P (y − c ≤ puj )

As P (y ≤ puk + c) = P (y − c ≤ puk). Due to symmetry in strategies in a symmetric Nash

equilibrium σuj = σu,∀j, σmj = σm, P (y ≤ puj ) = P (y ≤ pu), ∀j ∈ I(k):

= 1− (1− P (y ≥ pmi ))(1− P (y − c ≥ pui ))k = 1− (1− σmj (y))(1− σu(y − c))k

Therefore the probability density of the expected price to be paid is given by

dFy(y)/dy = fy(y) =
dσmj (y)

dy
(1− σu(y − c))k + k

dσu(y − c)
dy

(1− σmj (y))(1− σu(y − c))k−1.

Thus

E[min{pmj , {puj + c}j∈Ji(k)}] =

∫ ∞
b

(yfy(y))dy

=

∫ ∞
b

y(1− σu(y − c))kdσmj (y) + k

∫ ∞
b

y(1− σmj (y))(1− σu(y − c))k−1dσu(y − c)

Since σmj (y) = 0,∀y ≤ b+ c,

=

∫ ∞
b+c

y(1− σu(y − c))kdσmj (y) + k

∫ ∞
b

(y + c)(1− σmj (y + c))(1− σu(y))k−1dσu(y)

Proof of proposition 2: Let p
′ ∈ supp(σ̄z), therefore
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∂σ̄z(p
′
)

∂p
> 0.

And hence, by the definition of σ̄z, vzj (α, p
′
) ≥ vzj (α, p),∀z ∈ {m,u}, ∀j ∈ J for each p ∈ P .

Which satisfies the definition of a best response (i.e. satisfies definition 1).

Proof of proposition 3: Let α = (0, . . . , 0, 1
2k,

1
2(k+ 1), 0 . . . , 0) we have to choose σ̄u(α) that

satisfies

v̄m(α) =
1

2
v̄m(k) +

1

2
v̄m(k + 1) =

1

2

[
(1− σ̄u(α, p− c))k[p+ βv̄m(α)] + (1− (1− σ̄u(α, p− c))k)βv̄u(α)

]
+

1

2

[
(1− σ̄u(α, p− c))k+1[p+ βv̄m(α)] + (1− (1− σ̄u(α, p− c))k+1)βv̄u(α)

]
Rearranging we have that:

(1− σ̄u(α, p))k + (1− σ̄u(α, p))k+1 =
2(v̄m(α)− βv̄u(α))

p+ c+ β(v̄m(α)− v̄u(α))

Or:

(1− σ̄u(α, p))k(1− σ̄u(α, p)

2
) =

(v̄m(α)− βv̄u(α))

p+ c+ β(v̄m(α)− v̄u(α))
.

Since (1 − σ̄u(α,p)
2 ) ≤ 1 (as σ̄u(α, p) ∈ [0, 1]) therefore (1 − σ̄u(k, p))k = (1 − σ̄u(α, p))k(1 −

σ̄u(α,p)
2 ) ≤ (1 − σ̄u(α, p))k, hence (1 − σ̄u(α, p))k ≥ (1 − σ̄(k, p)), which implies in σ̄u(α, p) ≤

σ̄u(k, p).

And since (1 − σ̄u(k + 1, p))k+1 = ((1 − σ̄u(α, p))k)(1 − σ̄u(α,p)
2 ) ≥ ((1 − σ̄u(α, p))k)(1 −

σ̄u(α, p)) = (1− σ̄u(α, p))k+1 therefore σ̄(k + 1, p) ≤ σ̄u(α, p). Thus:

σ̄u(k + 1, p) ≤ σ̄u(α, p) ≤ σ̄u(k, p)

For α = (0, . . . , 0, (1− γ)k, γ(k + 1), 0 . . . , 0), γ ∈ [0, 1], it is easy to see that

(1− σ̄u(α, p))k(1− γσ̄u(α, p)) =
(v̄m(α)− βv̄u(α))

p+ c+ β(v̄m(α)− v̄u(α))

And the result above applies trivially (as (1− γσ̄u(α, p)) < 1). It is also easy to extend the

above result to any α ∈ Si. Let K = {k : α(k) > 0}, k∗ = min{K}, k∗∗ = max{K}. Thus
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σ̄u(k∗∗, p) ≤ σ̄u(α, p) ≤ σ̄u(k∗, p) (18)

Which implies that for each p ∈ P we can write σ̄u(α, p) as a convex combination of

σ̄u(k, p), k ∈ supp(α).

