
FUNDAÇÃO 
GETULIO VARGAS 

EPGE 

SEMINÁRIOS DE ALMOÇO 

The spenders-hoarders theory of 
capital accumulation, wealth 
distribution and fiscal policy 

Pierre Pestieau/Emmanuel Thibault 

(University of Uége/University of Perpignan) 

Data: 21/09/2007 (Sexta-feira) 
Horário: 12h15min 

Local: 
Praia de Botafogo, 190- 11° andar 
Auditório i1° 1 

Coordenação: 
Prof. Luis Henrique. B. Braido 
e-mail: lbraido@fgv.br 



The spenders-hoarders theory of capital 
accumulation, wealth distribution 

and fiscal policy* 

Pierre Pcsticaul and Emmanuel Thibau!t+ 

CORE Discussion Paper 2007/40 

Abstract: This paper proposes a simple OLG model which is consistent with the 
essential facts about consumer behavior, capital accumulation and wealth distribution, 
and yields some new and surprising conclusions about fiscal policy. By considering a 
society in which individuais are distinguished according to two characteristics, altruism 
and wealth preference, we show that those who in the long run hold the bulk of private 
capital are not so rnuch motivated by dynastic altruism as by preference for wealth. 
Two types of social segmentation can result with different wcalth distribution. To a 
large extcnt our results seem to fit reality better than those obtained with standard 
optimal growth models in which dynastic altruism ( or r ate o f impatience) is the only 
source of heterogeneity: overaccumulation can appear, public debt and unfunded pen­
sions are not neutra!, estate taxation can improve the welfare of the top wealthy. 

Keywords: Altruism, Preference for wealth, Capital accumulation, Wealth distri­
bution, Ricardian equivalence. 

JEL classification: D64, H55, H63. 

*We are grateful to H. d'Albis, A. d'Autume, F. Collard, B. Crettez, D. de la Croix, A. Degan, 
F. Porticr anel A. Vcnclitti for helpful suggestions. Wc also thank participants to confcrcnccs anel 
seminars whcrc this paper was presented 

tunivcrsity of Liége, CORE, PSE and CEPR. 

+univcrsity of Perpignan anel Toulousc School of Economics (GR.EMAQ). 

1 



"The love of wealth is therefore to be traced, as either a principal or accessory 
motive, at the bottom of all that the Americans do." 

Alexis de Tocqueville 1841. 

1 Introduction 

The model of optimal capital accumulation with infinitely lived agcnts developed by 
Ramsey (1928) is one of the most popular models in macroeconomics. As infinitcly 
lived agents are now often reinterpreted as dynasties of altruists (see Barro, 1974), 
it forms the core of many models of economic growth and it is extensively used for 
analyzing the elfects of government policy. 

In Barro-Ramsey framcwork, it is well known that all the capital would end up in 
the hands o f the most patient (o r alternatively, the most altruistic) households in a 
competitive equilibrium1 Before Ramsey (1928), as noted by Boyd (2000), Rae (1834) 
and Fisher (1930) had already suggested that the most patient households accumulate 
all of the capital. 

This result seems to be robust since it holds as soon as there exists some agents with 
infinite horizon (infinitely lived agents o r unconstrained altruistic agents). Indeed, in 
societies with at least an agent à la Barro-Ramsey, the steady state is always2 Pareto 
optimal and the long-run capital stock, driven by the degree of patience ( or altruism) 
o f the most patient (o r altruistic) agents, is only held by these agents. 

The main goal of this paper is to question these well established results in optimal 
growth theory by constructing a sirnple and realistic ovcrlapping generations model 
which is consistent with the essential facts about consurner behavior, capital accurnu­
lation and wealth distribution, and to yield some new and surprising conclusions about 
fiscal policy. Then, our paper can be viewed as an alternativc rnodeling of dynarnic 
wealth distribution that is generally dealt with using calibrated versions of stochastic 
growth rnodcls3 or using theoretical models with imperfcct crcdit market4 

1 This propcrty has already been conjccturcd by Ramscy (1928) anel it has been formally provcd 
by Radcr (1971), Becker (1980) and Bcckcr and Faias (1987) for the case with borrowing constraints, 
and by Bewley (1982) for the case without borrowing constra.ints. 

2 See Muller anel Woodford (1988), Nourry anel Venelitti (2001) or Thibault (2005). 
3 An clegant way to generate non-degcncratc wcalth distribution consists o f introducing some idio­

syncratic uninsurable risks in a growth model and calibrate it, to fit, dat.a. Calibra.ted econornies 
with Barro-Ramscy houscholds have been for example studied by Aiyagari (1994), Castaneda, Diaz­
Giméncz and Rios-Rull (1998, 2003) and Quadrini (2000) when agents have identical preferences or 
by Krusell and Smith (1998) when agents differ regarding to time discount rate. 

4Thcsc standard theoretical models on wealth accumulation and on wealth distribution (for exam­
plc, Banerjee and Newman, 1991, Galor and Zcira, 1993, Aghion and Bolton, 1997, Piketty, 1997, or 
Matsuyama, 2000, 2006) generally have three main ingrcdicnts: impcrfect capital market, exogenous 
priccs and warm-glow altruism. This form of altruism (joy of giving) is the most tractablc, but it 
implies, contrary to the data, that thc wealth held by an individual always has an inhcrited component. 
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1.1. Why do we need a new model ? 

Recently, Mankiw (2000) presenteei three pieces of evidence suggesting that we need 
a new macroeconomic model of fiscal policy. Indccd, the two canonical macrodynamic 
models- namely the Barro-Ramscy model with infinite horizon anel the standard OLG 
model ( due to Samuelson, 1958, anel Diamond, 1965) with finite horizon - are incon­
sistcnt with the empírica! finding that consumption tracks current income anel with 
the numerous households with near zero wealth. In addition, the Diamond-Samuclson 
model is inconsistent with the great importance of bequests in aggregate wealth accu­
mulation. Then according to Mankiw (2000, p. 121): "A new model of fiscal policy 
needs a particular sort of heterogeneity. It should include both low-wealth houscholds 
who fail to smooth consumptj<;>n over time anel high-wealth households who smooth 
consumption not only from yeai: to year but also from generation to generation. That 
is, we need a model in which some consumers plan ahead for themselves anel their 
descendants, while others live paycheck to paycheck." 

From these observations, macroeconomists have focused on a new distinction to 
segment society in a dual way, that between spenclers anel savers, which echoes that 
introd uced some time ago by Ramsey ( 1928) betwecn people with high anel low impa­
tience anel more recently that between altruists anel non altruists. 5 The gist o f thesc 
!ater distinctions is that savers, patient agents or altruistic households, encl up accumu­
lating wealth for the sake of transmission to their chilclren whereas spenclers, impatient 
agents or non altruistic households, clon't save at ali anel if they elo so, they elo it for 
their own future consumption. 

The question one can raise at this point is whether such a simple representation 
of society bears any resemblance to reality. In others words, is the clegree of altruism 
the key parameter of wealth accumulation? It is undoubtedly an important parame­
ter as without bequest motive clynastic wealth is not sustainable. Whatever the huge 
wealth of Warren Buffet or Bill Gates their decision not to leave any sizeablc bequest 
to their heirs does not favor wealth accumulation on behalf of their descents. Admit­
teclly it is highly rare for a family fortune to last more than three generations, so much 
so that there's a well known aclage: "Shirt sleeves to shirt sleeves in three generations"6 

However, even if individuais differ in many respects including altruism, we observe 
at the same time in real life societies that those who control capital accumulation are 

5 Among thc models wit,h "savers-spcndeno" such as presentcd by Mankiw (2000), let us mcntion 
Michel and Pestieau (1998, 1999, 2005) who analyze the effects of alternative fiscal policies (debt, 
PAYG, estatc taxation) in settings whcrc the only hcterogeneity is the degree of altruism with fixed or 
cnelogenous labor supply or where peoplc vary according to altruism anel productivity. Using the samc 
dichotomy "savers-spenders'\ Smctters (1999) analyses the robustncss of the R.icardian equivalcncc; 
Nourry anel Venditti (2001) study the stability and the detcrmination of thc long-run equilibrium, 
Laitncr (2001) try to explain secular changcs in wealth incquality and inhcritance in the US and UK 
data and Thibault (2005) tries to explain the emergcncc of rentiers (i.c.\ of capitalists). 

6 Degan and Thibault (2007) analyzc the dynamics of accumulation within a dynasty and explain 
the emergcnce, the pcrsistence and/ or the disappcarance of "rentiers" and "dilapidators" over t.ime. 
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not particularly altruistic. For instance, Arrondel and Laferrere (1998) who distin­
guish very wealthy and just wcalthy in France, show that for the former altruism plays 
a much smaller role than for the latter. More recently De Nardi (2004) and Reiter 
(2004) cleveloped general equilibrium rnodels calibrated on US and/or Sweden data. 
They show that altruism cannot explain the top tail of the wealth distribution. To do 
it, they use growth models based on Max Weber's theory of "the spirit of capitalism" 
anel a rnathematical model of Kurz (1968): capitalists accumulate wealth for the sake 
of wealth. To cite Weber (1958, p. 53): "Man is dominated by making of rnoney, by 
acquisition as the ultimate purpose of his life. Economic acquisition is no longer sub­
ordinated to man as the means for the satisfaction of his material needs. This reversal 
relationship, so irrational from a naive point of view, is evidently a leading principlc of 
capitalism." 

This view has been shared by many other contemporary and past economists in­
cluding A. Smith, J.S. Mil!, J. Schumpeter or J.M. Keynes7 anel has been used by many 
authors who have tried to explain growth and/or savings (see for instancc Bakshi and 
Chen, 1996, Gong and Zou, 2002, Zou, 1994, 1995, Carro!!, 2000, De Nardi 2004, Rc­
iter 2004 or Calor and Moav, 2006). To summarize, as argued by Carro!! (2000): "the 
saving behavior of the (American) richest households cannot be cxplained by models 
in which thc only purpose of wealth accumulation is to finance future consumption, 
either their own or that of heirs." Then, to cxplain such a behavior one has to assume 
that some consumcrs regard accumulation as a end in itself or as channel leading to 
power which is equivalent to assume that wealth is intrinsically desirable, what we cal! 
here "preference for wealth". 

In a nutshell it seems that those who hold the bulk of private wealth are not so 
much motivated by dynastic altruism as by a preference for wealth. In othcr words, the 
key source of heterogeneity would not only be impatience or altruism but preference for 
holding wealth. In this paper, we look at this issue by considering a society in which 
individuais or rather dynasties are distinguished according to these two characteristics, 
altruism and wealth preference. 

1.2. An overview of our main results. 

Let us describe the main results that we obtain in this paper by considering an OLG 
economy with individuais differing in altruism a.nd in preference for wealth. Those 
with preference for wealth are labeled "hoarclers-a.ltruists"; even though their degree of 
altruism ca.n be nil. Those without such preference are either weak or strong altruists 
(see Table 1). To summarize, our society ca.n be view as a society which mixes agents 
à la Diamond, agents à la Barro, hoarders with positive intergenerationa.l bequest 
motive a.nd hoarders without intergenerational bequest motive. Depending on the 
degree of altruism and the preference for wealth of these individuais, two kinds of 
equilibrium and segmentation can emerge. In the first type, denoted Equilibrium I, 

7See Zou (1992 1 1994) for a rcview of the history of economic thought and more referenccs on this 
topic. 
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only the hoarders-altruists leave a positive bequest. In the second type of equilibrium, 
denoted Equilibrium II, only the weak altruists don't bequeath. 

Individual preferences li Wealth transrnission I 
Degree o.f Wea.lth Equihbrium I Equilibr,ium li 

Types of agents Aliruisrn "/ Preference J (two-class) {three-cla.ss) 

Weak altruists weak (o r nil) nil nil (spenclers) nil (spenclers) 

Strong altruists strong nil nil (spenclers) positive (savcrs) 

Hoarders altT'uists positive (or nil) positive positive (hoarders) positive (hoardcrs) 

Table 1: Social segrnentation 

Regarding capital accumulation, our results differ following the two types of equi­
librium. When the degree of altruism of the strong altruists is low, the stock of capital 
can then exceed its Golden Rule (hereafter GR) levei. In other words, equilibrium 
I can be dynamically inefficient (marginal productivity of capital exceeds the rate of 
population growth) even though agents motivated by a dynastic altruism leave positive 
bequests. The result of "savers-spenders" rnodels that it suffices to have one altruistic 
agent leaving bequests for the econorny to be dynamically inefficient does not resist 
to the arrival of hoarders-altruists. When the altruism of strong a.ltruists is sufficiently 
high, then the stock of capital is ruled by a Modified Golden Rule (hereafter MGR) 
based on their degree of altruism. We have then equilibrium II wherein the result of 
"savcrs-spcndcrs" models is verificd: the stock of capital is in the long run ruled by the 
most altruistic individuais. 

Our findings are particularly intcrcsting with rcgard to wcalth distribution. The 
bcqucathing dynastics hold a strong stand as to the way aggregate wealth is shared. 
In the two-class equilibrium, the hoarders impose their view and in the three class 
equilibrium, both hoarders and savers irnpose their view. Thus in equilibrium II the 
strong altruists who determine the MGR equilibrium are not the only ones to hold 
wealth. The hoarders also hold some wealth8 In this case wealth distribution is not 
reduced to a single point, but reflects what can be observed in reality. We show that 
it is possible that few hoarders with a low degree of altruism hold more capital than a 

8We are not the first to exhibit theoretical variants of the Barro-Ramscy modcl in which the long­
run distribution of wealth can be non-degenerate. For example, Epstein and Hynes (1983) or Lucas 
and Stokcy (1984) show that thcrc may cxist stationary cquilibria in which all houscholds own positive 
amounts of capital when preferences are described by recursive utility. Sarte (1997) establishes that 
progrcssive taxation as anothcr rcason for thc cxistence of stationary equilibria with a non-degenerate 
wealth distribution. A non-degenerate wealth distribution is also obtaincd by Dutta and Michel 
(1998) in a setting with imperfect altruism and linear price, by Boyd (2000) in an endogcnous growth 
framework with learning-by-doing or by Falk and Stark (2001) with other form of altruism. Recently, 
Sorgcr (2002) shows, in thc case whcrc a govcrnmcnt lcvics a progressive income tax, there exist 
in:finitely many stationary equilibria in which all households own positive capital stocks. However, 
contrary to thcsc papcrs, wc are thc first to obtaiu a distrilmtion o f wcalth non-dcgcncratc in a simplc 
framework with logarithmic (and not recursive) utility function and without taxation and in which 
the standard MGR capital stock is de:finable and holds. 
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large number of altruists with strong altruism. 

With the relation between wealth holding and altruism being more complex than in 
earlier models, we obtain new results concerning the incidencc of fiscal policy. We Jirst 
summarize the main effects of PAYG pensions and of public debt. In equilibrium I these 
policies reduce capital accumulation and can either increase or decrease the welfare of 
both spenders and hoarders. In Equilibrium II, these policies don't have any effect on 
the stationary capital stock. However, as it appears on Table 2, they increase wealth 
holding by the savers and decrease wealth holding by both spenders and hoarders. 

11 Spenders I Savers I Hoarders 11 

Share of capital held Decreased Increased Decreased 

Welfare Decreased Increased Decreased 

Table 2: Effects of a PAYG pension system ar a public debt at the MGR equilibrium. 

In the traditional "savers-spenders" models à la Mankiw, those fiscal policies seem 
to be regressive as they were favoring the savers at the expenses of the spenders. Intro­
ducing hoarders leads to a different finding. Now there is a transfer of resource from 
hoarders to the other individuais. Note also that a PAYG pension systern or public 
borrowing have an opposite effect of unconstrained altruists whether of not there exist 
a preference for wealth, even a very light one. These two policies benefit the savers 
and hurt both spenders and hoarders. 

As to estatc taxation our rcsults diffcr also from thosc obtaincd in thc "savcrs­
spender" sctting. As it appcars on Tablc 3, in thc MGR cquilibrium, estate taxation 
reduces capital accumulation. It increases the share of capital held by spenders and 
hoarders and decreases the share held by savers. Consequently, if one wants to hurt the 
savers, estate taxation is good and if one wants to favor them, either PAYG pension 
or public debt becorne the appropriate instrument. 

11 Spenders I Savers Hoarders li 
Share of capital held Increased Decreased Increased 

Welfare Decreased Decreased 
Increased·if oHO sufficiently large 

Decreasedif oHO sufficiently low 

Table 3: Effects of the estate taxation at the MGR equilibrium. 

Estate taxation is clearly a questionable instrurnent of redistribution: it hurts the 
wealthy, but favors the top wealthy. Moreover, estate taxation worsens the welfare 
o f both the spenders and the savers but increases ( decreases) the one o f the hoard­
ers if the degree of altruism of the savers is sufficiently high (low). We found here a 
new reason to deal with estate taxation with caution. If the objective of such a tax is 
to fight top wealth holding, we show that society might be better off using another toa!. 
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The rest of the paper is organized as follows. Section 2 presents the modo!. Section 
3 is devoted to the long-run capital accumulation and the long run wealth distribution. 
Section 4 studies the incidencc of public debt, social security and estate taxation. A 
final section concludes. Proofs are gathered in Appendiccs. 

2 The model 

Consider a perfectly competitivo economy which extends over infinito discreto time 
periods. The economy consists of N 2: 1 dynasties denoted by h E {1, ... , N}. In 
each period t, the size of each dynasty h is denoted by Nf' and grows at rate n. 
Total population size is N 1. Wc denote by p~ the positive relative size of each dy­
nasty h. It is time invariant. Hencc, we have Nf' /N1 = p~ = ph, :L~:~ ph = 1 and 
Nt+J/ N, = N,\1/ N,h = 1 + n. 

Individuais of a dynasty h are identical within as well as across generations and 
live for two periods. All dynasties are made of altruistic individuais. We adopt Barro 
(197 4) 's definition o f altruism: pa.rcnts c are a.bout their children welfa.re by including 
their children's utility in their own utility function a.nd possibly lea.ving them a. bequest. 
When young, a.ltruists o f dynasty h, bom at time t, receive a bequest :r~, work during 
their first period (inelastic labor supply), receive the ma.rket wa.ge w1, consume c~ and 
save s~. When old, they consume d~+l a part o f the procecds o f their sa.vings a.nd 
bequeath the remainder (1 + n)x~+l to their (1 + n) children. Agents perfectly foresee 
the interest factor Rt+l· Bequest is restricted to be non-negative, which is an important 
assumption. We denote by Vt the utility of an a.ltruist of dyna.sty h: 

h h h 
Wt + x t = ct + st 

R,+ls~ = d;'+1 + (1 + n)x;'+1 

x~+l 2: O 

(1) 
(2) 

where V,~1 ( x~+l) denotes the utility o f a representativo child who inherits x~+l· Para­
meter Jh 2: O mcasures the preference for wealth, Ih E [0, 1) is the intergenerational 
degree of altruism of the dynasty h a.nd (3 E (0, 1] is the factor of time preference. 

Importa.ntly, contra.ry to I3a.rro (1974), our log-linea.r life-cycle utility is not re­
stricted to depend only on life-cycle consumption. Indeed, the a.gent enjoys accumulat­
ing wealth for itself when Jh > O. The reasons why wealth directly enters in the utility 
function ha.ve been previously expla.ined in our introduction. Such a specification is 
old. For exa.mple, before9 the well-known a.rticle of Kurz (1968), Yaari (1964) focuses 
"on the notion that consumer preferences depend not only on the ra.te of consumption 
but also on terminal wealth (o r bequests). This notion is, o f course, not new. Marshall 
(1920, p. 228), for insta.nce, refers to fa.mily a.ffections as the chief motive o f saving'. 

9 A theoretical discussion on this issue can also be found in the Tobin's unpublished dissertation 
(1947). 
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In our economy, the heterogeneity comes from the two parameters triggering saving 
(besides old age consumption): the preference for wealth (jh and the degree o f altruism "'h Then, each dynasty h can be characterized by a pair (ii\ "'h) E IR+ x [0, 1). From 
each pair (ii", "'h) we can define thc kcy paramctcr cyh as follows: 

This parameter represents a "modified degree of altruism" which is larger or cqual 
to cyh Indeed, when ii" = O we havc ;yh = 1" whereas ;y" > Ih as soon as ii" > O. This 
modified degrcc o f altruism modified by the wcalth prefercncc allows us to segment, 
without loss of generality, the N > O dynasties as follows: 

We first havc M dynasties (M > O) which have no preference for wealth (i.e., 
ii" =O) andare labeled from h= 1 toM. We assume that 1M E (0, 1) and (if M > 1) 
Ih E [0, cyM) for h E {0, ... , M -1 }. Therefore, M is the most altruistic dynasty among 
the dynasties which don't havc any prefercnce for accumulating wcalth. By convention, 
dynasties 1 to lvl - 1 are considered as dynasties of weak altruists (WA) whereas the 
dynasty M is a dynasty of strong altruists (SA). 

We then havc N- M dynasties (N > M) which have some preference for wealth 
(i.e., oh > O) and are indexcd h = 1'11 + 1, ... , N. We assume that cyh E [0, 1) and 
(if N > M + 1) 'f" E [O,cyN) for h E {M, ... ,N -1}. Therefore, N is the dynasty 
with thc higher modified degree of altruism among the dynasties with preference for 
wealth. In our terminology these N - M dynasties are dynasties of hoarders-altruists 
(HA) whereas in the specific case wherc cyh = O, individuais are only hoarders and not 
hoarders-altruists. 

Maxirnizing V,h(x:') subject to (1) and (2) gives thc following first order conditions: 

\f h E {0, N} (3) 

\fh S: M (4) 

\fh > M 
(1 +n)/3 oh 'Ih 

dl' +-h-+-,- =o 
X C ' t+l t+l t+l 

(5) 

Unlike the M dynasties without wealth preference, the optimal bequests of the 
N- Jj![ dynasties with wealth prefcrence are nccessarily positive at ali date, and hencc, 
in the long run. 

We can also write the saving of a given dynasty h. Indeed, we have: 

(6) 
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where </;(R) = (1 + n) /R can be interpreted as a dynastic discount facto r. Thus, ceteris 
paribus, the higher the inheritance xi' and earning w,, the higher is saving. Saving 
increases also with intendcd bequest x~H· 

Let us now turn to the production side. Production technology is represented 
by a Cobb-Douglas function with two inputs, capital K, and labor L, i.e., Y, = 

F(K, L,) = AKf L~-~ with a E (0, 1) and A > O. Homogeneity of degree one al­
lows us to write output per worker as a function of the capital/labor ratio per worker, 
Y,/ L,= F(k,, 1) = f(k,) = Akf with k, = K,j L,, the capital/labor ratio. 

Markets are perfcctly competitive. Assuming, without loss of generality, that capital 
fully depreciates after onc period, each factor is paid its marginal product: 

w, = f(k,)- k,f'(k1) = A(1- a)kf and R,= J'(k,) = Aakf-1 (7) 

In each period, the labor market clears, i. e., L, = N, and thc capital stock at time 
t + 1 is financed by the savings o f the young generation born in t. Hence we have 
K,+l = N,s, with s, = 'E,~=:,f ph s~. Therefore, in intcnsive form: 

h=N 

(1 + n)kt+l = L p"s; 
h=l 

(8) 

We finish this section by three remarks. First, our approach compriscs a wide class 
of OLG models. 10 Second, we do not make any assumption on the sign of ;yN- IM· 
Finally, note that, according to Weil (1987) or Thibault (2000), the Barro's (1974) 
modcl with our Cobb-Douglas specification exhibits positive bequest if and only if 
IM >E"' /3(1- a)/[a(1 + /3)]. Even if, for the sake of generality, we allow for c> 1, 
we have to keep in mind that c > 1 corresponds to the case where the Barro's (1974) 
model has constrained altruists. 

3 Capital accumulation and wealth distribution 

In this section, we restrict our analysis to the steady states. Wc first study the long 
run behavior of hoarders-altruists. We have seen that their bequests x~ are positive at 
each date t. Then, according to equations (3) and (5) we obtain in the stcady-state 
denoted by subscript *' 

Vh>M (9) 

10When N ~ M ~ 1 anel 1 1 <: c = ll(1- a)/[a(1 + (J)] wc obtain thc Diamonel's (1965) model 
(or equivalently thc Barro's (1974) model with constrained altruists). Whcn N = lVI = 1 and ')' 1 >c 
we have Barro:s (1974) modcl with positivc bcquests. Whcn N = M > 1 aml 'YJ\.I > E, wc obtain 
the Barro's (1974) model with hcterogenous dynasties stuclicd by Vida! (1996). When N ~ M ~ 2, 
')' 1 =O and "(2 > c our cconomy is similar to that studied by Michel and Pestieau (1998), Mankiw 
(2000) or Nourry anel Venclitti (2001 ). 
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Merging (1), (2) and (9) we obtain the (positive) levei of stationary bequest of a 
dynasty h of hoarders-altruists: 

\fh > M (10) 

where Jh = Jh /(1 + f3 + Jh). This term is the relative weight of wealth in the life-cycle 
utility In c;'+ f3ln d~+l + Jh In .r~+l· In the specific case of hoarders dynasty h without 
intergenerational bequest motive (i.e., 'Yh = 0), we ean note that ;yh corresponds to Jh 

Since, the bequest of hoarders-altruists is positive, thc steady-statc cp(R*) neces­
sarily satisfies ;yN < 0(14) anel, according to (6) and (10), stationary saving s~ 
xZ + w* - cZ of a dynasty h of hoarders-altruists is given by: 

\fh > M .h _ _ 1_ (r' 5h [f'+ <P(R*ll) 
"*- 1 + f3 + cp(Tl*)- 'Yh w. (11) 

In the specific case of a hoarders dyna.sty h. without intergenerational bequest mo­
tive (i.e., 'Yh = 0), we can note that (11) gives (1+P)(cjJ(R*) -Jh)s~ = (f3+Jh)cp(R.,)w*. 

We now turn to the dynasties with no wealth preference. According to equations 
(3) and ( 4), the long-term behavior of each of them must satisfy: 

\fh <:: M 'Yh <:: </J(R*) (= if :rZ >O) (12) 

Hence, among these !v! dynasties, only the strong altruists, t.e., the dynasty !VI 
with the highest degree of altruism, has the possibility to !cave a bequest. Indeed, 
if there exists a dynasty mE {1, ... , M- 1} such that 1:';' >O then equation (12) is 
not satisfied for dynasties h where h E { rn + 1, ... , M}. Then, the weak altruists are 
constrained altruists in the long run and their saving .s~ is such that: 

\fh <:: M- 1 sh = _P_w 
* 1+{3 * (13) 

Things are more cornplicated for the behavior of strong altruists. However, accord­
ing to (12), if x;:1 is positive then the steady state capital stock k* is equal to that of 
the MGR capital stock (i.e., k* = j'-1 [(1 + n)hM]) and we have: 

k = [aA'YM]l
1

o = kM R= 1 + n = RM = A(1 _ ) [aA'YM]l"" = M - * , M - * , w a _ w* 
1+n 'Y 1+n 

For the altruists without wealth preference we follow Mankiw (2000) by labeling 
as spenders the dynasties of constrained altruists and as savers the dynasties of un­
constrained altruists. Since the hoarders-altruists wish to accurnulate capital for its 
own sake we label them as hoarders. Then, to sum up our econorny (see Table 1), we 
have shown that the weak altruists are always spenders and the hoarders-altruists are 
always hoarders. The case of the strong altruists is arnbiguous: they are spenders when 
x~ = O and savers when x;:1 is positive. As a consequence, the bequest motive of the 
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strong altruists determines the long run wealth distribution of the society. 