Proof of proposition 4: We have that Si = {α : J→ R+ :
∑J

k=0 α(k) = 1} is a compact and

convex set. Define σ̄ : Si →
∏
j∈JP(P ) × J × Z the firms’ symmetric best response for each

α ∈ Si (where σ̄ = (σ̄0, . . . , σ̄J) and by symmetry σ̄j = σ̄j′ , j, j
′ ∈ J).

Denote by ᾱ :
∏
j∈JP(P )× J× Z ⇒ Si, α(σ) the consumer’s best response correspondence

to the firm’s strategy σ. That’s it,

ᾱ(σ) =

{
argmin
α∈Si

∑
k

α(k)
[
Eσ[min {pmj , {puj + c}j∈Ji(k)}] + ks

]}
. (19)

For each σ ∈
∏
j∈JP(P )× J× Z, define f : Si ⇒ Si by f = ᾱσ̄. We have that α∗ ∈ Si such

that α∗ ∈ f(α∗) = ᾱ(σ̄(α∗)) is a fixed point of f and hence α∗ is an equilibrium (as α∗ is the

consumer’s best response to the firm’s best response to α∗). Thus, given that Si is compact and

convex, it remains to prove that f is upper hemicontinuous and is convex valued to prove the

existence of equilibrium. To prove that f is upper hemicontinuous and convex valued it suffices

to show that σ̄ is continuous on α and that ᾱ is upper hemicontinuous and convex valued. Let

a sequence {αn}n∈N ⊂ Si such that lim
n→∞

αn = α ∈ Si.

Lemma 1. ∀z ∈ Z, σ̄z is continuous on Si.

Proof It suffices to show that for z = m,u, σ̄z is continuous on Si. We have that v̄m(α) = c+b
1−β ,

thus we can write

v̄m(α) = v̄m

.

And

v̄u(α) =

J∑
k=0

α(k)

[(
k

J

)
βc+ b

(1− β)(1− β(1− k/J))

]
thus lim

n→∞
v̄u(αn) = v̄u(α). For z = u and for each n ∈ N we have that σ̄(αn, p) must satisfy
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J∑
k=0

αn(k)(1− σ̄u(αn, p))k =
(v̄m(αn)− βv̄u(αn))

p+ c+ β(v̄m(αn)− v̄u(αn))
.

Remember that lim
n→∞

αn = α, given that v̄m(αn) = v̄m = v̄m(α) and lim
n→∞

v̄u(αn) = v̄u(α),

it is easy to see from the equation above that lim
n→∞

σu(αn, p) = σu(α, p) for each p ∈ P . While

for z = m, we have an analogous case, where σm(αn) satisfies equation ??, thus lim
n→∞

σ̄m(αn) =

σ̄m(α),∀p ∈ P . Which completes the proof.

Lemma 2. ᾱ(.) is upper hemicontinuous and convex valued.