Knowing the saving function of each dynasty allows us to characterize the long run 
capital accumulation in our economy. Indeed, using (6), (11) and (13) we can rewrite 
the equation of capital accumulation (8) according to whether or not the strong altru­
ists leave a bequest. 

When .1:!(1 = O, according to (11), (13), and using the fact that (1 + n)k/w 
ar/J(R)/(1- a), the equilibrium condition (8) is equivalent to: 

- {3(1/J(R,)- c) N zNh 
F( r/;( R*))= c (r/;( R,)+ {3) - L r/;( R,)- -yh =o 

h=M+l 

(14) 

This equation determines the capital stock of the economy when the strong altruists 
are spenders. 

When T~ is positive, we have rjJ(RM) = -yM and according to (6), (11) and (13), 
the equilibrium condition (8) gives: 

(15) 

This equation determines the bequest left by the strong altruists in the steady-state. 
Accordingly, the strong altruists are savers or spenders according to whether or not 
F(-yM) is positive. 

From equations (14) and (15) we can now study both the existence of the steady 
state and the long run capital accumulation of our economy. 

Proposition 1 - THE LONG RUN CAPITAL ACCUMULATION. 

a - When strong altruists are insufficiently altruist, the steady state is a spenders­
hoarders equilibrium where the stationary capital stock k* is the solution of (14). 

This capital stock increases with the proportion, the degree of altrnism and the wealth 
preference o .f the hoarders but is independent o .f the degree o .f altruism o .f the spenders. 

The stationary capital stock k* is in11 under-accumulation, at the GR ar in over­
accumulation o f capital if respectively 'L.~~M+lp"i5" /(1- ryh) is smaller than, equal to 
ar larger than {3 (1- e) /e. 

b - When strong altruists a·re snfficiently altruist, the steady state is o. savers­
spenders-hoarders equilibrium where the stationary capital stock is equal to that o .f the 
MGR capital stock k~. 

11 0ver (under)-accumulation of capital occurs whcn k* is greater (lowcr) than the golden rule (GR) 
capital stock kG = f'- 1 (1 + n). Using Cass (1972), k* is said dynamically (in)efficient if and only if 
k* is in (over)undcr-accumulation of capital. 
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This capital stock increases with the dcgree o f altnúsrn o f the savers but is indepen­
dent o f the proportion o f each dynasty, and o f the degree o f altr-uisrn o f the spendeTs 
and the hoarders. 

The stationar-y capital stock k~ is below the G R level. 

PROOF - See Appendix A. 0 

In Appendix A, we exhibit a threshold value "y (satisfying "y ?: :yN) of the degree of 
altruism of strong altruism below which the strong altruists are insufficiently altruist 
anel, consequently, spenders anel above which they are sufficiently altruist anel, conse­
quently, savers. 

The uniqueness of the stationary equilibrium is standard given the Cobb-Douglas 
specification. It is howcver interesting to observe that even in this very simple setting 
we end up with an endogcnously segmented society. 

The present paper generalizes the results of the "savers-spenders" models in severa! 
respects. It presents a more realistic setting. Also, the introduction of agents with 
two different characteristics (altruism anel preferencc for wealth) allows for testing the 
robustness of those models. Indeed, the mere introduction of at least one dynasty of 
hoarders sizably affects the equilibrium anel thc rcsulting stratification. 

Two patterns are now possiblc in the long tcrm. In the first, wc have a two-class 
society with spenders anel hoarders that has never been studied in the literature. The 
spenders belong both to the wcak anel strong altruists whereas thc hoarders belong 
to hoarders-altruists. The second pattern generalizes the "savers-spcnders" models by 
introducing a third class: the hoarders. We now have a society of savers, spenders anel 
hoarders sincc in this pattem the strong altruists are savers. 

We observe that the three-class result does not hold anymore when the hoarders 
have a moclified degree of altruism, ";h, that is high enough relatively to the othcrs. 
Indeed, it suffices that ;yN > IM for not having savers, in other worcls, for having the 
strong altruists bequeathing nothing. This does not mean that IN > /AI A low factor 
of altruism IN is compatible with a high ";N The degree of altruism IM of strong altru­
ists is neverthelcss fundamental to determine which kincl of equilibrium we end up with. 

If it is to bequeath, the strong altruists needs to have a degree of altruism suf­
ficiently high, i.e., such that IM > ";N Note that the value of "y is inclepenclent of 
the degree of altruism anel of the proportion of the spenclers. On the contrary this 
thresholcl value "y depeneis on the proportion anel the degree of altruism of the N- M 
clynasties of the hoarders. Ali things being equal the higher the proportion, the clegree 
of altruism anel the wealth preferenee of the hoarders, the higher is the threshold "y anel 
the lower is the likelihood to have a three-class equilibriurn that vindicates the results 
of Michel anel Pestieau (1998) anel Mankiw (2000). 
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Importantly, the macrodynamic properties of the equilibrium spenders-hoarders are 
vcry diffcrent from those of thc cquilibrium savers-spcndcrs-hoarders. When strong al­
truists are savers, the economy is at the MGR steady state which depeneis on the degree 
of altruism IM of savers, but not on their proportion. Note that this result is similar to 
those of Kaldorian models (see, for instancc, Kaldor, 1956, Pasinetti, 1962, or Britto, 
1972) but it is obtained in an endogenous way. As well-known since Ramsey (1928) and 
Becker (1980), the most patients (or altruists) irnpose their view on the long-run capi­
tal accumulation, whatever their size. Then, our savers-spenders-hoarclers equilibrium 
seems to bc equivalent to the equilibrium obtained in the "savers-spenders" models with 
heterogenous agents with no wealth preference. It is however noteworthy that unlike 
the "savers-spenders" mo deis and contrary to Ramsey's intuition, 12 equilibrium II with 
MGR has not two categories of individuais but three: savers, spenders and hoarders. 
Equilibrium I has two categories of agents, but it is not consistcnt with the MGR. 

At the microeconomics levei the introduction of altruists-hoarders has an important 
implication. Even though the dynasty of strong altruists imposes its view on capital 
accumulation, it is not the only one to bequcath and hold wealth. The hoarclers are 
also bequeathing even though they can have a negligible degrcc of altruism. When 
instead we have a spenclers-hoarders equilibriurn, the stock of capital is not any more 
determincd by a single dynasty. Now the stock of capital depeneis on both the degree 
of altruisrn anel on the preference for wealth of the N - M clynasties of hoarders and 
on the proportion of each of them. 

The fact that the logic of capital accumulation is totally clifferent in the two equi­
libriurns is reinforced by our results on the dynamic efficiency of the two steady-states. 
These results also cmphasize the influence of wealth preference. Even though ali agents 
have some altruism for their children, the competitivo equilibrium can be dynamically 
inefficient when some agents have some preference for wealth per se. Indeed at the 
spenders-hoarclers equilibrium, the higher the proportion, the degree of altruism and 
the wealth preference of a dynasty of hoarders, the higher is the possibility of over­
accumulation. Thus the main result of Barro (1974) that dynastic altruism irnplies 
dynamic efficiency does not rcsist to the introduction of agents having some preference 
for wealth not just as a means of saving for retirement or for bequests but just for itself. 
Intuitively it is clear that with such a taste for wealth the stock of capital is likely to 
be higher than when there is no such a tastc. 

Things are different in the three-class equilibrium. The stock of capital being consis­
tent with the MGR, thc economy is dynamically efficient irrespectively of the presencc 
of hoarders. To sum up, depending on the fundamentais, the introduction of hoarders 
rnay have an impact or not on the accumulation of capital. Note that the introduction 
of hoarders is not necessarily nega tive. Even when it increases the capital stock, it can 
bc cfficient as long as the GR levei is not overtaken. 

12 Evcn though optimal growth thcorists and Ramsey in particular are not conccrned by intragcncr­
ational issue, he notes in his 1928's seminal papcr that if agcnts differ in their time preference socicty 
wi1l be split in two classes: "the thrifty enjoying bliss and Lhe improvident at lhe subsistcnce lever'. 
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To illustrate numerically the possibility of a elynamically ineflicient cquilibrium even 
if all agents are altruistic, we now consieler an economy in which the population consists 
of a proportion p1 of weak altruists with elegree of altruism 11 < E, a proportion P2 of 
strong altruists with elegree of altruism 12 > s and a proportion P3 of hoarders with 
elegree of altruism 13 . We adopt the following scenario: 12 = 0.9, 13 = 0.89, (3 = 0.5, 
a = 1/3, A = 1 and n = O. Clearly hoarders is very altruistic. On Figure 1, we see 
how the steady-state stock of capital changes with li anel increasing values of p3 . The 
GR levei of capital is given by the horizontal elotteel line. The MGR is given by the 
horizontal segment o f the continuous line. When the proportion o f hoarders is very low 
(1/140) the economy follows the MGR as longas 5 ~ 0.25. When o > 0.25 we have 
a two-class equilibrium but the levei of capital stock stays elynamically ef!icient. In 
this particular case, increasing wealth preference can be vieweel as socially desirable. 
When the proportion o f hoarders is a bit higher, we have the three-class equilibrium 
for low values of ó (ó = 0.1 for p3 = 13/160). When li increases, we move to the two­
class equilibrium but also to elynamically inef!icient capital stocks. For p3 = 1/3 the 
economy turns dynamically inef!icient for o = 0.1. To summa.rize, Figure 1 provieles an 
example showing how Barro (1974)'s intuition that dynastic altruism leads to elynamic 
efliciency is not robust to a slight introeluction of preference for wealth. 
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Figure 1: Capital accumulation anel dynamic efliciency 

We now turn to the way capital is held by the clifferent agents. So doing we obtain 
a better grasp of the long run elistribution of wealth in the two alternative equilibria. 
One of the motivations of this paper wa.s to show that top wealth is not necessarily held 
by the strong altruists, which was the conclusion as soon as there exists some savers 
(infinitely lived agents or unconstrained altruistic agents). 

Comparing to the "savers-spenders" literature, our moelel seems to be most relevant 
to stuely the long term elistribution of wealth. In the earlier moelels relying on the 
single characteristic of either patience or altruism, the equilibrium wealth elistribution 
was reeluced to two points: positive wealth for the most patient or altruist, anel zero 
wealth for the others. By introducing some preference for wealth and thus the category 
of hoarders we now have a more complex and realistic distribution of wealth. We now 
have N- M + 1 or N- M types of wealth-holelers. Ineleeel, it is straightforward that 
the dynasties which helel long run wealth are the elynasties of bequeathers. We could 
get the sha.re of wealth held by each of the N dynasties. However to keep the analysis 
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simple, we now focus on the share of each of the three types of dynasties: savers, 
spenders, hoarders. With this simple presentation, we now study the comparative 
statics of this wealth-holding. 

Proposition 2 - THE LONG RUN WEALTH DISTRIBUTION. 

a - At the spenders-hoarders equilibrium, the higher the proportion, the degree of 
altruism and the preference for wealth o f hoarders, the higher is the fraction J.LHO o f the 
stationary capital k* held by the hoarders and the lower is the fraction J.LSP held by the 
spenders. 

b - At the savers-spenders-hoarders equilibrium, the higher the degree o f altruism o f 
the savers, the higher is the fraction v 5 A o f the stationary capital kj;1 held by the savers 
and the lower are vH0 and v 8 P the fractions respectively held by the hoarders and the 
spenders. The higher is the proportion, the degree of altruism and the preference for 
wealth o f a dynasty o f hoarders, the higher is vH0 . 

PROOF - See Appendix B. D 

Whatever the equilibrium regime, the spenders hold some capital that is related to 
saving for retirement13 The distribution of wealth in the equilibrium with spenders 
and hoarders depends on the stock of capital, which is not the case of the three-class 
equilibrium. The larger the capital stock, the higher is the share held by the hoarders. 
Wealth sharing in the two-class equilibrium is more or less imposed by the behavior 
of hoarders. Both the overall stock of capital and the share they hold increase with 
their degree of altruism and their taste for wealth. Conversely, the share of wealth 
held by the spenders is independent of their own characteristics. Intuitively, one could 
say that the hoarders get the additional capital accumulation they generate ( /,;* ~ k!;f). 

In the three-class equilibrium, things are clearly different. Sharing now depends 
on the degree of altruism of both savers and hoarders. The more altruistic the savers, 
the higher is the capital stock k!;f, and the higher is their share. When the degree of 
altruism o f the savers increases, vHO / v 8 P decreases and, thus, even if the shares o f 
both savers and hoarders diminish, the hoarders loose more that the spenders. When 
the factor of altruism of a dynasty of hoarders increases, then the share and the amount 
of capital held by the hoarders increase at the only expenses of savers. In other words, 
variation is the degree of altruism of hoarders have not impact on the share of capital 
held by the spenders. 

Our findings are summarized in table 4. 

13This fac~ implies that, even if the spcnders save, we can consider that they do not hold wealth. 
Indeed, in a successive generations model, that is, a modcl without retiremcnt period, the spenders 
do not hold any wealth. 
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Variations of capital sharing 

EQ UILIBRIUM I EQU!LIBRIUM 11 

(two-class) {three-class) 

Spenders Hoarders Spenders Savers Hoarders 
i'SP /lHO vBP vSA vHO 

11 Increase of Parameter 

Altruism Degree "/ of WA Unchanged Unchanged Unchanged Unchanged Unchanged 

Altruism Degree "IM of SA Unchanged Unchanged Decreased Increased Decreased 

Altruism Degrce "/ of HA Decreased Increased Unchanged Decreased Increased 

Wealth Preference 6 o f HA Decreased Increased Unchanged Decreased Increased 

Table 4: Changes in Wealth Distribution according to individual pammeters. 

To sum up, the dynasties that bequeath are in a strong position in the way capital 
is shared. In the two-class equilibrium, the hoarders impose their view and in the 
three-class equilibrium, both hoarders and savers impose theirs. It is important to see 
the key role played by the preference for wealth. Whatever the final equilibrium the 
share of capital held by the hoarders increases with their preference for wealth. 

To illustrate numerically the relevance of our model we consider the three-type 
setting used previously for illustrate the possibility of dynamic inefficiency. We now 
introduce a scenario to illustrate the fact that the relation between wealth holding and 
altruism is not as simple as thought previously. Figure 2 represents the case where: 
12 = 0.8, 13 = 0.5, o= 0.5, fJ = 0:5, a = 1/3, A= 1 and n =O. 

Share of capital 
100 

j 90 

80 

• 70 .s 
E;" 

~ 
60 

i 50 

40 
õ 

" 30 

20 
20 40 60 80 100 

% of hoarders 

Figure 2: Share of capital held by the hoarders (Scenario 2) 

As soon as p3 > 0.06, we have a two-class equilibrium. We see that as p3 increases 
beyond this threshold value the share of capital held by the hoarders increase from a 
share 0.225 (p3 = 0.06) to 1 (p3 = 1). Consequently, even though hoarders are less 
altruistic than the strong altruists, they end up holding relatively more wealth. In the 
example depicted Figure 2, the hoarders hold almost 25% of total wealth even though 
they are poorly altruistic and only represent 5% of total population. 
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4 Alternative fiscal policies 

We now turn to alternative fiscal policies such as PAYG pension system, public debt 
and estate taxation. We want to see how the results obtained in optimal growth models 
with spenders and/ o r savers change o r can be extended with the introduction o f the 
hoarders. 

4.1 Pay-as-you-go pensions 

Our PAYG pension system consists of a payroll Ievy, -r,, paid in period t by workers 
anda pension benefit, e,, paid to the retirees of generation I. -1 so that e, = (1 + n) -r,. 
Then, the budget constraints (1) and (2) become: 

w, + x~- -r,= c~+ s~ and R,+ls;' + e,+l = d~+l + (1 + n) x~+l (16) 

We begin our study of the incidence of PAYG pension system in our economy with 
a fraction of hoarders by focusing both on the savings and the bequests behavior of 
each types of individuais. 

Obviously, the spenders do not leave bequest. Then, after calculus, their savings 
and their bequests satisfy: 

"h M "()- {3w.(-r)- [f3+q\.(-r)]-r 
v < S* T - {3 

1+ 
and (17) 

Concerning the hoarders, they always bequeath and the equilibrium conditions (9) 
always holds. Using w.(-r) = w.( -r)- [1- ql.(-r)]-r the part of the life-cycle income D~( -r) 
independent of h, their savings and their bequests is such that: 

Vh > J\I s"(-r) = (J'(-r)w.(-r)- -r[{3 + ql.(-r)]x~(-r) 
* 1+{3 1+.6 

and (18) 

where: 
(h() = {3 + t\h[[3 + q\.(.)] 
* . q\.(.)- Ih 

and h() = 1 + 5"[1- ql.(.)] 
X. . ql.(.)- Ih 

Finally, the strong altruists are savers if x~ (-r) is positive and are spenders if x~ (-r) 
is nil. Then, we now distinguish these two cases to determine how the PAYG pension 
system affect the capital accumulation. 

When strong altruists are spenders, using both (17) and (18), we can rewrite (8)to 
obtain at the equilibrium: 

N 

F [<P.(-r)] = -~( )t![q\.(-r)] with t![q\.(.)] = 1 + :L 
W* T h=M+l 

pht\h[1- q\.(.)] 
q\.(.) _Ih 

(19) 

Importantly, even if q\.(.) can be greater than one, the function t![q\.(.)] is always 
positive. Indeed, t![q\.(.)] is a decreasing function o f ql.(.) such that limf.(.)~+oo t![q\.(. )]= 
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1- L;t:::;phJh >O. Note that, when T =O, we rccoup (14). 

When strong altruists are savers, the economy is at the MGR. Indeed, (12) holds 
because thc first arder conditions (3) and (4) are not rnodificd by the PAYG pension 
systern. Then, the equality (8) allows us to obtain, after some tedious computations, 
the bequests of savers: 

(20) 

Note that, when T =O, we recoup (15). 

Frorn equations (19) and (20) we can now study the impact of a PAYG pension 
systern both on the long run capital accumulation of the economy, the redistribution 
across the dynasties and the welfare of each dynasties. 

Propositíon 3 THE EFFECTS OF A PAYG PENSION SYSTEM. 

a - At the spenders-hoarders equilibr·ium, the PA YG pension system. reduces the 
accumula.tion o f capital. The decrw.se in savings o f the spenders is not com.pensated by 
the hoa.rders. Indeed, conceming both the bequest and the savings of the hoarders, the 
impact o f the PA YG pension system. is am.biguous. 

The introd·uct'ion of the PAYG pension system. can im.prove ar wor·sen both the wel­
far·e o f the spenders and the one o f the hoarders. 

b- At the savers-spenders-hoarders equilibrium., the PAYG pension system. has no 
effects on the accum.ulation o f capital. The decrease in the saving both o f the spenders 
and the hoarders is com.pensated by an increase of the savings of the savers. If the 
bequest of the spenders rem.ains nil, the introduction of the PAYG pension system. re­
duces the one of the hoarders but increases the one of the savers. This intmdnction 
íncreases the share o f capital held by the savers but decrmses the shares o f capital held 
respectively by the spenders and the hoarders. 

The introduction of the PAYG pension system. im.proves the welfar·e of the savers 
but it worsens the welfare both o f the spenders and the hoarder-s. 

PROOF - See Appendix C. 0 

According to (20), the equilibrium is a three-class one if and only if T > TM = 
-wM F( '!M)j{}(JM). If without PAYG pension we have a three-class equilibrium (case 
where F(·/v1) > 0), this type of equilibrium remains so with PAYG regardless of 
the síze of T. On the contrary, if the economy is in a two-class equilibrium without 
PAYG pensions (case where F('!M) < O) there exists a payroll tax rate TM above 
which introducing a PAYG pension scheme will imply a three-class equilibrium. Then, 
the introduction of a PAYG pension system can imply a transition from a spenders­
hoarders equilibrium to a spenders-savers-hoarders equílibrium. The opposite shift is 
not possible. The intuition unclerlying this possible transition is that in the two-class 
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equilibrium introducing a PAYG pension leads to capital decumulation in the long run. 
This decline can lead to the capital leve! consistent with the MGR, for which we get a 
three-class equilibrium. 

In the two class equilibrium, the higher T, thc less do spenders save. The first 
effect induces a drop in the capital stock. Furthermore this effect can be offset or 
reinforced depending on the infl.uence of the PAYG pension system on the leve! of 
bequests and saving by the hoarders. Concerning the bequests of the hoarders, we 
have (see Appendix C): 

'Ih > j\;f 
OX~(k.(T), T) 

OT 
OX~(k*(T), T) éJk*(T) 

éJk*(T) OT 

Jh[1 -</>.(T)] 
</>.(T) -ih 

When a and T are sufficiently low we show that the first term of RHS is positive. 
Then, ifthe equilibrium value k.(T) is low enough, hoarder's bequests increase with T. 
Intuitively, the introduction of the PAYG pension system leads to an increase in the 
second period income of the hoarders. This wealth gain in the second period induces 
the hoarders to increase their bequests. Note however that when the equilibrium is 
dynamically inefficient (i.e., </>[k.(T)] < 1), the second term of the RHS is negative and 
the effect of the PAYG pension system on the hoarder's bequests is ambiguous. This 
effect can cven be positive as the first term of the RHS can also be nega tive when T 

and a are sufficiently high. Intuitively bequests by the hoardcrs can decrease as the 
PAYG pension system has a depressive effect on first-period income. Thus there exists 
a wealth loss in the first pcriod that depresses bequests by the hoarders. 

Concerning the saving of the hoarders we establish that it is reduced by the PAYG 
pension system when their bequests are themselves reduced. Conversely, note that 
the fact that the PAYG pension system increases the bequest of the hoarders is not 
sufficient to imply an increase in the saving of the hoarders. Intuitively, it exists two 
antagonist effects when T increases. First, according to ( 6) an increase of the bequest 
x~ = x~ = x:+1 imply an increase of the saving of the hoarders when the prices w and R 
are given. However, it also exists when T increases a "general equilibrium effect" which 
leads to reduce the capital stock and, consequently, w. and <i>( R.). According to (6), 
when x~ = x~ = .'r~+ I is given this effect implies a decrease of the saving of the hoarders. 

To sum up PAYG pension systems always generate a drop in saving by spenders. 
This decline can be accompanied by a drop in the saving of the hoarders thus rein­
forcing the decrease in the stationary capital stock. On the contrary, a PAYG scheme 
can also lead to an increase in the saving of hoarders. Yet this possible increase is too 
weak to compensate for the decline in the saving of spenders. In other words, PAYG 
pension systems are not macroeconomically neutra! when the economy is in a two-class 
equilibrium at the outset. 

Things are differcnt when society is segmented in threc classes at the start. In that 
case, the PAYG pension system is neutra! given that the stationary stock of capital 
is consistent with the MGR capital stock. This neutrality result generalizes those ob-
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tained by Barro (1974), Michel and Pestieau (1998) and Mankiw (2000). In that case, 
neutrality property obtained in the "savcrs-spenders" literature resists to the introduc­
tion of hoarders-altruists. 

Even if the PAYG pension system has no effect on thc stationary stock of capital, 
it modifies the long run wealth distribution because saving by the three classes is af­
fected by the fiscal policy. That o f the spenders and the hoarders decreases and that 
of the savers increases. Saving by the hoarders and the spenders does not equally react 
to a change in the payroll tax because bequests by the savers and the hoarders don't 
move in the same way. PAYG pension systems increase bequests by the savers while 
reducing those by the hoarders. Intuitively, the hoarders have a bequest motive that 
is related to wealth accumulation. Their bequests are thus a constant proportion of 
income w~ - (1 - "'M)r, which decreases with r. Things are different for the savers 
as their bequests increase with r, given that x~(r) = x~(O) + rV("fM)jpM Following 
equation (8), the sum of ali the bequests (i.e., 'Z~~1 x~) is constant in the savers­
spenders-hoarders equilibrium. Thus as r is raised, increased bequests by the savers 
fully compensate the drop in bequests by the hoarders. 

The fact that, contrary to the capital stock, wealth distribution is modified is al­
ready a result obtained by Michel and Pestieau (1998) or Mankiw (2000): they show 
that a PAYG pension system implies wealth redistribution from the spenders to the 
savers. Introducing hoarders extends those results: the fraction of capital they hold 
vH0 (r) decreases with r. There is thus some redistribution from hoarders to savers. 
Then, a PAYG pension system, which seemed unfair in "savers-spenders" models, is in 
fact a fiscal policy which hurts the top wealthy. The direction of redistribution between 
spenders and hoarders is ambiguous; it depends on the proportion of hoarders; it has 
to be high enough so that vR0 (r)- vSP(r) increases with r. 

The effect of a PAYG pension system on individual welfare14 depends on the type 
of equilibrium we are concerned with. In the two-class case, both k* and R. vary with 
r. Thus, the welfare of the spenders can be written as: 

V.sP(r) = (1 + (3) lnw*(r) + (31nR*(r) + c.st 

As R.(r) increases with r but w*(r) decreases, the variations of V.SP(r) can be 
ambiguous. For low values of r, w*(r) and R.( r) vary in opposite directions. As w:(r) 
and <P:(r) are both negative, w*(r) is a decreasing function if we are in underaccumu­
lation. On the contrary, if we are in overaccumulation, w* (r) increases with r and the 
PAYG pension system may increase the welfare of the spenders. Moreover, the welfare 
of the hoarders is given by: 

v*HO( r) = v*sp( r) + 5h lnw*( r)+ (1 + (3) In{?*( r) - i'h + 5h[1 - q,*(r)]} 

-(1 + (3 + J") In( <f;*( r)- '?h)+ cst 

14 Given that d~ = (3R*cZ and n~ = c~ +d~ /R*, the long run welfare o f a dynasty h can be rewritten 
as V/: ~ (1 + ;3) ln!1~ + ;3lnR* + Jh lnx~ + cst where !1~(7) = w.(r) + [1- ql*(r)]x~(r). 

19 



The relation between Y;,H0(T) anel Tis also ambiguous. However, when the pref­
erence for wealth is weak enough anel if there is a lot of overaccumulation, a PAYG 
pension system increases the welfare of the hoarders. Henceforth, in overaccumulation, 
a PAYG pension system may be Pareto improving. After ali, this is not a surprising 
result. 

In the case of a three-class equilibrium the welfare incidence is easier as the stock of 
capital k;;, anel thus R;;, don't depenei on T. Thus, both the welfare of the spenders 
anel the hoarders can be rewritten as: 

Hence, one clearly sees that T has a depressive effect on the welfare of these two 
types of dynasties. Thrning to the savers, we have: 

V.8A(T) = ln[w~f + (1 "/4)(x;;(T)- T)j + cst 

Since x;;(T)- T- x;;(o) = T[,J("!M)jpM- 1] >O, one clearly sees that T has a 
positive effect on the welfare of the savers. 