Proof Let {σ̄(ᾱn)}n∈N and {αn∗}n∈N : αn∗ ∈ ᾱ(σ̄(αn)),∀n ∈ N. We have that:

Eσ[min {pmj , {puj + c}j∈Ji(k)}] =

∫ ∞
b+c

y(1− σu(y − c))kdσm(y)

+k

∫ ∞
b

y(1− σm(y + c))(1− σu(y))k−1)dσu(y)

For each (symmetrical among firms) σ ∈
∏
j∈JP(P ) × J × Z and k ∈ J. Hence, by the

continuity of σ̄ on Si, lim
n→∞

Eσ̄(αn)[min{pmj , {puj + c}j∈Ji(k)}] = Eσ̄[min{pmj , {puj + c}j∈Ji(k)}], for

each k ∈ J, thus, given a sequence {σ(αn)}n∈N and for a sequence {αn∗}n∈N such that αn∗ ∈

ᾱ(σ̄(αn)) =

{
argmin
α∈Si

∑
k α(k)

[
Eσ̄(αn)[min{pmj , {puj + c}j∈Ji(k)}] + ks

]}
,∀n ∈ N it is easy to

see that lim
n→∞

αn∗ = α∗ ∈
{

argmin
α∈Si

∑
k α(k)

[
Eσ[min{pmj , {puj + c}j∈Ji(k)}] + ks

]}
= ᾱ(σ̄(α)),

therefore ᾱ is upper hemicontinuous. For convex valuedness note that

min
k∈J

[
Eσ[min{pmj , {puj + c}j∈Ji(k)}] + ks

]
= min

α∈Si

∑
k∈J

α(k)
[
Eσ[min{pmj , {puj + c}j∈Ji(k)}] + ks

]

and for k, k
′ ∈ argmin

k∈J

[
Eσ[min{pmj , {puj + c}j∈Ji(k)}] + ks

]
, k 6= k

′
, imply that for each

γ ∈ (0, 1), (γk, (1− γ)k
′
) ∈ argmin

α∈Si

[
Eσ[min{pmj , {puj + c}j∈Ji(k)}] + ks

]
.

Hence, given that ᾱ is upper hemicontinuous and convex valued on symmetric σ ∈
∏
j∈JP(P )×

J × Z and σ̄ is continuous on Si, thus f = ᾱσ̄ is upper hemicontinuous and convex valued for

each α ∈ Si and f maps a compact and convex set into itself, thus, by the Kakutani fixed-point

theorem, f has a fixed point which is an symmetric equilibrium.

Proof of proposition 5: Let s = 0, and an arbitrary α ∈ Si which defines the cumulative

distribution function σ̄(α), we have that
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Eσ=σ̄(α)[min{pmj , {puj + c}j∈Ji(k)}] =

∫ ∞
b+c

y(1− σu(y − c))kdσm(y)

+k

∫ ∞
b

y(1− σm(y + c))(1− σu(y))k−1dσu(y)

So, given that (1 − σ̄u(α, y − c))k+1 < (1 − σ̄u(α, y − c))k,∀y > b + c, (1 − σ̄u(α, y))k <

(1− σ̄u(α, y))k−1, ∀y > b, and a higher k means the probability density is higher on lower prices

(while being lower on higher prices as (1−σu(α, y)) decreases on y thus reducing the probability

density on higher prices with a larger k), therefore the expected price paid by the consumer is

strictly decreasing in k.

The consumer’s best response ᾱ(σ) solves

ᾱ(σ) ∈

{
argmin
α∈Si

∑
k

α(k)
[
Eσ[min {pmj , {puj + c}j∈Ji(k)}] + ks

]}

With s = 0 the consumer’s problem becomes:

argmin
α∈Si

∑
k

α(k)
[
Eσ[min {pmj , {puj + c}j∈Ji(k)}]

]
.

It is easy to see that this problem implies that the consumer will always have α(J) = 1 as a

best response to any σ ∈ P(P ) and J ∈ N. Therefore, if s = 0 the only equilibrium is α∗(J) = 1

and ᾱ(σ̄(α∗)) = α∗ for all J ∈ N and b ∈ R. To show that the same conclusion holds with s > 0

small enough it remains to prove continuity of Eσ[ min {pmj , {puj + c}j∈Ji(k)}] + ks in respect to

s, let {sn}n∈N ⊂ R++ : limn→∞sn = 0, we clearly have limn→∞ksn = 0 and we are done.