We find here an extension of the key result of Michel anel Pestieau (1998) anel 
Mankiw (2000) according to whom a PAYG scheme improves the welfare of the savers 
while decreasing the welfare of the spenders. Their result resists to the introduction 
of hoarders but their are gloss over by the fact introducing a PAYG pension system 
increases the welfare of the savers but decreases the one of the hoarders; even if the 
hoarclers has an infinitesimal preference for wealth anel consequently if the hoarders is 
quasi similar to the savers. 

4.2 Public debt 

We now turn to the standard question of whether or not clebt policy can be steady 
state welfare improving. In each period, the government faces the budget constraint 
B, = (1 + r,)Bt~l - L,T,, where B, is the totallevel of clebt in t anel T, is a lump-sum 
tax paicl by the working generation. We assume that the debt was used at time O to the 
benefits of the retirees. There is no other government spending. We write b, = Bt~d N, 
anel assume that b, =bis constant. This yields T, =(r,- n)b. 

With this public debt scheme, only two equations are changed. The first period 
budget constraint ( 1) is now: 

w, + :r~ - T, = c~ + s~ (21) 

anel the relation linking capital anel savings (8) becomes: 

h~N 

(1 + n)(kt+l + b) = L phs~ (22) 
h=l 

We begin our study of the incidence of public debt in our economy with a fraction 
of hoarders by focusing focus both on the savings anel the bequests behavior of each 
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types of individuais. Obviously, the spenders do not leave bequest. Then, after calculus 
anel using the first period income net of tax b, w*(b) = w*(b)- [R.(b)- (1 + n)Jb, their 
savings anel their bequests satisfy: 

\Ih< M s~(b) = ___p_/3w*(b) anel xZ(b) =O 
1 +. (23) 

Concerning the hoarders, they always bequeath anel the equilibrium conditions (9) 
always holds. Thus, after some computations, their bequests anel their bequest is such 
that: 

\Ih> M sh(b) = (!:(b)w*(b) 
* 1 + ,13 

anel (24) 

where (!:(.) is defined in equation (18). 

Finally, the strong altruists are savers if .Tfl;1 (b) is positive anel are spenders if .Tfl;1 (b) 
is nil. We now distinguish these two cases to see how the publie debt affects the capital 
accumulation. 

When strong altruists are spenders, using the equilibrium condition (22) we obtain 
after some calculus: 

F [<;&*(b)J = 
(1 + n)b 

ç&*(b)w.(b) v[ç&*(b)] 

where 79[<;&*(.)] is defined in equation (19). Note that, when b =O, we recoup (14). 

(25) 

When strong altruists are savers, the economy is at the MGR capital stock k;I 
Indeed, (12) holds because the first order conditions (3) anel ( 4) are not moclified by 
the public debt scheme. Then, the equation of capital accumulation (22) allows us to 
obtain, after some teclious computations, the bequests of the savers: 

(26) 

Note that, when b =O, we recoup (15). 

From equations (25) anel (26) we can now study the impact of the public debt both 
on the long run capital accumulation of the economy, the redistribution across the 
dynasties anel the welfare of each dynasties. 

Proposition 4 THE EFFECTS OF A PUBL!C DEBT. 

a - At the spenders-hoarders equilibrium, the public debt always reduces th.e accu­
mulation of capital. When the stationary capital stock without debt is in under ac­
cumulation of capital, then both the savings of the spenders and th.e bequests of the 
hoarders are reduced by the public debt. However, it is possible that both the savings 
of the spenders and the bequests of the hoarders are augmented when th.e stationary 
capital stock without debt is in over accumulation o/ capital. Concerning the savings of 
the hoarders, the impact o/ the public debt is ambiguous. Jmportantly, if the economy 
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without debt is dynamically inefficient, it exists a constant public debt policy bG which 
restare the dynamic efficiency by leading the economy at the GR equilibrium. 

The introduction o f the public debt can improve or worsen both the welfare o f the 
spenders and the one o f the hoarders. 

b - At the savers-spenders-hoarders equilibrium, the public debt has no effects on 
the capital accumulation. The decrease in the saving both of the spenders and the 
hoarders is compensated by an increase of the savings of the savers. !f the bequest 
o f the spenders remains nil, the introduction o f the public debt reduces the one o f the 
hoarders but increases the one o f the savers. This introduction increases the share o f 
wealth (capital plus bonds) held by the savers but decreases the shares of wealth held 
respectively by the spenders and the hoarders. 

The introduction o f the public debt improves the welfare o f the savers but it worsens 
the welfare both o f the spenders and the hoarders. 

PROOF - See Appendix D. 0 

As in the case of a PAYG pension system, the public debt can make the econ­
omy shift from a two-class equilibrium to a three-class equilibrium, the reverse be­
ing impossible. The reason is simple: a three-class equilibrium occurs if and only if 
b > bM = -F(-yM)wM-yM /[(1+n)19(-yM)J. Then, ifwithout debt the equilibrium is one 
with three classes (case where F(-yM) > 0), it remains so with debt and whatever the 
levei of the debt. On the contrary if, without debt, the equilibrium is one with two 
classes (case where F ("'IM)< 0), then there exists a levei of debt bM above which public 
borrowing leads to a three-class equilibrium. This change of regime is made possible 
because in a two-class equilibrium public borrowing reduces steady-state capital accu­
mulation. This reduction can be such that the steady-state capital stock converges to 
the MGR, which implies a three-class equilibrium. 

At the two-class equilibrium, contrary to the PAYG pension system case, the saving 
of the spenders is not always reduced by public borrowing because it increases with 
w*(b). Then, as capital stock is reduced (i.e, k*(O) > k*(b)), saving by the spenders is 
always reduced by the public debt when R.,(b) > 1+n, i.e. when k*(b) is below the GR 
levei of capital. However, when k*(b) is above the GR levei saving by the spenders is 
reduced (resp: increased) by public borrowing if W*(b) is larger (resp: lower) than one 
where W*(b) = w*(O)/w*(b). According to (24), the bequest of the hoarders is always re­
duced by the public debt when k*(b) (and consequently k*(O)) is in under-accumulation 
of capital. However, when W*(b) < 1 (in this case, the capital stock k*(O) is necessarily 
in over-accumulation) the bequest of the hoarders is reduced (resp: augmented) by the 
public debt if W*(b) is larger (resp: lower) than ç:(b) = (q:i*(O) -;yh)/(q:i*(b) -'?h) > 1. 
Since (:'(b) >O, we have (:(b) >(:(o). Then, the saving ofthe hoarders is augmented 
by the public debt when W*(b) < 1. When W*(b) > 1 this saving is augmented (resp: 
reduced) according to (:(b) is larger (resp:) than (:(o)W*(b). 

To sump up the saving behavior that follows public borrowing in the two-class 
equilibrium, we distinguish among three cases. When W*(b) > (~(b)/(:(o) > 1, public 
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borrowing reduces saving by both the spenders and the hoarders. When (I;(b)/(.;(o) > 
W*(b) > 1, saving by the spenders decreases and that by the hoarders increases fol­
lowing the introduction of the public debt. When W*(b) < 1, both savings increase. 
Note that this latter caseis only opera tive if the equilibrium without debt is below the 
GR This caseis surprising and impossible with PAYG pension systems. The reason is 
that aggregate private saving is not, contrary to the PAYG pension system case, equal 
to just the stock of capital, but to the stock of capital plus bonds. Thus in case (iii), 
k*(b) + b increases with respect to b even if k*(b) decreases. 

From an initial situation of overaccumulation, we show that there exists a levei of 
debt bG E (0, bM) that leads to the GR capital stock. We thus find for this hetero­
geneous society the result obtained by Diamond (1965) for a society consisting only 
of spenders: public debt can lead to a Pareto optimal growth path. In such a society 
consisting only of spenders, if at the outset the economy is in under accumulation, 
the public debt is welfare worsening in the steady-state. With heterogeneous agents, 
this negative effect is mitigated because when b reaches bM the economy switches to a 
three-class equilibrium in which the stock of capital corresponds to the MGR and is 
invariant to the public debt. 

Public debt has no macroeconomic effect on the three-class equilibrium. This neu­
trality result at the aggregate leve! strengthens the intuition that just one saver is 
enough to obtain Ricardian equivalence. Michel and Pestieau (1998) and Mankiw 
(2000) show that this result keeps holding with the introduction of spenders. Here we 
show that it resists to the further introduction of hoarders. 

As in the case of PAYG pension systems, if the public debt is neutra! in aggre­
gate terms, it modifies wealth distribution because the saving of our three classes of 
individuais change. Saving by the spenders and the hoarders is reduced and that 
by the savers is increased. Saving by the hoarders and the spenders does not react 
equally to public borrowing because of bequests. Public debt increases bequests of 
the savers while reducing bequests of the hoarders. Hoarders leave a bequest that 
is a proportion of the income w!" (b) = w!" - (1 + n)(1hM - 1)b which declines 
as b increases. Things are different for the savers; their bequests increase with b as 
":;;<(b) = .1:;:<(0) + (1 + n)b{}(!M)/(JMpM). However, the sum of a!! the bequests is an 
increasing function of b in the savers-spenders-hoarders equilibrium. Hence, in contrast 
with the PAYG pension system case, the savers necessarily increase their bequests by 
an amount higher than what is necessary to compensate the decrease of bequests by 
the hoarders when b increases. 

The fact that, contrary to the capital stock, wealth distribution is modified is al­
ready a result already obtained for PAYG pension systems. The share of capital held 
by the savers increases wi th b whereas the share held both by the spenders and the 
hoarders decreases. The direction of redistribution between the hoarders and the savers 
is ambiguous; it depends on the proportion of hoarders in society. Consequently, if the 
government wants to hurt the hoarders (i.e., the top wealthy) and to favor the savers, 
it can use a PAYG pension or a public debt. 
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Concerning individual welfare15 , as we now show, the distinction between two types 
of equilibrium is going to provide for the effect of the public debt results quite similar 
to those obtained for the effect of a PAYG pension system. At the spenders-hoarders 
equilibrium, we have for the welfare of the spenders: 

V.8P(b) = (1 + (3) lnw*(b) + (3ln R.(b) + cst 

As R.(b) increases and w*(b) decreases with b, the variations of V.8 P(b) can be 
ambiguous. For low variations of b, w*(b) and R.(b) vary in opposite directions. As 
w:(b)- R:(b) is negative, remark that w*(b) decreases with b when 1/>*(b) < 1. On the 
contrary, w*(b) increases with b in case o f overaccumulation and thus the public debt 
improves the welfare of the spenders. The welfare of the hoarders is given by: 

V*HO(b) = V!p (b) + Óh lnw*(b) + (1+ (3) ln[cjJ*(b) - 'jh + ;\'h(1 - ljJ*(b))] 

-(1 + p + Sh) ln(ljJ*(b)- ;yh) + cst 

The relation between V*Ho (b) and b are also ambiguous. However with weak prefer­
ence for wealth and important overaccumulation introducing public debt increases the 
welfare of the hoarders. In that case, public debt is Pareto improving. 

Moving to the three-class equilibrium, one writes the welfare of spenders as: 

V*SP(b) = (1 + p) ln[w~- (1/rM- 1)(1 + n)b] + c.st 

As to the hoarders, their welfare is: 

Thus, the higher public debt, the lower the welfare of both the spenders and the 
hoarders is. Turning to the savers, we have: 

b(1 + n) 
\.·-;

8 A(b) = ln[wt1 + (1- I'M)(.T~ (b)- 1'"'1 )] + cs/. 

Since x~ (b)-b(l+n)hM -x;" (O) = b(l+n)[tl( I'M)jpM -1]/rM > O and 19( "'IM) > 1, 
introducing public borrowing increases the welfare of the savers. 

To sum up, we have the same type of results as for the PAYG pension. Un­
constrained altruists benefit from national debt whereas both the hoarders and the 
spenders welfare decreases. 

15 Given that d~ = {3R*c~ and 0~ = c~+d~ /R*, the long run wclfare o f a dynasty h can be rewritten 
as V*h = (1 +f)) ln 11~ +f) ln R*+ Jh lnx~ + cst where f!~(b) = w*(b) + [1 - çl>*(b)]x~(b). 
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4.3 Estate taxation 

We now turn to a third instrument that is natural in a setting where bequests play 
such an important role: inheritance or estate taxation. Again, we focus on the steady 
sta.te solution. The ta.x scheme is simple: an esta.te ta.x o f fixed r ate K E [0, 1) tha.t is 
redistributed in each period t in a lump-sum way in an a.mount e,, the sa.me for ali. 
Hence, the revenue constraint is simply equivalent to: 

N 

e,= "Lp''x; 
h=l 

Then, the first budget constra.int (1) of an agent of dynasty h becomes: 

(27) 

Moreover, given e,, the optima.l condition for saving (3) is unchanged but that for 
bequests both o f the sa.vers a.nd the hoa.rders ( 4) and ( 5) are now distorted: 

'ih::::; M (1 + n)/3 ·/'(1- ~<) 
- h + h ::::; O ( = if x~+l > O) 

d1+1 c,+l 
(28) 

'ih> M (29) 

We now want to see what is the incidence of estate taxa.tion in our economy with 
a. fraction of hoa.rders. In particular, we focus both on the sa.vings and the bequests 
beha.vior of ea.ch types of individuais. Obviously, the spenders do not !cave bequest. 
Thcn, a.fter calculus and using the notation w*(~<) = w*(~<) +e*(~<), their savings and 
their bcquests satisfy: 

'ih<M (30) 

Conceming the hoarders, thcy alwa.ys bequea.th and (9) alwa.ys holds. Thus, after 
computations, their savings a.nd their bequests are such that: 

(31) 

where (:'(~<) = Jh[/3(1- ~<) + ç&*(~<)]/[4>*(~<)- i'h(1- ~<)] + /3. Note that, larger is the 
redistribution e*, Jarger is the bequest of the hoa.rders whereas Jarger is the tax rate K, 

lower are the bequests of the hoarders. 

Finally, the strong altruists are sa.vers if x~1 ( K) is positive and are spenders if x;;r (~<) 
is nil. Wc now distinguish thcse two cases to sec how the estate taxa.tion affccts the 
capital accumulation. 
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When the strong altruists are spenders, we can use the equilibrium condition (1 + 
n)k*(~<) = I;~1 phs~(~<) to obtain after some calculus: 

- (J(rp*(~<)- s) N phJh 
A(rp*(~<), ~<) = e:(rp*(~<) + (3) + ~<(J(rp*(~<)- s) - h1=+1 rp*(~<) _lh(1- ~<) =O (32) 

When ~<=O, we recoup (14) since A(rp*(O), O)= F(rp*(O)). 

When the strong altruists are savers, according to (28) we have rp*(~<) = 1M(1- ~<). 
Then, contrary to the public debt scheme or the PAYG pension system, an estate tax 
modifies the stock of capital of the savers-spenders-hoarders equilibrium. Indeed, the 
MGR capital stock is affected by the estate taxation since we have in long run: 

Then, larger is the tax rate ~<, lower is the long run capital stock k;;t (~<). We can 
remark that this capital stock does not depend on the proportion of the savers, the 
spenders or the hoarders. In the no tax case, this capital stock is obviously the one of 
the MGR. Using the fact that rp*(~<) = IM(1- ~<), equation (8) allows us to obtain, 
after some tedious computations, the bequests of the savers: 

From equations (32) and (33) we can now study the impact of an estate taxation 
both on the existence of the steady states, the long run capital accumulation and the 
redistribution across the dynasties. Given the complexity of the problem at hand, we 
make two simplifications. First we take a tax reform viewpoint by focusing on an 
infinitesimal change in the tax rate at a zero leve!. Second we assume that N = 111 + 1; 
in other words, there is only one dynasty of hoarders. 

Proposition 5 THE EFFECTS OF THE ESTATE TAXATION. 

(a) At the spenders-hoarders equilibrium, with only one dynasty of hoarders, the 
estate tax reduces the capital accumulation. It also depresses the bequest o f the hoarders. 
Its impact on savings is ambiguous. However, when the introduction of estate taxation 
increases ( decreases) the savings o f the hoarders (spenders), it also increases ( decreases) 
the savings of the spenders (hoarders). 

The introduction o f the estate taxation can improve ar worsen the welfare o f both 
the spenders and the hoarders. Note that estate taxation improves (worsens) the welfare 
of the hoarders (spenders), it improves (worsens) also that of the spenders (hoarders). 
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(b) At the savers-spenders-hoarders equilibrium, estate taxation reduces the capital 
accumulation. It reduces the savings of all the agents. It also depresses the bequest of 
the savers but increases ( decreases) that o.f the hoarders if the degree o .f altruism o f the 
savers is sufficiently high (low). Moreover, the introduction o.f estate taxation decreases 
the share o f wealth held by the savers but increases that held by the spenders and the 
hoarders. 

The introduction o.f estate taxation worsens the welfare both of the spenders and 
the savers but increases ( decreases) that o f the hoarders i f the degree o f altruism o .f the 
savers o r their preference for wealth are sufficiently high (low). 

PROOF - See Appendix E. 0 

According to (33) we have a three-class equilibrium if and only if r; < r;M = 
e( 1M+ ;3)A(IM,O)/[l + L,~=M+lphJhf(IM- "ih)]. Thus if, in the absence of estate 
tax, we have a two-class equilibrium F( IM) = A( IM, O) < O, we keep this type of equi­
librium with esta te taxation. On the contrary, if we have a savers-spenders-hoarders 
equilibrium without estate taxation F( IM) = A( IM, O) > O, there is a positive leve! 
of taxation r;M above which the equilibrium becomes a spenders-hoarders equilibrium. 
Hence, introducing an esta te tax can lead to go from a three-class equilibrium to a two­
class one; the other way around is not possible. Estate taxation has thus the opposite 
effect relative to public debt and PAYG pension. 

What is the intuition of such a switch of regime? Public debt or PAYG pension 
system induces the strong altruists to increase their bequests and hence reinforces the 
portion of savers and may lead to a switch of regime from two- to three-classes. Estate 
taxation discourages bequeathing by the strong altruists and may lead to the disappear­
ance of savers. Consequently, the only possible switch is that from three- to two-classes. 

We now analyze the behavior of different agents in the two types of equilibrium. In 
the spenders-hoarders equilibrium, according to (30), saving by the spenders depends 
on w.(~<). Then, according to Appendix E, there exists two opposite effects. The first 
one follows from the decrease of capital accumulation triggered by estate taxation; the 
second one is redistributive and follows from the lump-sum transfer financed by estate 
taxation. Concerning saving by the hoarders, beyond the two effects just mentioned, 
there is a third one dueto changes in (f!(~<). This third effect is negative. Hence if 
estate taxation increases saving by the hoarders, then it also increases saving by the 
spenders. Conversely, if estate taxation depresses saving by the spenders, it also de­
presses saving by the hoarders. Turning to the leve! o f bequests by the hoarders ( one 
single dynasty) it can be expressed as x~(r;) = JNw.(~<)/{1>.(~<) -"iN +~<("iN -pNJN)}. 
As the numerator decreases and the denominator increases with r;, the estate tax has 
a depressive effect on the bequests of the hoarders. 

In the three-class equilibrium, estate taxation has quite different effects. First of 
all, let us remember that it has a depressive incidence on capital accumulation. This 
is a result that is consistent with that o btained by Mankiw ( 2000) and Michel and 
Pestieau (1998). As in the two-class equilibrium, saving varies with disposable income 
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w*(rc). However, w*(rc) decreases with K when the rate of estate taxation is low and 
(;(rc) = (3 + Jh((J + !M)/(rM -'?h) does not depend on K. Thus, according to (30) 
and (31), savings of both spenders and hoarders decrcase when K decreases, contrary 
to what is happening in the two-class equilibrium. 

As to the influence of K on saving by the savers, consider first the effect of K on their 
bequests described by (33). The higher the estate tax rate, the lower the bequests by 
the savers are. Since (1+(J)sM (rc) = (Jw*(rc)+(1-rc)(IM +(J)x;:t (rc), this negative effect 
of taxation on bequests has an impact on saving. The first term of the R.HS decreases 
with" (for low rc) and the second term always decreases with "· Conscquently, estate 
taxation depresses saving by the savers. 

To sum up, for low tax rates, saving by the thrce types of agents decreases and 
capital accumulation goes down unambiguously. This is in contrast with the neutra! 
effect of eithcr public debt or unfunded pensions. 

Turning to the bequests o f thc hoarders, according to (31), therc exists two opposite 
effects when "incrcascs and calculations of Appendix E lead to: 

Vh> M if and only if IM z a(J 
a(J + 1- a 

Thus contrary to the bequests o f the savers, the bequests o f the hoarders don 't nec­
essarily decrease as a result of estate taxation. The sign of the variation of hoarders' 
bequests depend on savers' characteristics ( degree of altruism) and not on their own 
characteristics ( degrcc o f altruism and preference for wealth). This is typically a gen­
eral equilibrium result. The key economic variable is disposable income of the hoarders 
in the second period: R*(tc)s~(~<). We know that for the hoarders, s~(~<) decreases for 
low value o f" and that R*(") = (1 + n) /[rM (1- K )] increases with K. We show that for 
low K, x~' (O) and R~(O)s~(O) + R*(O)s~' (O) have the sarne sign. The lower saving by the 
hoarders is more then compensated by the increase of the interest factor. This increase 
is particularly important when thc dcgree of altruism of the savers is high enough. 

This result is surprising in severa! respects. First, it does not concern the savers 
whose bequests always decrease. It applies to the hoarders even if they have a very low 
degree of altruism. Altruism and preference for wcalth determine the levei of bequests 
of the hoarders, but not how these bcqucsts react to estate taxation. Note that ali 
dynasties of hoarders behave identically as to an increase or a decrease of their be­
quests. This is quite different frorn what we observe in the two-class equilibrium where 
bcqucsts are always ncgatively influenced by estate taxation. 

Esta te taxation affects also wcalth distribution in the three-class equilibrium. It in­
creases the share of capital held by the spenders and the hoarders at the expense of the 
share held by the savers. If the government wants to hurt the savers, it can introduces 
estate taxation. Estate taxation is clearly a questionable instrument of redistribution: 
it hurts the wealthy, but favors the top wealthy. 
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We now turn to the incidence of estate taxation on welfare16 in the two kinds of 
equilibrium. Starting with the two-class equilibrium, the welfare of the spenders is: 

As F4 (") increases with " and the sign o f w~ ( ") is ambiguous, the reaction o f welfare 
of the spenders when " varies is also ambiguous even for low values of "· As to the 
welfare of the hoarders, we have: 

The effect of esta te taxation here is also ambiguous even though we know that both 
(*(") and x;,r0 (f0) decreases with "when "is small. 

In the three-class equilibrium, the welfare of the spenders is: 

where w*(") decreases with" whereas !4(") increases with low "· According to Ap­
pendix E, this last effect is always dominated by the first effect at the capital stock 
kf:l ( "). Then, a (low) increase o f (low) " worsens the welfare o f the spenders. Turning 
to the savers, we have: 

and we can show that a (low) increase o f (low) " worsens the welfare o f the savers. 
Note that the decrease of the welfare of the savers is larger than the decrease of the 
welfare of the spenders. We find here one of the main results of Michel and Pestieau 
(1998): estate taxation worsens the welfare both of the spenders and the savers. Do 
we finei the same result for the hoarclers? From (31) their welfare can be written as: 

anel we can show that: 

avHo(r;) I * . >- o 
3" <=O <:: 

. . M >- ;3[1 + a(;3 + óh)J 
rf anel only if -y <:: ;3[1 + a(;3 + óh)J + óh(1 ~a) 

Thus if the altruism of the savers is sufliciently strong, esta te taxation can have a 
positive effect on the hoarclers, namely on bequeathers who expectedly shoulcl be pe­
nalized. This surprising result can be explained by the general equilibrium mechanism 
described previously that leacls to increased bequests by the hoarclers. However, note 
that the clegree of altruism of the savers that is needecl to increase the welfare of the 
hoarclers is higher than that needecl to increase their bequests. These increases occur 
when the recluction of saving by the hoarclers is more than compensated by the increase 
in interest rate. We have seen that an increase in bequests by the hoarclers does not 

16 Given that d~ = (3R*c~ and fl~ = c~ +d~/ R*, the long run welfarc of a dynasty h can be rewrittcn 
as V,h ~ (I + p) ln o;:+ p ln R, + Jh ln xZ + cst where !1Z(") ~ w,(~<) + [I -"- q),(K)JxZ(KJ. 
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depend on their altruism nor on their preference for wealth. The increase in utility 
depends (positively) on Jh 

To sum up, we have found a new reason to deal with estate taxation with caution. 
If the objective of such a tax isto fight top wealth holding, we have shown that society 
might be better off without it. 

5 Conclusion 

Traditional macroeconomic models rest on the assumption that agents are either altru­
istic or not and look at the shape of wealth distribution and at the effect of alternative 
fiscal policies on both capital accumulation and wealth distribution. Though very in­
sightful these models fail to ref!ect some real life features, particularly the fact that 
wealth is not predominantly held by altruistic agents. Empírica! studies point out to 
the fact that wealth accumulation, specially top wealth accumulation, is not motivated 
by the presence of children but by some type of preference for wealth or for the power 
and the prestige that wealth conveys. To incorporate this relevant and important fact, 
this paper considers agents who are characterized not only by some degree of altruism, 
but also by some preference for wealth. It appears that with this double heterogeneity 
results obtained with the sole difference in altruism don't hold true (see Table 1, 2, 3 
and 4). One does not obtain necessarily the MGR; in fact, overaccumulation can occur. 
Also, we don't have necessarily the neutrality of either public borrowing or unfunded 
pensions. We also show that estate tax depresses both the capital accumulation and 
the bequest of the altruists with no preference for wealth but not necessarily the one 
of the altruists with preference for wealth. 

Above ali our paper helps to understand why in reality top wealth is not held by the 
most altruistic individuais. Introducing preference for wealth allows for distinguishing 
two types of equilibrium, with and without the MGR prevailing. In the equilibrium 
with MGR, the most altruists impose their own rate of time preference, but they don't 
necessarily hold the bulk of wealth. Thus, we explain the top tail of the distribution 
of estates by not only altruism, as usually done, but mainly by some dynastic taste 
for wealth. Our finding is in the line of recent papers of Carroll (2000), De Nardi 
(2004) or Reiter (2004) who explain the top tail ofwealth distribution in the US and/or 
Sweden economy by a capitalist spirit motive according to which capital provides utility 
services directly, but not just through consumption. This is what we do here with our 
preference for wealth. Then, our paper proposed an alternative modeling of dynamic 
wealth distribution that is generally dealt with using calibrated versions of stochastic 
growth models or using theoretical models with imperfect credit market. 
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Appendix 

APPENDIX A - PROOF OF PROPOS!TION 1. 

Step 1: Existence and uniqueness o f the steady state. 