Proof on proposition 6: In equilibrium we have α∗ ∈ argmin
α∈Si

[
∑

k α(k)Eσ̄(α∗)[min{pmj , {puj +

c}j∈Ji(k)}] + ks], given σ̄(α∗). It is easy to see that due to the finite number of possible pure

strategies a marginal change in σ̄ will not change the support of the consumer’s best response

α∗ to σ̄.

Hence, to prove the proposition it suffices to show that the firm’s best response to each

α ∈ Si has decreasing expected prices in c (i.e.
∫∞
b pσ̄

′z(p)dp is decreasing in c). That is, we

need to show that:

∂σ̄z(α, p)

∂c
> 0,∀z ∈ Z,∀p ∈ [b,+∞).

Let ψ(c) = v̄m−βv̄u
p+c+β(v̄m−v̄u) . We have that σ̄u(α, p) satisfies, to any α ∈ Si,
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J∑
k=0

α(k)(1− σ̄u(α, p))k = ψ(c)

And ∂ψ(c)
∂c < 0, thus

∂
∑J

k=0 α(k)(1−σ̄u(α,p))k

∂c < 0, hence ∂σ̄u(α,p)
∂c > 0.

Proof of proposition 7: Let k∗(s) such that it is a best response to σ̄(k∗), where we denote

by k(s) the consumer’s number of searches that is a best response given the search costs s.

We know from proposition 5 that Eσ[min {pmj , {puj + c}j∈Ji(k)}] is decreasing in k, for any σ ∈∏J
j=0 P(P )× J×Z. Let k be the consumer’s best response to σ given search costs s, if k is not

a best response to σ given search costs s
′
, therefore ∃k′ ∈ J such that

Eσ[ min {pmj , {puj + c}j∈Ji(k)}] + ks
′
> Eσ[ min {pmj , {puj + c}j∈Ji(k′ )}] + k

′
s
′

And since k is the best response to σ,

Eσ[ min {pmj , {puj + c}j∈Ji(k)}] + ks ≤ Eσ[ min {pmj , {puj + c}j∈Ji(k′ )}] + k
′
s

Subtracting the second inequality from the first, k(s
′ − s) > k

′
(s
′ − s)→ k

′
> k. Therefore

for s > s
′

and any k
′ ∈ argmin {Eσ[ min {pmj , {puj + c}j∈Ji(k)}] + ks

′}, k′ ≥ k, for each k ∈

argmin {Eσ[ min {pmj , {puj + c}j∈Ji(k)}] + ks}.

We have that σ̄u(.) satisfies

σ̄u(k) = 1−
(

v̄m − βv̄u

p+ c+ β(v̄m − v̄u)

)1/k

, ∀p ∈ P,∀k ∈ J

Thus σ̄u(.) is decreasing in k, which is non-increasing in s. Therefore, σ̄u is non-decreasing

in s, thus increasing search costs will not increase the expected prices played by the unmatched

firms in pure strategy equilibria.
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Table 1: Expected price, J = 4, β = 0.96, c = 10,

k = 1 2 3 4

σ(1) 509.0785 282.3800 184.2688 134.4572
σ(2) 558.3527 360.2860 251.8648 188.5896
σ(3) 551.5003 396.5623 298.5087 234.3404
σ(4) 532.4649 411.7138 327.8537 268.3988

Table 2: Expected price, J = 4, β = 0.975, c = 10,

k = 1 2 3 4

σ(1) 821.8750 451.1868 290.5903 209.2578
σ(2) 890.3445 569.4120 394.5487 292.9047
σ(3) 877.8918 626.2505 468.0500 365.0838
σ(4) 847.6255 650.8454 515.1650 419.5501
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Figure 1: Cumulative distribution of price offers from a unmatched firm: β = 0.96, c = 10, J =
25, b = 0

Figure 2: Cumulative distribution of price offers from a matched firm: β = 0.96, c = 10, J =
25, b = 0
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