Since ;yN < c/>(R) and according to (12) and (14), we have a spenders-hoarders 
society if and only ifthere exists c/>(R) > max:{;yN,"fM} such that F(c/>(R)) =O. As 
we have: 

f $($+~ ~ ~~ 
F (c/>( R))= c(c/>(R) + (3)2 + h~+l (c/>( R)- "fh)2 >O 

the function F(c/>(R)) increases from -oo to (3/c when cj;(R) increases from ;yN to 
+oo. Then, there exists a unique solution c/>(R.) > ;yN of the equation F(cj;(R.)) = 
O. Consequently, we have a spenders-hoarders society if and only if c/>(R) > "'M 
or equivalently if and only if F("!M) ~ O. When ;yN > "'M we have F("'M) ~ O. 
Conversely, when ;yN < /M, F("!M) ~O if and only if I:~~M+1 [ph(\'hj("!M- ;yh)] > 
6("!M- c)/[e((J + "'M)]. 

According to (15), we have a savers-spenders-hoarders society if and only if x_;'1 >O 
i.e., if and only if F("'M) >O. Using the definition of F(.) we obtain that F ("'M) >O 
if and only if ;yN < "'M and I:~~M+l[J,h(\'h /("'M - ;yh)] > (3( "'M - e)/[c((J +IM)]. 

Finally, the existence of equilibrium is always guaranteed by the fact that we have 
necessarily F(!M) ~O (Equilibrium I) or F ("'M) >O (Equilibrium II). The uniqueness 
of the steady state comes from the fact that the conditions F ("'M) ~O and F (IM) >O 
cannot be satisfied at the same time. 

Step 2: Steady state and degree of altruism of strong altruists. 

According to Step 1, the steady state is a savers-spenders-hoarders equilibrium if 
and only if "'M > ;yN and F ('IM) > O. As 

f (3((3 + c) N ph(\'h 
F("f)= c( +$)2 + L (o- h)2 >O 

"' h~M+l y "f 

we obtain this kind of equilibrium as soon as "'M > i where i > ;yN is the unique 
solution of F (i) = O. Since "'M > i is a necessary and sufficient condition to obtain 
a savers-spenders-hoarders society, the condition "'M ~ i is a necessary and sufficient 
condition to obtain a spenders-hoarders society. As F~ is positive and for all h> M +1, 
F~h' F~h and F;h are nega tive, the threshold i increases with the ph, "'h and oh of the 
dynasties o f hoarders but is independent of the ph and "'h of the dynasties of spenders. 

Step 3: The long run capital stock. 

Using (6), (11) and (13) we can rewrite the capital accumulation equation (8). 

a- At the spenders-hoarders equilibrium, according to Step 1 and (7), the stationary 
capital stock k* is the unique solution of F[(1 + n)k!-<> /(aA)] = O such that (1 + 
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n)kl-a /(aA) > ;yN Since F~. is positive and since for ali h> M + 1, F~h, F'sh and 
F~h are nega tive, the capital stock k* increases with the ph, "'h and Jh of the dynasties 
of hoarders but is independent of the "'h of the dynasties of spenders. 

b - According to (12), if x;;r is positive then the steady state capital stock k* 
corresponds to the M.G.R. capital stock (i.e., f'- 1 [(1 + n)/JM]) and we have: k* = 
[aA"(M /(1 + n)]'/(l-a) = k;;r. Obviously, the higher "fM, the higher is k;;r and neither 
the proportion of each dynasty, nor the degree of altruism of both the spenders and 
the hoardcrs affect k;;r . 

Step 4: Dynamic efficiency o f the capital stock. 

a - By definition, the GR capital stock is k 0 = f'- 1(1 + n). This implies that 
<P(R0

) = 1. Then k* is below, equal or above the GR levei of capital if respectively 
</J(R,) is smaller, equal to or larger than 1. As F(.) is an increasing function (see 
Step 1) and since F(</>(R*)) =O, k* is below, equal or above the GR levei of capital 
accumulation if respectively F(1) is larger, equal to or smaller than zero. Since: 

F(1)= ;3(1-s)- t phJh =-1-[;3(1-s)- t phJh] 
c(1 + ;3) 1 -ryh 1 + ;3 é 1 -"'h 

h=M+l h=M+l 

k* is below, equal or above the GR capital if respectively :L~=M+l phJh /(1 -"'h) is 
smaller, equal to or larger than ;3 (1- c) /s. 

b - The GR capital stock is k0 = f'- 1(1 + n) and the MGR capital stock is 
kf:I = f'- 1[(1 +n)/JM]. Since f(.) is concave and 'IM E (0, 1) we have k;;r < k0 Then, 
k;;r is in under-accumulation of capital. O 

APPENDIX B - PROOF OF PROPOSITION 2. 

a - At the spenders-hoarders equilibrium, using the fact that a</J(R,)w* = (1 -
a) ( 1 + n) k* and since the saving of the hoarders is given by ( 11), we have: 

(34) 

Using the same methodology, from the saving of the spenders given by (13), we 
obtain: 

M h h M 

SP "' p S é "' h 
f.L = ~ (1 + n)k* = </>(14) ~p 

According to variations in k* (see Step 3 of Appendix A), the higher the parameters 
ph, "(\ Jh of a dynasty h of hoarders, the higher is f.LHO and the Jower is f.LSP. 
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b- At the savers-spenders-hoarders equilibrium, we have cjJ(R.) = 'IM· Then, the 
methodology used to obtain (34) allows us to obtain: 

Usingthe fact that acjJ(R*)w. = (1-a)(1+n)k* and since the saving ofthe spenders 
is given by (13), we have: 

The higher 'IM, the higher is v 8 A and the lower are vH0 and v 8 P The higher the 
ph, 'Ih, i) h o f a dynasty h o f hoarders, the higher is v li O D 

APPENDIX C - PROOI<' OF PROPOSITION 3. 

Saving by a dynasty h in the PAYG pension system caseis given by: 

h (3 fJ+cp.(T) (h ) \;/h s*(T) = --{Jw*(T) + (3 :r*(T)- T 
1+ 1+ 

(35) 

a- Wc first prove that k.(T) < k.(O) for ali positive T. According to (19) and since 
19(.) >O, the spenders-hoarders equilibrium satisfies: 

T 
F[cp(R.(T))] = -~(~)19[cjJ(R.(T))] <O= F[cjJ(R.(O))] 

11!* T 

According to Step 1 of Appendix A, F(.) is an increasing function of cjJ(R). Then, 
we have 1>[R.(T)] < cjJ[R*(O)] and consequently k.(T) < k.(O) for all positive T. 

Wc now prove that for sufficiently low T, this capital stock k.(T) decreases with T. 
According to (19), k*(T) is defined by: 

(
1+n 1-a) T (1+n 1-a) 7/J(k., T) =F aA k. + (1- a)Ak;' 19 aA k. = 0 

Using the Implicit Function Theorem we have k. = k.(T) and k:(T) = -7/J~(.)/1;~(.). 
Since 7/J~(.) = 19(.)/[(1- a)Ak~] >O, k:(T) has the sign of -1j;~(.). Then: 

, ) . f [ _ (1+ n)(1- a) '() Ta ·"() _ (1 + n)T 19,( )] 
sign of k.(T = srgn o aAk;> F · + (1 - a)AkJ+a u · aA2k';'a · 

. f[- (l+n)(1-a)F'()- [1+n·"'()- a 19 ()J] srgn ° a · T aAk;>u · (1- a)k* · 
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Since, F'(.) and {)(.)are positive and {1'(</J(R)) =- L::~M+l[ph(\'h(1- ;yh)/(<P(R)­
'Yh)2] is negative, there exists a threshold T.. >O such that k:('r) is negative if Tis lower 
than r... 

We now prove that the PAYG pension system reduces the saving of spenders. Using 
(35), the saving of the spenders is given by (17). Since k*(O) > k*(-r), we have w.(O) > 
w.(-r) which implies s~(O) > s~(-r) for ali positive T. 

Finally, we prove that the savings and the bequests of hoarders are not necessarily 
themselves augmented by T. Indeed, according to (18), the bequest of hoarders can be 
rewritten as: 

'Ih> M 

Then we have: 

"ih>M 
ox~ oi:h(k(-r),-r) ok(-r) 
a-r ok(-r) a-r 

Jh(1- cjJ(k(-r))) 
cjJ(k(-r))- '?h 

(36) 

One notes that oi:h(k(-r), -r)/ok( -r) has the sign of w'(k(-r))[<P(k(-r)) -'?h] -w(k( -r))+ 
-r</J'(k(-r))(1- ;yh). Since rf/(k(-r)) is positive, for sufficiently low values of T we have: 

. f [Oi;h(k(-r),-r)] 
s1gn O ok(-r) = sign of [w'(k(-r))[</J(k(-r))- ;yh]- w(k(-r))] 

sign of [(1 + n)(2a- 1)- (1- a)Aa2;yhk(-r)a-l] 

= sign of [(2a- 1)</J(k(-r))- a(1- a);yh] 

Then, when aS 1/2, oi:h(k(-r), -r)/ok(-r) is negative for low values of T. As k:(-r) is 
negative for O< T <r.., according to (36) the bequest of hoarders x~(-r) is augmented 
by a PAYG pension system when T, a and k.(-r) are sufficiently low. 

From (35) we can study the saving of hoarders. Since k.(O) > k.(-r), we have 
w.(O) > w.(-r) and cfJ(R.(O)) > </J(R.(-r)) which obviously imply s~(O) > s~(-r) when 
x~(-r) < x~(O). Then, when (36) is such that ox~/8-r is negative, an increase of 
T leads to a decrease in the saving of hoarders. Note that even if the bequest of 
hoarders is increased by a PAYG pension system, the saving of hoarders does not 
necessarily increase. Indeed, when x~(-r) > x~(O), we have s~(-r) > s~(O) if and only if 
w*(O) -w.(-r) < {[;3 H(k.(-r))](x~( -r) --r)- [;3 +</J(k*(O))]x~(O)} / ;3. To summarize, the 
impact of a PAYG system both on the bequest and the saving of hoarders is ambiguous. 

b- Since the FOC (4) and (5) are not modified by the PAYG pension system, the 
equation (12) holds and, consequently, the economy is at the MGR capital stock k!f. 
Then, the PAYG pension system has no effects on the stationary capital stock of the 
savers-spenders-hoarders equilibrium. 

Concerning the spenders, their bequests remain nil since ( 12) is unchanged. U sing 
(17), we obtain for the saving of a dynasty h of spenders: (1 + ;3)s~(-r) = ;JwM- (;3 + 
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"YM)7. Then, the saving of the spenders decreases with 7. Using s~(7), we can focus 
on the share of capital held by the spenders. After computation we obtain: 

( 
M) M-1 

SP( ) SP(O) f3 +"f 7 
"\:""""' h 

V 7 =V - (1 + n)(1 + f3)kM L.- p 
* h=l 

Thus the share o f capital v8 P ( 7) held by the spenders decreases with T. 

According to (18), the bequest of a dynasty h of hoarders sa.tisfies: ("YM -"?h)x~(7) = 

Jh[wM - (1 - "YM)7]. The bequest of hoarders decrea.ses with T. Using this value, we 
also obtain the saving of a dynasty h of hoarders: (1 + f3) ("YM - "?h)s~( 7) = [f3("YM -
"'ih)+ (f3 + 1M)Sh]- (f3 + "YM)["YM -;yh + ,5'h(1- "YM)]T. Then, the saving of the hoarders 
decreases with 7. Using s~(7) we can focus on the share of capital held by the spenders. 
After computation we obtain: 

Hence, the share of capital vHO ( 7) held by the hoarders decreases with T. 

According to ( 20), the bequest x;I ( 7) o f savers increases with 7. As pM s~ ( 7) = 
( 1 + n) k:I - I:~:;~ -I ph s~ (7) - L:~::;M + 1 ph s~ ( 7) and since both the saving o f spenders 
and hoarders decreases with 7, s~(7) is an increasing function of 7. As the share of 
capital held by the savers is such that v8A(7) = 1- v8P(7)- vH0(7) andas both 
v5P(7) and v8P(7) decrease with 7, the share v8A(7) increases with 7. 

Finally, to compare the spenders and the savers we can use the fact that: 

Consequently, the PAYG pension system reduces (resp: increases) vH0(7)- v8P(7) if 
the hoarders are (resp: are not) sufficiently numerous. 

Finally, the proofs concerning results on welfare are given in the main text ( end o f 
section 4.1). O 

APPENDIX D - PROOF OF PROPOSITION 4. 

The saving of a dynasty h in the debt case is given by: 

(37) 

a- We first prove that k*(b) < k*(O) for all positive b. According to (25) and since 
19(.) >O, the spenders-hoarders equilibrium satisfies: 

F[<I>(R(b))] = 
(1 + n)b 

<i>(R*(b))w*(b) 19[<i>(R*(b))] <O= F[<i>(R*(O))] 
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According to Step 1 of Appendix A, F(.) is an increasing function of <f;( R). Then, 
we have <f;[R.(b)] < <f;[R.(O)] and consequently k.(b) < k.(o) for ali positive b. 

We now focus on the saving of the spenders. Using (37) we obtain the saving of the 
spenders described in (23). Since k.(O) > k.(b), we have w.(O) > w.(b) which obviously 
implies s~(O) > s~(b) when R.(b) > 1 + n, i.e., when k.(b) is in under-accumulation 
of capital. When k.(b) is in over-accurnulation of capital the saving of the spenders is 
reduced (resp: increased) by the public debt if w.(O) is larger (resp: lower) than w.(b). 

The bequest ofhoarders is given by (24). Since <f;.(b) < 1;.(0), we have .T~(b) < x~(O) 
when w.(b) < w.(O) = w.(O). Note that the bequest of hoarders is always reduced by 
public debt when k.(b) (and consequently k.(O)) is in under-accurnulation of capital. 
However, when w.(b) > w.(O) (in this case, the capital stock k.(O) is necessarily in over­
accumulation) the bequest of hoarders is reduced (resp: increased) by public debt if 
w.(O) is larger (resp: lower) than <'(b)w.(b) with <'(b) = (1;.(0) -'Yh)/(<f;*(b) -'?h)> 1. 

According to (37), the saving of hoarders is described by (24). Since C(b) >O, we 
have (J:(b) > (J:(O). Then, the saving of the hoarders is increased by public dcbt when 
w.(b) > w.(O). When w.(b) < w.(o) this saving is increased (resp: reduced) according 
to (J:(b)w.(b) is larger (resp:) than (J:(O)w.(O). 

According to (25), k. is the capital stock of the spendcrs-hoarders equilibriurn if 
and only if: 

L'>.(k b) = F ( 1 + n kl-a) crb {} ( 1 + n kl-a) =O 
*' rYA * + (1- rY)k. erA * 

Since L'>.~(.) = cr{}(.)/[(1 - cr)k*] > O, we can use the Irnplicit Function Theorern 
and, consequently, there exists a continuous function k.(.) of b such that k* = k*(b). 
According to ( 12), this function is defined as long as k. is larger than k';1 . Ac­
cording to (26), we have x';f =O when b = bM = -F(rM)wMrM/[(1 + n)O(rM)]. 
Then according to (25), when b = bM, the equilibriurn is such that 1[</;(R.)] = 
wMrMF(rM){}[q\(R.)]/[w*O(rM)]. Consequently, we have k.(bM) = k';f and k.(b) is 
a continuous function of b dcfined on [0, bM]. Its maxirnum is at b = O and its rnin­
irnum at b = bM. Since the GR capital stock k0 is larger than k':1 , there exists (by 
continuity) a positive debt levei b0 E (0, &M) such that the econorny with the constant 
debt levei b0 converges towards the GR capital stock k0 whereas the economy without 
debt is dynarnically inefficient (i.e., k.(O) > k0 ). 

b - Since the FOC ( 4) and (5) are not modified by public debt, (12) holds and, 
consequently, the econorny is at the MGR capital stock k':I The public debt has no 
cffects on thc capital stock of the savcrs-spcnders-hoardcrs equilibriurn. 

Concerning the spenders, their bequests rernain nil since (12) is unchanged. Using 
(23), the saving of a dynasty h of spenders is such that (1 + (3)s~(b) = ,6[wM- (1 + 
n)(1/rfv1- 1)b]. Then, the saving of the spenders decreases with b. Frorn this saving, 
we can focus on the share o f wealth (capital plus bonds) held by the spenders. After 
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computation: 

M-1 h h(b) {J [wM- (1 + n)(lhM- 1Jb] M-1 
USP(b)- ""' p S* - ""' h 

- L. (1 + n)(k:r + b) - (1 + n)(k:r + b)(1 + (J) L. p 
h=l h=l 

Consequently, the share o f wealth u8 P (b) held by the spenders decreases with b. 

According to (24), the bequest of a dynasty h of hoardcrs satisfics: (!M -;y")x~(b) = 

3"[wM- (1 + n)(1hM- 1)b]. Consequently, the bequest of the hoarders decreases 
with b. Using (24) the saving of the hoarders is given by (1 + fl)(!M- ;y")s~(b) = 
[;J(!M- ;y") + ((J + IM)JhJ[wM- (1 + n)(lhM- 1)b]. Then, the saving of hoarders 
decreases with b. Consequently, we can focus on the share of wealth held by hoarders. 
After computation wc obtain: 

Hence, the sharc o f wealth uH O (b) held by the hoarders decreases with b. 

According to (26), the bequest x';1 (b) of savers increases with b. Since pMs:r(T) = 
(1 + n)(k!;'

1 + b)- ~~:';~- 1 
ph s~(b) - ~7,:';~+ 1 phs~(b) and since thc saving both of the 

spenders and the hoarders decrease with b, s!;'1 (b) is an increasing function o f b. As the 
share of wealth held by the savers is such that u8A(b) = 1- u8P(b)- uH0 (b) and as 
both u8P(b) and u8P(b) decrease with b, the share u8A(b) increases with b. 

Finally to compare the spenders and the savcrs we can use the fact that: 

fl[wM-(1+n)(1hM-1Jb]( N ({J+oN)Jh M-1) 
UHO(b)-uSP(b) = (1 + n)(k:r + b)(1 + {J) h~/h [ 1+ (J(rM '_/h)]-t; ph 

As a result the public debt reduces (increases) uH0 (b) -u8P(b) ifthe hoarders are (are 
not) sufficiently numerous. 

Finally, the proofs concerning results on welfare are given in the main text ( end o f 
section 4.2). D 

APPENDIX E- PR.OOF OF PROPOS!TION 5. 

The saving of a dynasty h in the estate taxation case is given by: 

'ih (38) 

a- IA/e first prove that k*(~<) < k*(O) for ali positive "when the economy experiences 
only one dynasty of hoarders (indexed by N). In this setting, according to (32), the 
spenders-hoarders equilibrium satisfies: 

V( ( ) ) - (J(cf;*(")- c) 
cp* "'" = s(cf;*(~<) + (J) + Kj](cf;.(~<)- s) 
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Then, we have: 

'i7; = 

Using, thc Implicit Function Theorem we have cfJ:(rc) = -'i7;/'i7\ < O. Then, we 
have c/J[R,(rc)] < c/J[R*(O)] and consequently k*(rc) < k*(O) for ali positive K. 

With only one dynasty of hoarders, we have e*(rc) = rcpN:r;!(rc). Then, according 
to (31), :r;!(rc) = A(rc)/B(rc) with A(rc) = JNw*(rc) and B(rc) = cjJ*(~<)- ;yN + ~<('YN­
pNJN). Consequcntly A'(~<) = JNw~(t<) is negative and B'(~<) = cjJ~(~<) + ;yN- pNJN 
Since c/J:(~<) = -'i7;/V\ we have c/J~(t<) = [pNJN- ;yN]/[1 +e] where e > O. Then, 
cfJ:(~<) + ;yN- pNJN >O and, consequently, B'(~<) is positive. Since A(.) decreases and 
B(.) increases with respect to~<, the bequest .T;!(~<) of the (single) dynasty of hoarders 
decreases with the estate tax K. 

To focus on the saving of the spenders and hoarders, we first determine how 
w*(rc) = w*(K) +e*(~<) varies when K varies. Since e*(~<)= KpN:r;!(~<) and :r;!(~<)= 
A(~<)/ B(~<) we have w*(~<) = [1 + KpNJN I B(~<)]w*(K). Then, w~(O) has the sign of 
pNJNw*(O)/B(O)- w~(O). As w'(~<)/w(~<) = ak'(~<)/k(~<), we can show that w~(O) has 
the sign of ak~(O)/k*(O) + pNJN /(c/J*(O)- ;yN). Thus the impact on w* of the intro­
duction of the cstate tax is ambiguous since thc first term of the R.H.S. is negative 
whereas the second is positive. 

According to (30), the savings of a dynasty h of spenders are such that s~'(O) has the 
sign of w~(O). According to the previous paragraph, the impact of the estate taxation 
on the savings the spenders is ambiguous. 

Concerning the savings of the dynasty of hoarders, a.ccording to (31), s:N (O) has the 
sign of (~N (O)w*(O) + (!: (O)w~(O). Thus the impact of the esta te taxation on the savings 
of hoa.rders is ambiguous. However, since (*' N (~<) has the sign of -(1- ~<)c/J~(~<)- c/J.(~<), 
(*'N(o) has the sign of -c/J~(O)- c/J*(O). Since c/J~(O) + ;yN- pNJN >O and cjJ(O) > ;yN, 
-<P~(O) - c/J*(O) < -pNJN < O. As (*'N(O) is nega.tive, when the introduction of 
esta te taxation increases ( decreases) the sa.vings o f hoa.rders ( spenders), it also increases 
( decreases) the savings o f spendcrs (hoarders). 

b- When thc strong altruists are savcrs, according to (28) we have c/J*(rc) = I'M (1-
rc). Then, the MGR capital stock is affected by the esta.te taxation since we have 
k* = k';' (~<) = [aAI'M (1- ~<)/(1 + n)p/(l-a). Then, the larger the tax r ate K, the lower 
is the long run capital stock k~1 ( K). 

Using this capital stock we can show a.fter some tedious computations that w*(~<) = 

(1- ~<) 1~" [Arc2 + BK +CJII/[A' K2 + B' rc+ C] where II = A(1- a)[aA)'M /(1 + n)]l/(1-a), 
A= -thM(l+E), A'= -qM(l+E), B = B'+I'M(p+c), B' = c[!'M -(P+!'M)(l+E)], 
C= E((3 + I'M) andE = L:~~M+l[phJhj(!'M- ;yh)]. Then, one ca.n show that, w~(O) 
ha.s the sign of B-B'-C/(1-a) i.e. the sign of)'M(P+c) -s(p+I'M)/(1-a), i.e. 
the sign of C'i/'M- 1. Consequently, w~(O) is negative and the introduction of an estate 
taxation reduces the income w*. 
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Note that (;:(h:) = Jh[fi +-yM]/[-yM- ;yh] +fi= o'M is independent of h:. According to 
(30), and (31), the savings of a dynasty h of spenders are such that .s:h(O) has the sign 
of w~(O) whereas the savings of a dynasty h of hoarders has thc sign of (~h(O)w*(O) + 
(;:(o)w~(O). Then, as w~(O) is negative and (~h( h:) is nil, thc introduction of an estate 
taxation reduces the savings of ali dynasties of spenders and of hoardcrs. 

To analyze thc cffect of h: on the savings of thc savers we begin by focus on the 
cffect of h: on the bequests of the savers. According to (33), this bequest x;!(~C) 
is such that x;;-Jh:) = Gj,~C)w;!(~C)/H(~C) where G(~C) = fi[-yM(1- ~C)- c]- [('YM + 
fi)c + ~Cfi-yM] L:h~M+1 [p"ohj(-yM- ;yh)J and H(~C) = E(-yM +fi+ h:"fM). Since G'(~C) = 

-fi-yM (1 + z=:~M+1 [phJh j(-yM -')'h)]) is nega tive, H'(~C) = qM is positive and w:M (~C) = 

a(1- a)A(k;;-1 )"-1 (~C)k:M(h:) is negative, x;;-1 (~C) decreascs when h: increases. 

Concerning the savings of savcrs, according to (38) we have (1 +fi)sM (~C) = fiw*(~C)+ 
(1- ~C)(-yM + ;3)x;! (!iO). Then, as the first term of the RHS decreases for low h: and the 
second term always decrcases with h:, the introduction of an estatc taxation depresses 
saving by the savers. 

Concerning the bequests of a dynasty h of hoarders x~(h:), using (31) it is obvious 
that x:(") has the sign of e'(~C) where C( ~C)= w.(")/(1- !iO). Then, as C'(O) = w~(O) + 
w.(o) and w~(O) = w.(O)[-yM (fi+ c:)/C- 1/(1- a)], x~h(O) is positive if and only if -yM 
is largcr than afi/[a;3 + 1- a]. 

We now focus on the impact of h: on the wealth distribution. Using (30) wc can 
focus on the share of wealth held by spenders. After computation we obtain: 

M-1 h h( ) - ( ) M-1 (:" h 
SP ~ p 8* K W* K ~ jp 

v (h:)= ~ (1+ n)k*(h:) = k~(h:) ~ (1+ n)(l +{3) 

Using (31) we can also focus on the share of wcalth held by the hoarders. We 
obtain: 

N phsh(h:) w*(h:) N Oh ph 
viio(h:) = L (1+ :)k.(~C) = /;~(") L (1+ nl1(1+ fi) 

h=M+l h=M+l 

To determine how v5 P(h:) and vH0 (~C) vary when h: increases we must study how 
vary ,P(~C) = w*(")/k;;-1 (~C). As we have ,P(!iO) = e x [A!i02 + & + C]/[A'~C2 + B'~C +C] 
with e > O, ,P'(O) has the sign of B- B' = -yM (;3 +c). Then, ,P'(O) is positive and 
consequently, the introduction of an estate taxation increases the shares of wealth v 5 P 

and vH0 held respectively by the spenders and the hoarders. Conversely, the fact that 
v5

A = 1 - (v5 P + vH0
) implies that the introduction of an estate taxation decreases 

the share of wealth v5 A held by the savers. 

In the three-class equilibrium, the stock of capital is givcn by k;1 (~C) from which we 
obtain: 

'( ) - R~(!iO) I and R O = -R ( ) _ = 1 
* K, /'\;-0 

(39) 

From these two equalities, we look for the cffect of h: on the welfare of our three 
types of individuais. From the wclfare of spenders and using (39), we have: v;sP(O) = 

(1 + ;3)W'(O) + ;3R'(O) <O. 
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Turning to the savers, we know that <M(O) <O and x~(O) >O. Then, íl~(O) > 
w(O) and n:M(O) < w'(O). Consequently, n:8A(O)/fl~A(o) < W'(O) which implies: 
v;sA(o) < v;sP(o). 

Concerning the hoarders, from v*H0 (t<) we obtain: v;H0 (0) = (1 + (3 + oh)W'(O) + 
(31?..'(0) + ijh Then, using (39), v;H0 (0) is positive if and only if IM is Iarger than 
;3[1 + a((J + oh)]/{(3[1 + a((J +oh)]+ oh(1- a)}. 

Finally, the proofs concerning results on welfare are given in the main text ( end o f 
section 4.3). D 
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